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The investigation of new operators belonging to some specific classes has been quite fashionable since the beginning of the century,
and sometimes it is indeed relevant. In this study, we introduce and study a new class of operators called k-quasi-
(m, n)-isosymmetric operators on Hilbert spaces. This new class of operators emerges as a generalization of the (m,n)-iso-
symmetric operators. We give a characterization for any operator to be k-quasi- (m,n)-isosymmetric operator. Using this
characterization, we prove that any power of an k-quasi- (m, n)-isosymmetric operator is also an k-quasi- (mn, n)-isosymmetric
operator. Furthermore, we study the perturbation of an k-quasi- (1, n)-isosymmetric operator with a nilpotent operator. The

product and tensor products of two k-quasi- (1, n)-isosymmetries are investigated.

1. Introduction

Let % () be the C*-algebra of bounded linear operators on
a complex Hilbert space # and let

Clu,v] =4 P(u,v) = Z ck,lukvl, 1 €Ct. (1)
O0<k<m

0<l<n

For R € B (), we will write ran (R), ker (R), and R* the
range, the kernel (or null space), and the adjoint of R, re-
spectively. Also, o, (R), Tap (R), 0 (R), and o, (R) denote the
point spectrum, the approximate spectrum, the spectrum,
and the surjective spectrum R.

The hereditary functional calculus defines

P(R) = Z ck,lR*le, forP € Clu,v].
O<ksm (2)

o<l<n

It is easy to check that for P € C[u,v] and Q € Clu, v],
we have

PQ(R) = Y ¢ R"Q(RR" =Y d R”'P(R)R". 3)
k1 k,1

Recall that an operator R € BB () is called a hereditary
root or simply root of P € C[u,v] if P(R) = 0. For more
details on the hereditary functional calculus, we refer the
reader to [4, 5].

In recent years, the concepts of m-isometric operators
and the related classes of operators, namely, n-quasi-
m-isometries, (m,C)-isometries, and n-quasi-(m,C)-
isometries have received substantial attention. Several
authors have been introduced, and these classes of operators
are studied intensively in the papers [12-18], [20-23, 28, 32].
It has been proved that some products of m-isometries are
again m-isometry [8, 11], the powers of an m-isometry are
m- isometries, and the perturbation of m-isometries by
nilpotent operators has been studied in [6, 9, 10]. The dy-
namics of m-isometries has been explored in [7]. Almost all
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of these properties have been extended to n-quasi-m-iso-
metric operators, (m,C)-isometries, and n-quasi-
(m, C)-isometries. The reader can refer to the papers
[12-14, 17, 18, 20-23, 32] for more details.

Let R € B(#) and m, n, and k be positive integers.

(1) R is called m-isometry [1-3] if it is a root of
P(u,v) = (vu—1)", that is,

Y (- 1)( )R*kR =0. (4)

0<k<m

(2) R is called m-symmetry [15, 27] if it is a root of
P(u,v) = (v—uw)", that is,

Y (-1)"( ': >R*('”"k)Rk = 0. (5)

0<k<m

0<j<m

=0.

For nmelN, set
(vu—-1)", and

Vi (U V) = B, (u, V), (u,v) = a, (u, v)B,, (1, v). (10)
For R € B (H'), we have

a,(R) = (—1)k(Z>R*”Rk,

0<ks<n

B.(R)= ) (—1)k(m)R*"“"R"1"‘,
0<k<m k

*n—k k (11)
ZU) R, (R)R,

0<k<n

P (R) =4 or

Z ( 1)( ) *m—k‘xn(R)Rm—k'

0<k<m

a,(u,v) = (v-u)",

B (1, v) =

It is easy to see that

{ an+1,n (R) = R*ym,n (R)R - ym,n (R)7
Vi1 (R) = R*9,0, (R) = ¥y (RIR.

It is well known that a common way to prepare a sci-
entific study is to introduce some new mathematical objects
and then state several results related to them. The investi-
gation of new operators belonging to some specific classes
has been quite fashionable since the beginning of the

(12)

0<k<n

-5 (e
0<k<n
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(3) R is called k-quasi-m-isometry [19, 20, 31] if it is a
root of P (u,v) = vK (vu — 1)™u*, that is,

( Y- 1)]( ) *fRf>Rk=o. (6)
0<]<m

(4) R is called k-quasi-n-symmetric [33] if it is a root of
P(u,v) = v* (v — u)™uk, that is,

<Z (- 1)]( ) R™ jRj>Rk:0. (7)
0<j<n

(5) Ris called (m, n)-isosymmetric [29, 30] if it is a root
of

Pu,v)= (vu-1)"(v=-uw)", (8)

that is,

5 (") *Wf(Z () *w—kmk)Rm—f.

