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In this work, we apply the operational matrix based on shifted Legendre polynomials for solving Prabhakar fractional differential
equations. The Prabhakar derivative is defined in three-parameter Mittag-Leffler function. We achieve this by first deriving the
analytical expression for Prabhakar derivative of x? where p is positive integer, via integration. Hence, for the first time, the
operational matrix method for Prabhakar derivative is derived by using the properties of shifted Legendre polynomials. Hence, we
transform the Prabhakar fractional differential equations into a system of algebraic equations. By solving the system of algebraic
equations, we were able to obtain the numerical solution of fractional differential equations defined in Prabhakar derivative. Only
a few terms of shifted Legendre polynomials are needed for achieving the accurate solution.

1. Introduction

The operational matrix method is one of the powerful tools for
solving fractional differential equations. This method uses the
concept of replacing a symbol with another symbol, i..,
replacing symbol fractional derivative, D*, with another
symbol, which is an operational matrix, P*. In [1], the authors
had derived shifted Legendre operational matrix for solving
fractional differential equations, defined in Caputo sense.
Then, researchers started to apply the various types of poly-
nomials to derive the operational matrix for solving various
types of fractional calculus problems, including Genocchi
operational matrix for fractional partial differential equations
[2], Laguerre polynomials operational matrix for solving
fractional differential equations with non-singular kernel [3],
and Miintz-Legendre polynomial operational matrix for
solving distributed order fractional differential equations [4].

Recently, apart from the fractional differential equation
defined in Caputo sense, this kind of operational matrix
method had been extended to tackle another type of frac-
tional derivative or operator, which includes the

Caputo-Fabrizio operator [5] and Atangana-Baleanu de-
rivative [6, 7]. In this research direction, the operational
matrix method is either an operational matrix of derivative
or operational matrix of integration based on certain
polynomials. The operational matrix method is possible to
apply to another type of fractional derivatives if there is an
analytical expression for x, (where p is integer positive) in
the sense of certain fractional derivatives or operators.
Hence, we extend this operational matrix to tackle operator
defined by one parameter Mittag-Leffler function, i..
Antagana-Baleunu derivative [6] to the operator that de-
fined by using three-parameter Mittag-LefHler function, so-
called Prabhakar fractional integrals or derivative. In short,
we aim to solve the following fractional differential equation
defined in Prabhakar sense:

D),y (x) = g(x y(x), (1)

subject to the initial condition y(0) = a.
On top of that, Prabhakar introduced a type of con-
volution-type integral operator, called Prabhakar integral in
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[8]. Recently, Prabhakar fractional integrals or derivative
had received more and more attention by the researchers
[9-11]. This kind of integral had been applied in anomalous
dielectrics [12], viscoelasticity [13], kinetic equation [14],
and diffusion equation [15]. Besides that, some new concepts
or theories were derived to suit this Prabhakar operator, for
example, in [16], Hyers-Ulam stability of fractional differ-
ential equations with Prabhakar derivatives was investigated,
and stability analysis of fractional differential equations with
Prabhakar derivative was studied in [17]. Furthermore, since
this Prabhakar operator involves more parameters, existing
numerical methods may not be applicable for solving the
fractional differential equation defined in the Prabhakar
sense. Hence, some works had been done including nu-
merical  approximation to  Prabhakar fractional
Sturm-Liouville problem [18], and the Prabhakar derivative
was approximated by using series representations in [19].
However, the work for solving numerically the Prabhakar
fractional differential equations is still less. Hence, we intend
to derive a new operational matrix based on shifted Legendre
polynomials to approximate Prabhakar derivative, hence
solving the Prabhakar fractional differential equations by
using a collocation scheme.

This paper is organized as follows. We will briefly explain
some preliminary concepts including the Prabhakar frac-
tional integral and derivative in Section 2. Section 2.3
presents analytical expression for Prabhakar integral and
derivative for x?. Section 3 discusses the derivation of a new
operational matrix based on shifted Legendre polynomials
for Prabhakar fractional derivative. In Section 4, we explain
the new scheme and the error analysis. Some examples for
solving fractional differential equations defined in Prabhakar
derivative using our proposed method via the new opera-
tional matrix will be presented in Section 5. Conclusion and
some recommendations are highlighted in Section 6.

