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A connected graph in which no edge lies on more than one cycle is called a cactus graph (also known as Husimi tree). A bond
incident degree (BID) index of a graph G is defined as Y ,,,cx (g, f (dg (), d (v)), where d (w) denotes the degree of a vertex w of
G, E(G) is the edge set of G, and f is a real-valued symmetric function. This study involves extremal results of cactus graphs
concerning the following type of the BID indices: I (G) = Y er() Lfildg (u)dg (u) + f;(dg (v))/dg (v)], wherei € {1,2}, f, is
a strictly convex function, and f, is a strictly concave function. More precisely, graphs attaining the minimum and maximum I,
values are studied in the class of all cactus graphs with a given number of vertices and cycles. The obtained results cover several
well-known indices including the general zeroth-order Randi¢ index, multiplicative first and second Zagreb indices, and variable

sum exdeg index.

1. Introduction

All the graphs considered in this study are connected. The
notation and terminology that are used in this study but not
defined here can be found in some standard graph-theo-
retical books [6, 7].

Graph invariants of the following form are known as the
bond incident degree (BID) indices [5]:

BID(G)= Y f(dg(u),ds(), (1)

uveE(G)

where d; (w) denotes the degree of a vertex w € V (G) of the
graph G, E(G) is the edge set of G, and f is a real-valued
symmetric function. In this study, we are concerned with the
following type [2] of the BID indices:

G= Y [fi<dc<u>>+fi<d6<v>>]

uveE (G) dG (u) dG (V)

= ) fildg(v)

veV (G)
(2)

where i € {1,2}, f, is a strictly convex function, and f, is a
strictly concave function.

A connected graph in which no edge lies on more than
one cycle is called a cactus graph (also known as Husimi tree
[9]). In the present study, we study the graphs attaining the
minimum and maximum I values from the class of all
cactus graphs with a given number of vertices and cycles.
Our main results cover the general zeroth-order Randi¢
index °R,, [3], variable sum exdeg index SEI, [13], multi-
plicative first Zagreb index II, [8], multiplicative second
Zagreb index IT, [1, 8, 10], and sum lordeg index SL [12, 14],
where the aforementioned indices for a graph G are defined
as follows:

R(@) = ) [deW]"

veV (G)

SEL,(G)= Y dg(va®",
veV (G)
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0,G) =[] [deW],

veV (G)

I, (G) = H dg(w)dg (v) = H [dG(V)]dG(V)’
uveE(G) veV (G)

SL(G) = Y dg(v)\In[dg ()]
veV (G)

= Z dg (v)\/In[dg (v)]. (3)

veV (G)idg (v)=2

A graph in which every vertex has degree less than 5 is
known as a chemical graph.

Although we cannot apply our main result on the
Lanzhou index [15] for finding the extremal graphs from the
class of all cactus graphs, we still are able to utilize one of our
main results for finding the graphs having the minimum
Lanzhou index among all chemical cactus graphs, where the
Lanzhou index for a graph G is defined as

Lz(G)= )Y (n-dg()-1)[dc(W)]". @

veV (G)

We end this section with the remark that the Lanzhou
index is same [11] as the graph invariant °R;.

2. Main Results

By an n-vertex graph, we mean a graph of order n. In a graph,
a set of pairwise nonadjacent edges is called a matching. The
elements of a matching are known as independent edges.

Theorem 1. The graph formed by adding r-independent
edges in the n-vertex star S, (Figure 1) uniquely attains the
maximum I ; value and minimum I ; value in the class of all
n-vertex cactus graphs having r cycles, where n and r are the
fixed integers satisfying the inequalities n>2r + 1, n>4, and
r=0.

Proof. We prove the result for the graph invariant I ; . The
result regarding the other invariant can be proved in a fully
analogous way. Let G be a graph having the maximum I
value in the given class of graphs. It is enough to show that G
has the maximum degree n — 1. Contrarily, we assume that
that the maximum degree of G is at mostn — 2. Let v € V (G)
be a vertex of maximum degree. Then, there exists at least
one neighbor, say w of v which has at least one neighbor not
adjacent to v. Let wy, w,, . . ., wy, be those neighbors of w that
are not adjacent to v. If G' is the graph formed by adding the
edges w,v,w,v,...,w,v in G and removing the edges
W W, Wyw, . .., w,w from G (Figure 2), then we have

1;,(G) ~1,,(G) = £ (d () - f1(do (¥) +K)
+ £ (dg ) ~ £ (dg (w) - k).

Note that the cactus graphs G and G’ have the same
number of cycles as well as order. By using Lagrange’s mean

(5)
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FIGURE 1: The extremal graph mentioned in Theorem 1.

