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�e degree distance index (DDI) is a vertex-degree weighted version of a well-known index that is called byWiener index (WI). In
extremal theory of graphs, improving the bounds with best possible values is a worth investigating problem. In this note, the exact
formulae of the DDI for the four di�erent types of the sum graphs in the terms of various indices of their factor graphs are
computed. Moreover, a comparison is also presented between the obtained exact and already existing bounded values for the
particular sum graphs.

1. Introduction

Molecular structures can be treated as a graph in which
atoms are symbolized by nodes and bounds are presented by
edges. For these molecular graphs, the graph-related com-
binatorial methodologies are widely applied to predict the
various structural and physicochemical properties of their
organic compounds such as molecular weight, density,
volume, vaporization refraction, pressure, freezing, and
boiling point. Topological indices (TIs) are frequently used
in the last two decades for the studies of the molecular
graphs.�e very �rst distance-based topological index called
by path number or Wiener index (WI) that came into ex-
istence when Wiener was working on boiling point of
Para�n [1]. After that, degree-related indices (Zagreb in-
dices) are de�ned to �nd total π-electron energy of the
molecules [2]. Moreover, TIs play an important role in
analysing and modeling of the quantitative structures
property and activity relationships (QSPR and QSAR) [3–5].
�ese all phenomena are studied with the combination
(chemoinformatics) of major subjects mathematics, in-
formation sciences, and chemistry. �ere are many TIs;
among them, important distance-based TIs are degree
distance index (DDI) [6, 7], Gutman index [8], average

distance index [9], and Harary index [10, 11]. More im-
portantly, two graphs have equal TIs if they are isomorphic
to each other. For further studies of the distance-based TIs,
we refer to [12–15] and for degree-related TIs, see [16–18].

In computing graph theory, new graphs are obtained by
using the various operations of graphs. For a connected
molecular graph H, the graphs F1(H) (subdivided graph),
F2(H) (triangle parallel graph), F3(H) (line superposition
graph), and F4(H) (total graph) are constructed with the
help of the operations F1, F2, F3, and F4, respectively, see
[19]. Later on, Eliasi and Taeri [20] de�ned F-sum graphs
using product (Cartesian) on the graph F(H1) and H2,
where F(H1) is obtained by applying the operation
F ∈ F1, F2, F3, F4{ }. �ese F-sum graphs create hexagonal
chains, which are isomorphic to various chemical com-
pounds. �ey also computed the Wiener indices (WIs) of
these F-sum graphs H1+F1H2, H1+F2H2, H1+F3H2, and
H1+F4H2. First, general Zagreb indices [21] and the general
sum-connectivity index [22, 23] are also computed for these
F-sum graphs. For Gutman index of these graphs, see
[24, 25].

Recently, the upper bounds of the DDIs for all the F-sum
graphs are computed [26]. In this note, DDIs are computed
for the family of F-sum (H1+F1H2, H1+F2H2,H1+F3H2, and
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H1+F4
H2) graphs in the form of their exact formulae.

Moreover, a comparison is also included to show the
sharpness of the obtained results with the already existing
bounds. .e remaining paper is written as follows: Section 2
covers some basic terminologies and related lemmas
(statements), Section 3 describes the main results, and
Section 4 includes the DDIs for the particular families of the
F-sum graphs as the consequence of the main results ob-
tained in Section 3.

2. Preliminaries

.oroughly, we consider two simple and connected graphs
H1 � H and H2. .e degree of vertex X is the number of
edges incident with it and is denoted by δ(x). .e minimum
length of the path between both the vertices x, y ∈ V(H) is
called the distance between two vertices and is dented as
d(x, y). Two vertices x and y are adjacent (x ∼ y) if they
form an edge xy. Further details can be studied in [27–29].
.e more important TIs are defined as follows.

Definition 1 (see [1]). Let H be a connected graph, then its
Wiener index (WI) is

W(H) �
1
2


y,z∈V(H)

d(y, z). (1)

Definition 2 (see [8]). Let H be a connected graph, then the
DDI of H is

DD(H) �
1
2


y,z∈V(H)

d(y, z)(δ(y) + δ(z)) . (2)

Yan et al. [19] defined F1(H), F2(H), F3(H) and F4(H)

on the graph H as follows:

(i) F1(H) is obtained from H if every edge of graph H

is replaced by a path of length 2 where old and new
vertices of graph H are presented by black vertices
and white vertices, respectively.

(ii) F2(H) is formed by assigning a new vertex to each
edge of graph H, and this new vertex is connected
with the end vertices of the respective edge.

(iii) F3(H) is formed from graph F1(H) if two white
vertices of corresponding edges with one common
end vertex are further joined together.

(iv) F4(H) is formed from F2(H) if two white vertices of
corresponding edges with one common end vertex
are further joined together.

Figure 1 explains the graphs F1(P5), F2(P5), F3(P5), and
F4(P5).

Definition 3. Let H1+FH2 be a F-sum graph with
V((H1+FH2) � (V(H1)∪E(H1)) × V(H2). For (w, x),

(y, z) ∈ V(H1+FH2), if either w � y and xz ∈ E(H2) or x �

z and wy ∈ E(F(H1)), then wy ∼ xz.
Figure 2 explains P3+F1

P2, P3+F2
P2, P1+F3

P2, and T-sum
P3+F4

P2 graphs. Now, some lemmas of distances between
vertices are given as follows.

