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Coronavirus has become a serious global phenomenon in recent times and has negative effects on the entire world economy. In
this study, a fractional mathematical model formulated in fractional conformable derivative is studied. The model hinges on the
concept of mammal hosts and humans. The basic properties of the coronavirus model are investigated. The stability analysis is
carried out as well as sensitivity analysis based on the reproduction number. Numerical simulation is undertaken to give impetus
to the analytical results which indicate that both fractional conformable order derivative and fractional-order derivative have

serious consequences in numerical result outcomes.

1. Introduction

The world has not been free of diseases since creation, and
mankind has not also done well in the immediate envi-
ronment. Technology and science have brought fast changes,
making lives easy and more comfortable [1, 2]. The natural
environment is undergoing serious degradation in almost all
parts of the world. Humans’ advancement through science
and technology has brought a dramatic shift in many natural
certain, including marital principles, modernized agricul-
ture, transportation, education, culture and many more.
Currently, through technology, man has been able to de-
velop some genetically modified foods [3-5]. Some of these
advancements have serious consequences in human en-
deavor. Many plants and animals are going into extinction
because of man’s overexploitation of the natural environ-
ment. Why does society, therefore, blame the occurrence of
epidemics and pandemic in the world? Are we not the
creation of our own problems? There have been several

pandemics in the past including the recent Ebola menace
which killed many people and totally destroyed many
countries’ economy [6, 7].

The coronavirus is not an exception and would not
probably the last one man would ever encounter. The
outbreak of the current pandemic begun at Wuhan in the
province of Hubei in the Republic of China. The association
of the pandemic has to do with a seafood market centre
which dealt with live animals. It is believed that the virus was
associated with a host animal that humans infected [8].
Subsequently, human-to-human infection began. Due to
migration, as people are now very mobile, the disease has
spread to almost all parts of the continents. Notably,
countries that have suffered severely are Italy, United
Kingdom, United States of America, France, South Korea,
and so on [1, 5]. Sub-Saharan Africa is not sped with this
menace. South Africa is the leading country, and most
countries have recorded the coronavirus infection. They
have fragile economies with poor health infrastructure and
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would have serious effect on patients if care is not taken
1, 4, 5].

The symptoms of the disease include the following:
severe headache, respiratory infection, and high tempera-
ture. The latent period of the disease is fourteen days, and
during this period, the person can infect others. Currently,
there is no cure for the disease; however, the WHO suggests
preventive mechanisms such as social distancing, frequent
washing of hands with running water, and application of
hand sanitizer [5]. Several research studies are currently
underway in the hope of obtaining drugs and vaccines to
prevent the spread and mortality of the disease. It is im-
portant that quantitative and qualitative information on
etiology be studied. It has been found that mathematical
modeling is capable of providing qualitative information on
many important parameters that are important for decision
making by health professionals. There have been number of
mathematical models on many epidemics both current and
past [9, 10].

In recent times, non-integer models have gained tre-
mendous advancement due to their ability to predict
complex models or phenomena in light of engineering,
technology, economics, etc. Fractional derivatives and in-
tegrals possess the past memory and the present state of
phenomenon which helps in the accurate predictions of
models. There are many fractional operators including
Liouville-Caputo, Grunwald-Letnikov, Atangana-Gomez,
Caputo-Fabrizio, Atangana-Baleanu, and others which are
commonly used by researchers [11-14].

The recently introduced operator by Khalil et al. [15] has
attracted several researchers because of its applicability and
wide usefulness in many scientific problems. The operator
boasts of some interesting properties such as conformable
vectors, conformable partial derivatives, Taylor series ex-
pansion, Laplace transform, and others [16]. Thus, con-
formable fractional derivative is just local derivative in
Riemann-Liouville and Caputo sense whose purpose is to
give rise to non-local fractional derivative. Qureshi [17]
investigated the effects of vaccination on measles dynamics
under fractional conformable derivative with Liou-
ville-Caputo operator and obtained a threshold in con-
formable derivative form that reduces infection. Khan and
Aguilar [18] explored the dynamics of tuberculosis (TB)
model and presented results that prove superiority of the
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conformable operator. This study is motivated by the ef-
fective and efficient results obtained by the previous authors
with the fractional conformable order derivative. Harir et al.
[19] employed conformable fractional-order derivative to
examine SIR epidemic model and obtained a result that
provided a qualitative information in 2021. In the same year,
Hosseini et al. [20] utilized conformable derivative to
demonstrate the effectiveness of numerical scheme result by
comparing it with the analytical solutions in a heat transfer
problem. Then, Allahamou et al. [21] also used conformable
approach to study co-infection model of Hantavirus and
validated the model using European moles in 2021.

