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In this paper, we study L-congruences and their kernel in a subclass %, of the variety of Ockham algebras A. We prove that the
class of kernel L-ideals of an Ockham algebra forms a complete Heyting algebra. Moreover, for a given kernel L-ideal £ on A, we
obtain the least and the largest L-congruences on A having & as its kernel.

1. Introduction

The concept of an Ockham algebra was first introduced by
Berman [1], in 1977. Next, it has been studied by Urquhart
et al. [2], Goldberg et al. [3, 4], and Blyth and Varlet [5].
Blyth and Silva [5] presented the concept of kernel ideals in
Ockham algebra. Wang et al. [6] presented Congruences and
kernel ideals on a subclass %, of the variety of Ockham
Algebras (in which h*" = id,). The varieties of Boolean al-
gebras, De Morgan algebras, Kleene algebras, and Stone
algebras are some of the well-known subvarieties of Ockham
algebra. We see [7] for the basic concepts of the class of
Ockham algebras.

On the other side, for the first time, the concept of fuzzy
sets was presented by Zadeh as an extension of the classical
notion of set theory [8]. He defined a fuzzy subset of a
nonempty set K as a function from K to [0, 1]. Goguen in [9]
presented the notion of L-fuzzy subsets by replacing the
interval [0, 1] with a complete lattice L in the definition of
tuzzy subsets. Swamy and Swamy [10] studied that complete
lattices that fulfill the infinite meet distributive law are the
most appropriate candidates to have the truth values of
general fuzzy statements.

The study of fuzzy subalgebras of different algebraic
structures has been begun after Rosenfeld presented his
paper [11] on fuzzy subgroups. This paper has provided

sufficient motivation to researchers to study the fuzzy
subalgebras of different algebraic structures.

Fuzzy congruence relations on algebraic structures are
fuzzy equivalence relations that are compatible (in a fuzzy
sense) with all fundamental operations of the algebra. The
concept of fuzzy congruence relations was presented in
different algebraic structure: in semigroups (see [12, 13]), in
groups, semirings, and rings (see [14-19]), in modules and
vector spaces (see [20, 21]), in lattices (see [22, 23]), in
universal algebras (see [24, 25]), and more recently in MS-
algebras and Ockham Algebras (see [26-28]).

Initiated by the above results, we present Kernel L-ideals
and L-Congruence on a subclass #.7; (A) of K, of the
variety of Ockham algebras and study their characteristics.
We prove that the class of kernel L-ideal &7, (A) of
K ,0-algebra A forms Heyting algebras. Also, we get the least
and the biggest L-congruences, respectively, on %, ;-algebra
A having a given L-ideal as an L-kernel.

2. Preliminaries

This section contains basic definitions and important results
which will be used in the sequel.

Definition 1. (see [5]). An algebra (A;A,V,h,0,1) of type
(2,2,1,0,0) is said to be an Ockham algebra if
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1) (A,A,V,0,1) is a bounded distributive lattice
(2) h: A—A is a dual endomorphism

In this paper, for simplicity, any Ockham algebra
(A;A,V,h,0,1) is denoted by a pair (A,h). If the dual
endomorphism on A satisfies that h** =id,, then this
subclass is the Berman subclass %, ;.

Definition 2 (see [5]). An equivalence relation ¥ on A is a
congruence on (A, h) if it is lattice congruence on A and for
every a,b € A,

(a,b) € Y= (h(a),h(b)) € V. (1)

Definition 3 (see [7]). An ideal I of (A, h) is said to be a
kernel ideal if there is a congruence ¥ on A such that

I=Y(0)={acA: (a,0) € ¥} (2)

Definition 4 (see [29]). A Heyting algebra is an algebra
(K,Vv,A, —,0,1) of type (2,2,2,0,0) where (K,V,A,0,1)
is a bounded distributive lattice and — is a binary op-
eration on K such that for every a,beKk,
c<a — becna<h.