. . ) 9
Z (_1)J<r’?>R*(m—])Rm—]>Rk ( )
J

0<j<m

century, and sometimes it is indeed relevant. The motivation
of this study is to introduce and study the concept of
k-Quasi- (m, n)-isosymmetric operators on Hilbert spaces.
This new class of operators emerges as a generalization of the
(m, n)-isosymmetric operators. It is proved that there is an
operator which is a k-quasi- (n; m)-isosymmetric operator,
but not (n,m)-isosymmetric, and thus, the proposed new
class is larger than the class of (n,m)-isosymmetric oper-
ators. In section two, we give a matrix characterization of
k-quasi- (m, n)-isosymmetric  operators in terms of
(m, n)-isosymmetric operators. We give some results related
to this class by using this matrix representation. In section
three, we investigate some spectral properties of k-quasi-
(m, n)-isosymmetric operators; in particular, we explore
conditions for k-quasi- (n, m)-isosymmetric operators to be
k-quasi-m-isometric operators or k-quasi-n-symmetric
operators. Finally, in section forth, we study the sum of an
k-quasi- (m, n)-isosymmetric operator with a nilpotent op-
erator. We also study the product and tensor product of two
k-quasi- (m, n)-isosymmetric operators.

2. Structure of k-Quasi-
(m, n)-Isosymmetric Operators

In the present section, we give the definition and basic
properties of k-quasi- (m, n)-isosymmetric operators. The
obtained results improve and generalize some works on
m-isometries, #-quasi-m-isometric, n-symmetries, and
k-quasi-n-symmetric operators.
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Definition 1. An operator R € B () is said to be k-quasi-
(m, n)-isosymmetric operator if R is a root of the polynomial

P (1) = Vop, (), (13)

R*k< Y (—1)]'(",1)12*(*"-]')( y
0<j<m J O<r<n

_ *k' 1Y n * (n—r)
- R <Oszr;n( 1)(r)R <

=0.

Example 1

(i) Every m-isometric operator is an k-quasi-
(m,n)-isosymmetric, and every mn-symmetric
operator is an k-quasi- (m, n)-isosymmetric
operator

(ii) Every (m,n)-isosymmetric operator is an k-quasi-
(m, n)-isosymmetric operator

(iii) Every k-quasi-m-isometric operator is an k-quasi-
(m, n)-isosymmetric operator

(iv) Every k-quasi-n-symmetric operator is an k-quasi-
(m, n)-isosymmetric operator

Remark 1. Since q>k, r>m, and s>n, the polynomial
VR (vu = 1) (v — u)"uk divides v (vu — 1) (v — u)*ud; it fol-
lows that if 7 is a k-quasi- (m, n)-isosymmetric operator, then
it is a g-quasi- (r, s)-isosymmetric operator.

Remark 2

(1) If n=m =k = 1, 1-quasi- (1, 1)-isosymmetric oper-
ator is a quasi-isosymmetric, i.e., an operator R is
quasi-isosymmetric if and only if

R*(R*ZR —~R*R*-R*+ R)R =R”R* - R*"R’
~R*”R+R*'R*=0.

(15)
(2) An operator R is quasi- (2, 1)-isosymmetric if and
only if
R*(R¥R* - R™R’-2R"™R + 2R"R* + R = R)R = 0.

(16)

(3) An operator T is quasi-(1,2)-isosymmetric if and
only if

for some positive integers m, 1, and k, or equivalently,

(_1)r< n )R*(n—r)Rr>Rm—j>Rk
r

. . . 14
2. (—1)J<m)R*(m‘”R'"‘f)R’)R" (o

0<j<m

j

R*(R*3R —2R*”R*+R*R* - R** + 2R*R - RZ)R = 0.
(17)

Remark 3. In the following example, we show that there is
an operator which is k-quasi- (m, n)-isosymmetric, but not
(m, n)-isosymmetric for some positive integers n,m, k>1,
and therefore, the proposed new class is large than the class
of (n,m)-isosymmetric operators.