The analytical and numerical results based on con-
formable derivative meet all the standard derivative criteria
and are easy to compute which makes the results more
efficient and reliable for predicting the model. The aim of
this paper is to employ the fractional conformable derivative
in Liouville-Caputo sense to examine the dynamics of the
coronavirus model and also to present some qualitative
information on coronavirus menace.

The rest of the paper is arranged as follows. In Section 2,
mathematical preliminaries in both analysis and numerical
simulations of our model are presented. Section 3 is solely
devoted to the formulation of mathematical modeling. In the
next section, the existence of bounded solutions in a bio-
logically feasible region is presented. Section 5 contains the
disease-free equilibrium and its stability, and Section 6 deals
with the sensitivity analysis for the threshold quantity RO.
Sections 7 and 8 present numerical algorithms and simu-
lation results, respectively. MATLAB 2016a has been used to
obtain numerical solutions. Finally, the study ends up with a
conclusion.

2. Preliminarcies

Some of the basic results needed in the qualitative analysis
and numerical simulations of the proposed coronavirus
model (7) are presented.

Definition 1. The definition of fractional derivative pre-
sented by Riemann and Liouville of order « (RL*) in terms of
the power law type kernel (x — £)?~* ! with convolution of a
function z (&) [16] is as follows:

(x=&F “'2(HdE , ae (p-1,pl. (1)

the power law type kernel (x — &)f ~B~1 with convolution of
the local derivative of a function z (&) is as follows:

4P

dfﬂz(f)df ,Be(p-1pl )



Journal of Mathematics

Definition 3. The conformable fractional derivative of order
a (CFD") is defined as

z(x + Cxlfa) -z (x)

R . ta>0. (3)

crpe Dy 2 (x) = lim
1 (50

Remark 1. The relation between CFD* and local ordinary
derivative is

o4 -a d
oDy 2 (%) = (x—a,)' -2 (). (4)

Definition 4. The CED® in the sense of LCF is defined as
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where z(x) € Cg,al (lay, a,]), Re(pB) =0, and

p=[Re(B)] +1.

3. Mathematical Model Formulation

This section presents a coronavirus model of fractional con-
formable derivative version by Bonyah et al. [22] in which the
total host mammal population N, is apportioned into sus-
ceptible mammal class S,, latent mammal class L,, infected
mammal class I ,, and recovered mammal class R,,. Hence, total
host mammal population is denoted by
N,=S,+L,+I,+R,. Human total population is also sub-
divided into susceptible human class S, latent human class L,
infected human class I, and recovered human class R,.
Mammal and human recruitment rates are A, and A, re-
spectively. Natural mortality rate for humans and mammals is
U, and y, in that order. Effective contact rate between infected
mammals and susceptible mammals is given by f3,. The effective
contact rate between infected mammals and susceptible human
is denoted by f3,, 35 The waning rate of recovered human losses
immunity to be part of the susceptible class is y. The recovery
rate of human and mammal is 7, and 7, respectively. The rate
human and mammal move into infected classes is denoted by 6,
and 0, while human disease induced mortality rate is w. With
initial conditions S =8,(0,L2=L,(0),1°=1
4(0), R =R, (0), Sp =8, (0), L) = L, (0), I = 1, (0),
R = R, (0), the following non-linear differential equations
represent the interactions among the various compartments:

ds
4= A - I,- s

At a ﬂlsu a Auasa

drL,

dr = ﬂlsalu - (/’tu + Gu)La’

dI

7: = guLu - (Ta + /’lu)Ia’
dR, 7,1 R

=Talag = Halgs

;
dith =Dy = BaSpla = BsSly + YRy — 1Sy
dL

7: = BaSpla + B3Sply — (4 + 6,) Ly

dl

aT: = 0Ly, = (7 + py, + )1

o Tl = (p + V)R,

Now, replacing the integer-order derivatives in coro-
navirus system (6) with CFD® in the sense of LCP, we obtain
the following system:

E‘Dg,tsu = Aﬂ - ﬂlsula - AuaSa’
ED5,Lo = BiSel = (o + 0)La
D51, = 0,L, — (T + ) oy
DGR, = Tl — R, -
f}Dg,tSb =Ny, = BoSla = BsSply, + YR, — i,Sps

[C;'Dg,tLb = BaSpla + BsSply — (4 + 04) Ly

léDg,th = 6,L, — (7, + ty + @)1

lC;Dg,tRb = 1,1, = (, + y)Ry

4. Existence of Bounded Solutions in a
Biologically Feasible Region

Here, we will study the boundedness of the solution of model
(7) in a positively invariant region.