Lemma 1 (see [20]). In F-sum graph H1+FH2 of two con-
nected and simple graphs H1 and H2 where
F ∈ F1, F2, F3, F4 , if either both vertices (w, x) and (y, z)

are black or one vertex (w, x) is black and second (y, z) is
white, then
d((w, x), (y, z)|H1+FH2) � d(w, y|F(H1)) + d(x, z|H2).

Lemma 2 (see [20]). In F-sum graph H1+FH2 of two con-
nected and simple graphs H1 and H2 where F � F1 or F2 and
both (w, x) and (y, z) are white vertices, then

d (w, x), (y, z)|H1+FH2(  �
2 + d x, z|H2( ) If w � y

d(w, y|F H1(  + d x, z|H2(  If w≠y.
 (3)

Lemma 3 (see [20]). In F-sum graph H1+FH2 of two con-
nected and simple graphs H1 and H2 graphs where F � F3 or
F4, and both (w, x) and (y, z) are white vertices, then

d (w, x), (y, z)|H1+FH2(  �
2 + d x, z|H2( ) If w � y

1 + d(w, y|F H1(  + d x, z|H2(  If w≠y, x≠ z.
 (4)

3. Main Results

.is section presents the degree distance indices of F-sum
graphs H1+FH2 for F ∈ F1, F2, F3, F4  with V(H1+FH2) �

(xi, yj): 1≤ i≤ n, 1≤ j≤m ∪ (zi, yj): 1≤ i≤ k, 1≤ j≤m ,
where V(H1) � x1, x2, x3, . . . , xn  are black vertices, Z �

z1, z2, z3, . . . , zk  are white vertices, V(H2) � y1, y2,

y3, . . . , ym}, |E(H1)| � k, and |E(H2)| � l.

Theorem 1. If H1+F1
H2 is the F1-sum graph of two graphs

H1 and H2, then
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DD H1+F1
H2  � m

2
DD F1 H1( (  + n(n + k)DD H2(  + 8k(n + k)W H2(  + 4k m

2
− m 

+ 2lm 
n

i,j�1
d xi, yj |F1 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F1 H1(  .

(5)

Proof. □ Case 1. Between two old vertices,

A �
1
2



xi,yp( , xj,yq( ∈H1+F1H2

d xi, yp , xj, yq  (δ xi, yp  + δ xj, yq |H1+F1
H2 ],

(6)

where p, q � 1 to m and i, j � 1 to n, for F1-sum
δ(xi, yp) � δ(xi) + δ(yp)

�
1
2



n

i,j�1


m

p,q�1
d xi, yj |F1 H1(  + d(yp, yq| H2(   δ xi(  + δ yp  + δ xj  + δ yq  

�
1
2



n

i,j�1


m

p,q�1
d xi, yj |F1 H1(   δ xi(  + δ xj   +

1
2



n

i,j�1


m

p,q�1
d yp, yq |H2  δ yp  + δ yq  

�
1
2



n

i,j�1


m

p,q�1
d xi, yj |F1 H1(   δ yp  + δ yq   +

1
2



n

i,j�1


m

p,q�1
d yp, yq |H2  δ xi(  + δ xj  

�
m

2

2


n

i,j�1
d xi, xj|F1 H1(    δ xi(  + δ xj   + n

2
DD H2(  +

1
2



n

i,j�1
d xi, xj|F1 H1(    

m

p,q�1
δ yp  + δ yq  

+
1
2



n

i,j�1
δ xi(  + δ xj   

m

p,q�1
d yp, yq |H2 

A �
m

2

2


n

i,j�1
d xi, xj|F1 H1(    δ xi(  + δ xj   + n

2
DD H2(  + 2lm 

n

i,j�1
d xi, xj|F1 H1(    + 4knW H2( .

(7)

Case 2. Between old and new vertices,

B1 �
1
2



zr,yp( , xi,yq( ∈H1+F1H2

d zr, yp , zi, yq  (δ zr, yp  + δ xi, yq |H1+F1
H2 ,

(8)

where p, q � 1 to m, i � 1 to n r � 1 to k and δ(zr, yp) � 2

(a) (b) (c)

(d) (e)

Figure 1: (a) P5, (b) F1(P5), (c) F2(P5), (d) F3(P5), and (e) F4(P5).
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�
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi|F1 H1( (  + d(yp, yq|H 2 2 + δ xi(  + δ yq  

� 
k

r�1


n

i�1


m

p,q�1
d zr, xi( |F1 H1(  + 

k

r�1


n

i�1


m

p,q�1
d yp, yq |H2  +

1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi|F1 H1( ( δ xi( 

+
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi|F1 H1( ( δ yq  +

1
2



k

r�1


n

i�1


m

p,q�1
d yp, yq| H2(  δ xi(  +

1
2



k

r�1


n

i�1


m

p,q�1
d yp, yq| H2(  δ yp ,

� m
2



k

r�1


n

i�1
d zr, xi|F1 H1( (  + 2knW H2(  +

m
2

2


k

r�1


n

i�1
d zr, xi|F1 H1( ( δ xi(  + lm 

k

r�1


n

i�1
d zr, xi|F1 H1( (  

+ 2k
2
W H2(  +

kn

2
DD H2( .

(9)