Example 2. Let R = (g 8 (1)> € B(C?). The direct cal-
culation shows that \ 0 0 0
R'(R”R-R'R*-R"+R)R=0and R”R-R'R* - R"
+ R+0.
(18)

Thus, R is a quasi-isosymmetric but not isosymmetric
operator.

Example 3

(1) LetR = (HI I ) € B(H ®X). A simple calculation
00
shows that

«,(R)#0, B, (R)#0, andy,, , . (R) = 0. (19)

Thus, R is a k-quasi- (m, n)-isosymmetric operator;
however, R is Seither m-isometry nor n-symmetry.

(2) Let R = (8 (I) € B(H o). A simple calculation
shows that

R*(R*"R-I)R#0, R*(R" - R)R#0 and
* *2 * 92 * (20)
R (R R-R'R*-R +R)R=0.

Thus, R is a quasi-isosymmetric operator; however, R
is neither quasi-isometry nor quasi-symmetry.



Remark 4. The following inclusions hold:

[m — isometry] ¢ [k — quasi —m — isometry]¢ [k — quasi —

[n — symmetry] ¢[k — quasi —

[(m,n) — isosymmetry]¢ [k — quasi —

Proposition 1. Let R € B(H), then the following state-
ments are equivalent:

(1) R is k-quasi- (m, n)-isosymmetric operator
(2) Y Ry ly) =0, V y eran(RF)

Proof
Risak — quasi — (m, n) — isosymmetric
&R™*y,  (RR* =0,
&(R™y, (AR x|x) =0, Vx € # (22)

EPmn (AR X | RFx) =0, Vx e #

S P (R)yly) =0, Vye ran(Rk). -

Corollary 1. Let R € B(H) with k and q are two non-
negative integers such thatran(RF) = ran(R9), then R is
k-quasi- (m, n)-isosymmetric operator if and only if R is
q-quasi- (m, n)-isosymmetric operator.

Proof. Straightforward from Proposition 1. O

Theorem 1. Let Re B(H) be k -quasi- (m,n) -iso-
symmetric operator. If ker(R*9) = ker (R*@*V) for some
1<q<k—-1, then R is q -quasi- (m,n) -isosymmetric.

Proof. From the assumptions ker (R*?) = ker (R*@*Yy and
g<k-—1, it follows that ker(R*?) =ker(R*). Thus,
ran (Rk) = ran (R49). Applying Corollary 1, we get the desired
conclusion. O

Proposition 2. Let M be a closed subspace of # which
reduces R . If R is k -quasi-(m,n)-isosymmetric, then R| , is k
-quasi- (m,n) -isosymmetric.

Proof. Let S = R| , be the restriction of R to .. On the one
hand, we have

Ym,n (S) = Ym,n (R)l/% (23)

On the other hand, we have ran (Sk)/% ¢ ran (Rk), where
ran (SK) is the closer of ran(S¥) in .. Thus,
Wun S yly) =0, Vy eran(SK) since <y, (Ryly) =0,
Y y eran (Rk). Therefore, by statement (2) of Proposition 1,
S =Rl , is k-quasi- (m, n)-isosymmetric on /. O

n — symmetry|¢ [k — quasi —
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(m, n) — isosymmetry],

(m, n) — isosymmetry], (21)

(m, n) — isosymmetry].

The following theorem characterizes the members of
k-quasi- (m, n)-isosymmetric operators.

Theorem 2. Let R € B(HK) such that I +ran(R¥) . Then,
the following properties are equivalent:

(1) Risk-quasi- (m, n)-isosymmetric operator

(2) R = ( If)l ﬁz )0;’1% = m@ker(R*k), Where-
3
R|mn(Rk) an(m, ﬂ)-isosymmetric operator
andR’; =

Proof. (1)=(2). By taking into account the matrix repre-

sentation related to the decomposition % = ran(RK)e

R, R,
*k
ker (R**) as R = (0 R, ) we get
(Rl 0)
0 0

where P 1s the orthogonal projection onto ran (Rk).
an (R¥)
From “the condition that R is k- quasi- (m, n)-iso-
symmetric operator, we have

P—— il ™ R (R)R |P—— =

|ran (Rk) (24)

= Plran (Rk)Rplran (Rk) >

(25)

or

*(n— r) r _
|ran Rk) <0<2<n ( 1) ( > ﬁm (R)R >P|raﬂ(Rk) - 0
(26)
From this, we deduce that
Yy - 1>f< )R Ta, (R,)R] =0, (27)
0<j<m
or

y <1>( )R:<“-”/5m<R1)R:=o. (28)

0<r<n

Therefore, R, is (m,n)-an isosymmetric operator.