Wi

F1GURE 2: The graph transformation used in the proof of Theorem
1. The white vertices and doted edges may or may not exist pro-
vided that every edge lies on at most one cycle.

value theorem, we conclude that there exist real numbers a,
and a,, such that

a, € (dg(w) - k,dg (w)),
a, € (dg(v),dg (v) + k), (6)

I;,(G) = 17,(G) = k[fi(a)) - fi(an)]-
The fact dg(w)<dg(v) implies that a, <a,, which
further implies that the right hand side of equation (6) is
negative because f, is a strictly convex function. Thus, one

has I £ G -1 £ (G') <0, a contradiction to the maximality
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Corollary 1. In the class of all n-vertex cactus graphs having r
cycles, the graph formed by adding r independent edges in the
n-vertex star S, uniquely attains the maximum general ze-
roth-order Randi¢ index °R, for a>1 or a<0, maximum
variable sum exdeg index SEI, for a>1, maximum multi-
plicative second Zagreb index I1,, maximum sum lordeg index
SL, minimum general zeroth-order Randi¢ index °R, for
0 < a < 1, and minimum multiplicative first Zagreb index I1,,
where n and r are the fixed integers satisfying the inequalities
nz2r+1, nz4, and r >0.

Proof. We observe that a graph G attains its maximum II,
value or minimum IT; value in a class of graphs if and only if
G attains its maximum In IT, value or minimum In IT; value,
respectively, in the considered class of graphs. We define
¢, (x) = xa* witha>1and x> 1; ¢, (x) = x* with x>1 and
a>1 or a<0; ¢;(x) =xlnx with x>1; ¢,(x) = xVInx
with x>2; ¢;(x) =2Inx with x>1; and ¢4 (x) = x* with
x>1 and O<a<1. It can be easily verified that for each
i € {1,2,3,4}, ¢; is strictly convex and for each j € {5, 6}, ¢, is
strictly concave. Thus, the required conclusion follows from
Theorem 1.

A graph of order n and size m is called an
(n, m)-graph. O

Lemma 2 (see [4]). If G attains the minimum I : value or
maximum 1 value among all connected (n, m)-graphs and
v € V(G), then the minimum degree of G is at least 2, where n
and m are the fixed integers satisfying the conditions 3n>2m,
n>4, and m>n.

The next result is a direct consequence of Lemma 2.

Corollary 3. If G is a graph attaining the minimum I ; value
or maximum I ; value in the class of all n-vertex cactus graphs
having r cycles, ‘then the minimum degree of G is 2, where n
and r are the fixed integers satisfying the inequalities
nz2r+1,n26, and r 2 2.

Denote by Ng(v) the set of neighbors of a vertex
v € V(G) of a graph G.

Theorem 2. If G is a graph attaining the minimum I ; value
or maximum I ; value in the class of all n-vertex cactus graphs
having r cycles and v € V (G), then the minimum degree of G
is 2 and

4, if vlies on some cycle,

dg(v) < { (7)

3, otherwise,

where n and r are the fixed integers satisfying the inequalities
nz2r+1,n=6, and r>2.

Proof. We prove the result for the graph invariant I; . The
result regarding the other invariant can be proved in a fully
analogous way. Let G be a graph having the minimum I,
value in the given class of graphs.

From Corollary 3, it follows that the minimum degree of
G is 2. Next, we prove that

4, if vlies on some cycle,

do(n)< { (8)

3, otherwise,

First, assume that v lies one some cycle C of G. Suppose
to the contrary that dg(v)=5. Let Ng(W\V(C): =
{vi,v5,...,v,}, where V (C) denotes the set of vertices of the
cycle C. Fori=1,2,...,r, denote by M; the component of
the graph G — {v} containing the vertex v;. It is claimed that
no more than two vertices of N (v)~\V (C) lie on the same
component of the graph G — {v}; if v;, v;, and v,, lie on the
same component of the graph G — {v}, then the vertices v, v;,
v,.»and v lie on a cycle whose each edge belongs to more than
one cycle of G, which contradicts the definition of G. O

Case 1. There exists at least one i, such that the component
M, contains a unique vertex of Ng (v)~\V (C).

Suppose, without loss of generality, that the component
M, contains none of v,, vs, . . ., v,. We note that there exists
at least one component M ; with j>2, such that M ; contains
at least one vertex u € V (G) satistying dg (u) = 2. Certainly,
both the graphs G and G’ = G — {wv;} + {uv,} have the same
number of cycles and vertices. On the other hand, we have

I; (G) = 1;(G) = f1(dg(M) = f1(dg(v) - 1)
+ f1(dg (W) = f1(dg(u) +1)
= f1(dc ) = f1(dg(v) - 1)
_[fl (3)_f1 (2)]~

By using Lagrange’s mean value theorem, we conclude
that there exist real numbers a; and a,, such that

9)

a, € (2,3),
a, € (dg(v) - 1,dg (v)), (10)
Iy (G) - Iy, (G") = fi(ay) = fi(a)).

The assumption dg(v)>5 implies that a, <a,, which
further implies that the right hand side of equation (2) is
positive because f is a strictly convex function. Thus, one
has I; (G) — 1 (G")>0, a contradiction to the minimality

Case 2. For eachi € {1,2,...,r}, exactly two vertices of the
set Ng (v)~\V (C) lie on the component M;.

