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In this work, the direct theorem of approximation theory in variable exponent Morrey-Smirnov classes of analytic functions,
defined on a doubly connected domain of the complex plane bounded by two sufficiently smooth curves, is investigated.

1. Introduction

The classical Morrey spaces were introduced by Morrey in
[1] in order to investigate the local behavior of the solutions
of elliptic differential equations. Recently, many researchers
have investigated function spaces with variable exponents
due to their use in several fields of applied mathematics. In
particular, function spaces with variable exponents have
many applications in areas involving the modeling of
electrorheological fluids [2] and image restoration [3]. The
variable exponent Morrey spaces introduced in [4] have
been studied intensively by various authors (see, for ex-
ample, [5-7]). The fundamental problem in approximation
theory is to express complicated functions by simple
functions such as polynomials, wavelets, or rational func-
tions with more useful structures. The theory of approxi-
mation is strongly related with the operators and has a
considerable number of applications in areas including
general marginal distributions such as sampling and ma-
chine learning (see [8-10]). Also, the approximation
problems in the variable Morrey-Smirnov classes of analytic
functions defined on a simply connected domain with a
Dini-smooth boundary are proved in [11]. The direct and
converse theorems of approximation theory in the classical
Morrey-Smirnov classes defined on a simply connected
domain with a Dini-smooth boundary were obtained in
[12, 13]. Similar results in the variable exponent Smirnov
classes were studied in [14, 15].

On a doubly connected domain, the rate of approximation
by p—Faber-Laurent rational function in Smirnov classes
was studied in [16]. Also, the rate of approximation by
Faber-Laurent rational function in Smirnov-Orlicz classes
and Smirnov classes with variable exponent was obtained in
[17]. The approximation property of (p — €)—Faber-Laurent
rational functions in the weighted generalized grand
Smirnov classes on doubly connected domains is proved
in [18].

In the current paper, approximation one direct theorem
of approximation theory in variable exponent Morrey-S-
mirnov classes of analytic functions, defined on a doubly
connected domain bounded by two Dini-smooth curves, is
obtained.

2. Preliminaries

Let J denote the interval [0, 27z] or a Jordan rectifiable curve
I, and let g denote the class of all Lebesgue measurable
functions p(.): T — [1,00][ such that

l<p_= essi}lf p(z)<p’ =esssup p(z)<oo. (1)
ze z€e]

We denote by |]| to the Lebesgue measure of J. We say
p(.) € '8 if there is a constant ¢ such that

|1
)= ptes) 1 ) < o
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for all z;,z, € J.
For p(.) e plOg(F), we define LPO(T) the set of all
measurable functions f such that

L|f<z)|f’<z)|dz| <co. (3)

LPO(T) is a Banach space with respect to the norm

fLPU(l") = 1nf<{/\ >0, Ir‘%

Let U be a finite simply connected domain with a rec-
tifiable Jordan curve boundary T. Denote U~ =extT,
Yo ={w € C: |lw| = 1}, D = inty,, and D™ = exty,. Let T, be
the image of circle {w € C: |w| =r,0<r <1} under some
conformal mapping of D onto U.

For given 1< p <00, we denote by EP (U) the class of
analytic functions f in U which satisfies

jr |f (OIP]d] < oo, 5)

p(2)
|[dz| <1 } (4)

uniformly in 7.

It is known that every function of class E? (U) has
nontangential boundary values almost everywhere on I and
the boundary function belongs to L? (T') ([19], pp. 438-453).

Also, suppose that ¢* is the conformal mapping of U~
onto D™ normalized by

¢"(00) =00,  lim ¢ (2) >0, (6)

Z—00 z

and let y* be the inverse of ¢*. Let ¢] be the conformal
mapping of U on to D™, normalized by

¢; (0) = oo, ZliLnOngi‘ (z)>0. (7)
The inverse mapping of ¢] will be denoted by 7.
The functions y* and y| have in some deleted neigh-
borhood of co representations

w*(w):ocw+a0+%+a—22+---+a—'}‘(+--, a>0,
w
(8)
vi ) =P “z+---+ﬁ—’;+--» Fi>0
The functions
M zeU
v (w) -2 ’
, 9)
M zeU
V(W -7 ’

are analytic in the domain D™, and the following expansions
hold [20-23]:
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zeU,weD ,

' (w)  QAF(2)
w*(w)_z_kz:,) wk+1 >
(10)

1//1 w) OZO: F.(1/z)

‘l’1(w) pa ST zeU ,weD,

where F,(z) and F,(1/z) are the Faber polynomials of
degree k with respect to z and 1/z for the continuums U and
C\U, respectively.