Journal of Mathematics

On the other hand, let z=z, +z, € # = ran(RF) &
ker (R*%). The direct calculation shows that

(Rizylz,) =(R* (I P: (Rk))z, <I—le)z>
(1= P ) K (1= Py )2 @)

=0.
So that, R =0. R, R
(=1 Assume that R= <0 Rz) onto # =
ran (RK)@ker (R*F), with 3

Ymn (R Z ( 1) ( )Rl*n_rﬁm (RI)RZ
0<r<n
R (R R
0<j<m k
= 0,
and R’; =

5
Direct calculation shows that RF =
k j k-1-j
R Z RiRyR; k
( 0<j<k-1 = <l§)1 u())k) and therefore,
0 R

xk
R*k = (Rl* g) Moreover,

Wy

k sk RkR*k+wka 0 Ck 0

RR™ = 11 = , (31)
0 0 00

+wwi = Cy.

where C, = RFRF
RR™ Y (- 1)J< )R*jocn (R)R’ |R*R**
0<j<m
=<Ck )(“m,n(Rl) A><Ck 0)
00 B D 00 (32)
_ ( Cy &y (R;)Cy O )
0 0
=0.

This means that

(RkR*k< Y (- 1)1< )R*jocn(R)Rj>RkR*kx|x>=0

0<j<m

:>(R*k< Y (- 1)J< )R*jocn(R)Rj>RkR*kx|R*kx>:0 (33)

0<j<m

0<j<m

Obviously, R** ZO<]<m( 1)]< i )R*Joc (R)R1>

on ker (R¥), and consequently,

R*k< Y (—1)j<r;>R*jan(R)Rj>Rk=0, (34)
0<j<m

on = ker (RF)eker (RF)*.
Therefore, R is a k-quasi- (1, n)-isosymmetric
operator. O

Corollary 2. If Re B(H) is an k -quasi- (m,n) -iso-
symmetric such that ran (R¥) is dense, then R is an (m,n)
-isosymmetric.

Proof. This is a direct consequence of Theorem 2. O

Corollary 3. If R € B(H) is an invertible k -quasi- (m, n)
-isosymmetric operator, then R™' is a k -quasi- (m,n) -iso-
symmetric operator.

(Z (- 1)f< ) Rq (R)RJ>R =0 onran(R™) = ker(R")".

Proof. Under the assumption that R is an invertible k-quasi-
(m, n)-isosymmetric operator, it follows that R is an
(m, n)-isosymmetric operator, and so is R~ ! by Theorem 2.4
in [24]. Therefore, R™! is a k-quasi- (m, n)-isosymmetric
operator. O

Corollary 4. Let R € B(H) be a k -quasi- (m,n) -iso-
symmetric operator such that ran (R¥) + % . If the restriction

=Rl——5 o (R is invertible, then R is similar to a direct sum of
an (m, n) -isosymmetric operator and a nilpotent operator
with an index of nilpotence less than or equal k .

Proof. Consider the matrix decomposition of R as

T= ( 1:)1 22 ) on = ran(Rk) GBker(R*k). (35)

3

Then, R, is an (m, n)-isosymmetric operator by Theorem
2. Since R, is invertible, we have 0 ¢ o (R;), which implies
0(R;)No(R;) = . By Rosenblum’s corollary [26], it fol-
lows that there exists A € 9B () for which R; A — AR; = R,.
Therefore, we have



I
0 I
I A\'/R, 0\/I A
= (36)
01 0 R,J\0 I
A IA
O

It was proved that power of m-isometric (resp
m-symmetric) operator is again m-isometric (resp m-sym-
metric) operator. The following corollary shows that the
same property holds for k-quasi- (m,n)-isosymmetric
operators.