Lemma 1. The region Q={(S,(),L,(t),1,(t),
R, (1),S, (1), L, (£), I, (£),R, () € R®: N, (t) <A /ug, Ny ()
< Ay/wy} is positively invariant for coronavirus model (7)
with CFD® in the sense of LCP and initial conditions in R®.

Proof 1. Adding all the equations of the host mammal
population, we get

EDYN, (1) = A, - 4gN, (D). (8)

By separating variables and integrating, we get

N, =+ (Au - exp(—‘%“t“)). 9)

a



Thus, it is deduced that

. Aﬂ
lim supN,(t)<— (10)
t—00 !/t

a

Now, similarly adding all the equations of the human
population, we obtain

A
[lim supN, (t)gﬂ—b. (11)

b

These results show that the solutions are bounded for
time and model (7) possesses the positively invariant region
Q. O

5. Disease-Free Equilibrium (DFE) and
Its Stability

Solving model (7) under no infection condition, we obtain
the following disease-free steady state (DFSS) D:

0 0 ;0 p0 0 70 ;0 O
Dy =(S5, Ly, I, Ry, Sp, Ly, I, Ry ),

A, A (12)
D,={—0,0,0,—,0,0,0 |.
a Hp
For the next generation method [23], we have
A
U, 0 _ﬁl_“ 0
Ha
A
0 _ea —Ha b 0
Ha
0 Ga —Ha— T, 0
0 0 T, —Ha
]Do =
0 0 —% 0
Hp
0 0 % 0
Hy
0 0 0 0
0 0 0 0

Its corresponding characteristic equation is given by

A+up) A +p,+y)(A+ ‘ua)z(/l4 + DA’ + DA + DA + D4) =0,
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A
0 ﬁl_“ 0 0
H
0O 0 0 O
F = , (13)
0 By 0 B3y
Hp Hp
0O 0 0 O
U, + Qu 0 0 0
-0, T,+u, 0 0
V = 0 0 ‘blb + Qb 0 (14)
0 0 —Gb Tb + //lb +w

Therefore, the reproduction number is Z; = %, + #,,
where Ry =10, M,/u, 0, +u,)(pu, +7,) and
Ry = B3Oy Nyl (O + ) (@ + iy, + 7).

Theorem 1. If R, <1, then D, of coronavirus model (7)
satisfies Re(A;) <0, for j=1(1)8, and D is locally asymp-
totically stable (LAS), where Re (L) represents the real part of
an eigenvalue of the corresponding Jacobian matrix of
coronavirus model (7) at D,

Proof 2. For the required result, the corresponding Jacobian
matrix calculated at D, is

0 0 0
0 0 0
0 0 0
0 0 0
(15)
0 BsAy v
Hp
By
-0, - 0
b — Uy "
0, -—w-w-1, O
0 T Y~y
(16)
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where the coefficients D; for j = 1,2,3,4 are given by

Dy=w+0,+1,+2u,+0,+7,+24,

Dy = (w+ 0+ 7y +2) (0 + 7o + 2045) + (0, + o) (o + 7a) (1 = R))
+ (0, + ) (@ + 7 + ) (1 = Ry),

Dy = (w+ 6, + 1, + 21,) (6, + ) (o + 74) (1 = R)
+ (0 + 74+ 210) (6 + i) (0 + 7, +41) (1 = Ry),

Dy = (0 + ) (@+ 7y + p) (0 + pta) (o + 7,) (1 = Ry) (1 = R,).

L) =6,L,(t) +6G,1,(t) + E5L, (t) + 6,1, (1), (18)

(17)

Since the eigenvalues —u;, —p,, —f,, and —(u, +y) are

negative, all the other coefficients D; for j=1(1)4 of the
characteristic polynomial are positive if R,<1. The
Routh-Hurwitz [24] criteria D;>0 for j=1(1)4 and

where the constantsC P> 0, for j=1,2,3,4and they are
chosen later. Calculating the CFD* in the sense of LCP, we
get

D,D,D;>D3D, + D3 can be satisfied easily. So, the DFSS

B _o» B B
D, of coronavirus model (7) is LAS if R, < 1. O ngl,x‘g(t) =%, CDg,tLu () + €, CDg,tIa (t)

(19)

€5 £DE, L, (1) + G, LD 1, ().
Theorem 2. The DFSS D, of coronavirus model (7) is +€5cDo,Ly (1) + €4 cDocl, (D)

globally asymptotically stable (GAS) for R, <1 and unstable

Using the proposed coronavirus model (7), we obtain
for Ry> 1.