Lemma 1 (see [6]). Let (A,h) e K,y and a,be A. Ifa’ =
V h* (a) and a" = /\ K1 (q), then

(1) a<b=a"< bV

(2) a<b=a"<b"

(3) h(a") =b"

(4) h(a") =a’

(5) aVV — a/\/\ — aV

(6) aV/\ — a/\V — a/\

(7) (avb)Y = a’vb"

(8) (avb)" = a"Ab"

(9) (anb™)" = a"VvbY

(10) (anb™)Y = a¥Ab"

Throughout this article, L is a none trivial complete
lattice  satisfying infinite meet distributive law:
amnK = V{anx: x €},Va € A, and KCL. An L-fuzzy subset A
of a nonempty K is a mapping from K into L.

In this work, for simplicity, we say L-subsets instead of
L-fuzzy subsets and write { € LX to say that { is an L-subset
of K.

The union and intersection of any class {A;},., of
L-subsets of K, respectively, represented by Yy A; and n Ais
are defined as follows:

(UA)( )—ié/A)ti(a)and<iQA

ieA

)@= AN, ()

for all a € A, respectively.
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Definition 5 (see [9]). For every A and ¢ in LK, define a
binary relation“c” on LX by

ACoe=A(a)<o(a), VaeK. (4)

It can be easily proved that #7< is a partial ordering on
the set LK of L-subsets of K and the poset (LX, <) forms a
complete lattice in which for any {A;}, ,SLX,

VA =Uland AL =N A, (5)
i€eA ieA i€A ieA

n

The partial ordering "<
ordering.
For A € LX and « € L, the set

A, ={x € K: M(a) 2a}, (6)

is called the point wise

is called the a-level subset of A and for each a € K, we have
AMa)=V{aeL:acll (7)

For any a € L, we write o to denote the constant L-subset
of K which maps every element of K onto {a}.

Definition 6 (see [11]). Suppose h is a function from T into
R, and suppose A is an L-subset of T'and ¢ is an L-subset of R.
Then, the image of A under h, h(A), is an L-subset of R
defined as for each b € R,

sup{A(a):a e ™' (b)}, ifh ' (b)#D,

, otherwise.

h(A)(b) = { (8)

The preimage of o under h, h!(0), is an L-subset of T
and h ' (0)(a) = o(h(a)) for each a € T.

Definition 7 (see [22]). An L-fuzzy subset & of a lattice K is
called an L-fuzzy ideals of K if £ (0) = 1, & (xVb) > & (x)AE (b),
and & (xAb) > E(x)VE (D).

An L-fuzzy subset & of a lattice K is called an L-fuzzy
filters of K, if &(1)=1,&(xAb)>E(x)VE(D), and
&(xvb) =& (x)NE (D), for each x, y € K.

It was also proved in [22] that an L-subset £ of a lattice K
with 0 is called an L-ideal of K if £(0) =1 and &{(xVvy) =
E(x)NE(y) for each x,y € K. Dually, an L-subset & of a
lattice K with 1 is called an L-filter of K if £(1) =1 and
E(xny) = E(x)NE(y), for each x,y € K.

An L-ideal (respectively, L-filter) A of K is called proper
if it is not a constant map 1.

Definition 8 (see [28]). An L-subset A of K is said to be an
L-down set (respectively, L-up set) if a <b, then A (a) > A (b)
(respectively, A (a) <A (b)) for every a,b € K.

Lemma 2 (see [28]). Let A be an L-subset of K. Then, the
L-subset \' of K defined by
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A (a) = VA (b): a<b}foreverya € K, ©)
is the least L-down set containing A.

Dually, we have the next result.

Lemma 3 (see [28]). Let A be an L-subset of A. Then, the
L-fuzzy subset A of A defined by

Al (a) = V{A(b): b<alforeacha € A, (10)

is the least L-up set including A.

In what follows, for an Ockham algebra A, we shall
denote by Z.7 5 (A) the set of all kernel L-ideals of A and by
ZLF(A) the lattice of L-ideals of A in which the lattice
operations A and V are given by

Mo =ANa; (AWo)(a) = V{u(x)Aa(y): a= xvy}, forallae A, (11)

By an L-binary relation on a nonempty set K, we mean
an L-subset of K x K. For an L-binary relation ¥ on K and
each « € L, the set

V¥, ={(a,b) e KxK: ¥(a,b)>a}, (12)

is called the a—level binary relation of ¥ on K.