Let I be a rectifiable Jordan curve in the complex plane
with length € and let I'(¢,7) =T'n B(t,r),t € T, r >0, where
B(t,r)={z € C: |z —t|<r}. The classical Morrey spaces
LPA(T) for given 0<A<1 and 1< p< co are defined as the
set of functions f € LP () such that

loc

Y
Ifllpaqry = sup 7 P”f”U’(l"(t,r)) < 00. (11)
zel O<r<?
Let U = intT, we define the classical Morrey-Smirnov

classes EPA(U) for 0<A<1 and 1< p <00 as

EPYU) ={f € E'(U), f e LP*(D)}. (12)

We deﬁne ||f||Ep/1 ) = "f”LP’A(l“)'

Definition 1. Let p(.): T — [1,00[ be a Lebesgue mea-
surable function satisfying the condition (1), and let
A(.): T — [0,1] be a measurable function. We define the

variable exponent Morrey spaces LP¢)A)(T) as the set of
Lebesgue measurable functions f defined on T, such that

Hpn) (f) = sup r_Mt)J'F(t )If(s)lp(s)ds<oo. (13)

tel, 0<r<e

LPYO(T) becomes a Banach space with respect to the

norm:

We define the variable exponent Morrey-Smirnov class
EPGRAO(U) as

"f"LP(-,)A(.) (1)

EFOW) = {f e E'U), fe PO (19)

If we define | fllgcno@y = I flpsonor, the class
EPAO(U) becomes a Banach space.

Definition 2. A smooth curve I is called Dini-smooth if

B
J Q(:’S)ds<oo, 6>0, (16)
0

where o0 (s) is the angle, between the tangent line of T and the
positive real axis expressed as a function of arclength s with
the modulus of continuity Q (o, s), where
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Q(o,s) = sup |o(s))—a(s), s>0.

(17)
|si=s,| <5
Definition 3. Let p(.): yo — [1,00)and A(.): y, — [0, 1]
be measurable functions such that
0<A_:= essinf A(t) <A := esssup p(t)<1. (18)
tey, tey,

Also, assume that p(.) € @'°%. For f € LPGA0) (y)), we
define the operator

h .
(Vhf)(w):% Jof(we")dt, W€y, 0<h<m (19)

The operator v, is bounded linear operator on
LP("W‘)()/O) [24]. Hence, we can define the modulus of
smoothness of f € LG () as

0 9peno = sup If = viflno gy 820 (20)

The function Q(f,8),(,1() is a continuous, nonnega-
tive, and nondecreasing on [0 co) satisfying the following
properties for any f, g € LP¢YO (y):

Jim Q(f, 0,0 =0

Qf + 90,0 Q) pne +2(9:0) 5 n0)
Q(f, n(s)p(qm') SnQ(f, S)P(o)/\(-)’ n= 1,2, -

6>0,
,0>0.
(21)

Suppose that G is an arbitrary doubly connected domain
in the complex plane C, bounded by two rectifiable Jordan
curves L, and L,. Without loss of generality, we may assume
that the closed curve L, is inside the closed curve L, and
0€intl,. Let GY:=intL;,G =extL,,G) = intL,,and
G =extL,.

We denote by w=¢(t)(w=¢,(t)) the conformal
mapping of G (G)) onto domain D~ normalized by the
conditions:

00) = co, lim ¢( )

>0, ¢,(0) = oo, tlimo td, (t)>0.

(22)
Moreover, ¥ and y, will denote the inverse mappings of
¢ and ¢,, respectively.

