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In this article, we deal with an inverse problem concerning the two-dimensional Laplace equation with local boundary conditions
on a bounded region. In this problem, the goal is to reduce it into a system of Fredholm integral equations of the second kind
involving kernels with weakly/or no singularities (Fredholm property) by considering some additional conditions on the
parameters of the problem. Finally, the method is carried out on an example, to show the simplicity and efficiency of the method.

1. Introduction

The inverse problems arise in modeling of many physical
and geophysical phenomena, such as elastography and med-
ical imaging, seismology, potential theory, ion transport
problems or chromatography, and finances (see, for exam-
ple, [1–4]). In many cases of these problems which have
been studied for the first time by Lavrentiev [5], the goal is
to determine the coefficients or the right hand side of the dif-
ferential equations for some known data about its solutions.
There are many numerical methods to solve these problems.
Among them, we cite the method of fundamental solutions
(MFS) by Marin and Lesnic [6] and Wang et al. [7] and
by Chen et al. [8] and Sun and He [9] for the two-
dimensional and three-dimensional inverse problems,
respectively, the boundary function method (BFM) by Wang
et al. [10], the boundary particle method (BPM) by Chen and
Fu [11], the variational iteration method (VIM) by Canon
and Tatari [12], the globally convergent numerical method
by Baysal [13], the weighted homotopy analysis method
(WHAM) by Shidfar et al. [14], and the conjugate gradient
method (CGM) by Lu et al. [15]. In some special cases, these

problems are solved by the analytical methods by Liua and
Tatar [16] or Liu [17].

In 1997, Aliev and Jahanshahi [18] proposed a new
approach for reducing the direct problem concerning the
mixed PDE with nonlocal boundary conditions into a sys-
tem of Fredholm integral equations with weak singularities,
i.e., the boundary values of the unknown function and their
derivatives satisfy some of the Fredholm integral equations
with weak singularities. The system obtained can be solved
by some of the numerical methods, such as semiorthogonal
B-spline wavelet collocation method by Sahau and Saha
Ray [19], the method based on Bernstein polynomial by
Basit and Khan [20], triangular functions method by
Almasieh and Roodaki [21], homotopy perturbation method
by Javidi and Golbabai [22], and Taylor-series expansion
method by Maleknejad et al. [23].

In this article, based on the method presented in
[18], we study an inverse boundary value problem for
a two-dimensional Laplace equation which is a logical
continuation of the paper [24] concerning the inverse
problem of Cauchy-Riemann equation with nonlocal
boundary conditions.
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In the bounded domain Ω ⊂ℝ2 (see Figure 1) where its
boundary Γ≔ ∂Ω is given as

Γ≔ Γ1 ∪ Γ2,
Γj : x2 = γj x1ð Þ, j = 1, 2,

ð1Þ

where γjðj = 1, 2Þ are known functions satisfying

γ1 x1ð Þ < γ2 x1ð Þ for all x1 ∈ a, b½ �, ð2Þ

we consider an inverse boundary value problem of the two-
dimensional Laplace equation

Δu xð Þ = 0 inΩ, ð3Þ

subject to the boundary conditions

〠
2

i=1
αij x1ð Þ ∂u∂xi

x1, γj x1ð Þ
� �

= ϕ j x1ð Þ, ð4Þ

u x1, γj x1ð Þ
� �

= ψj x1ð Þ, x1 ∈ a, b½ �, j = 1, 2, ð5Þ

where αij, ϕjði, j = 1, 2Þ and ψ1 are known C1 functions on
½a, b�. The interest is then to recover the unknown function
ψ2 based on a Fredholm integral equation of the second kind
with respect to boundary values of the unknown function u
and its first-order partial derivatives.

2. Main Results

Our first main result is stated as follows:

Theorem 1. The solution u of Equation (3) at internal points
of the domain can be expressed by Green’s formula:

u ξð Þ =
ð
Γ

u xð Þ ∂G∂n x ; ξð ÞdΓ xð Þ −
ð
Γ

∂u
∂n

xð ÞG x ; ξð ÞdΓ xð Þ, ξ ∈Ω,

ð6Þ

where n is the exterior normal to the boundary Γ and Gðx ; ξÞ
is the fundamental solution of 2D Laplace operator satisfying