.e distance between old and new vertices is twice the
B1, i.e.,

B � 2m
2



k

r�1


n

i�1
d zr, xi|F1 H1( (  + 4knW H2(  + m

2


k

r�1


n

i�1
d zr, xi( |F1 H1(  δ xi( ,

+ 2lm 
k

r�1


n

i�1
d zr, xi|F1 H1( (  + 4k

2
W H2(  + kn DD H2( 

(10)

Case 3. Between two new vertices;

C �
1
2



zr,yp( , zs,yq( ∈H1+F1H2

d zr, yp , zs, yq  (δ zr, yp  + δ zs, yq |H1+F1
H2 .

(11)

Also, C � C1 + C2 where

C1 �
1
2



zr,yp( , zs,yq( ∈H1+F1H2

d zr, yp , zs, yq  (δ zr, yp  + δ zs, yq |H1+F1
H2: r � s, p≠ q ,

C2 �
1
2



zr,yp( , zs,yq( ∈H1+F1H2

d zr, yp , zs, yq  (δ zr, yp  + δ zs, yq |H1+F1
H2: r≠ s ,

(12)

(a) (b) (c) (d)

Figure 2: (a) P3+F1
P2. (b) P3+F2

P2. (c) P3+F3
P2. (d) P3+F4

P2.
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where δ(zr, yp) � 2, r, s � 1 to k and p, q � 1 to m.

C1 �
1
2


m

p,q�1,p≠ q


k

r,s�1,r�s

2 + d yp, yq (2 + 2)|H1+F1
H2 ,

C1 � 4 
m

p,q�1,p≠ q


k

r,s�1,r�s

+2 
m

p,q�1,p ≠ q


k

r,s�1,r�s

d yp, yq |H2 

� m
2

− m (4k) + 4kW H2( ,

C2 �
1
2



k

r,s�1,r≠ s


m

p,q�1
d zr, zs( |F1 H1(  + d yp, yq  |H2(4),

C2 � 2 
k

r,s�1,r≠ s


m

p,q�1
d zr, zs( |F1 H1(   + 2 

k

r,s�1,r≠ s


m

p,q�1
d yp, yq |H2 ,

C2 � 2m
2


k

r,s�1,r≠ s

d zr, zs|F1 H1( (  + 4 k
2

− k W H2( ,

C � m
2

− m (4k) + 4kW H2(  + 2m
2


k

r,s�1,r≠ s

d zr, zs( |F1 H1(   + 4 k
2

− k W H2( ,

C � m
2

− m (4k) + 2m
2


k

r,s�1,r≠ s

d zr, zs( |F1 H1(   + 4k
2
W H2( 

DD H1+F1
H2  � A + B + C,

DD H1+F1
H2  �

m
2

2


n

i,j�1
d xi, xj |F1 H1(   δ xi(  + δ xj   + n

2
DD H2(  + 2lm 

n

i,j�1
d xi, xj |F1 H1(  

+ 4knW H2(  + 2m
2


k

r�1

n

i�1
d zr, xi( |F1 H1(   + 4knW H2( 

+ m
2


k

r�1

n

i�1
d zr, xi( |F1 H1(  δ xi(  + 2lm 

k

r�1

n

i�1
d zr, xi( |F1 H1(   + 4k

2
W H2( 

+ kn DD H2(  + 4k m
2

− m  + 2m
2



k

r,s�1,r≠ s

d zr, xi( |F1 H1(   + 4k
2
W H2( ,

DD H1+F1
H2  � m

2
[
1
2


n

i,j�1
d xi, xj |F1 H1(   δ xi(  + δ xj  

+ 2
k

r�1

n

i�1
d zr, xi( |F1 H1(   + 

k

r�1

n

i�1
d zr, xi( |F1 H1(   δ xi(   + 2 

k

r,s�1,r≠ s

d zr, zs( |F1 H1(  ]

+ n(n + k)DD H2(  + 8k(n + k)W H2(  + 4k m
2

− m  + 2lm 
n

i,j�1
d xi, xj |F1 H1(  

+ 2lm 
k

r�1

n

i�1
d zr, xi( |F1 H1(  

DD H1+F1
H2  � m

2
DD F1 H1( (  + n(n + k)DD H2(  + 8k(n + k)W H2(  + 4k m

2
− m 

+ 2lm 
n

i,j�1
d xi, xj |F1 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F1 H1(  .

(13)
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Theorem 2. If H1+F2
H2 is the F2-sum graph of two graphs

H1 and H2, then

DD H1+F2
H2  � m

2
DD F2 H1( (  + n(n + k)DD H2(  + 12k(n + k)W H2(  + 4k m

2
− m 

+ 2lm 
n

i,j�1
d xi, xj |F2 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F2 H1(  .