The level lines of the domains G? and G) are defined for
r,R>1, by

C,={t: [p(®) =1}, Cg = {t: |¢, (t)] = R}. (23)

The Faber polynomials F, (t) and F,(1/z) have the
following integral representations [22].
If ¢ € intC,, then

1 [p®) 1
Fk(t)—ﬁjcr _— d-o—|

y ('

I - dw. 24
lwl=r Y (W) — t w28

If t € extC,, then

1 ([
—ij dE. (25)

_ k
E®=lp01 o | T

If t € intCp, then

E(;) =601 -

If t € extCy, then

= (y__1 [(pl(g)]k o1 lllf(w)wk
F"(?)_ ZniJCR E-t dc = 2niLw,:R%(w)_fdw

(27)

L [0 @)
%Jfg_t . (20)

If f (z) is an analytic function in the doubly connected
domain bounded by the curves C, and Cy, then

0 (o8] _ /1
f(t) = Z aka (t) + Z bka<_>) (28)
t
k=0 k=1
where
akzij FOW) g, e <rk=012...,
2mi J \wl=r,

(29)

bk:LJ ACACO) 1<R,<Rk=12,....
lw|=R

27mi wk+1 >

Let L = L;|J L; and let G be a doubly connected domain
bounded by L, and L,, where L, is in L;. We define the

variable exponent Morrey-Smirnov classes EP*() (G) as
EPPMO(G) ={f € E'(G), f e PV D)) (30)

For f € EPGA0(G), the norm is defined by
I N grcno ) = 1S lpseno @)- (31)

Let U be a simply connected domain in the complex
plane C, bounded by a rectifiable Jordan curve I, and let U~
be the exterior of I. Then, for f € L' (T), the functions f*
and f~ defined by

IAG)

=— | —=d§ teU,
;0= J -t bote
(32)
N G )
f o= ZmJE—tdf’ teU .
are analytic in U and U™, respectively, f~ (c0) =0
For a given t € I, the operator S; defined by
1 f©
S(H @) = Jim | d 33
r(H®):= lim —— e ot E— ¢, (33)

is called the Cauchy singular operator.

According to the Privalov theorem [19] if one of the
functions f* or f~ has the nontangential limits a.e. on T,
then Sp (f) (¢) exists a.e. on I' and also the other one has the
nontangential limits a.e. on I'. Conversely, if S;. (f) (¢) exists
a.e. on I, then the functions f* and f~ have nontangential
limits a.e. on T. In both cases, the following formulae:



4
FrO =S+ 2 F 0, ) =Sf () -2 F o,
O = f - (@,
hold a.e. on I.

In Kokilashvili and Meskhi [25], it is proved that, if Tisa
Dini-smooth curve, then the operator S; is bounded on
LPEAO(T), fe., there exists a positive constant ¢, such the
following inequality holds for any f € L? GRO (),

“Sr (f)||LP(q)A(») @ =€ I zpeno (ry-

If L, and L, are Dini-smooth curves, then by [26] there
are positive constants c,, ¢, ¢4, and ¢5 such

(35)

&, <[y (w)| < c3, ¢4 <[y (w)| <5 (36)
Let L;(i = 1,2) be a Dini-smooth curve, we define the
following functions f,:= foy for f € LPGAI(L)), p, =
peyand f = foy, for f € LPMV(Ly), py = poy,.
If feLPO(L) and f € LPYO (L), then by (36),
fo € LPOAI (pyand f, € LPrAO (). From (34), we get

fo (00) =0, f7 (00) = 0 and the following relations hold a.e.
on y,:
fow) = fow) = fo (w), f1(w) = f1 (W) - f;(w). (37)

Using Theorem 6.1 from [24] and taking into account the
proof of a similar result in [20], we deduce the following
lemma.

Lemma 1. Let p(.): yo — [1,00[ and A(.): y, — [0, 1]
be measurable functions. Let g€ EPCAI(D)  with
() €8 (yy) and 0<A_ <A <L IF Y} jar (g)w” is the n —
th partial sum of the Taylor series of g at the origin, then for
any n=1,2,..., there is a constant ¢, such the following
estimate:

gw) =Y a (g’

k=0

1
SCGQ<g,—> s (38)
LPGRO (y,) n/p()A0)

holds.

3. Main Result

From now on, we will assume that the set of rational
functions is dense in the space EP*0) (L). Our main result
is the following.