Corollary 5. If Re B(¥) is a k -quasi- (m,n) -iso-
symmetric operator, then R1 is also a k -quasi- (m,n) -iso-
symmetric operator for any positive integer q .

Proof. Let ran(RK) = &, then R is an (m, n)-isosymmetric

and so is R? for any q € N by Theorem 2.4 in [24]. If

ran(RK)+#, we can wuse the

R= (1(2)1 1;2) on ¥ = ran (RF)eker (R**), where R, is an
3

(m, n)-isosymmetric operator and so is RY. On the other

hand, observing that

decomposition of

q J q-1-j
Rl Y R{R,R]
0<j<g-1

0 Ri

R = , (37)

it follows that RY is k-quasi- (m, n)-isosymmetric operator by
applying Theorem 2. O

Theorem 3. Let R = Iél ﬁz c B(HeK) . If R, is a
3

surjective (m, n) -isosymmetric operator and R& = 0, then R

is similar to an k -quasi- (m,n) -isosymmetric operator.

Proof. Under the assumptions on R, and R;, we have
g, (RN Tap (R;) = &. From the axiom (c) in Theorem 3.5.1
in [16], it follows that there exists some operator A € % (X))
such that R; A — AR; = R,. Hence,

(I A)(R1 RZ) (R1 0)(1 A)
= . (38)
01/\0 R, 0 R,J\0 I

From this, we deduce that R is similar to
(R O
W= 0 R, )

By using the facts that R, is a (1, n)-isosymmetric and
Rk =0, we can obtain
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wk if ™ %) j k
w oy W e, wyw |w
0<j<m J

S m i .
R1k< D (—1)1( ')Rl fan(Rl)R{>R’f 0
0<j<m J

0 0

(39)
Consequently, R is similar to a k-quasi- (m, n)-iso-

symmetric operator. O

3. Spectral Properties

In this section, we investigate some spectral properties of
k-quasi- (m, n)-isosymmetric operators.

Let PeClu,v] and Re B(H). Let u,ve I and
A, u € C be such that Ru = Au and Rv = pv, we get by a little
calculation that

(P(R)ulv) = P(A, p)<ulv). (40)
It follows from (40) that if R is a root of p and A is a

spectrum point of R, then p(A,1) = 0.
We have the following theorem.

Theorem 4. Let P € Clu,v] and Re B(H) . If \,ue
0ap (R) and (u,)uens (vV,)uen be two sequences of unit vectors
such that (R — Mu, — 0 and (R—-u)v, — 0asn — o0,
then

(P(Ru,, v,y —pAwu,lv,) — 0 asn— co. (41)

Proof. Foru € #, a € C, and r € N, we have

(R =a")u= ( Z Rjar_j_l>(R - a)U. (42)
0<j<r-1

Thus, we get

o - <

Let m,n € N. Set

y ||R||f|a|"f“>||<R—a)un. (43)

0<j<r-1

wk’n = Rnuk - /lnl/lk, Zk,m = Rka - /lka. (44)

Applying (43) to A and y, respectively, we obtain

o= 3 s Y-
bl 3

0<j<m-1

(45)
IR |l - 1>;|Rvk — v,
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Thus, wy,, — 0 and z;,, — 0 as k — 0.
On the other hand, it is easy to verify

<R*mRnuk, Vk> - ﬁm/\n@tk, Vk>

. ; (46)
=Wy Zin? Wi B V1> +A U Zge -

Since the right side of the previous equality tends to 0, we
obtain

(R™R"uy, vy — @A (uy, vy — 0. (47)

Taking linear combinations, we get

(P(R)uy, viy — P(A, )y, vy — 0. (48I:|)

Corollary 6. Let PeClu,v] and Re B(H). Let
Ay €0,,(R) and (u)gen € # and (vigen € # such that
el = Ivill = 1, Ruy — Auy. — 0, and Rv, — uv, — 0. If R
is a root of P, then one of the following statements holds:

(1) {ugltviy — 0 ask — oo
2)PLp=0

Proof. Since Ris aroot of P, we have (P (R)uy, v;,) =0, Vk.
This yields, from (41), the desired conclusion. O

Corollary 7. Let P € Clu,v] and R € B(H) . Let u,v € I
be nonzero vectors and A,y € C be such that Ru = Au and
Rv=uv . If R is a root of P, then one of the following two
statements holds:

@) wvy =0
2)P(Amw=0
Proof. Take u;, = u and v, = v in Corollary 6. O

As a consequence of Theorem 4, we have the following
two results due to Stankus [30].