2. Preliminaries

2.1. Prabhakar Fractional Integral and Derivative. In this
section, we will present some basic concepts related to
Prabhakar fractional integral and derivative.

Definition 1. The one-parameter Mittag-Leffler function is
defined as follows:

0 Zk
E‘xZ = ];m, Re(oc) > 0. (2)

Definition 2. The three-parameter generalization of Mittag-
Leffler function is given by

T(y+k) 2

y = _—mmm
El,(2) = ,;r()/)r(“k+ﬁ) o Re(@)>0. (3)

Definition 3. For f € L' (a,b), Prabhakar fractional integral
is defined by
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aﬁwﬁf(x) J (x - 1) 1Eyﬁ(w(x—r) )f(n)dr,  (4)

where Re(a) >0, Re(f)>0, and y, o, 8, w € C.
Normally, the definition in (4) can be written as

aﬁqurf('x) J ocﬁ(x_T (l))f(‘l’)d‘[, (5)

where

ez)ﬁ(x;w): X 1Eyﬁ(wx ). (6)

Using (6), we have the following Prabhakar fractional
derivative and regularized Prabhakar derivative.

Definition 4. For 0<f<1, f(x) € L'[a,b], and Prabhakar
fractional derivative (in Riemann-Liouville sense) is defined
by

DY g as f (%) = r Com (X —Ts@)f(D)dr,  (7)

where Re(«) >0, Re(f) >0, and y,a, 3, w € C.

Definition 5. For f(x) e AC"(a,b), 0<a<x<b<co, the
regularized Prabhakar derivative (in Caputo sense) is de-
fined by

‘D aﬁwa+f(x)_J etxm—B(x 7 ) dfiflT) 7 (8)

where Re(a) >0, Re(f) >0, and y,a, 3, w € C.

2.2. Shifted Legendre Polynomials. The analytical form of the
shifted Legendre polynomials L; (x) of degree j is given by

L DGR

L(x) =)

= (-mih) ©

A function y (x), which is square integrable in [0, 1], can
be expressed in terms of shifted Legendre polynomials as

[ee]
y(x) =Y ¢L;(x), (10)
=0
where the coefficient c; is given by

1
¢ =(j+ l)joy(x)Lj(x)dx, ji=o1,2.... (1

(11) can be written like that due to the orthogonality
condition of shifted Legendre polynomials

1 TR fori = j,
[ Leonax =1 (12)
0

0 fori#j.

In this work, only the first N + 1 term of shifted Leg-
endre polynomials is considered. So, we have
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N
(x) = iPi(x)
y(x JZ:(;CJ i (x 13)

=C'L(x),
where
CT = [Co, Cpcz, e ,CN])

L(x) =[Ly(x), L, (x), Ly (x),. ..

(14)
Ly (0)]"

2.3. Analytical Expression for Prabhakar Integral and De-
rivative for xP. In this section, we find the analytical ex-
pression for Prabhakar integration as well as Prabhakar
derivative for f(x) = x? where p is positive integer.

Theorem 1. The Prabhakar integration for f (x) = xP where
p is positive integer can be defined as follows:
0 r k k | ak+p+p
g = Y o PEOELE o s)
STWr(ak+p+p+DI(k+1)

Proof. For sake of simplicity, we let a = 0 (that in equation
(4)); by using Definition 3 and equations (5) and (6),

v -1 F(y+k)w (x-1)%
Tapa J -7 Z T(p)I(ak + Pk fdr
(16)
B i T(y+ko" [} (x -0 (x - )%rPdr
- part L ()T (ak + P)k!

