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This work concerns the numerical solutions of a category of nonlinear and linear time-fractional partial differential equations
(TFPDEs) that are called time-fractional inhomogeneous KdV and nonlinear time-fractional KdV equations, respectively. The
fractional derivative operators are of the Caputo type. Two-variable second-kind Chebyshev wavelets (SKCWs) are constructed
using one-variable ones; then, utilizing corresponding integral operational matrices leads to an approximate solution to the
problem under study. Also, it is found that the perturbation term tends to zero even if a finite number of the basis functions is
adopted. To exhibit the applicability and efficiency of the proposed scheme, two models of the KdV equations are given.

1. Introduction

Many scientists and researchers are interested in fractional
integral and derivative operators as mathematical tools for
modeling diverse physical, chemical, and biological phe-
nomena [1-5]. Fractional operators have the memory prop-
erty, and this characteristic converts them into a powerful
tool for studying real-world problems [6-8]. Different frac-
tional derivative operators have been introduced by
researchers for successfully and effectively modeling scien-
tific phenomena. For example, the fractional pseudohyper-
bolic telegraph partial differential equation employing the
Caputo fractional derivative was solved in [9] utilizing the
explicit finite difference method. Generalized Caputo and
Caputo fractional derivatives were studied in [10], and the
nonlinear heat equation in the sense of the generalized
Caputo derivative was solved by fractional Green’s func-
tions, the generalized Laplace transform, and generalized
Mellin transform. A type of the fractional diffusion equation
in the sense of the Grunwald-Letnikov derivative was solved
by Gorenflo and Abdel-Rehim in [11] using a difference
scheme. The (2+1)-dimensional fractional Ablowitz—
Kanup-Newell-Segur equation in the sense of the conform-
able derivative was studied to extract general analytical wave
solutions in [12] implementing the exp (—¢(&))-expansion

method. A modified definition of the conformable fractional
derivative was presented in [13], and then, the exact solu-
tions of linear and nonlinear time- and space-fractional
mixed partial differential equations involving a new frac-
tional derivative were obtained applying the invariant sub-
space method. Abu-Shady and Kaabar proposed the
generalized fractional derivative (GFD) and showed that this
operator coincides with the Caputo and Riemann-Liouville
fractional derivatives [14, 15]. Therefore, this computational
tool can be used to model different scientific phenomena.
Nonlinear fractional partial differential equations (FPDEs)
have attracted wide attention for describing many phenom-
ena in engineering, physics, material science, and acoustics
[7,16-19]. Korteweg and de Vries introduced a class of non-
linear evolution equations, namely, KdV equations, for the
first time in 1895, to describe the nonlinear shallow-water
waves [20]. The KdV equations emerge in diverse phenom-
ena of physics like the one-dimensional waves in shallow-
water waves; the Ferma-Pasto-Ulam problem in the contin-
uum limit; the evolution of long, ion-acoustic waves in a
plasma, and so on. Time-fractional KdV equations are
obtained by replacing the first-order time derivatives with
fractional ones of the arbitrary orders. Many works have
been done on the KdV and generalized KdV equations. For
example, Bagheri and Khani used rational functions,
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trigonometric functions, and hyperbolic functions, to reach
the exact solutions of a fractional model of the KdV equation
[21]. A balance method was given to obtain some closed
forms of solutions of the KdV equation in [22]. Authors in
[23] applied the g-homotopy analysis transform method to
study the modified coupled KdV equations. An extended
tanh-function method was used in [24] to achieve soliton
solutions of modified coupled KdV and generalized Hir-
ota-Satsuma coupled KdV equations. Sahoo and Saha
applied the (G'/G)-expansion method to solve the time-
fractional KdV equation [25]. Kaya et al. applied radial basis
functions to KdV and mKdV equations [26]. Momani et al.
[27] utilized the variational iteration method for time-
fractional KdV. The analytical traveling wave solutions of
the nonlinear fractional KdV equation are obtained by intro-
ducing an approximate-analytical method in [28]. Authors
in [29] dealt with obtaining exact solutions to the fractional
KdV equation. In [30-34], the new iteration method, Ado-
mian decomposition method, variational iteration method,
and homotopy perturbation method were utilized to derive
approximate solutions to different forms of the KdV
equations.