Corollary 8 (Proposition 21 [30]).
LetR € B (I )andP € Clu,v]. Then,

0,5 (R) C {1 € C,P(A,2) e W(P(R))}. (49)
Corollary 9 (Corollary 22 in [30]).
LetR € B(H)andP € Clu,v]. IfRis a root of P, then

0., (R) c {1 € C,P(L, 1) = 0}. (50)

Let # and # be two Hilbert spaces, R € B (#’) and
Se B(K) and

P(u,v) = Z ck)lvluk € Clu,v]. (51)
kl=0

Consider the bounded linear transformation

Opsp: B(H, K) — B(H,K), (52)

defined by
Dpsp(X)= Y S XR" for X € B(H, H). (53)

kl>0

We also define the maps Ag,Lg: B(H, F) —
B (, ) by

Ap(X) = XR, Lg(X)=SXforX € B(H,X).  (54)

Ag and Lg commute. Indeed, for X € B (#, X), we have
ApLg(x) = AR (SX)
=SXR
= Lg(XA) (55)
= L (A (X))
= LsAg (X),

Lemma 1. Let %, % , S, R, Ay, Lg, and P be as above.
Then,

Qpsp = P(Ag, Lg). (56)

Proof. It is easy to check that for m € N, we have
AR = Apn and LY = Lga. (57)

Thus, for n,m € N, we have

ANLI(X) = S'XR", X € B(H, ). (58)
This yields
(DR,S,P (X) = Z Cm,nAng (X)
mmn>0 (59)

= P(Ag, Lg) (X) for X € B(X).
Therefore, ®pgp = P(Ag, Lg). O

We need the following lemmas.

Lemma 2 (Lemma 0.11 in [25]). If A and B are commuting
operators on the Banach spaceX, theno(P(A,B))C

P(0(A),0(B)) ={P(\,u), A € 6(A),u € a(B)}for every
polynomialP € Clx, y].

Lemma 3 (Lemma 27 in [30]). Let R € B(H), P(u,v) =
Zm,nzocm,nvnum € C [M, V]: Q € C [H, V], then PQ (R) =
Zm,nzocm,nR*nQ (R)Rm

Remark 5. From (57), Lemma 3 is equivalent to

q)R,R*,P (Q(R)) = P(AR> LR*) (Q(R)) = PQ(R)- (60)

Remark 6. It is easy to verify that if R is an isomorphism,
then Ly and Ay are also isomorphisms and we have L3! =
Lp and Agp' = Ag.i. Since, for A€ C, Ly, = Lg — A, and
Ap_y =Agp— A, we get 0(Lg) € 0(R) and 0 (Ag) € a(R).



Proposition 3. Let S, R € B(H'), andP € Clu,v], then
o(Prsp) € P(0(R),0(S) ={P(A ), A € o(R),pu € 7 ()},
(61)

Proof. From (57), we have 0 (@ p) = 0 (P (A, Lg)). Thus,
by Lemma 2, we obtain ¢(®pgp) C P(0(Ag), 0(Ls)). This
yields, from Remark 6,

o(@gsp) € P(a(R),0(9)). (62D)

Corollary 10. Let R € B(H) and P € Clu,v] , then
o(@gpep) C{POL ), A € 0(R)}. (63)

Proof. Apply Proposition 3 by taking S = R*. O

Proposition 4. Let Re B(H) and P,Qe Clu,v] . If
PQ(R) =0, then either 0 € 6(®pp. p) or Q(R) =0

Proof. Suppose that 0 ¢ 0 (Dpgg- ,). This means that O p. p
is invertible. Thus, from (60), we obtain Q(R) = 0. O

From the following, we give a sufficient condition for a
k-quasi- (m, n)-isosymmetric operator to be k-quasi
m-isometric operator or k-quasi-n-symmetric operator.