By using integration by parts, we obtain

Jx (x — 7)* B 1Py _Lak+p)plx™ " (17)
0 I'(ak+B+p+1)

Substituting (17) into (16) and after some algebra ma-
nipulation, we obtain

o i T (y + k)T (ak + B) p!x™ PP IT (ak + f+ p +1)
wpe™ = L' ()T (ak + P)k!

k=0

[ee)

3 F(y+k)a)kp'x
- Z1"()/ [(ak+B+p+ 1 (k+1)

ak+p+p

(18)

The expression in Theorem 1 is equivalent to that in
Lemma 4 [20]. If y=a =1, =2,w = 3, p = 2, Theorem 1,
Definition 3, or Lemma 4 in [20] gives the same result which
is 2/81e* — 1/9x> — 1/9x* — 2/27x — 2/81. O

Theorem 2. The Prabhakar derivative of order 0 <y, a, f < 1
for f(x) = xP where p is positive integer can be defined as
follows:

o T(—y + k)@ T (p + 1)x*F*P

xP =
apw™ _;)r(_y)r(“k—/3+p+l)r(k+1)’ (19)

where y is not equal to integer positive and o+ f3.

Proof. Taking m = 1 in Definition 4, for sake of simplicity,
we let a = 0 (that in equation (7)), and using equation (6)
and applying the similar approach as in the proof of The-
orem 1, we obtain the following results:

d * _
DZ/swxP = j eayliﬁ(x - w)rfdr
B, o o

_ "_ p1 F(y+k)w (x -1
‘J 2 ﬁzr( “))(ak - B+ Dk!” ode

I (—y + k) (x - )% ka

Pdr
x— DT (=) (ak - f+ D)K!

+jx —T)ﬁz

y+k)w Jo (x - 1) B 1Pdr

T (—)T (ak — /3 +1)k!

:_ﬁz

ST (-y+k)a" [} (x - )™ F xPdr

@) T (=) (ak — B+ DI (k)

k=0
(20)
By using integration by parts, we obtain
x | 10k=B+p
[ e myeptangr LR BP 1)
0 T(ak-B+p+1)"

Substituting (21) into (20) and after some algebra ma-
nipulation, we obtain

O T(—p+ k)T (p+ 1)x*FP
BZ <T(-p)I (ak - B+ p + 1) (ak - PT (k)k

ocﬁw

. i T (~y + k)T (p + 1)x*FP
ST (- (ak - B+ p+ DI (k) (ak - B)

(22)
where a # 3. (22) can be further reduced as follows:
S T(-y+ k)T (p+1)x* PP
Dy =Y 1 . (23)

ST (=p)T(ak — B+ p+ 1T (k+1)

In (22), since the denominator consists of ak — f3, we
must have o # f8. For m = 1, Theorem 2 for x” is applicable
for both Prabhakar derivative and regularized Prabhakar
derivative. For regularized Prabhakar derivative [10], we
have,

DV P_O,

wfio p=01....m-1,m=[p] (24)

The result obtained here can be verified via the series
representation of fractional calculus operators involving
generalized Mittag-Leftler functions (see Theorem 2.1 in
19). O



3. Operational Matrix for Prabhakar
Fractional Derivative

In this section, we will derive the new operational matrix
based on shifted Legendre Polynomials for Prabhakar
fractional derivative.

Theorem 3. Suppose L(x) is the shifted Legendre Polyno-
mials vector

L(x) = [Ly (%), L, (%), L, (x), . . ., Ly (x)]". (25)

Let 0<a<1, m=1. Then,
D),y (x) =P, L(x), (26)

where P* is (N + 1) x (N + 1) operational matrix of frac-
tional derivative of order « in Prabhakar sense and is defined
as follows:

r 0 0 e 0 h
I8 (B
z ej,h,a,ﬁ,w 0 Z ej,h,tx,ﬁ,w,l e Z Gz'/,h,a,ﬁ,w,N
h={B1 h=4p
Pz,ﬁ,w - >

J
4
Z ej,h,a,ﬂ,wo Z ej,h,oc,ﬁ,w,l Z ej,h,a,/j’,w,N
h4B1 h={B]

N
4
Z gj,h,a,ﬁ,wo Z ej,h,tx,ﬁ,w,l Z 6j,h,ot,/S,tu,N
L h4 81 h= ] J

(27)
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where 0"

i hape 1S given by

j 1)]+h (] + ]’l)' 00
J,h,a,ﬁ,w,l ;] (j—h)! (h)? Z
(28)
I'(-y+ k) T(h+1)
T(—p)(ak—p+h+ 1) (k+1) "

and c¢; can be obtained from inner product via (11) and [] is
the ceiling function.