Definition 9 (see [30]). An L-relation ¥ on a nonempty set K
is said to be
(1) Reflexive if ¥ (a,a) =1, for all a € k
(2) Symmetric if ¥ (a,b) = ¥ (b, a), for each a,b € X
(3) Transitive if for each a,b e K:
Y (a,b)> ¥ (a,c)A\¥ (c,b) for all c € K

An L-equivalence relation on K is a reflexive, symmetric,
and transitive L-relation on K.

Definition 10 (see [28]). ¥ is an L-equivalence relation on
(A, h) and is called an L-congruence relation on (A, h) if it
compatible with A,V and a unary operation h.

For any a € L and ¥ is L-congruence relation, L-subset
W, of (A, h) is defined as follows:

Y, (a) = ¥Y(t,a), foreacha € A. (13)

We call ¥, an L-congruence class of ¥ determined by t,
and in particular, ¥, is called the kernel of ¥ and ¥, is called
the cokernel of . One can easily observe that the kernel ¥, of
W is an L-ideal of A and the cokernel ¥, of ¥ is an L-filter of A.

Put A/Y = {¥(a): a € A} and A,V are binary operations
and h is a unary operation on A/¥ expressed as follows:

Y (a)AY (b) = ¥ (anb), ¥ (a)VV¥ (b) = ¥ (aVvb) and h (¥ (a))

14
=Y (h(a)). (14)

After routine work, it can be proved that
(A/Y, AV, h, ¥ (0), ¥ (1)) is an Ockham algebra and it is
said to be the quotient Ockham algebra of A modulo V.

Definition 11 (see [28]). An L-ideal A of (A, h) is called a
kernel L-ideal if A = ¥, for some L-congruence ¥ of A.

Lemma 4 (see [28]). An L-ideal A of (A, h) is a kernel L-ideal
if and only if it holds the following conditions:

(1) h* (M)

2) (hOW)T ()AL (ans) <A(a), for each a,s € A

Lemma 5 (see [28]). ie intersection of a class of kernel
L-ideals of (A, h) is a kernel L-ideal.

3. Kernel L-Ideals in a Subclass of
Ockham Algebra

In the present topic, we present the structure of the set of
kernels L-ideals in a subclass %, of the class O of Ockham
algebra.

Lemma 6 Let (A, h) € K. Then, any kernel L-ideal of A is
determined by an L-filter of A.

Proof. Suppose that A be a kernel L-ideal of A. This implies

that there exists an L-congruence ¥ on A such that

A =ker V. Put y = coker ¥ = ¥, which is an L-filter of A.
Consider an L-subset of A defined as follows:

Yo (a)= v{y(x): aSZ\:/:) p2kt (x),x € A}, forallae A. (15)

To determine A by the L-filter y of A, we want to show
that A = y,. Now, for any a € A,

A(a) =ker¥(a) =¥ (a,0)<¥Y (h(a),1) =y(h(a)). (16)

Since a<'V K (a) =V W2 (a) ="V 2 (h(a)).
k=0 k=0 k=0

Now, we g;t that
A@ = @) sviy@): as’V 1 @)} =y, @, (17)

Therefore, ACy,,.
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Also foreverya € A, y,(a) = {y(x) a< v | kel (x),x € A}

i@ 1) as v R (), xeA}

IN

v{ ( v 2 (), 0) xsk\;/0 h* (x), x € A} (18)

< ‘I’(a/\ v R (x), a/\O)

That is, y,cA and hence y,=A. Thus, the result
holds. O

Next, we see an equivalent characterization of an L-fuzzy
ideal of a K, y-algebra to get a kernel L-ideal.

Lemma7. Let (A h) € K, . Then, an L-ideal A of (A, h) isa
kernel L-ideal if and only if the following conditions are
satisfied:

(1) A(h*(a)) 2 A (a), for each a € A
(2) A(x)AL (a/\Z/i\; W%+ (x)) <A(a), for each a,x € A

Proof. Assume that A is a kernel L-ideal of A. Let a € A.