The target of the current work is to achieve approximate
solutions for two models of the KdV by means of the
second-kind Chebyshev wavelets. From a viewpoint of com-
parison, the proposed method has a less computational size
compared to some existing methods. The orthogonal
second-kind Chebyshev polynomials are utilized as basis
functions in diverse methods to obtain approximate solu-
tions of integrodifferential equations [35], integral equations
[36, 37], ordinary differential equations [38, 39], and partial
differential equations [40, 41]. In the present paper, an
approach based on the second-kind Chebyshev polynomials
is presented to work out time-fractional inhomogeneous
KdV and nonlinear time-fractional KdV equations. Finding
analytic solutions to linear and especially nonlinear equa-
tions is hard; hence, presenting or modifying computational
methods to find an approximate solution to these problems
is noteworthy.

The main goal of this paper is to assess the numerical
solutions of the linear inhomogeneous fractional KdV equa-
tion and nonlinear time-fractional KdV equations. An
orthogonal collocation scheme is proposed based upon the
SKCW functions. Two-dimensional integral operational
matrices of fractional and integer orders are derived utilizing
one-dimensional ones. Resultant matrices accompanied by
the collocation method convert the main problem into an
algebraic equation by collocating this algebraic equation at
tensor points {(6,,9,)},i=0,1,---,M,;,j=0,1, -, M, lead-
ing to a linear or nonlinear algebraic system. 6; and 9, are
roots of the second-kind Chebyshev polynomials of degrees
M, and M,, respectively. By solving the resulted system, an
approximate solution is achieved.

The organization of this paper is as follows: the frac-
tional operators, one- and two-variable second-kind Cheby-
shev wavelets are introduced, and then, operational matrices
of the integral are derived in Section 2. In Section 3, two
models of the equations under study are presented. Then,
it can be seen how using appropriate approximations results
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in a residual function. In Section 4, some error bounds of the
resulted approximations are computed. The established
approach is utilized for two equations in Section 5, and a
conclusion is provided in the last section.

2. Fractional Operators and SKCWs

This section presented some definitions of the fractional cal-
culus, the SKCWs are introduced, and their integral opera-
tional matrices of integer and fractional orders are gained.

2.1. Fractional Operators

Definition 1. The Caputo fractional derivative operator of g
(0, 9) € C*(Q) with the order u € R is given as the following
[42]:

9

1 n A
o P [ @ T e i<pcnmen,
_ 0
R I
S50 pu=nelN.

(1)

Definition 2. The Riemann-Liouville fractional integral oper-
ator of ¢(6,9) € C(Q) with the order y € R is given as [42]

1 (° ~
J(S—n)“ ‘a0, m)dn,  u>0,

I(u) ),
N 748(6,9) = (6, 9).

0 759(6,9) =

(2)

Some features of the above-mentioned operators are as fol-
lows:

TS T a0,9) = ¢ It 75 a6, 9) = 6 7y a(6,9),

I'(o+1)

RL gt o _ O+ -1

o ot Tlo+u+1) 770
0,u>|o],

Cofao _

0 %% = _Tlo+l) g lo]>u
I'(o-u+1) ’ -

F24 (i 74396 9)) = 9(6.9),
oI (06959(97 9)) =g(0,9)-¢(6,0), O<u<l.
()

2.2. SKCWs. The one-variable second-kind Chebyshev wave-
let v, . (9) is defined on the interval J=[0,1) as

- n-1 n
22 (2‘9—2u+ 1), S -
Vam (9) = 2" 2"
0, otherwise,

(4)
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where U,,(9) = v2/7U,,(9),m=0,1,---, M - 1. U, (9), m
=0,1,:-, # — 1, are the Chebyshev polynomials of the sec-
ond kind which are orthogonal with respect to the weight
function w(9) = (1 —92)”2 on the interval [-1,1]; on the
other hand,

1 n _f
| va@uu@a=22 "0
-1 0, m#t.