Proof. From (9), we can write the shifted Legendre poly-
nomials in analytical form and its fractional derivative in
Prabhakar sense is given as in the following equation:

o\t !
DZﬁwL(X):ZM

o G-y’ Dysa(x") (29

DY wfio (x") can be calculated using Theorem 2.

DGR
otﬁwL(x) };) ] h)' h')z P
(30)

T (—y + k)T (h + 1)x™* F"

T(—p)(ak —B+h+ 1T (k+1)

Let f (x) = x¥Fh; by usmg truncated shifted Legendre
polynomials, we have f (x) = ¥\, ¢,L; (x). Substituting this
in (30), we obtain

T(~y +k)w T (h+1)

1=0

N j (_1)j+h (]+h)' 00
Digal ()= Z(Z (j—m!(h)? ST(-pI(ak-B+h+ I (k+1)" Li(x)

h={B]

i=0 \ hR1

N j
= Z( Z ey,h,a,ﬁ,wJ)Ll (x),

where 6" ihapol is given in (28). Rewriting (31) in vector

form, we have

vtﬁw ‘x) - Z Gj,h,tx,ﬁ,w,o Z ej,h,a,ﬂ,a),l

j
Z 9¥>h,a,ﬂ,w,N:|L (%),
s h4 1

(32)

where j=[f]...N. For j=0,1,...,[f] -1, we have

D}, L(x)=[0,0,...0lL(x), j=0,1,....[f1-1 (33)

(31)

Hence, by combining (32) and (33), the Legendre op-
erational matrix for Prabhakar derivative is proved as in
(27).

Since this is the first time that operational matrix for
Prabhakar derivative is derived, to show that the operational
matrix of Prabhakar derivative is correct, we find the exact
solution of Prabhakar derivative with y =1/2,a=1/2, =
1/4,w = 1/4 for first few terms of shifted Legendre poly-
nomials. The corresponding operational matrix when N = 2
is given by



Journal of Mathematics

0 0 0
1.141646881 0.8989013133 —0.1256075578 |.  (34)
—0.8989013137 0.8036012368 1.256894671

The comparison between the exact solution for Prab-
hakar derivative for L, (x) and L, (x) with the approxima-
tion using operational matrix as in (27) is shown in Figures 1
and 2. The accuracy of the approximation can be increased
by using bigger N. O

4. Proposed Scheme and Error Analysis

Basically, in order to solve fractional differential equations in
Prabhakar sense as in equation (1) using the operational
matrix method, the following procedure can be applied.

Step 1. Write each terms of fractional differential equations
in terms of shifted Legendre polynomials, say Dz,p,w

y(x)+y(x)=g(x). Using (26), we have Dl
y(x) = Pl’)ﬁ’wL(x). Also, we can have y(x) = ZII:io L (%)
and g(x) = ¥, gL (x).

Step 2. From Pz)ﬁ’wL(x) + Yo cL(x) = Yo gl (x), we

obtain a system of algebraic equation for the unknown

variables ¢;. Solving the system to obtain the values for ¢,

the solution of fractional differential equations in Prabhakar
o N

sense is given by y(x) = Y., ¢, L(x).

For the error estimation for the numerical scheme, let us
consider the residual correction procedure which can be
used to estimate the absolute error. From equation (1), i.e.,
D} s,y (x) = g(x,y(x)),

Dl 5y () = g5,y (x) = 0. (35)
If N — o0, using the operational matrix via shifted

Legendre polynomials and approximate g(x,y(x)) via
shifted Legendre polynomials, we obtain

Pz’ﬁ)wL(x) S AC (x))' =0, N — oo. (36)

However, in practical, N is finite, say m term of shifted
Legendre polynomials had been used. There will be a small
error, e,,.

Dl y(x) - Pg,ﬁ’wL(x)lz
+]g (% Yoo (0)) = g (%, yn ()], = €5

(37)
N =m.