A(x)/\x\(a/\/\ h2k+1(x)></\< th(x)> (a/\k/\:) ket (x))

Then, by Lemma 4 1), we have
A(a) <h*(A) (K% (a)) <A (K% (a)). Hence, (1) holds.
For each x,a € A,
sh(A)( A Bt (x)>AA(aA(”7\1 k1 (x))
k=0 k=0 (19)

< [h()t))(Z/;\; potl (x))/\)l(a/\:/;\; ket (x))

<A(a) (byLemma2.15 (2)).

Thus, (2) is proved. Conversely, suppose that the given
conditions hold. Let a € A,

W (V) (a) = VA (x): a = I (x)}
<V{IA(K (x)): a = K (x)} (20)
= A(a).

Hence, h*(1)CA. Again for every a,b € A,
() ()AL (anb) = Vi (1) (x): x <b}AL (anb)
= V{V{A(y): h(y) = x}: x <b}AL(anb)
<VIA(»): h(y) <b}AL(anb)
= VIA(»)AL (aAb): h(y) <b}
VL ()M (arh(): h(y)<b)

sv{)t(y)/\/\(a/\(:/;\; ket (y))): h(y) sb}

<A(a) (by(2)).
(21)

Then, it follows from Lemma 4 that A is a kernel
L-ideal. o

In the following result, we characterized the least kernel
L-ideal of (A, h).

Theorem 1. Let (A,h) € K, and A be an L-ideal of A. Let

A" be an L-subset of A defined by
A (a) = V{A(x): anx” <x'Ax"}, foralla € A, (22)

where x¥ and x" are as stated in Lemma 1. Then, A" is the least
kernel L-ideal of A containing A.

Proof. First we prove that A” is an L-ideal of A.
A(0) = V{A(x): 0Ax" < x”Ax"}
= V{A(x): 0<x'Ax"} (23)
>1(0) = 1. (as0<0'A0").
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Hence, A°(0) = 1.
Now, for each a,b € A,

A (@)L (b) = V{A(x): anx” < x"Ax"IAVIA(9): bAy" < Y Ay")
= VA ()AL (p): anx” <x'Ax", bAy” <y ay™
<V{A(xvy): (avb)A(xvy)" < (xvy) Alxvy)'}
= 1" (avb).
(24)

This implies that A"(a)AL (b)<A’(avb) for each
a,be A
On the other side,

A (avb) = V{A(x): (avb)Ax" <x'Ax"}
<ViA(x): anx” < x'Ax"} (25)
=1"(a).

n-1

With  similarly approach, we can prove that
A (avb) <A’ (b) and so A" (avb) <A’ (a)AX’ (b). Therefore,
A (avb) = 1" (a)AL” (b) and thus A” is an L-ideal of A.

Next, we prove that A’ is a kernel L-fuzzy ideal of A.

A (a) = V{A(x): anx” < x'Ax"}
< V{/\(h2 (x)): W (anx") < i’ (xv/\x/\)}
= V{A(K* (x)): B (a)AR? () < (") (x7)
VIA(K (x)): i (@)nx" < xVAx}
= X'(K (a)).
(26)

Thus, A" (a) <A’ (h? (a)), for each a € A, and the property
(1) of Lemma 7 holds.

To see the property (2) of Lemma 7 holds, let a,s € A.
Then,

A (s)AX <a/\<k/\0 B2 (t)> =X ()M (ans”)

= V{A(x): sAnx" < x'AxA

VIL(p): (ans™ Ay <y ny"} (27)

= VA ()AL (y): snx” < x'Ax", (ans™)ny™ < vV Ay}

<ViA(xvy): an(xvy)" < (xvy) A(xvy)'}

<A ().

Hence, by Lemma 7, A’ is a kernel L-ideal of A. Suppose A
is a kernel ideal of A such that ACy.