These polynomials are obtained from the following for-
mula:

Uyt (9) = m=1,2,,

29 [Um(s) ~Una (8)’

(6)
Uy(9) =1, U, (9) =29.

From (4), y,,,(9) involves four arguments, n=1,---,
21 e N,m is the degree of the second-kind Chebyshev
polynomials, and O is the time variable. The SKCWs are
orthogonal with respect to the weight functions w,, (9) = w(

3
209-2n+1),n=1,2,---, 25, over the interval J, =[(n -
1)/25 1 n2th).

Every function g € Lin (J,) can be expanded as
Z Z Gannm (7)
n=lm=0
where
1
Gum = J IOV, (D) w, (9)dd. (8)
0

Using a truncated form of the series in (7), an approxi-
mation to g(9) is gained as follows:

V=G F(9), (9)

2 M-
= z Z nmlrllnm

n=1m=0

where G and (9) are (2'!./)-order vectors as follows:

_ T
G= [Glo» CIPPRAE Gl(ﬂ—l)’ Gap> Gaops 55 GZ(/ﬂ—l)’ w0 Gy, e, o0, Goean (/ﬂ—l)} >

(10)
_ T
¥(9)= [‘/’10(9)> V11 (9)s s V- (9)s Wag (9)s W1 (9)s - Wam1) (9)s o5 W (9)s Waeny (9)s "'»‘/’2“(/%71)(‘9)} :
The two-variable SKCWs can be defined on the interval
J=1[0,1) x [0, 1) using (4) as follows:
- - -1 n n,—1 n
2002 (289 _on 4+ 1)0 (229-2m,+1), UL g M fe 2
R o (2102 +1) 00, (299-2m 0 1), S <O S <<ty

0, otherwise,

Lm;=0,1,-M,-LEeN,i=1,2. 1t
6’ ‘9) = Wnlml (G)V/nzmz (9) Every

(J) can be written as follows:

where 1, =1, ---, 2%~
is clear that 1//tzlml wm, (
two-variable g € Ly,

g(e’a): Z Z Z Z Gnlm1n2m2Wnlmln2m2(6’9)’ (12)

where the coeflicients G

n,m,n,m, are computed as

W, u, (6. 9)d9.d6,
(13)

1l
Gnlmlnzm2 = J J g(e’ S)Wnlmlnzmz (6’ 9)

0J0

and W, , (6,9)=w, (0)w, (9). By considering the trun-

cated series of the infinite series in (12), one gets the follow-
ing approximation to g(6, 9):

2t 120 -1

g(G, ‘9) = gﬂlﬂ Zl Zo Zl Z nlmlnzmzv/n m n2m2< ) (14)
=G"A(6,9)=G"(¥(6)®¥(9)),

where G and A are (2514,) (2% ,) x 1 vectors and ®
denotes the Kronecker product.

2.3. Operational Matrices of the Integration. The integration
of the one-variable basis in (10) can be approximated as

9
| #dn=209) (15)

0



where 2! is the operational matrix of the integration, and its
entries are calculated as

sur-([

l(ﬂ)dl/], ‘1?’](19)> 5 l,] = 1, 2’ e Zf_lﬂ,

n

(16)
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If X 74 is the fractional integral of order y >0 [7], then
the operational matrix of the integration of the fractional
order u, 2", is given as

R 78w (9) = 2H P (9), (17)

where

_ T
0 T (9) = [f)szg‘/’w(S)’ g oRLfglVl(/%—l)(S)’ ot F¥arig(9)s oo §ng‘/’2“(/ﬂfl)(9)] ’

RLJS‘//mn( ) {

0, otherwise.