ΔG x ; ξð Þ = δ x − ξð Þ, ð7Þ

which is given by

G x ; ξð Þ = 1
2π

ln x − ξj j, ð8Þ

where δðx − ξÞ is the Dirac measure at point ξ = ðξ1, ξ2Þ [25].
Moreover, the boundary values ujΓ and ð∂u/∂ξjÞjΓðj = 1, 2Þ
should satisfy the following boundary integral equations:

1
2
u ξð Þ =

ð
Γ

u xð Þ ∂G∂n x ; ξð ÞdΓ xð Þ −
ð
Γ

∂u
∂n

xð ÞG x ; ξð ÞdΓ xð Þ, ξ ∈ Γ,

ð9Þ

1
2
∂u ξð Þ
∂ξ1

=
ð
Γ

∂G
∂x2

x ; ξð Þ ∂u xð Þ
∂x1

cos n, x2ð Þ − ∂u xð Þ
∂x2

cos n, x1ð Þ
� �

dΓ xð Þ

+
ð
Γ

∂u
∂n

xð Þ ∂G∂x1
x ; ξð ÞdΓ xð Þ, ξ ∈ Γ,

ð10Þ

1
2
∂u ξð Þ
∂ξ2

=
ð
Γ

∂G
∂x1

x ; ξð Þ ∂u xð Þ
∂x2

cos n, x1ð Þ − ∂u xð Þ
∂x1

cos n, x2ð Þ
� �

dΓ xð Þ

+
ð
Γ

∂u
∂n

xð Þ ∂G∂x2
x ; ξð ÞdΓ xð Þ, ξ ∈ Γ,

ð11Þ

where ðn, xjÞ is the angle between the exterior normal vector n
to the boundary Γ and coordinate axes xj, ðj = 1, 2Þ.

Proof. The first-order partial derivatives of Equation (8) are
as follows:

∂G
∂xj

x ; ξð Þ = 1
2π ×

xj − ξj

x − ξj j2
, j = 1, 2: ð12Þ

Multiplying both sides of Equation (3) by (8) and (12),
respectively, integrating over Ω, using the divergence theo-
rem [25] (similar to [24]), the proof is completed.

Let ðni, xjÞ and ðτi, xjÞ be the angles between exterior nor-
mal and unit tangent vectors on the boundaries Γiði = 1, 2Þ
with coordinate axes xjðj = 1, 2Þ, respectively. Then

cos ni, x1ð Þ = −1ð Þi+1 sin τi, x1ð Þ, cos ni, x2ð Þ = −1ð Þi cos τi, x1ð Þ,
ð13Þ

tan τi, x1ð Þ = γi′ x1ð Þ, cos τi, x1ð Þ = dx1
dΓ xð Þ , i = 1, 2: ð14Þ

Taking into account arcs of the boundary Γ as Γ1 and Γ2,
plugging (12)–(14) in (9)–(11), we obtain the following
boundary integral equations:

x
2

x
1

x
1
 = a x

1
 = b

Γ 1: x
2
 = 𝛾

1
( x

1
)

Γ 2: x
2
 = 𝛾

2
( x

1
)

Ω

Figure 1: The domain Ω with boundaries Γ1 and Γ2:
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ujΓ j
= u ξ1, γj ξ1ð Þ