(14)

Proof. □ Case 4. Between two old vertices,

A �
1
2



xi,yp( , xj,yq( ∈H1+F2H2

d xi, yp , xj, yq  (δ xi, yp  + δ xj, yq |H1+F2
H2 ],

(15)

where p, q � 1 to m and i, j � 1 to n, for R sum
δ(xi, yp) � 2δ(xi) + δ(yp)

�
1
2



n

i,j�1


m

p,q�1
d xi, xj|F2 H1(   + d(yp, yq| H2(   2δ xi(  + δ yp  + 2δ xj  + δ yq  

� 
n

i,j�1


m

p,q�1
d xi, xj|F2 H1(    δ xi(  + δ xj   +

1
2



n

i,j�1


m

p,q�1
d yp, yq | H2(   δ yp  + δ yq  

+
1
2



n

i,j�1


m

p,q�1
d xi, xj|F2 H1(    δ yp  + δ yq   + 

n

i,j�1


m

p,q�1
d yp, yq | H2(   δ xi(  + δ xj  

� m
2



n

i,j�1
d xi, xj|F2 H1(    δ xi(  + δ xj   + n

2
DD H2( 

+ 
m

p,q�1
δ yp  + δ yq  

1
2



n

i,j�1
d xi, xj|F2 H1(    + 

m

,q�1
d yp, yq | H2(   

n

i,j�1
δ xi(  + δ xj  

A � m
2



n

i,j�1
d xi, xj|F2 H1(    δ xi(  + δ xj   + n

2
DD H2(  + 2lm 

n

i,j�1
d xi, xj|F2 H1(    + 8knW H2( .

(16)

Case 5. Between old and new vertices,

B1 �
1
2



zr,yp( , xi,yq( ∈H1+F2H2

d zr, yp , xi, yq  (δ zr, yp  + δ xi, yq |H1+F2
H2 ,

(17)

where p, q � 1 to m, i � 1 to n r � 1 to k and δ(zr, yp) � 2
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�
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( F2 H1(  + d(yp, yq| H2( |  2 + 2δ xi(  + δ yq  

� 
k

r�1


n

i�1


m

p,q�1
d zr, xi( F2 H1(   + 

k

r�1


n

i�1


m

p,q�1
d(yp, yq| H2(  ,

+ 

k

r�1


n

i�1


m

p,q�1
d zr, xi( F2 H1(   δ xi(   +

1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( F2 H1(  δ yq 

+ 
k

r�1


n

i�1


m

p,q�1
d(yp, yq| H2(  δ xi(  +

1
2



k

r�1


n

i�1


m

p,q�1
d(yp, yq| H2(  δ yq 

� m
2



k

r�1


n

i�1
d zr, xi( F2 H1(   + 2knW H2(  + m

2


n

i�1


k

r�1
d zr, xi( F2 H1(  δ xi( 

+ lm 
k

r�1


n

i�1
d zr, xi( F2 H1(   + 4k

2
W H2(  +

kn

2
DD H2( .

(18)

.e distance between old and new vertices is twice the
B1, i.e.,

B � 2m
2



k

r�1


n

i�1
d zr, xi( F2 H1(   + 4knW H2(  + 2m

2


n

i�1


k

r�1
d zr, xi( F2 H1(   δ xi(  

+ 2lm 
k

r�1


n

i�1
d zr, xi( F2 H1(   + 8k

2
W H2(  + knDD H2( .

(19)

Case 6. Between two new vertices, C can be calculated
similarly as in .eorem 1 Case 3:
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C � 4k m
2

− m  + 2m
2



k

r,s�1,r≠ s

d zr, zs( |F2 H1(   + 4k
2
W H2( ,

DD H1+F2
H2  � A + B + C,

DD H1+F2
H2  � m

2


n

i,j�1
d xi, xj |F2 H1(   δ xi(  + δ xj   + n

2
DD H2(  + 2lm 

n

i,j�1
d xi, xj |F2 H1(   + 8knW H2( 

+ 2m
2



k

r�1


n

i�1
d zr, xi( |F2 H1(   + 4knW H2( 

+ 2m
2



k

r�1


n

i�1
d zr, xi( |F2 H1(  δ xi(  + 2lm 

k

r�1


n

i�1
d zr, xi( |F2 H1(   + 8k

2
W H2(  + kn DD H2( 

+ 4k m
2

− m  + 2m
2



k

r,s�1,r≠ s

d zr, zs( |F2 H1(   + 4k
2
W H2( .

DD H1+F2
H2  � m

2



n

i,j�1
d xi, xj |F2 H1(   δ xi(  + δ xj   + 2

k

r�1


n

i�1
d zr, xi( |F2 H1(  

+ 
k

r�1


n

i�1
d zr, xi( |F2 H1(   2δ xi(   + 2 

k

r,s�1,r≠ s

d zr, zs( |F2 H1(  

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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+ n(n + k)DD H2(  + 12k(n + k)W H2(  + 4k m
2

− m  + 2lm 
n

i,j�1
d xi, xj |F2 H1(  

+ 2lm 
k

r�1


n

i�1
d zr, xi( |F2  H1( 

DD H1+F2
H2  � m

2
DD F2 H1( (  + n(n + k)DD H2(  + 12k(n + k)W H2(  + 4k m

2
− m  + 2lm 

n

i,j�1
d xi, xj |F2 H1(  

+ 2lm 
k

r�1


n

i�1
d zr, xi( |F2 H1(  .