Now, the two-dimensional operational matrices of the
integration are constructed using %' and 2+

JGA(f, 9)dE ~Py A6, 9) = (P @

0

1)A(6,9),

JgA(G, n)dn = PyA(6,9) = (1@ ') A(6, 9), (19)

0

B 7476, 1) ~ PV A(6, 9) = (1® 9»<H>)A(9, 9),

where Py, Py, and Pé” ) are two-dimensional operational
matrices regarding the classic and fractional integral opera-
tors, respectively, and I is the (/ x /) identity matrix.

3. Methodology

To show the applicability of the proposed scheme, the time-
fractional inhomogeneous KdV equation and nonlinear
time-fractional KdV equation are considered.

3.1. Time-Fractional Inhomogeneous KAV Equation. A form
of this model is given as follows [27]:

(6, 9) +p(6,9) a"(a% 9 4 q0.9) 63"(6} % _6.9). (6.9) € J. e (0.1],
(20)
with
0(6,0) = p,(0) u(0,9) = 4,(9), 20D _ g 9) TUOD g 9 (21)

06’

where functions p,, ¢,, ¢,, ¢, are known continuous ones.
By considering the highest orders of derivative operators
regarding 0 and 9, the following approximation is given:

o*u(6,9)

~CTA(6,9). 22

Zf/zRLj# (2f9_ 4 1)’

LD (18

Triple integrating (22) regarding 6 and using conditions
(21) lead to the following approximations:

’u(6,9) 0’ u(0, 9) r
“Soog = C PeA(6:9) + — " = CPeA(6, 9)
+¢3(9) = CTPyA(6, 9) + FT A6, 9),
(23)
% ~ C(Py)*A(6,9) + F{PyA(6, 9) + ¢,(9)
~ CT(Py)2A(6,9) + FTPyA(6, 9) + F1 A(6,9),
(24)
au(aet, 0. CT(Py)’A(6,9) + F (Py)*A(6, 9) + F, PyA(6, 9)
+¢1(9) = C' (Py) A(6, 9) + F{ (Py)*A(6, 9)
+ FIP,A(6,9) + F1A(6,9).
(25)

Now, by integrating (23) regarding ¥, an approximation
to u(6,9) is obtained:

>

1(6,9) = CT(Py) PyA(
+ FIP,PyA(

= C'(Py) PyA\(

+ FIPyPyA(

) + F{ (Pg)*PyA(6, 9)

) + F3PyA(6,9) + p, (6)

) + F{ (Pg)*PyA(6, 9)

) + FIPyA(6, 9) + F1 A(6,9).
(26)

>

5
<°<o

>

>
<

>

D
<

>

Again, by integrating (22) regarding 9 and 0, approxima-
tions to ugy and u, are obtained:

Fu(6,9)
26’

= CTPyA(6,9) + p;""(0) = CTP4A(6,9) + FL A(6, 9),

(27)
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2
%:2’9) ~ CTPyPyA(0, 9) + FTPLA(6, 9) + 64(9)
=~ CTPyP,A(6, 9) + FIP,A(6, 9) + FLA(6, 9),
(28)
a“éee’ %)« CTPy(Py) A6, 9) + FL (P, 2A(6, 9)
+ FgPA(6,9) + ¢, (9) = C'Py(Py) A6, 9)

+ FI(Pg)*A(6, 9) + FIP,A(6, 9) + FLA(, 9).
(29)
Now, an approximation to {P4u(6,9) is computed
using (23):

sn@ 0y (P55 Y) <y (e R 0.9

+ F{ (Pg)>A(6,9) + F PyA(6, 9) + F3 A(6,9))
~ CT(Py)°PL M A(6,9) + FT(Py)’P{ ' A(6,9)
+ FIP,P ™ A6, 9) + FIP) ™ A(6, 9).