� �
=
ðb
a
k 1ð Þ
1j x1, ξ1ð ÞujΓ1

dx1

−
ðb
a
k 1ð Þ
2 j x1, ξ1ð ÞujΓ2

dx1 − 2
ðb
a
γ1′ x1ð ÞG x ; ξð ÞjΓ1Γ j

∂u
∂x1

����
Γ1

dx1

+ 2
ðb
a
G x ; ξð ÞjΓ1Γ j

∂u
∂x2

����
Γ1

dx1

+ 2
ðb
a
γ2′ x1ð ÞG x ; ξð ÞjΓ2Γ j

∂u
∂x1

����
Γ2

dx1

− 2
ðb
a
G x ; ξð ÞjΓ2Γ j

∂u
∂x2

����
Γ2

dx1, j = 1, 2,

ð15Þ

∂u
∂ξ1

����
Γ j

= ∂u
∂ξ1

ξ1, γj ξ1ð Þ
� �

=
ðb
a
k 1ð Þ
1j x1, ξ1ð Þ ∂u

∂x1

����
Γ1

dx1

−
ðb
a
k 1ð Þ
2j x1, ξ1ð Þ ∂u∂x1

����
Γ2

dx1 −
ðb
a
k 2ð Þ
1j x1, ξ1ð Þ ∂u∂x2

����
Γ1

dx1

+
ðb
a
k 2ð Þ
2j x1, ξ1ð Þ ∂u∂x2

����
Γ2

dx1, j = 1, 2,

ð16Þ
∂u
∂ξ2

����
Γ j

= ∂u
∂ξ2

ξ1, γj ξ1ð Þ
� �

=
ðb
a
k 2ð Þ
1j x1, ξ1ð Þ ∂u∂x1

����
Γ1

dx1

−
ðb
a
k 2ð Þ
2j x1, ξ1ð Þ ∂u∂x1

����
Γ2

dx1 +
ðb
a
k 1ð Þ
1j x1, ξ1ð Þ ∂u∂x2

����
Γ1

dx1

−
ðb
a
k 1ð Þ
2j x1, ξ1ð Þ ∂u

∂x2

����
Γ2

dx1, j = 1, 2,

ð17Þ
where

G x ; ξð ÞjΓiΓ j
= 1
4π ln x1 − ξ1ð Þ2 + γi x1ð Þ − γj ξ1ð Þ

� �2
� �

, i, j = 1, 2,

ð18Þ

k 1ð Þ
ij x1, ξ1ð Þ≔ 1

π
γ′i x1ð Þx1 − ξ1

x − ξj j2
�����
ΓiΓ j

−
x2 − ξ2
x − ξj j2

�����
ΓiΓ j

8<
:

9=
;, ð19Þ

k 2ð Þ
ij x1, ξ1ð Þ≔ 1

π
γi′ x1ð Þx2 − ξ2

x − ξj j2
�����
ΓiΓ j

+ x1 − ξ1
x − ξj j2

�����
ΓiΓ j

8<
:

9=
;, i, j = 1, 2:

ð20Þ

As we see, the kernels kðjÞii ði, j = 1, 2Þ in (20) contain singu-
larities. To remove them, we state the following theorem.

Theorem 2. Let Ω ⊂ℝ2 be a bounded domain with the
boundary ∂Ω as Lyapunov curve in Cartesian coordinates
x = ðx1, x2Þ which is convex in direction x2 and assume that
(for i, j = 1, 2), ψ1, ϕj, αij ∈ C1½a, b� and α2jðx1Þ ≠ 0 (for all

x1 ∈ ½a, b�). Then the singularities in kernels kð1Þii ði = 1, 2Þ

are regularized. Moreover, the unknown function ψ2 in
(5) can be expressed as the following boundary integral
equation with no singularities

ψ2 ξ1ð Þ =
ðb
a
K 0ð Þ

01 x1, ξ1ð Þψ1 x1ð Þ dx1 +
ðb
a
K 0ð Þ

02 x1, ξ1ð Þψ2 x1ð Þ dx1

+
ðb
a
K 0ð Þ

11 x1, ξ1ð Þ ∂u∂x1

����
Γ1

dx1 +
ðb
a
K 0ð Þ

12 x1, ξ1ð Þ ∂u∂x1

����
Γ2

dx1

+
ðb
a
K 0ð Þ

1 x1, ξ1ð Þϕ1 x1ð Þdx1 +
ðb
a
K 0ð Þ

2 x1, ξ1ð Þϕ2 x1ð Þdx1,

ð21Þ

where

K 0ð Þ
01 x1, ξ1ð Þ≔ 1

π
γ1′ x1ð Þx1 − ξ1

x − ξj j2
�����
Γ1Γ2

−
x2 − ξ2
x − ξj j2

�����
Γ1Γ2

8<
:

9=
;, ð22Þ

K 0ð Þ
02 x1, ξ1ð Þ≔ −

γ2′′ x1ð Þ
π 1 + γ2

2′ x1ð Þ
� � , ð23Þ

K 0ð Þ
1j x1, ξ1ð Þ≔ −1ð Þj

πα2j x1ð Þ α2j x1ð Þγj′ x1ð Þ + α1j x1ð Þ
n o

ln x − ξj jΓ jΓ2
,

ð24Þ

K 0ð Þ
j x1, ξ1ð Þ≔ −1ð Þj+1

πα2j x1ð Þ ln x − ξj jΓ jΓ2
, j = 1, 2: ð25Þ

Proof. Applying the mean value theorem twice on γiði =
1, 2Þ, we get the kernels kð1Þii ði = 1, 2Þ with no singularities,

k 1ð Þ
ii x1, ξ1ð Þ = 1

π

x1 − η1ð Þγ′′i ζ1ð Þ
x1 − ξ1ð Þ 1 + γi′

2
η1ð Þ

� �
8<
:

9=
;

≃
γ′′i x1ð Þ

π 1 + γi′
2
x1ð Þ

� � , i = 1, 2,
ð26Þ

where η1 and ζ1 are between x1, ξ1 and x1, η1, respec-
tively.