Proof 3. For the proof, let us construct a Lyapunov function
at DFSS D:

¢ Do Z (1) = G {BiSpLa ~ (o + 0)La} + Bo{O,L, — (10 + o)L}
+E; {ﬁzsgla + ﬁ3521b —(p + eb)Lb} + G {0, Ly — (15 + 4y + @)},
= {ﬁ152<g1 — (1. + 1), 62 + /3252%3}111 +{=(0, + 4a)€1 + 0,%,}L,
+H{=(0p + ) E5 + 6,841 L, +{ﬂ332%3 —(rp+pp + w)%4}1b'

(20)

Now, choose C,=0,, C,=p,+6, Cy={u,+1,)
(ta +05) = BrD O/ pa i/ By o and Cy= (O + )

ﬁsz — Ky
cDosZ () BaAy0,

Clearly, if Ry<1, then the derivative presented in
equation (21) is negative. O

6. Sensitivity Analysis for the Threshold
Quantity £,

In mathematical models of infectious diseases, % has a very
vital role in the prediction of an infectious disease that either
the infection will die out or remain in the population. In this

{Qug + 7,) (g + 6,) — B1AO ug i/ By NGy, After simplifi-

cation, we obtain

(.“a + Ta) (.“a + ea) (eb + !’lb) (Hb T, t w) (1 - 9?1) ('9?2 - 1)‘ (21)

regard, it is good to know which parameter has more in-
fluence on the value of threshold quantity %, for which we
use sensitivity indices for %, known as forward sensitivity
indices [16] with the help of

g
T_9% P
=0y F 22
[[-%0xl 22)



where p represents the biological parameters used in the
proposed coronavirus model (7). Using definition (22), we
obtain

R

R, Ry R, u, 1
=1, [=1,T]=-t"T]=
L=l gl

R,
Tu
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+L+!‘_u},
On+tha Tt

H 1_[—11_[ e (23)

T + Aua Bs A, 6, + #b
7 w
H__ 9b+yb Tb+,uh+wlr_bl_ Tb+.“b+w1:[__7b+#b+w

P D,,z(t) =h(tz(t), B>0,tel[0,T]

7. Numerical Algorithms and Results Les O(’t) @ (24)

7(0) = 2,7,
Here, we derive the numerical schemes for coronavirus °
model (7) with CFD® in the LC” sense. An Adams-Moulton ~ whereq =0,1,...,[f] — 1. The Volterra integral equation of

iterative (AMI) technique [17] will be implemented for the
numerical  approximations of  state  variables
(S; LIRSy Ly, Iy Ry) used in the proposed corona-
virus model (7).

Consider a Cauchy initial value problem with the op-
erator LCP

z(t) = Zz(q)! F(/)’)

Discretize the interval [0,T] such that b=T - 0/P,
t, =kb, k=0,1,...,P with the CFD*. We obtain the fol-
lowing AMI scheme for the CFD® in the sense of LCF:

the second kind can be obtained from the above-mentioned
Cauchy problem as follows:

j (t- 0 h(rz()dr, Pe (p-1,pl. (25)

2(tp) = 2(0) + ﬁr(ﬁ)Z[(p + 1=k = (p = k)] ppe D (b0 2 (1)), K € [0, pl, (26)

where

i 1 d
crpe Do (L 2 (te)) = o ah (tio 2 (tk))s

a>0.  (27)

Now, take X (£;) = (S, (t), L, (), I, (£1), R, (£4), Sp (£),
Ly, (t), I, (t1), R, (t;)) and using (25) and (26), we obtain the
following iterative schemes for the proposed coronavirus
model (7) with CFD® in the LC? sense:
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where