Theorem 1. Let G be a finite doubly connected domain with
the Dini-smooth  boundary, L=L,\JL;, and let
p():L— [l,00[, and A(.): L — [0,1]. EPGCAO (L) pe
the variable Morrey-Smirnov space with p(.) € pl"g (L) and
0<A_<A*<LIf f € EPCAO(G), then for every n € N, there
are a rational function R, (f,.) and a constant c, such that

gc7[ (fo )Po()’\() (fl )pl()/\()]

(39)
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Proof. Let f e EPWA

fl ¢ E (A0 (YO)
Putting ¢ (£) and ¢, (&) in place of w in (37), we obtain

(L), then f, € EPA0O (p0) and

F&=fo (&)~ fo(p(&), el (40)
= f;r (¢1 &) - f1 (¢1 &), &el, (41)
Let t € extL,, then from (24), we have
Yrotd* (£)
Zaka(n - Zam 0+50 ], 2 D0 @)
and using (40), we get
Yaro=Yadorg | L= ot O £
£ 1 fo(¢(8)
to -[LIE dé+ e Ll_ 05 —= dé.
(43)
Since f5 (¢(£)) € EPRAOI(G),
] Lol ae - . (49
Thus,
ZQka t) = Za ¢ (1) + J Lic Oak(p ‘E—_t fo () d¢
= g © 4¢- 760,
(45)
Now, for t € extL,, from (27) and (41), we have
SPRES N W DY X9
kz_;bkaG) N ZﬂiJLZ E—t d¢
_ 1 J £1(9,(9) - Y by (6) @ (46)
2mi) 1, E—t
1 £
- ﬁ JLZE dg
For any t € extL;, we have
11 f@) £
EJEE il et “7)

Because ext L; C ext L,, the relations (45), (46), and (47)
are valid for any t € ext L;, and this gives
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Z a F, (1) + Z b F, (1/t) == Z a () - fo (B (1) -

E—t

Jfl(ﬁbl(f)) Yr_ bt (©) d&
2711 E—t

Taking the limit as + — z € L, along nontangential
path outside L; for almost every z € L;, we get

fl2) - < Y aF(2)+ Y bkﬁk(i>>
k=0 k=1

=ﬁwu»—2@¢uw§<ﬁwu»—2%&uv
k=0 k=0

+ N k 1 f;r (¢1 (f)) Zk 1bk‘/51 €3
+SL1<f0(¢(z)) —k;akfp (Z)> _ﬁjLz dé.

E—t
The rational function R, (f,z) is defined as By (51), Minkowski’s inequality, and (35), we get
n n _ 1
k=0 k=1 z

C k
1S = Ru (s Msinor 1, < s o (w) = Z%w oo 1 (w) = Y bw :
k=0 LPOGAO () k=0 LP1GRO (1)
And from Lemma 1, we obtain Let t' € intL,. From (26) and (41), we get

f =R, (f> om0 (L) <c¢y

1 1
(1)), )
{ fos o0 frg PO

(52)

C 7 (L)L N bigr (£)
D u(p) = Euet )5 [ B e

JZ&%&@%fH%@D&

2mi )L E—t'

i M:

k¢1( -

7;1“9&—ﬁww»

LE-t

Jfo(</>(€)) Yioad” (©) d

(48)

(49)

(51)

(53)



and for any t' € intL,, from (24) and (40), we have

Zaka(t ij Lic ga_k(f ©) dé

GG PN

_ 1 J Yroa$ (6) -
27 E-t'

£
+27rszf—t ds.
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Since int L, C int L,, relations (19) and (20) are valid for

t' € intL,, and this gives

§-

Zaka(t) Zbka ') = L Tioaud" (§) - So @@ 4

Jzzlbksbf(s) [1(:9)
2mi E-t'
(55)

) +§bk¢’f (t)

Taking the limit as t' — z € L, along nontangential
path inside L, for almost every z € L,, we get

f@- <z aFy (2) + z b )) - F16:) -5 <Z btk (2) - 79, <z>)>
k=1

_ C ko) IR A GERCIG)
SL2<I;bk¢1(Z) f1(¢1(z))> zm.le F-z dé.

Using Minkowski’s inequality and (35), we get

fH(w) - Z bt

k=1

”f R,(f. "LP (N0 (L,) =

LPo (A(C) (Yo)

fo(w) - z akwk

k=0

+Ciy

LP1GAO (yo).
(57)

By Lemma 1, we obtain

“f -R,(f, -)”ch,)u.) <C3

1 1
(o), ol
{ fou Po(IA0) fou PO

(58)
From (52) and (58), we obtain
"f -R,(f, ')”Ep(.,m» © =6

1 1
Q( ,7) +Q( ,7> }
{ oo PO foo PO

(59)
O

(56)
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