From the boundary condition (4), we get

∂u
∂x2

����
Γ j

= 1
α2j x1ð Þ ϕj x1ð Þ − α1j x1ð Þ ∂u∂x1

����
Γ j

( )
, j = 1, 2: ð27Þ

Taking into account that α2jðx1Þ ≠ 0ðj = 1, 2Þ, for all
x1 ∈ ½a, b�, plugging the boundary condition (5) and relations
(27) in Equation (15) (for j = 2) and considering (20) and

(26) with kð1Þ12 and kð1Þ22 , respectively, the integral equation
(21) can be resulted.
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Similar to Equation (26), we obtain

k 2ð Þ
ii x1, ξ1ð Þ = 1

π

γi′ x1ð Þγi′ η1ð Þ + 1
x1 − ξ1ð Þ 1 + γi′

2
η1ð Þ

� �
8<
:

9=
; ≃

1
π x1 − ξ1ð Þ , i = 1, 2,

ð28Þ

where η1 is between x1 and ξ1.
For regularization and removing singularities in

kð2Þii ði = 1, 2Þ, we construct the following two linear combina-
tions with unknown coefficients from the boundary integral
equations (16)–(17):

A11 ξ1ð Þ∂u∂ξ1

����
Γ1

+ A21 ξ1ð Þ ∂u∂ξ2

����
Γ1

= −A11 ξ1ð Þ
ðb
a
k 2ð Þ
11 x1, ξ1ð Þ ∂u∂x2

����
Γ1

dx1

+ A21 ξ1ð Þ
ðb
a
k 2ð Þ
11 x1, ξ1ð Þ ∂u∂x1

����
Γ1

dx1+⋯ =
ðb
a
k 2ð Þ
11 x1, ξ1ð ÞA∗

11 x1, ξ1ð Þ ∂u∂x2

����
Γ1

dx1

−
ðb
a
k 2ð Þ
11 x1, ξ1ð ÞA11 x1ð Þ ∂u∂x2

����
Γ1

dx1 −
ðb
a
k 2ð Þ
11 x1, ξ1ð ÞA∗

21 x1, ξ1ð Þ ∂u∂x1

����
Γ1

dx1

+
ðb
a
k 2ð Þ
11 x1, ξ1ð ÞA21 x1ð Þ ∂u∂x1

����
Γ1

dx1+⋯,

ð29Þ

A12 ξ1ð Þ ∂u∂ξ1

����
Γ2

+ A22 ξ1ð Þ ∂u∂ξ2

����
Γ2

= −
ðb
a
k 2ð Þ
22 x1, ξ1ð ÞA∗

12 x1, ξ1ð Þ ∂u∂x2

����
Γ2

dx1

+
ðb
a
k 2ð Þ
22 x1, ξ1ð ÞA12 x1ð Þdx1 +

ðb
a
k 2ð Þ
22 x1, ξ1ð ÞA∗

22 x1, ξ1ð Þ ∂u∂x1

����
Γ2

dx1

−
ðb
a
k 2ð Þ
22 x1, ξ1ð ÞA22 x1ð Þdx1+⋯,

ð30Þ

where A∗
ijðx1, ξ1Þ≔ Aijðx1Þ − Aijðξ1Þ, ði, j = 1, 2Þ.

The notation } ⋯ } in the right-hand side of (29)–(30)
stands for all integrals without singularities.

Plugging A11 = −α21, A21 = α11 and A12 = α22, A22 = −α12
in (29)–(30), respectively, and considering boundary condi-
tions (4), we get