[
Sal(tpn) = S<0)+ﬂr(ﬂ)2[<p+1 B - (p -]y (X (1)),

S [(p+ 1= kF =~ (p - 0¥y (X (1),

Ly(tyn) =L, f O g X

v
Io(tpr) = 1<0)+/5r(/5)z[(p+1 K~ (p =0 ] (X (1)),

bﬁ P
Y[(p+1-kF - (p-kFf|h (X(1)),

R ( p+1) R, (0)+ﬁr(ﬁ) Z

¥ oL
Siltpnt) = $0(0) + s ;[@ + 1=K = (p = 1) |5 (X (),

p

Ly(tper) = Ly (0) + o — Z[(p+1 ©F = (p =P (X (8)),

BL(

W
Iy(tpn) = 1O+ grigy 2 Z[<p+1—k>ﬁ—<p—k>ﬂ]h7(X(tk)),

[p+1 kY = (p - k) |hs (X (t)),

B (X () = } (A = BiSa (6T, (£) — 1254 (£0)),

B (X (00)) = 1 (B3 ()1 (1) = (s + 0L (1))

k

(X (1)) = 155 (8L () = (7 + 1)L (8)

k

hy(X(5)) = } (1T, () — 1R, (£)),

hs (X (t)) = tlL_“ (A = BoSp (1)1 () = B3Sp (t) T (1) + YRy () — #4686 (1))

k

he (X (t)) = tllc% (B2Sp (1)L (i) + B3Sp (1) Ty (1) = (4, + 0,) Ly (1)),

hy (X (t)) = Il( 2 (0L (ti) = (74 + iy + )1, (1)),

he (X (t)) = fzi__a (Tplp (te) = (6 + V)R, (t1))-

(28)

(29)
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FiGure 1: Simulation of fractional conformable model (7), when = 1,5 =0.90,5 = 0.85,5=0.75, and a = 1.

8. Numerical Simulation Results

The step size used for this work is 1072 and the time interval
considered is [0,30] with the following initial conditions:
(1000, 80, 200, 3,2000, 80,200, 50). The parameter values
employed for the numerical simulation were obtained
in [25] as follows: A, =600, A, =9000,p; = 0.009,
u, = 0.000474,6, = 0.1,7, = 0.9, 8, = 0.009, 85 = 0.009, y =
0.07, 4, = 0.0009, 6, = 0.9, w = 0.8, 7, = 0.5 In this work, f3
represents the fractional conformable derivative order and
adepicts the Liouville-Caputo operator order in equation
(7). In Figures 1(a)-1(h), the fractional conformable
derivative order f is varied while the fractional order «
derivative in Liouville-Caputo is kept constant. The
number of mammals in Figure 1(a) decreases as the
conformable fractional order f increases from 0.75 to 1

which implies that more mammals are getting infected
with the virus. In Figures 1(b)-1(d), the number of
mammals in these classes increases as the fractional
conformable order f increases from 0.75 to 1. Figure 1(f)
indicates that the number of latent humans increases as
fractional conformable order f3 increases from 0.75 to-
wards 1. For Figures 1(e), 1(g), and 1(h), the number of
humans in these classes reduces as the fractional con-
formable order f approaches 1 as the number of indi-
viduals reduces. Figures 2(a)-2(h) represent the
numerical simulation based on equation (7) with constant
fractional conformable derivative and a varied fractional
order « in sense of Liouville-Caputo. Figure 2(a) shows
that as the fractional order increases towards 1, the
number of susceptible mammals increases gradually. In
Figures 2(b)-2(d), the number of mammals in the
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respective classes eventually reduces as the fractional
order « increases towards 1. Figure 2(e) indicates that the
number of susceptible humans increase as the fractional
order « decreases and a similar situation can be seen in
Figure 2(g) for the infected humans class. The case is not
different from Figures 2(f) and 2(h). As the fractional
order « increases, the number of humans in these classes
also increases, respectively.

9. Conclusions

In this work, a coronavirus model in the context of
fractional conformable derivative in light of Liou-
ville-Caputo sense was formulated. The basic property of
model boundedness was investigated. The asymptotic
stability of the steady states of the model has been studied.
Sensitivity analysis was undertaken to have some basic
idea about the parameter values involving the basic re-
production number. Numerical analysis based on the
Adams-Moulton scheme was carried out, and the results
indicated both fractional order conformable derivative
order have an effect on the dynamics of coronavirus. It is,
therefore, suggested that this derivative can be applied to
other complex physical phenomena. In the future, similar
models can be investigated using the fractional conformal
approach because it conforms to the principles of de-
rivatives and is easy to use. Other related models can be
studied using the fractional conformal stochastic mod-
eling approach. This could also be employed in financial
and economic models since it is easy to utilize.
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