Suppose, without loss of generality, that M, = M,. It is
clear that M, # M; for each j € {3,...,r}, and there exists at
least one component M ; with j > 3, such that M ; contains at
least one vertex w € V (G) satisfying d; (w) = 2. It is obvious
that both the graphs G and G”" = G — {wv, vw,} + {wv;, wv,}
have the same number of cycles and vertices. On the other
hand, we have

If1 (G) _Ifl (G”) =fi (dG(V)) - fi (dG(V) - 2)
+ f1(dg () - £, (dg (w) +2)
= f1(dc ) = f1(dc(v) -2)
_[fl (4) _fl (2)]-

(11)



By using Lagrange’s mean value theorem, we conclude
that there exist real numbers a; and a,, such that

as € (2,4),
a, € (dg(v) =2,dg(v)), (12)
I; (G) - 15, (G") = 2[f1(as) - f1(a5)]-

We note, for the present case, that the degree of v is at
least 6, which implies that a; < a,, which further implies that
the right hand side of (12) is positive because f is a strictly
convex function. Thus, one has Iy (G) - Iy (G")>0, a
contradiction to the minimality of I 1 (G).

Thus, dg (v) <4 when v lies on some cycle of G.

It is still left to prove that d;(v) <3 when v does not
belong to any cycle of G. Suppose to the contrary that
dg (v) = r >4 and that v does not belong to any cycle of G. As
before, we take Ng(v)={v,v,...,v,}, and for
i€{l,2,...,r}, we denote by M; the component of the
graph G —v containing the vertex v;, We observe that
M; # M ; whenever i # j; if the components M; and M are
the same for some i # j, then the path from v; to v; in G — {v}
together with the path v;vv; yields a cycle in G containing v,
which is a contradiction. We note that there exists at least
one component M ; with j > 2, such that M; contains at least
one vertex x € V(G) satisfying dg(x) = 2. It is obvious
that both the graphs G and G" = G — {v,v} + {v,x} have the
same number of cycles and vertices. On the other hand, we
have

Iy (G) -1y (G") = f1(dc (") = f1(dg(v) = 1)
+ f1(dg (%) = f1(dg (x) + 1)
= f1(dg ) = f1(dg(v) - 1)
_[f1(3)_f1(2)]-

By using Lagrange’s mean value theorem, we conclude
that there exist real numbers as and a,, such that

as € (2,3),
ag € (dg(v) - 1,dg (v)), (14)
If1 (G) - If] (G”) = fll (ag) = f{(as)-

The assumption dg(v) >4 implies that a, <a,, which
further implies that the right hand side of equation (4) is
positive because f is a strictly convex function. Thus, one
has I X G)-1 : (G") >0, a contradiction to the minimality
of Iy (G). Thus, dg (v) <3 when v does not belong to any
cycle of G.

(13)

Corollary 4. If G is a graph attaining the minimum
general zeroth-order Randié¢ index °R, for a>1 or a<0,
minimum variable sum exdeg index SEI, for a>1, min-
imum multiplicative second Zagreb index I1,, minimum
sum lordeg index SL, maximum general zeroth-order
Randié index "R, for 0<a<1, and maximum multipli-
cative first Zagreb index I1,, in the class of all n-vertex
cactus graphs having r cycles and v e V(G), then the
minimum degree of G is 2 and
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4, if vlies on some cycle,

dG(v)s{ (15)

3, otherwise,

where n and r are the fixed integers satisfying the inequalities
nz2r+1,n=6, and r>2.

Proof. We observe that a graph G attains its minimum IT,
value or maximum IT; value in a class of graphs if and only if
G attains its minimum In IT, value or maximum In IT; value,
respectively, in the considered class of graphs. We define
¢, (x) =xa* witha>1and x> 1; ¢, (x) = x* with x> 1 and
a>1 or a<0; ¢;(x) =xlnx with x>1; ¢,(x) =xVlnx
with x>2; ¢;(x) =2Inx with x>1; and ¢4 (x) = x* with
x>1 and 0<a<1. It can be easily verified that for each
i €{1,2,3,4}, ¢, is strictly convex, and for each j € {5, 6}, ¢j
is strictly concave. Thus, the required conclusion follows
from Theorem 2.

We observe that the function y(x) = (n—1-x)x? is
strictly convex for x < (n-1)/3. Thus, we have the next
corollary regarding the Lanzhou index. O

Corollary 5. IfG is a graph attaining the minimum Lanzhou
index in the class of all n-vertex chemical cactus graphs having
r cycles and v € V (G), then the minimum degree of G is 2 and

4, if vlies on some cycle,

de (v) < { (16)

3, otherwise,

where n and r are the fixed integers satisfying the inequalities
nz2r+1, n>6, and r 2 2.
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