Let e}, is the approximation solution of (1) obtained by
the operational matrix method, if |le,, — e [l€ are sufficiently
small, then the absolute errors e,, can be estimated by e;;,.
Hence, the optimal value m (i.e. N) can be obtained.

5. Numerical Examples

In this section, some examples are presented to illustrate the
applicability and accuracy of this new operational matrix for
the Prabhakar derivative. All the computations are done by
using the software Maple.

D (x)

—— Exact Solution
--- Approximate Solution

FiGgure 1: Comparison of the exact solution and approximation for
L, (x).

—— Exact Solution
--- Approximate Solution

F1Gure 2: Comparison of the exact solution and approximation for
L, (x).

Example 1. Consider a simple fractional differential equa-
tion defined in Prabhakar derivative.

32x7/4

3\\? 13313
i Q) 23
af0d (X) 315F(3/4)71< Vax(1(3)) gz ™

(38)

where y = 1/2,a = 1/2, f = 1/4, w = 1. The exact solution is
given by y(x) = x2.

By using the proposed method, we obtain the following
approximation as shown in Table 1. Here, we compare it
with the iteration method introduced recently in [17] with
h =0.02. From the numerical result, by using very small
terms, i.e., N =2, we were able to obtain a good result
compared to the iteration method in [17].
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TaBLE 1: Comparison of the absolute errors obtained by proposed method with the iteration method used in [17] for Example 1.
X Exact solution Abs. Error (iteration method) Abs. Error (proposed method)

0.1 0.01 2.67306E-03 3.28100E-03
0.2 0.04 4.29289E-03 5.83288E-03
0.3 0.09 5.99314E-03 7.65566E-03
0.4 0.16 7.75504E-03 8.74932E-03
0.5 0.25 9.56803E-03 9.11388E-03
0.6 0.36 1.14254E-02 8.74932E-03
0.7 0.49 1.33229E-02 7.65566E-03
0.8 0.64 1.52571E-02 5.83288E-03
0.9 0.81 1.72261E-02 3.28100E-03
TaBLE 2: Comparison of the absolute errors obtained by proposed method with the iteration method used in [17] for Example 2.
x Exact solution Abs. Error (iteration method) Abs. Error (proposed method)
0.1 0.02 1.94868E - 03 2.68860E - 03
0.2 0.08 3.93195E-03 4.51364E-03
0.3 0.18 5.92093E-03 5.47514E - 03
0.4 0.32 7.91259E - 03 5.57308E-03
0.5 0.50 9.90584E - 03 4.80748E - 03
0.6 0.72 1.19001E - 02 3.17832E-03
0.7 0.98 1.38952E-02 6.85620E — 04
0.8 1.28 1.58908E — 02 2.67063E—-03
0.9 1.62 1.78870E — 02 6.89044E - 03

Example 2. Consider a simple fractional differential equa-
tion defined in Prabhakar derivative.

D’ =2
a’ﬁ’wy(x) + y(x) =2x g

725" (1 152431 x) 9x>¥12

T 133T(7/12)%°

where y = 1/2,« = 1/3, = 3/4, w = 1/4. The exact solution
is given by y(x) = 2x2.

By using the proposed method, we obtain the following
approximation as shown in Table 2. Here, we compare it
with the iteration method introduced recently in [17] with
smaller & = 0.01. From the numerical result, by using very
small terms, i.e., N = 2, we were able to obtain a good result
compared to the iteration method in [17].

As can be seen from both examples, the absolute error
for iteration method introduced in [17] will increase when
the iteration step is increasing. This will not occur for the
operational matrix method.

6. Conclusion

In this paper, we had successfully derived a new operational
matrix based on shifted Legendre polynomials for solving
fractional differential equations in Prabhakar sense. Only a
few terms of shifted Legendre polynomials are needed to
obtain a good approximation. Using the same process, the

,  322T(3/4)x"*
+—3 3(

6263312 64

-111129 x)
676233464

(39)
<1 5745035 x)
506 (11/12) °\2°6'6'3°3’ 12" 64/

operational matrix can be derived using other types of
polynomials. For future work, we hope to extend the existing
fractional calculus problem such as in [21, 22] to Prabhakar
fractional derivative.
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