(30)

Substituting approximations (27)-(30) into (20) yields
R(0,9) as the residual function as follows:

% (6,9) = CT(Py)°Py M A6, 9) + FT(Py)*Py ™ 4(6,9)
+ FIP,P ™ A(6,9) + FTP{ " A(6, 9)
+(0,9) (C"Py(Pg)*A(6, 9) + F (Py)* A6, 9)
+ FIPA(6,9) + FTA(6, 9)) + q(6, 9) (CTP5A(6, 9)
+ FLA(6,9)) - {(6,9).
(31)
3.2. Time-Fractional Nonlinear KdV Equation. In this paper,

the following class of time-fractional nonlinear KdV equa-
tions is studied:

ou(9,9) Ou(6,9) _
00 06’

ST (6,9) +6u(6,9) 0,(6,9) €, e (0,1],

(32)

with the conditions in (21). Substituting approximations
(26)-(30) into (32) yields the following residual function:

#(6,9)=C"(P, )31>1 “ A6, 9) +FT(P9)2P (A6, 9)
+ FIP,P M A6, 9) + FTP ™ A(6, 9)
(CT(P9)3P9A(6, 9) + FI(Py)*PyA(6, 9)

+ FyPaPyA(6, 9) + FiPyA(6,9) + F{A(6, 9))
x (C'Py(Pg)*A(6,9) + F5 (Pg)*A(6, 9)
+ FePyA(6,9) + F1A(6, 9)) + C'PyA(6,9) + FLA(6, 9).
(33)

Collocating residual functions (31) and (33) at points {
(0,9)}i=1,2,-- 20, j=1,2, -, 207
a system of algebraic equations, where 0; and 9; are roots

results in

of Uyt «,(0) and Uyt ., (9), respectively. This algebraic
system can be handled by the Newton scheme. Therefore,
an approximate solution is acquired from (26).

Two models were solved by the variational iteration
method in [27], and some figures of approximate solutions
were depicted. The nonlinear time-fractional KdV equation
(32) was solved by El-Wakil et al. in [43] using He’s varia-
tional iteration method and presented a second-order solu-
tion including some parameters. Authors in [44] obtained
an approximate solution utilizing the iteration method after
spending many algebraic computational costs. Inc et al.
acquired new numerical solutions of fractional-time KdV
equation by a technique of fictitious time integration and
group preserving [45]. Authors in [46-48] used algebraic
computational methods such as the modified extended tanh
method, Sardar-subequation method, and He’s semi-inverse
variation method and the ansatz method to construct some
soliton solutions of the nonlinear time-fractional KdV
equation.

4. Error Bound

In this section, error bounds are derived for the residual
functions/perturbation terms for two given models in Sec-
tion 3. First, some error bounds are computed for approxi-
mation errors.

4.1. Time-Fractional Inhomogeneous KAV Equation. Con-
sider Equation (20) and suppose that u, , (6,9) is its
approximate solution obtained from the presented algo-
rithm in Section 3. Thus, u , . (6,9) satisfies the following

equations:
0 0,9
D ,.0,(0.9) +5(0,9) 00D
00 (34)
0 44,6, 9)
+q(0,9) 2T ~5(6,9) - Ay, 4,6, 9),

20’

where Z 4 4 (6,9) is called the residual function/perturba-
tion term. By subtracting Equation (34) from Equation (20),

one gets
P t,,(0:9) = (§Z5u(8,9) 5 Fiu 4, 4,(6,9))

0 0,9
pl6,9) (2 - 2 O

+q(6,9) (a%(@’ 9) g6 9)> .

000 06°
(35)

Suppose that p(6,9),g(0,9) are continuous functions



over J. By taking L?-norm on Equation (35), one has

Journal of Mathematics

First, error bounds are calculated for terms on the right-
hand side in (36). Assume that 7, , (6,9) is the Taylor