(20)

Theorem 3. If H1+F3
H2 is the F3-sum graph of two graphs

H1 and H2, then

DD H1+F3
H2  � m

2
DD F3 H1( (  + n(n + k)DD H2(  + 2(6k − t)(n + k)W H2(  +(k + 1)(4k − t) m

2
− m 

+ 2lm 
n

i,j�1
d xi, xj |F3 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F3 H1(  ,

(21)

where t is the number of pendant vertices in graph H1

Proof. □

Case 7. Between two old vertices, A can be calculated
similarly as in .eorem 1 Case 1:

A �
m

2

2


n

i,j�1
d xi, xj |F3 H1(   δ xi(  + δ xj   + n

2
DD H2(  + 2lm 

n

i,j�1
d xi, xj |F3 H1(   + 4knW H2( . (22)

Case 8. Between old and new vertices,
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B1 �
1
2



zr,yp( , xi,yq( ∈H1+F3H2

d zr, yp , xi, yq  (δ wr, yp  + δ xi, yq |H1+F3
H2 ,

(23)

where p, q � 1 to m, i � 1 to n r � 1 to k and
δ(xi, yq) � δ(xi) + δ(yj)

�
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( |F3 H1(  + d(yp, yq| H2(   δ(zr, yp) + d xi(  + d yq  

�
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( |F3 H1(  δ zr, yp  +

1
2



k

r�1


n

i�1


m

p,q�1
d yp, yq |H2 δ zr, yp 

+
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( |F3 H1(  δ xi(  +

1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( |F3 H1(  δ yq 

+
1
2



k

r�1


n

i�1


m

p,q�1
d yp, yq | H2(  δ xi(  +

1
2



k

r�1


n

i�1


m

p,q�1
d yp, yq | H2(  δ yq 

�
m

2

2


k

r�1


n

i�1
d zr, xi( |F3 H1(  δ zr, yp  + n(4k − t)W H2(  +

m
2

2


k

r�1


n

i�1
d zr, xi( |F3 H1(  δ xi( 

+ lm 

k

r�1


n

i�1
d zr, xi( |F3 H1(   + 2k

2
W H2(  +

kn

2
DD H2( .

(24)

.e distance between old and new vertices is twice the
B1, i.e.,

B � m
2



k

r�1


n

i�1
d zr, xi( |F3 H1(  δ zr, yp  + 2n(4k − t)W H2(  + m

2


n

i�1


k

r�1
d zr, xi( |F3 H1(  δ xi( 

+ 2lm 
k

r�1


n

i�1
d zr, xi( |F3 H1(   + 4k

2
W H2(  + kn DD H2( .

(25)

Case 9. Between two new vertices:

C �
1
2



zr,yp( , zs,yq( ∈H1+F3H2

d zr, yp , zs, yq  (δ (zr, yp  + δ zs, yq |H1+F3
H2 .

(26)

Also, C � C1 + C2 + C3, where
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C1 �
1
2



zr,yp( , zs,yq( ∈H1+F3H2

d zr, yp , zs, yq   δ zr, yp  + δ zs, yq  |H1+F3
H2: p≠ q, r � s ,

C2 �
1
2



zr,yp( , zs,yq( ∈H1+F3H2

d zr, yp , zs, yq   δ zr, yp  + δ zs, yq  |H1+F3
H2: p � q, r≠ s ,

C3 �
1
2



zr,yp( , zs,yq( ∈H1+F3H2

d zr, yp , zs, yq   δ zr, yp  + δ zs, yq  |H1+F3
H2: p≠ q, r≠ s ,

(27)

where p, q � 1 to m and r, s � 1 to k.

C1 �
1
2



m

p,q�1,p≠q


k

r,s�1,r�s

2 + d yp, yq |H2  δ zr, yp  + δ zs, yq  |H1+F3
H2 ,

C1 � 
m

p,q�1,p≠q


k

r,s�1,r�s

δ zr, yp  + δ zs, yq  |H1+F3
H2  +

1
2



m

p,q�1,p≠ q



k

r,s�1,r�s

d yp, yq |H2 δ zr, yp  + δ zs, yq  

� 2(4k − t) m
2

− m  + 2(4k − t)W H2( ,

C2 �
1
2



m

p,q�1,p�q



k

r,s�1,r≠s
d zr, zs( |F3 H1(   δ zr, yp  + δ zs, yq  

�
m

2


k

r,s�1,r≠s
d zr, zs( |F3 H1(  (δ zr, yp  + δ zs, yq ,

C3 �
1
2



m

p,q�1,p≠q


k

r,s�1,r≠s
1 + d zr, zs( |F3 H1(  + d yp, yq |H2  δ zr, yp  + δ zs, yq  

�
1
2



m

p,q�1,p≠q


k

r,s�1,r≠s
δ zr, yp  + δ zs, yq   +

1
2



k

r,s�1,r≠s


m

p,q�1,p≠q
d zr, zs( |F3 H1(  

δ zr, yp  +
1
2



m

p,q�1,p≠q


k

r,s�1,r≠s
d zr, zs( |F3 H1(  δ zs, yq  +

1
2



m

p,q�1,p≠q


k

r,s�1,r≠s
d yp, yq |H2 δ zr, yp ⎛⎝ ⎞⎠

+
1
2



m

p,q�1,p ≠ q



k

r,s�1,r≠ s

d yp, yq |H2 δ zs, yq )