Theorem 5. Let R € B(H) be a k -quasi- (m,n) -iso-
symmetric operator. The following statements hold:

(1) If c(R)N o (R*) = &, then R is ak-quasi-m-isometry

Q) If 0¢{Mi-1L, A uea(R)}, then R is ak-quasi-
n-symmetric operator

Proof

(1) Set P, ,x =PQ, where P(u,v)=(v-u)" and
Q(u,v) = v*(vu - 1)"uk. Since o(R)No(R*) =g,
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we have 0 ¢ {P(A, ), A, € 0(R)}. Thus, from (63),
we get 0 ¢ 0(®pp. p). This yields, by Proposition 4,
Q(R) = 0. Therefore, R is a k-quasi--misometry.

(2) Set P, =PQ, where P(u,v)= (vu-1)" and
Q(u,v) = vk (v —u)"u*. Since 0¢ {Ai—1,Aduea(R)},
similarly, as in (1), we obtain that 0¢ o (®p . p).
Applying again Proposition 4, we obtain Q(R)=0.
Thus, R is a k-quasi-n-symmetric operator. O

Theorem 6. Let Re B(H) be k -quasi- (m,n) -iso-
symmetric operator, then R has the single-valued extension
property (SEVP).

Proof. If % =ran(Rk), then R is an (m,n)-isosymmetric
operator, and therefore R has SVEP by Theorem 2.20 in [24].
If % + R(Rk), we use the matrix decomposition of R as

R= ( I:)I 1;2 )on H = ran(Rk)eBker(R*k). (64)

3

From Theorem 2, R, is a (m, n)-isosymmetric operator
and R; is a nilpotent operator. Hence, R, and R; have SVEP;
then, by simple calculations, we see that R has SVEP as
required. O

Rachid [24] showed that if R is (m,n)-isosymmetric
operator, then ¢ (R) c 0D UR, where 0D is the unit circle.
Now, we extend this result to k-quasi- (m, n)-isosymmetric
operators.

Theorem 7. Let R be n -quasi- (m,n) -isosymmetric oper-
ator, then Oap (R) coDUR ..

Proof. Let y € 0,,(R), then there exists a sequence
(w,),s; € &, with |w, || = 1 such that (R-yl)w, — 0 as
p — 0. We have (R/ —y/I)w, —> 0 as r — oo for all
positive integersj. From the condition that R is an k-quasi-
(m, n)-isosymmetric operator, one has
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({3 o mone e
s o)
|

0<j<m
=PIy - 1) Caw,lw,)  (r — o0)

> (—1)f<
:|y|2k(|y|2_ ) < Z ( 1)]( ) *" ]RJw,|w,> (T—>OO) (65)

a, (R)Rm+k ]w |Rm+k ]w>

~ 3

a, (R) Rk ym”ﬁj)w, + ym+k7jw,)|(Rm+k7j - ym+k7j)wr + ym+k7jwr>

0<j<m

0<j<n

:|y|2k(|y|2_ ) < > (- 1)J< )wa IR* Jw> (r — o)
0<j<n

= [yl - 1)" < Y D ( .)(RJ’—yf+yf')wrl(R"‘f—y"‘f+y”‘f)wr> (r — o0)
0<j<n

=P =1)" =) [
=y (lyl* = 1)" @Im (y))".

Consequently, y = 0 or |[y| = 1 or y € R. This completes  Proof. Assume that y=a+ib € 0,,(R) with b#0, then

the proof. O there exists (w,), € Z:||lw,|| = 1 such that (R -y)w, —
as r — co. By taking into account that R is a k-quasi-
Proposition 5. Let R be k -quasi- (m,n) -isosymmetric (m, n)-isosymmetric operator, it follows that

operator. If y = a + ib with b + 0 is an approximate eigenvalue
of R, then ¥y is an approximate eigenvalue of R* .

0<j<m

0= R*k< Y (—1)f( " )R*m_j(xn (R)R’”‘f>R’<w,
0<j<m ]
:R*k< z (_1)]<m) *m ] (R)( m+k—j_ym+k—j+ym+k—j)wr>
0<j<m ] (66)
:R*k< Y (—l)j(rr,l)R*’”focn(R)(R’"*"j—V"”kj)wr>+R*"< > (—1)]'(”,1)13*"1joc,,(R)y'"*kjwr>
$j< J J