series expansion of u(6,9), ®, = max|u M+ -1) (6, 9) |,

ou  Ouy 4 (6.9)€J
Ru,a, | < HCE@M Cg‘“// a ||, Pl -—at
H z||L2 2 L 89 00 1 and ]nlﬂz — [("1 _ 1)/2E171) nl/Zfl 1] [( n, - 1)/2E2—1’ nz/
+al o*u 6311/;[1,%2 2%71]. One has,
N5 ~ 208 ||,
L
(36)
2
e J [ (P56, 9) - §Fh1.4,.0,(6.9)) WO, 9)d9d0
0
2071207 oy ot n, /2027
-y ZJ J (Du(0.9) = §Ph.0,.,(0.9)) W, (6,9)d9 6
n=1n,=1J (n,-1)/2"°! 1)/20271
2071207y ot n, /20!
<y ZJ [ (ggues SHT 4, (6. 9)) 1, (6.9)d9d6
w=1m,=1) (n=1)2871 (ny 1)1 ! "
2
1 (A + =)
2b-1 gb-1 /20 "2/252 E ;na)e(] (Enl’ﬂn2>
< i) "‘"2 6,9)d9do
HIZ,IH;J(HI 1)/2,1 natet | (= ) 2T T Win, (6,9) (37)
= </%1!(/%z M)'Zﬂ i) 24t )> oJo (. 9)dddo
——
w(B)w(9)
_ o, : 191/2(179)1/2{19 191/2(179)1/2‘19
M (A - M)yzﬂl(frnzﬂz(fﬂ) o o
: - 6}
N (M~ )12 1(E1=1) 9 (E,-1) 8/’
So, one gets In a similar way, if ©,; = (%e)lx [ut+ 709, 9, 1= 0,1
: 2]
,2,3, one has
Coft,  Copt o,
Dot — D < .
HO ot 0Tt = g, — T
(38)
! 2 11 !
du  Juy ., :I‘ du(6,9) u/,/,zes W(99d9d6
o6’ 30" | Jolo\ o6 o6’
Yy JW | J. I CLCU LY ACL) e
wyo1n,m1d (n-1)2871 ) (ny-1) 281 a0’ a0’ W,
2t~ b1 n, 12811 n2/2'2" alu(e, 9) algﬂ w (6, 9) 2
< - -y Wy 0, (6, 9)d9.d6
“‘z::mz::lj (n,-1)21 l[(nz—l)/z‘z ‘( a6’ 26! 2( ) (39)
2
fo g1 fo fet max u (At oM,
<zZ zZ ‘~n1/2! ‘~n2/22 (En,v’luz)eln,nz‘ ( )| (6,9)d9.d6
iz e e | (A = D120 2 0 W,
<

0, *my?
(M| = 1)l )20 (0D 2 (8T) (5) ’
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TaBLE 1: Maximum absolute errors for ¢ =1 and different values of M,, M, for Example 1.

M, =M, 2 3 4 5
MAE 5.2885x 1072 7.0306 x 10~ 2.3882x107° 2.0614 %107
TaBLE 2: Absolute errors for k; =k, =1, M, = M, = 4 at equally spaced points for Example 1.

0,=9; u=0.7 u=0.8 u=09 pu=1
0 4.8935%x 1077 5.4663 x 1077 4.4250 x 1077 1.4522x 10711
0.2 6.1889 x 1077 6.0321x 107 4.6254%x 1077 1.2627 x 1077
0.4 8.5473 x 1077 8.0229 x 1077 7.3242 %1077 6.8164 x 1077
0.6 5.8306 x 107° 5.6182 x 107° 3.6174x 107° 1.1872x107°
0.8 1.7757 x 107° 1.6597 x 107 1.0738 x 107> 1.7657 x 107°
1 9.7134x107° 7.8075 % 107° 3.3765 % 107° 2.3881%107°
9 oo oog
Oepo
8 %*QQ%
0,
Fe
7 e
g
\\_\\9\\&
RiXe
6 4 S
we
\\\(\9\@
\\,1\@ @\@
31 C‘:;}\C
0 0.2 0.4 0.6 0.8 1
X
- - u=07 o u=1
u=038 -—-- Exact solution
--- u=09

FiGure 1: Exact and approximate solutions for k; =k, =1, M, =M, =4, and #=0.7,0.8,0.9, 1 at time 9= 3 for Example 1.