� (k − 1)(4k − t) m
2

− m  +
m(m − 1)

2


k

r,s�1,r≠s
d zr, zs( |F3 H1(   δ zr, yp  + δ zs, yq  

+ 2(k − 1)(4k − t)W H2( ,

C � 2(4k − t) m
2

− m  + 2(4k − t)W H2(  +
m

2


k

r,s�1,r≠s
d zr, zs( |F3 H1(   δ zr, yp  + δ zs, yq   + m

2
− m (4k − t)(k − 1)

+
m(m − 1)

2


k

r,s�1,r≠s
d zr, zs( |F3 H1(   δ zr, yp  + δ zs, yq   + 2(4k − t)(k − 1)W H2( ,
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C � (k + 1)(4k − t) m
2

− m  + 2k(4k − t)W H2(  +
m

2

2


k

r,s�1,r≠ s

d zr, zs( |F3 H1(   δ zr, vp  + δ zs, yq  ,

DD H1+F3
H2  � A + B + C,

DD H1+F3
H2  �

m
2

2


n

i,j�1
d xi, xj |F3 H1(   δ xi(  + d δj   + n

2
DD H2(  + 4knW H2( 

+ 2lm 
n

i,j�1
d xi, xj |F3 H1(   + m

2


k

r�1


n

i�1
d zr, xi( |F3 H1(  δ zr, yp  + 2n(4k − t)W H2( 

+ m
2



k

r�1


n

i�1
d zr, xi( |F3 H1(   δ xi(  

+ 2lm 

k

r�1


n

i�1
d zr, xi( |F3 H1(   + 4k

2
W H2(  + kn DD H2(  +(4k − t)(k + 1) m

2
− m 

+ 2k(4k − t)W H2(  +
m

2

2


k

r,s�1,r≠ s

d zr, zs( |F3 H1(   δ zr, yp  + δ zs, yq  

DD H1+F3
H2  � m

2

1
2



n

i,j�1
d xi, xj |F3 H1(   δ xi(  + δ xj   + 

k

r�1


n

i�1
d zr, xi( |F3 H1(  δ zr, yp 

+ 
k

r�1


n

i�1
d zr, xi( |F3 H1(   δ xi(   +

1
2



k

r,s�1,r≠ s

δ zr, zs( |F3 H1(   δ zr, yp  + δ zs, yq  
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+ n
2
DD H2(  + kn DD H2(  + W H2(  4kn + 2n(4k − t) + 2k(4k − t) + 4k

2
  +(k + 1) m

2
− m (4k − t)

+ 2lm 
n

i,j�1
d xi, xj |F3 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F3 H1(  ,

DD H1+F3
H2  � m

2
DD F3 H1( (  + n(n + k)DD H2(  + 2(6k − t)(k + n)W H2(  +(k + 1) m

2
− m (4k − t)

+ 2lm 
n

i,j�1
d xi, xj |F3 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F3 H1(  .

(28)

Theorem 4. If H1+F4
H2 is the F4-sum graph of two con-

nected and simple graphs H1 and H2, then

DD H1+F4
H2  � m

2
DD F4 H1( (  + n(n + k)DD H2(  + 2(8k − t)(n + k)W H2(  +(k + 1)(4k − t) m

2
− m 

+ 2lm 
n

i,j�1
d xi, xj |F4 H1(   + 2lm 

k

r�1


n

i�1
d zr, xi( |F4 H1(  ,

(29)

where t is the number of pendant vertices in graph H1.

Proof. □

Case 10. Between two old vertices, A can be calculated
similarly as in .eorem 2 Case 4:

A � m
2



n

i,j�1
d xi, xj |F4 H1(   d xi(  + d xj   + n

2
D D H2(  + 2lm 

n

i,j�1
d xi, xj |F4 H1(   + 8knW H2( . (30)
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Case 11. Between old and new vertices,

B1 �
1
2


(zr,yp),(xi,yq)∈H1+F4H2

d zr, xp , xi, yq  (δ zr, yp  + δ xi, yq |H1+F4
H2 , (31)

where p, q � 1 to m, i � 1 to n r � 1 to k and
δ(xi, yq) � 2δ(xi) + δ(yj)