−α21 ξ1ð Þ ∂u∂ξ1

����
Γ1

+ α11 ξ1ð Þ∂u∂ξ2

����
Γ1

= −
ðb
a

α21 ξ1ð Þk 1ð Þ
11 x1, ξ1ð Þ

n

+ α∗11 x1, ξ1ð Þk 2ð Þ
11 x1, ξ1ð Þ

o ∂u
∂x1

����
Γ1

dx1

+
ðb
a

α21 ξ1ð Þk 1ð Þ
21 x1, ξ1ð Þ − α11 ξ1ð Þk 2ð Þ

21 x1, ξ1ð Þ
n o ∂u

∂x1

����
Γ2

dx1

+
ðb
a

α11 ξ1ð Þk 1ð Þ
11 x1, ξ1ð Þ − α∗21 x, ξ1ð Þk 2ð Þ

11 x1, ξ1ð Þ
n o ∂u

∂x2

����
Γ1

dx1

−
ðb
a

α21 ξ1ð Þk 2ð Þ
21 x1, ξ1ð Þ + α11 ξ1ð Þk 1ð Þ

21 x1, ξ1ð Þ
n o ∂u

∂x2

����
Γ2

dx1

+
ðb
a
k 2ð Þ
11 x1, ξ1ð Þϕ1 x1ð Þdx1,

ð31Þ

α22 ξ1ð Þ∂u∂ξ1

����
Γ2

− α12 ξ1ð Þ∂u∂ξ2

����
Γ2

=
ðb
a

k 1ð Þ
12 x1, ξ1ð Þα22 ξ1ð Þ

n

− k 2ð Þ
12 x1, ξ1ð Þα12 ξ1ð Þ

o ∂u
∂x1

����
Γ1

dx1

−
ðb
a

k 2ð Þ
12 x1, ξ1ð Þα22 ξ1ð Þ + k 1ð Þ

12 x1, ξ1ð Þα12 ξ1ð Þ
n o ∂u

∂x2

����
Γ1

dx1

−
ðb
a

k 1ð Þ
22 x1, ξ1ð Þα22 ξ1ð Þ + α∗12 x1, ξ1ð Þk 2ð Þ

22 x1, ξ1ð Þ
n o ∂u

∂x1

����
Γ2

dx1

+
ðb
a

k 1ð Þ
22 x1, ξ1ð Þα12 ξ1ð Þ − α∗22 x1, ξ1ð Þk 2ð Þ

22 x1, ξ1ð Þ
n o ∂u

∂x2

����
Γ2

dx1:

+
ðb
a
k 2ð Þ
22 x1, ξ1ð Þϕ2 x1ð Þdx1:

ð32Þ
Plugging (27) in (31)–(32), respectively, we obtain

α211 ξ1ð Þ + α221 ξ1ð Þ� �∂u
∂ξ1

����
Γ1

=
ðb
a
K 1ð Þ

11 x1, ξ1ð Þ ∂u∂x1

����
Γ1

dx1

+
ðb
a
K 1ð Þ

12 x1, ξ1ð Þ ∂u∂x1

����
Γ2

dx1 +
ðb
a
K 1ð Þ

1 x1, ξ1ð Þϕ1 x1ð Þdx1

+
ðb
a
K 1ð Þ

2 x1, ξ1ð Þϕ2 x1ð Þdx1 + α11 ξ1ð Þϕ1 ξ1ð Þ,

ð33Þ

α212 ξ1ð Þ + α222 ξ1ð Þ� �∂u
∂ξ1

����
Γ2

=
ðb
a
K 2ð Þ

11 x1, ξ1ð Þ ∂u∂x1

����
Γ1

dx1

+
ðb
a
K 2ð Þ

12 x1, ξ1ð Þ ∂u∂x1

����
Γ2

dx1 +
ðb
a
K 2ð Þ

1 x1, ξ1ð Þϕ1 x1ð Þdx1

+
ðb
a
K 2ð Þ

2 x1, ξ1ð Þϕ2 x1ð Þdx1,+α12 ξ1ð Þϕ2 ξ1ð Þ,

ð34Þ
where

K 1ð Þ
12 x1, ξ1ð Þ≔ α21 ξ1ð Þ

α22 x1ð Þ − α21 ξ1ð Þα22 x1ð Þðf

+ α11 ξ1ð Þα12 x1ð ÞÞk 1ð Þ
21 x1, ξ1ð Þ+ α11 ξ1ð Þα22 x1ð Þð

− α21 ξ1ð Þα12 x1ð ÞÞk 2ð Þ
21 x1, ξ1ð Þg,

ð35Þ

K 1ð Þ
1 x1, ξ1ð Þ≔ α21 ξ1ð Þ

α21 x1ð Þ α∗21 x1, ξ1ð Þ − α21 x1ð Þð Þk 2ð Þ
11 x1, ξ1ð Þ

n
− α11 ξ1ð Þk 1ð Þ

11 x1, ξ1ð Þ
o
,

ð36Þ

K 1ð Þ
2 x1, ξ1ð Þ≔ α21 ξ1ð Þ

α22 x1ð Þ α11 ξ1ð Þk 1ð Þ
21 x1, ξ1ð Þ + α21 ξ1ð Þk 2ð Þ

21 x1, ξ1ð Þ
n o

,

ð37Þ

4 Journal of Mathematics



K 2ð Þ
11 x1, ξ1ð Þ≔ α22 ξ1ð Þ

α21 x1ð Þ α22 ξ1ð Þα21 x1ð Þ + α11 x1ð Þα12 ξ1ð Þð Þk 1ð Þ
12 x1, ξ1ð Þ

n
+ α22 ξ1ð Þα11 x1ð Þ − α12 ξ1ð Þα21 x1ð Þð Þk 2ð Þ

12 x1, ξ1ð Þ
o
,

ð38Þ

K 2ð Þ
12 x1, ξ1ð Þ≔ −

α22 ξ1ð Þ
α22 x1ð Þ α22 ξ1ð Þα22 x1ð Þ + α12 x1ð Þα12 ξ1ð Þð Þk 1ð Þ

22 x1, ξ1ð Þ
n

+ α∗12 x1, ξ1ð Þα22 x1ð Þ − α12 x1ð Þα∗22 x1, ξ1ð Þð Þk 2ð Þ
22 x1, ξ1ð Þ

o
,

ð39Þ

K 2ð Þ
1 x1, ξ1ð Þ≔ −

α22 ξ1ð Þ
α21 x1ð Þ α12 ξ1ð Þk 1ð Þ

12 x1, ξ1ð Þ + α22 ξ1ð Þk 2ð Þ
12 x1, ξ1ð Þ

n o
,

ð40Þ

K 2ð Þ
2 x1, ξ1ð Þ≔ α22 ξ1ð Þ

α22 x1ð Þ α12 ξ1ð Þk 1ð Þ
22 x1, ξ1ð Þ + α22 x1ð Þð

n
− α∗22 x1, ξ1ð ÞÞk 2ð Þ

22 x1, ξ1ð Þ
o
:

ð41Þ

Finally, plugging the kernels (20) (for i, j = 1, 2, i ≠ j),
(26), and (28) in kernels (37)–(41), we get

K 1ð Þ
11 x1, ξ1ð Þ = α21 ξ1ð Þ

πα21 x1ð Þ α21 ξ1ð Þα21 x1ð Þ + α11 x1ð Þα11 ξ1ð Þð Þ γ1′′ x1ð Þ
1 + γ21′ x1ð Þ

(

+ α11 ′ x1ð Þα21 x1ð Þ − α21′ x1ð Þα11 x1ð Þ
� )

,

ð42Þ

K 1ð Þ
12 x1, ξ1ð Þ = −

α21 ξ1ð Þ
πα22 x1ð Þ

x2 − ξ2
x − ξj j2 Γ2Γ1

α12 x1ð Þα21 ξ1ð Þðð
����

(

− α11 ξ1ð Þα22 x1ð ÞÞγ2′ x1ð Þ − α22 x1ð Þα21 ξ1ð Þ + α11 ξ1ð Þα12 x1ð Þð ÞÞ

+ x1 − ξ1
x − ξj j2

�����
Γ2Γ1

α22 x1ð Þα21 ξ1ð Þ + α11 ξ1ð Þα12 x1ð Þð Þγ2′ x1ð Þð

+ α12 x1ð Þα21 ξ1ð Þ − α11 ξ1ð Þα22 x1ð Þð ÞÞ
)
,

ð43Þ

K 1ð Þ
1 x1, ξ1ð Þ = −

α21 ξ1ð Þ
πα21 x1ð Þ α11 ξ1ð Þ γ1′′ x1ð Þ

1 + γ21′ x1ð Þ − α21 ′ x1ð Þ
( )

−
α21 ξ1ð Þ

π x1 − ξ1ð Þ ,

ð44Þ

K 1ð Þ
2 x1, ξ1ð Þ = α21 ξ1ð Þ

πα22 x1ð Þ
x2 − ξ2
x − ξj j2

�����
Γ2Γ1

α21 ξ1ð Þγ2′ x1ð Þ − α11 ξ1ð Þ
� �8<

:
+ x1 − ξ1

x − ξj j2
�����
Γ2Γ1

α11 ξ1ð Þγ2′ x1ð Þ + α21 ξ1ð Þð Þ
9=
;,

ð45Þ

K 2ð Þ
11 x1, ξ1ð Þ = α22 ξ1ð Þ

πα21 x1ð Þ
x2 − ξ2
x − ξj j2

�����
Γ1Γ2

α11 x1ð Þα22 ξ1ð Þðð
8<
:

− α21 x1ð Þα12 ξ1ð ÞÞγ1′ x1ð Þ − α21 x1ð Þα22 ξ1ð Þð

+ α11 x1ð Þα12 ξ1ð ÞÞÞ + x1 − ξ1
x − ξj j2

�����
Γ1Γ2

α21 x1ð Þα22 ξ1ð Þðð

+ α11 x1ð Þα12 ξ1ð ÞÞγ1′ x1ð Þ + α11 x1ð Þα22 ξ1ð Þ

− α21 x1ð Þα12 ξ1ð ÞÞ
)
,

ð46Þ

K 2ð Þ
12 x1, ξ1ð Þ = −

α22 ξ1ð Þ
πα22 x1ð Þ α22 x1ð Þα22 ξ1ð Þð

�

+ α12 ξ1ð Þα12 x1ð ÞÞ γ2′′ x1ð Þ
1 + γ22′ x1ð Þ

+ α22 x1ð Þα12′ x1ð Þ − α12 x1ð Þα22′ x1ð Þ
� ��

,

ð47Þ

K 2ð Þ
1 x1, ξ1ð Þ = −

α22 ξ1ð Þ
πα21 x1ð Þ

x1 − ξ1
x − ξj j2

�����
Γ1Γ2

α22 ξ1ð Þð
8<
:

+ α12 ξ1ð Þγ1′ x1ð ÞÞ + x2 − ξ2
x − ξj j2

�����
Γ1Γ2

α22 ξ1ð Þγ1′ x1ð Þð

− α12 ξ1ð ÞÞ
)
,

ð48Þ

K 2ð Þ
2 x1, ξ1ð Þ = α22 ξ1ð Þ

πα22 x1ð Þ α12 ξ1ð Þ γ2′′ x1ð Þ
1 + γ22′ x1ð Þ − α22 ′ x1ð Þ

( )

+ α22 ξ1ð Þ
π x1 − ξ1ð Þ :

ð49Þ
According to what explained above, the following theo-

rems can be resulted:

Theorem 3. Under the assumptions of Theorem 2, and also

ϕi að Þ = ϕi bð Þ = 0, i = 1, 2, ð50Þ

the unknown function ψ2 in (5) can be recovered as a system
of boundary integral equations (21) and (33)–(34) subject to
kernels (25) and (45)–(49), respectively, with no singularities.

Theorem 4. Under the assumptions of Theorem 3, the main
problem (3)–(5) is reduced to a system of boundary integral
equations, i.e., the unknown function u can be written as
the integral equation Equation (6) where the existing
boundary values can be expressed as a system of boundary
integral Equations (21), (33)–(34) and relations (5) and (27)
with no singularities.
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The application of the method described will be illus-
trated in the following example.

Example 1. Consider the Laplace equation

Δu xð Þ = 0 inΩ, ð51Þ

subject to the following boundary conditions

∂u
∂n

����
Γ j

= ϕ j x1ð Þ, ð52Þ

ujΓ j
= ψj x1ð Þ, j = 1, 2, ð53Þ

where the boundary Γ≔ ∂Ω of the elliptic domain Ω ⊂ℝ2

has the following polar equation (see Example 1 in [26])

γ θð Þ = 19
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
361 + 39 sin2 θð Þ

s
, 0 ≤ θ ≤ 2π, ð54Þ

or in the Cartesian coordinates,

x2 + y2

b2
= 1, b = 19

20 , ð55Þ

and the boundary Γ has the following form

Γ = Γ1 ∪ Γ2,

Γj : x2 = γj x1ð Þ≔ −1ð Þjb
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

q
, j = 1, 2:

ð56Þ

Moreover, the functions ϕjðj = 1, 2Þ and ψ1 in (53) are
known.