Thus, one gets

!
alu 0 Wy,

00 o

0,

T (ol = 1)ty 2 (D) p (8103 £=0,1,2.3.

12

(40)

Therefore, a bound is obtained for inequality (36) using
(37) and (39) as follows:

P no,
H /%1/%2HL2 MM _“)!zﬂll(fl—l)z/ﬂz(fz—l)23
o, ,
+ HPHLz (‘%1 _ 1)!‘%2!2%1(51_1)2%2@2_1)23 (41)
ne
+ 4l o

(M, = 3)ll 127 (=) 2 A (8=1) 23

It is evident from the right-hand side of (40) that
|2, . — O when M, M, — co.

4.2. Time-Fractional Nonlinear KdV Equation. Consider
Equation (32) and suppose that u , , (6,9) is its approxi-
mate solution obtained from the proposed method. Thus,
w4, (0,9) satisfies the following equation:

0 0,9
gggu/ﬂl/ﬂz (6,9) + U 4 4, (6,9 %2()
42
01y 4,(6,9) )
+ 57032 :—%%1%2(0,9).

Subtracting Equation (41) from (32) leads to the
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FIGURE 2: (a) Exact solution, (b) approximate solution, and (c) absolute error function for k, =k, =1, M; = M, =5, and y = 1 for Example 2.

following equation:

‘%J{,jll (6,9)= (069’5“(9’ 9) - ()C@g“ﬂ, Ay (CA 9))

ou(6,9
+ 6(u(9, 9) (89 ) wy,,(0,9)

. (8311(9, 9 Puga® 9))

auﬂ, A (CA 9))

30 (43)

06° 20°

The nonlinear term witg — 1t 4 4,19 4, 4, can be written
as

ulg =Wy 0, No.u,.u, = (u—1y0,)t
+ (“9 - ue/lemz) Wy, = (“ - u/ﬂ,/zzz) ("9 “Wou ., t “leﬂ)
+ (ue - "e.ﬂl,ﬂz) Wy at,= (11 - uﬂlﬂz) (ue - u(m,ﬂz)
+ (u - u/ﬂlzﬂz) Wou,.t, + <u9 - u@ﬂl,ﬂz) Wy,

(44)

Now, using bounds obtained in the previous section, an
error bound of (42) can be calculated as follows:

n®,

H‘%/%I/%HLZ AN (M — )12 6D 240 (-1) 23
+6 el

N2 8D 240 (Bm1) 93
« o, , N

(M, = 1)l )2 (6D 248 1) 23 H“G/”W”z 5 (45)

T[@le Hu-/%lﬂz HL2
(M — 1)l 127 (F1=1) 2 (E71) 33

n@2>3||uﬂ1/ﬂz HL2
(M = 3) 5127 (B =1) (8= 1) 93

Obviously, the right-hand side of (44) tends to zero,
when ,, M, are sufficiently large.
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FIGURE 3: Exact and approximate solutions for k; =k, =1, M, =M, =6, and 4 =0.3,0.5,0.7,0.9, 1 at time 9= 0.45 for Example 2.
TaBLE 3: Absolute errors for k;, =k, =1, M; = M, =6 at equally spaced points for Example 2.
0,=9; u=03 u=05 u=0.7 u=0.9 pu=1
0 6.6378 x 107% 6.8466 x 107 5.5505 x 1078 2.4525%x 1078 1.3170x 10~°
0.2 8.6724x 107 6.7852x107° 4.4262x107° 1.5860 x 10~° 3.1335x10~°
0.4 6.5214x 10~ 5.1748 x 107 3.4307x 107 1.2522x 107 3.7353x 10710
0.6 2.0195 % 107 1.6274%x 1073 1.0975x 1073 4.0827x1074 1.2169%x 1078
0.8 42767 x 107 3.5051 x 107> 2.4073x 107 9.1284 x 107 3.0611 x 1078
1 7.2448 x 1072 6.0506 x 107> 4.2372%x 107 1.6379x 1073 4.9306 x 1078

5. Numerical Examples

The two models given in Section 3 are considered to illus-
trate the accuracy and applicability of the proposed scheme.
Maximum absolute errors are computed when the derivative
order is an integer (classical case). The results are compared
to the exact ones. Computations and simulations are han-
dled by Maple 16.