�
1
2



k

r�1


n

i�1


m

p,q�1
d zr, xi( |F4 H1(  + d(yp, yq| H2(   δ zr, yp  + 2δ xi(  + δ yq  

�
1
2



n

i�1


m

p,q�1


k

r�1
d zr, xi( |F4 H1(  δ zr, yp  +

1
2



n

i�1


m

p,q�1


k

r�1
d(yp, yq| H2(  δ zr, yp 

+ 
n

i�1


m

p,q�1


k

r�1
d zr, xi( |F4 H1(  δ xi(  +

1
2



n

i�1


m

p,q�1


k

r�1
d zr, xi( |F4 H1(  δ yq 

+ 
n

i�1


m

p,q�1


k

r�1
d yp, yq | H2(  δ xi(  +

1
2



n

i�1


m

p,q�1


k

r�1
d yp, yq | H2(  δ yq 

�
m

2

2


n

i�1


k

r�1
d zr, xi( |F4 H1(  δ zr, yp  + n(4k − t)W H2(  + m

2


n

i�1


k

r�1
d zr, xi( |F4 H1(  δ xi( 

+ lm 
n

i�1


k

r�1
d zr, xi( |F4 H1(   + 4k

2
W H2(  +

kn

2
DD H2( .

(32)

.e distance between old and new vertices is twice the
B1, i.e.,

B � m
2



n

i�1


k

r�1
d zr, xi( |F4 H1(  δ zr, yp  + 2n(4k − t)W H2(  + 2m

2


n

i�1


k

r�1
d zr, xi( |F4 H1(  δ xi( 

+ 2lm 
n

i�1


k

r�1
d zr, xi( |F4 H1(   + 8k

2
W H2(  + kn DD H2( .

(33)

Case 12. Between two new vertices, C can be calculated
similarly as in .eorem 3 Case 9:
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C � (k + 1)(4k − t) m
2

− m  + 2k(4k − t)W H2(  +
m

2

2


k

r,s�1,r≠ s

d zr, zs( |F4 H1(   δ zr, yp  + δ zs, yq  

DD H1+F4
H2  � A + B + C

DD H1+F4
H2  � m

2


n

i,j�1
d xi, xj |F4 H1(   δ xi(  + δ xj   + n

2
DD H2(  + 2lm 

n

i,j�1
d xi, xj |F4 H1(  

+ 8knW H2(  + m
2



n

i�1


k

r�1
d zr, xi( |F4 H1(  δ zr, yp  + 2n(4k − t)W H2( 

+ 2m
2



n

i�1


k

r�1
d zr, xi( |F4 H1(   δ ui(   + 2lm 

n

i�1


k

r�1
d zr, xi( |F4 H1(  

+ 8k
2
W H2( ) + kn DD H2(  +(4k − t)(k + 1) m

2
− m  + 2k(4k − t)W H2( 

+
m

2

2


k

r,s�1,r≠ s

d zr, zs( |F4 H1(   δ zr, yp  + δ zs, yq  

DD H1+F4
H2  � m

2



n

i,j�1
d xi, xj |F4 H1(   δ xi(  + δ xj   + 

n

i�1


k

r�1
δ zr, yp 

+2
n

i�1


k

r�1
d zr, xi( |F4 H1(   δ xi(   +

1
2



k

r,s�1,r≠ s

d zr, zs( |F4 H1(   δ zr, yp  + δ zs, yq  
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+ n
2
DD H2(  + kn DD H2(  + W H2(  8kn + 2n(4k − t) + 8k

2
+ 2k(4k − t)  +(k + 1) m

2
− m (4k − t)

+ 2lm 
n

i,j�1
d xi, xj |F4 H1(   + 2lm 

n

i�1


k

r�1
d zr, xi( |F4 H1(  

DD H1+F4
H2  � m

2
DD (F4 H1( ) + n(n + k)DD H2(  + 2(8k − t)(k + n)W H2(  +(k + 1) m

2
− m (4k − t)

+ 2lm 

n

i,j�1
d xi, xj |F4 H1(   + 2lm 

n

i�1


k

r�1
d zr, xi( |F4 H1(  .

(34)

4. Application

.e main results of Section 3 are explained in this section.
Consider path Pn of order n≥ 2, W(Pn) � n(n2 − 1)/6 and

DD(Pn) � n(n − 1)(2n − 1)/3. Now, before to find
DD(Pn+Fi

Pm), we construct Tables 1 and 2.

Now, using Definition 2, Tables 1 and 2, we obtain
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(i) DD Pn+F1
Pm  �

2m
2
(n − 1)(2n − 1)(4n − 3)

3
+

nm(2n − 1)(m − 1)(2m − 1)

3
+ 4m(n − 1)(m − 1)

+
4m(n − 1)(2n − 1) m

2
− 1 

3
+
2mn(m − 1)(n − 1)(4n + 1)

3
,

(ii) DD Pn+F2
Pm  � 4m

2
(n − 1)

2
(n + 1) +

mn(2n − 1)(m − 1)(2m − 1)

3
+ 2m(n − 1)(2n − 1) m

2
− 1 

+ 4m(n − 1)(m − 1) +
4mn(m − 1) n

2
− 1 

3
,

(iii) DD Pn+F3
Pm  � m

2 4n
3

− 6n
2

+ 2n − 2  +
nm(2n − 1)(m − 1)(2m − 1)

3
+ 2mn(m − 1)(2n − 3)

+
2m(2n − 1)(3n − 4) m

2
− 1 

3
+
2mn(m − 1)(n − 1)(2n + 5)

3
,

(iv) DD Pn+F4
Pm  �

2m
2 8n

2
− 15n

2
+ 10n − 6 

3
+

nm(2n − 1)(m − 1)(2m − 1)

3
+ 2mn(m − 1)(2n − 3)

+
2m(2n − 1)(4n − 5) m

2
− 1 

3
+
4mn(m − 1)(n − 1)(n + 1)

3
.