This implies there exists an L-congruence ¥ on A such
that y = ker V. Let x € A. As ana” <a’Aa", we clearly get

X (@) = VIA(x): anx <x'Ax"}2A (@), (28)
And hence AcA”. Again for each a € A,
1 (a) = ViA(x): anx” < x'Ax"}

<viy(x): anx" <x'Ax"}

= V{O(x,0): anx" <x'Ax"}

< V{\IJ(thJ'1 (%), 1): anx’ < xv/\x/\}

(29)
<V ‘I’(:/;\; p2kt (x), 1): anx’ < xv/\x/\}
= V{¥(x", 1): anx” <x'Ax"}
<¥(a"1).
Similarly, we can show that

A (a) V{0 (xY,0): anx < xVAx"}.
This implies that

A (@) <V{¥ (x"1): anx” < x'AxXMAV]Y (27, 0): anx” < x¥Ax")
= V¥ (x", DAY (x",0): anx” <x'Ax"}
= V{¥ (anx”, a)AY (xAx", 0): anx” < x'Ax"}

IN

W (x'Ax", a)A Y (x'Ax", 0)
<¥(a,0) = y(a).
(30)

And so A°Cy. Therefore, from these observations, A’ is the
least kernel L-ideal of A including A. O

The following corollaries follows Theorem 1.

Corollary 1. Suppose (A,h) € K, and A is an L-ideal of A.
Then, A is a kernel L-ideal if and only if A = 1",

Corollary 2. If (A,h) € X, then the following properties
hold, for all A,y € Z.7 (A):

(1) Acy=1"cy”

(2) AcA” =17

(3) A'vy"c(Avy)°

(4) (Any)ecA’ ny’



Given a &, - algebra A and L-ideals A, y of A, we shall
define

Ay’ = (Any)eand 'Ly’ = (Avy)e. (31)

Suppose that A and y kernel L-ideals of A, then
Afy = ANy. Indeed, since A and y are kernel L-ideals of A,
we have A = 1" and y =", and ANy is also a kernel L-ideal.
Thus,

Ay =AMy = (Any)e =Any. (32)

Then, we have the following.

Theorem 2. Let (A, h) € #, o and L7, (A) denote the set
of all kernel L-ideals. Then, (£.7, (A),N,U) is a complete
bounded distributive lattice.

Proof. Suppose that A,y € £.7, (L). Then, Ally =ANyis a
kernel L-ideal and the infimum of A and y. It follows by
Theorem 1 that ALly = 1°Ly" = (AVvy)° is a kernel L-ideal and
A, ySAVY< (AVvy)e. Suppose that £ is a kernel L-ideal of A such
that & is an upper bounded of A and y, then Avy<é and there
follows (Avy)ec” = &. Hence, (Avy)e° is the supremum of
both A and yin .7 (A). Thus, (F I (A),N, N)is alattice.
Obviously, x, and x; are the least and biggest kernel L-ideals
in Z5,(A), respectively. This implies that &7 (A) is
bounded. The completeness is clear since the intersection of a
family of kernel L-ideals is also a kernel L-ideal of A (Lemma
4). As far as the distributivity, let A,y,& € .7, (A). Since

An(yué) =2’ n(y’ué)
= AN (pvé)e
=[An (yvole
=[(AN{V(yvA)l°
= (Andov(yr§)e
= (A'NE WV (paé)e
=(Endeu(ynd)
= (An§)u (yné).

It follows that .7, (A) is a distributive lattice. O

(33)

In order to further characterize the structure of the
lattice of kernel L-ideals of a %, ;-algebra, we require the
following:
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Theorem 3. Let (A, h) € K. Then, (£S5 (A),N, L, *)is
a Heyting algebra in which for A,y € .7, (A), the relative
pseudocomplement of A and y is defined as for every a € A,

(A=y)(a) = V{f(av): £ e LI (A),EMcyl. (34)

Proof. Since y'MACy and
vy (nlook _nl 2k _
y©) =y(V 1) =Ny )2y =1, 63)

we have (A7) (0)>y(0Y) =1.

A xy)(a) =V{E(a"): £ e FI(A), My}
<V{E((avb)'): £ e F7(A)E Mgy} (36)
= (A *y)(avb).