Example 1. As a first example, the following linear inhomo-
geneous time-fractional KdV equation:

ou(6,9)  ’u(6,9)  200*

Cott
0 Zyu(6,9) + 3 + °F _F(3*H)

cos (0), (6,9) €], wue(0,1],

(46)

subject to the initial and boundary conditions:

~ _ou(0,9)  *u(0,9)
1(6,0)=0,u(0,9) =0, —55= =0, —— = =0. (47)

The exact solution is 1(6, 9) = 9* cos (), if 4 = 1. Maxi-
mum absolute errors (MAE) are listed in Table 1 for y=1,
L, =Y, =1, 4,=4,=2,3,4,5. As seen, the errors decrease
when ., M, increase. Values of absolute errors of the
exact and numerical solutions, at equally spaced points 0,
= 9]- =0.24,i=0,1,---,5, are seen in Table 2 for £, =¥, =1,
My =M,=4,1p=0.7,0.8,0.9,1. The results have more accu-
racy as y —> 1. Plots of numerical solutions are depicted
in Figure 1 for ¥, =¥f,=1,M,=M,=4,1=0.7,0.8,0.9,1,
and 9=3. It can be found that the approximate solutions
approach the exact one when y — 1.

Example 2. Consider the time-fractional nonlinear KdV
equation as follows:

du(6,9)

.\ ’u(6,9)
09 06’

Shu(0,9) +6u(6,9) =0,(6,9) €¢J,

#e(0,1],

(48)
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with

11(9,0):£sechz g ,11(0,9):lsechz ? ) ou(0,9) :lsechz ? tanh 9 s
2 2 2 2 a0 2 2 2

2
2 11(02,79) = l sec h? <?> tanh? (é—)) + l sec h? <9> (—l + 1 tanh? <g>>
00 2 2 2 2 2 2 2 2

(49)

The exact solution is 1(6, 9) = (1/2) sec h*(6/2 - 9/2), if
u = 1. Plots of exact and approximate solutions and the abso-
lute error function are depicted in Figure 2 for £, =%, =1,
M, =M,=5, and p=1. A graphical comparison between
exact and approximate solutions is observed in Figure 3 for
B =t =1;.,=M,=4% 1=030.50.7,0.9,1; and 9=0.45.
It can be found that the approximate solutions approach
the exact one when y — 1. Values of absolute errors are
listed in Table 3 for M, = M, =6;p=0.3,0.50.7,0.9,1; and
0,=9,=0.2i,i=0,1, ---,5. It can be seen from Figure 3 and
Table 3 that the approximate solutions approach the exact
one when y — 1.

6. Conclusion

In this paper, the second-kind Chebyshev wavelets were
employed to solve time-fractional inhomogeneous KdV
and time-fractional nonlinear KdV equations. Using the pre-
sented scheme, the main problem was converted into a sys-
tem of algebraic equations wherein obtaining its solution is
easier than finding the solution of the problem under study.
In comparison with the Adomian decomposition, homotopy
analysis, and homotopy perturbation methods, the SKCW
method possesses fewer computational costs. The few num-
bers of the basis functions lead to an approximate solution
with appropriate accuracy. As seen from Table 1, by increas-
ing values of .;i=1,2, the maximum absolute errors
decrease. In Tables 2 and 3, values of absolute errors at
equally spaced points decrease as 4 — 1; then, approximate
solutions are getting close to exact ones. This can be seen in
Figures 1 and 3. It was seen from illustrative examples that
the method is an efficient numerical scheme to find an
approximate solution for linear or nonlinear PDEs. The
authors intend to test the proposed approach on other non-
linear fractional partial differential equations such as New-
ell-Whitehead-Segel and Phi-four.
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