(35)

Consider cycle Cn of n, then

W Cn(  �

n
3

8
if n is even

n n
2

− 1 

8
if n is odd,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

DD Cn(  �

n
3

2
if n is even

n n
2

− 1 

2
if n is odd.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(36)

Table 1: WI and DDI of Fi(Pn).

F W(Fi(Pn)) DD(Fi(Pn))

F1 2n(n − 1)(2n − 1)/3 2(n − 1)(2n − 1)(4n − 3)/3
F2 (n − 1)(2n2 + 2n − 3)/3 4(n + 1)(n − 1)2

F3 2n(n − 1)(n + 1)/3 4n3 − 6n2 + 2n − 2
F4 n(n − 1)(4n + 1)/6 2/3(8n3 − 15n2 + 10n − 6)

Table 2: Some particular distance sums of Fi(Pn).

F 
n
i,j�1 d(xi, xj)|Fi(Pn)  

k
r�1 

n
i�1 d(zr, xi)|Fi(Pn) 

F1 2n(n − 1)(n + 1)/3 n(n − 1)(2n − 1)/3
F2 n(n2 − 1)/3 n(n2 − 1)/3
F3 n(n − 1)(n + 4)/3 n(n − 1)(n + 1)/3
F4 n(n − 1)(n + 1)/3 n(n − 1)(n + 1)/3
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Now, before to findDD(Cn+Fi
Pm), we construct Tables 3

and 4.
Now, using Definition 2, Tables 2 and 4, we obtain

(i) DD Cn+F1
Pm  � 2mn n

2
(3m − 1) +(m − 1) n(2m + 1) + 2{ } ,

(ii) DD Cn+F2
Pm  � mn m(n + 2)(3n − 1) +(m − 1)

2n

3
(2m − 1) + n(4m + n + 5) + 4  ,

(iii) DD Cn+F3
Pm  � mn m(n + 2)(3n − 1) +(m − 1)

2n

3
(2m − 1) + n(4m + n + 11) + 2  ,

(iv) DD Cn+F4
Pm  � mn 4mn(n + 1) +(m − 1)

2n

3
(10m + 7) +(n + 1)(n + 4)  .

(37)

Now, we construct Table 5 such that values of Columns
3, 4 and 5 are obtained using.eorems 1–4 of Section 3, and
aforesaid results of the same section and the bounds ob-
tained in [26], respectively. We note that the computed and
exact values are same, and the values of the upper bounds
exceed them.

5. Conclusion

In the present study, it is finally concluded that we have
improved the already existing bounds of degree distance
indices of the F-sum graphs (F1-sum, F2-sum, F3-sum and
F4-sum) ([26]) in the form of their exact values. In the

Table 4: Some particular distance sums of F(Cn).

F 
n
i,j�1 d(xi, xj)|F(Cn)  

k
r�1 

n
i�1 d(zr, xi)|F(Cn) 

F1
n
3/2 if n is even

n(n
2

− 1)/2 if n is odd


n
3/2 if n is even

n(n
2

+ 1)/2 if n is odd


F2
n
3/4 if n is even

n(n
2

+ 1)/4 if n is odd


n
2
(n + 2)/4 if n is even

n(n
2

+ 1)/4 if n is odd


F3
n(n

2
+ 4n − 4)/4 if n is even

n(n
2

+ 4n − 5)/4 if n is odd


n
2
(n + 2)/4 if n is even

n(n + 1)
2/4 if n is odd



F4
n
3/4 if n is even

n(n
2

− 1)
2/4 if n is odd


n
2
(n + 2)/4 if n is even

n(n
2

+ 1)
2/4 if n is odd



Table 5: Numerical comparison of DD index.

No. F-sum graph Exact value Computed value Bounded value
1 D D(P3+F1

P2) 470 470 562
2 D D(P3+F2

P2) 486 486 570
3 D D(P3+F3

P2) 486 486 538
4 D D(P3+F4

P2) 550 550 594
5 D D(C3+F1

P2) 744 744 852
6 D D(C3+F2

P2) 828 828 924
7 D D(C3+F3

P2) 924 924 996
8 D D(C3+F4

P2) 1068 1068 1140

Table 3: WI and DDIs of Fi(Cn).

F W(F(Cn)) DD(F(Cn))

F1 n3 4n3

F2 n(n2 + 2n − 1)/2 n(n + 2)(3n − 1)

F3 n(n2 + 2n − 1)/2 n(n + 2)(3n − 1)

F4 n2(n + 1)/2 4n2(n + 1)
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section of Application, the obtained results are also illus-
trated with the help of the comparison among bounded,
computed, and exact values for the particular F-sum graphs.
However, the exact values or the improved bounded values
of the other topological indices for the F-sum graphs are still
to be determined.

Data Availability

All the data are included within this paper. However, the
reader may contact the corresponding author for more
details of the data.
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