Similarly, we can prove that (A *y)(b) < (A=*7y)(avb)

and hence

(A=) (a)V (A=) (D)< (A=y)(avb). (37)

On the other side, for each a,b € A,
(A=) @A) (b) = V{E(a"): § € F.7 (A),Emcy}n
Vio(y"): 0 € .7 (A), 0'nAcy}
= v{¢(a)na (b"): &y, a’ micy}
<V{(&uo) (a")A (éu0) (b*): (Euo)errcy)
<V{(§uo) (avb)”: (§uo)mAcy}
= (A *y)(avb).
(38)
Thus, (A*y)(avb) = (A +y)(@A(A=*7y)(b), for each

a,b € A, and hence A # y is an L-ideal of A.
Next, we show that A %y is a kernel L-ideal of A.

(Axyp)(a) =V{E(a"): £ e FI(A), &Ny}
=V{y(f*(a"): y e FI Ay Ay} (39)
= (Axp)f* (a").

Also, for any a,s € A,

A P) (DA #p) (ant”) = VE(s"): & € F.7 (A), Emicyin
v{8((ans")"): 8 e .7 (A4), 8’ Ay}
= VIE(s NS (a"As™): EmAcy, 8 nAcy}
<V{(&EV8) (sV)A(EVE) (a'As™): EMAcy, Ay} (40)
<V{(EVO) (s"V (a'As)): (Evd)emAcy)
<V{(évé) (a”): (§vd)°mrcy}

< (A#xyp)(a).
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Hence, by Lemma 4, A # y is kernel L-ideals of A.

Next, we prove that y * A is the biggest kernel L-ideals of
A such that Ar) « <&, Suppose that 0 € &7 (A) such that
Anocé. Now, since for each a € A,

o(a)<co(a’)ando’ Ml =o' MA" = (6NA)° = oTACy.  (41)
We have clearly
A xy)(a) =V{E(a"): £ e 27 (A),EMAcy} 20 (a”)20(a). (42)

And hence oC) +y. Therefore, A *y is the pseudo-
complement of A relative to y. O

Theorem 4. Let (A,h) € #,, and A be a proper kernel
L-ideal of A and L = [0,1]. Then, A is the intersection of a
family of prime kernel L-ideals including it.

Proof. Assume that A is a proper L-ideal of A. Then, there
exists x € A such that A(x) # 1. Put A(x) = « and consider
the set

A={0e€ LI (A): 0clando(x)<a}. (43)

Clearly, A € Aand so A is nonempty and hence it forms a
poset under the point wise ordering “C”. By using Zorn’s
lemma, we can choose a maximal element, say £ in A; we
prove that & is a prime kernel L-ideal. Let y and o be L-ideals
of A such that ynoc&. Suppose on contrary that y¢£ and
o¢é. Then,

& cévyc(évy)eand € c Evac(ové)e. (44)
By the maximality of & in A, it follows that (pvé)° ¢ A

and (ové)° ¢ A. So that (wé)°(a)ta and (oVvé)°(a)ta.
Now,

(Evy)en(évo)e = ((Evy)n (&vo))e
=(&v(yno))e (45)
& =¢,

(&MY (r) = (B’ (r)

which is a contradiction.

Let {£}, 5 be the set of prime kernel L-ideals that contain
A. Then, ACN ¢, Suppose that N;,&¢A. Then, there is
x € A such that (N;,&)(x)£A(x). This implies that
A(x)# 1 and hence A is proper. Thus, from the above, there
exists a prime kernel L-ideal £ which contains A and { <a =
A(x) and hence (N;,¢)(x)<&(x)<a =A(x), which is a
contradictions. Hence, n &,cl and so A = N, ;. O

4. L-Congruences of a %, -Algebra

In this topic, we characterize an interesting property of the
least L-congruence on the %, ;-algebra A such that the given
kernel L-ideal & of A as its L-congruence class.

Let & be a kernel L-ideal of (A, h). As shown in [28], the
smallest L-congruence Q; (¢) on A with kernel & which is
given by: for x, y € A,

QL (§) (x, ) = V{§(@A[R(E) (b): (xva)rb = (yVa)Abl.
(46)

Theorem 5. If (L,h) € H,y and §,A € Z.F ¢ (A), then
QL (EUA) = QL(E)VQL A). (47)

Proof. Let §,A € £.7, (A). It is easily proved that
§che0p ()< (A). (48)

Then, we have Q; (§)vQ; (1) <Q; ((8vL)°) = Q, (ELh).