The exact solution of (51) and also the unknown bound-
ary value ψ2 in (53) are given by

u x1, x2ð Þ = x1 1 − 2x21
� �

− 2x1x2 3 + 2x21
� �

+ 2x1x22 3 + 2x2ð Þ,

ψ2 x1ð Þ = x1 − 2x31 − 2bx1 3 + 2x21
� � ffiffiffiffiffiffiffiffiffiffiffiffi

1 − x21

q
+ 2b2x1 1 − x21

� �
3 + 2b

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

q
 �
:

ð57Þ

Comparing the boundary conditions (53) with (4)–(5)
yields that

α1j x1ð Þ = −b2x1, α2j x1ð Þ = −1ð Þj+1b
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

q
, j = 1, 2,

ϕj x1ð Þ = b2x1 6 3 + bð Þx21 − 6 2 + bð Þ − 1
� 

+ −1ð Þjbx1
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

q
4x21 b4 + 6b2 + 1

� ��
− 2b2 2b2 + 3

� �
+ 1g, j = 1, 2,

ψ1 x1ð Þ = x1 − 2x31 + 2bx1 2x21 + 3
� � ffiffiffiffiffiffiffiffiffiffiffiffi

1 − x21

q
+ 2b2x1 1 − x21

� �
3 − 2b

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

q
 �
:

ð58Þ

As we see, the domain Ω as well as αij, ϕjði, j = 1, 2Þ and
ψ1 satisfies the hypotheses of Theorem 4. Therefore, from
(25) and (45)–(49), we obtain

K 0ð Þ
01 x1, ξ1ð Þ = 1

π
× 1ffiffiffiffiffiffiffiffiffiffiffiffi

1 − x21
p

× b

x1 − ξ1ð Þ2 + b2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

p
+

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
 �2

× 1 − x1ξ1 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21
� �

1 − ξ1ð Þ2
q� �

,

ð59Þ

K 0ð Þ
02 x1, ξ1ð Þ = 1

π
× b

1 + b2 − 1
� �

x21
× 1ffiffiffiffiffiffiffiffiffiffiffiffi

1 − x21
p , ð60Þ

K 0ð Þ
1j x1, ξ1ð Þ = 0, j = 1, 2, ð61Þ

K 0ð Þ
j x1, ξ1ð Þ = 1

π
× 1
2b

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

p ln x1 − ξ1ð Þ2
n

+ b2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

q
+

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
 �2
)
, j = 1, 2,

ð62Þ

K ið Þ
1i x1, ξ1ð Þ = −1

π
×

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
1 − x21

b3

� 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21
� �

1 − ξ1ð Þ2
q

+ b2x1ξ1

b2 − 1
� �

x21 + 1

8<
:

9=
;, i = 1, 2,

ð63Þ

K ið Þ
1j x1, ξ1ð Þ = −1

π
×

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
1 − x21

× b3 b2 − 1
� �

x21 + 1
� �

x1 − ξ1ð Þ2 + b2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

p
+

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
 �2

× x1ξ1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21
� �

1 − ξ21

� �r
− 1

� �
i, j = 1, 2, i ≠ j,

ð64Þ

K ið Þ
i x1, ξ1ð Þ = −1

π
×

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
1 − x21

b x1 −
b2ξ1

b2 − 1
� �

x21 + 1

( )
, i = 1, 2,

ð65Þ

K ið Þ
j x1, ξ1ð Þ = −1

π
×

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
1 − x21

× b x1 − ξ1ð Þ
x1 − ξ1ð Þ2 + b2

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x21

p
+

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

q
 �2

× 1 − b2
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − x21
� �

1 − ξ21

� �r
− b2

� �
, i, j = 1, 2, i ≠ j:

ð66Þ
Plugging the kernels (66) in (33)–(34), a system of

second kind Fredholm integral equations with respect to
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ð∂u/∂x1ÞjΓi
ði = 1, 2Þ is obtained which can be solved by some

of numerical methods.
In addition, after substituting the kernels (62) as well as

ð∂u/∂x1ÞjΓi
ði = 1, 2Þ into the integral equation (21), the

unknown function ψ2 can be resulted.
Finally, plugging the boundary values ð∂u/∂x1ÞjΓi

ði = 1, 2Þ
in (27) as well as ψ2 in (6), the unknown function u in (51)
is obtained.

3. Conclusion

In this paper, we studied an inverse boundary value problem
including Laplace equation with nonlocal boundary condi-
tions in a two-dimensional convex bounded domain with
the boundary as Lyapunov curve. By considering some of
the extra conditions, the problem is reduced to a system of
second kind Fredholm integral equations with no singulari-
ties. This method can be used to any inverse boundary value
problem where its fundamental solution is known.
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