On the other side, let x, y € A. Then, by (46), we have
Qp (EUM) (x, ¥) = V{ (L) (NA[R(EUL)) (1): (xVr)AE 1)
= (yVvr)Ath.

Consider the following equation:

= V{(&vd) (a): rAa" <a"Aa"}
= V{(&vA) (a): (rva“)ra" =a"na"}

= V{V{E(r)AA(t)): a = r vt} (rva')Aa" = a"Aa").

[h(EL) (1) = V[ (&VA)° (b): h(b) <t}

(50)

= V{V{(EVA) (c): bAC" <A} h(b) <t}

= V{V{(EVA) (¢): (bve A" = A’} h(b) <t}

= VIVIVIE(r))AL(t,): ¢ = 1Vt ) (bve A" = *Ac’): h(b) <t} (51)
= V{E(ry)AL(L,): ¢ = ryVity, (bve A" = "Ac, h(b) < t}

= V{E(ry))AL(L,): (bVry V) )ASAL, = (Ve )Ary AL, B (b) < t}

<VE(r,)AL(L): (R(DAFAY VL, = (ry Aty VeVt h(b) <t}



By (49) and (50), we have
Q (8LA) (x, y) <V{(EUA) (r): (xvr)AE = (yVr)Ath
=V{E(r))AL(t)): (rvr Vit )ArIAE] (52)
= (rVEAFIAE] (xvr)AE = (yVr)AL).
From (51), we have

£(n) <) (0.r))
<0, (&) (0,7))AQ; () (1,77) (53)
<0, (8) (v )AQ (O) (rvri Ve, (rvr{ Vi )ar)),

Q&) (1,77) = Qp (&) (L r7))AQ (&) (r) Ve, 1 vtY)

54
<Qq (&) (r)Vvt], (r{vt])nr)). (54
Also, from (51), we have
At) <Q, (M) (0,¢))
< V) (0:1))AQ, M) (L.17)
= Q; (W) (0,£))AQ; (V) (rvr), rvr )AQ, (V) (1,£7)A (55)

Q; V) ((rvr) vt )nry, (rvr{ v )Ary)
<Qp W) (rvr, rvr Ve AQ (D) (1, £)A

Q; ) ((rvr) VDAY, (rvr) Ve Ar ALY,

QN (£, 1) = QW) (£, DAQ (V) (r) Ve, 7] Vvt
<O W (VAR (rVE)AT) - (56)
<Q; V) ((r) Vi) )AFLALY, (r) Ve IAFD).
From (52), (53), (54), (55), and (56), we have
Q (EUN) (x, y) <V{(QL (E)vQ, (L)) (r,0)}. (57)
Similarly,
Qp (§UM) (x, y) <V{(Q (§)vQ, (V) (¢, D} (58)
From (57) and (58), we get
Qp (§uh) (x, ) < (QL (VL () (x, p). (59)
Hence, Q; (§UA) = Q; (E)vQ; (A). O
We now give a description on the biggest L-congruence

ona %, -algebra A such that the given kernel L-ideal of A as
its L-congruence class.

Theorem 6. Let (A, h) € K, and & be a kernel L-ideal of A.
A binary relation 8 (&) on A is defined as follows: 6 (&) (a,b) =
VIE(RE (a)nx)NE(BE (b)Ax)}  for  all  xeA  and
(k=0,1,2,2n—1). Then, § (&) is the biggest congruence on A
with §(&) = &,

5. Conclusion

In this work, we studied Kernel L-ideals and L-congruence
on a subclass of Ockham algebras and investigate their
properties. We proved that the set of kernel L-ideal .7, (A)
of K, ,-algebra A forms Heyting algebras. Also, we obtain
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the least, respectively, the biggest L-congruences on
K, y-algebra A having a given L-ideal as a kernel and de-
scribe it using algebraic operations in an L setting.
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