R*m_joc,, (R)(Snﬁ—k—j _ ym+k—j)wr> " )/nR*k (I _ ))R* )m‘xn (R)wr

By observing that and lim,_, (R’ —y*)w, = 0 for all positive integers s, we
get from the above relations that
i, = 3 o/ Jeow O
0<j<n J YR (I-yR*)"(y-R")'w, — 0, asr — co.  (68)

z (_)j(”)Rn—j(Rj —y/ +Yj)wr If (I-yR*) is bounded from below, then so is
0<j<n j (67) (I - yR*)™ and therefore there exists a positive constant
K >0 such that
n . )
=y (- )f( ) (R =y )w, oy
0<jen j | (T - yR*)"w| 2 Klwl, YweZ. (69)

*\ 1
+(y-R")"w,, From this, we deduce that
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I(1 = yR")" R (p = R*)"w, | 2 K|[R™* (y - R)"w, |~ (70)

Consequently,  [|R**(y - R*)"w,|| — 0, asr — co.

So, we have

0= lim (R™ (y-R")'w, |w,)
r—00

lim (w,|(y - R)"R*w,)

lim <w, | (7 - R)"(R* = y")w,>
r—00 (71)
+ lim (w,|y* (7 - R)"w,)
=7" lim (w, |(7-R"w,)

=7 (-9

(VPuf —1)" (v —uf)" =
0<r<m(p-1)0<j<n(p-1)

wherel, andy;are some constants.

Proof. See the proof of statement (ii) in Theorem 3.3 in
[14]. O

The following theorem shows that the power of a
k-quasi- (m, n)-isosymmetric operator is again a k-quasi-
(m, n)-isosymmetric which is similar to that of Corollary 5
but with another proof.

(RP)*kym,ARP)(RP)k=<RP>*"< ¥ Yy

0<r<m(p-1)0<j<n(p-1)

(m4n) (p—1)—(r+j) '
< Y X M;(R*")> (R?) 9,0 (RO R ) (REY ™20,
0<r<m(p-1)0<j<n(p-1)

Since R is k-quasi- (m,n)-isosymmetric, we have
R**y,. ,(R)R* = 0 and therefore

(R?) "5y, (RP) (RP) = 00 (74)

This means that R? is k-quasi- (1, n)-isosymmetric for
any positive integer p.

Second Proof. Let P (u,v) = P, ., (uP,vP). It is easy to verify
that P, (RP) = P(R). A little calculation shows that there
exists a polynomial Q such that P = QP,, ;. Thus, by (60),
we get

Pm,n,k (Rp) = P(R) = CI)R,R*,Q(Pm,n,k (R))> (75)

h) u 'V(m+n) (p—1D—(r+)) (vu _ l)m (V _ u)nujer(p— 1)-r
riy >
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Thus, " =0 or y—79 =0, which are a contradiction.
Hence, I —yR* is not bounded from below. In view of
Theorem 7, we have |y| =1 and so I - yR* = y(y — R¥),
which implies that y — R* is not bounded from below. This
proves the statement of the proposition. O

4. Products and Perturbation of k-Quasi-(N, m)-
Isosymmetric Operators

In this section, we study the perturbation of an k-quasi-
(m, n)-isosymmetric operator by a nilpotent operator and
we study the product and tensor product of two k-quasi-
(m, n)-isosymmetric operators.

Lemma 4. For p,m,n € N, the following identity holds:

(72)

Theorem 8. IfR is k -quasi- (m, n) -isosymmetric, then RP is
k -quasi - (m,n) -isosymmetric for any p € N, .

Proof. Two different proofs of this statement will be given.

First Proof. We need to prove that (RP) " kym,n (RP)(RP)* = 0
forany p € N.
In fact, from Lemma 4, we obtain that

(R*p)(ern)(p— 1)—(r+j)YMn (R) (Rp)j+m(p— 1)r> (Rp)k

(73)

which yields P, ,; (RP) = 0 since P, ; (R) = 0. Therefore,
R? is k-quasi- (m, n)-isosymmetric operator. O

Lemma 5. Let R,S € B () such that [R, S] = [R*, S] =0.
Then, the following identity holds:

m n .
= ¥ ¥ ()"
ockemo<jen \ K J (76)

- (R)yg, ; (HR'S™.

Proof. In view of the following identity (see [14]),
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(cdab-1)" (cd-ab)"= )

2 (W0
0<k<mO0<j<n k ]

(ca-1)"*(c-a)" (ad-1)*
(d-b)a"b",
(77)
it follows by taking a = R,c = R*,b =S, and d = §* with
RS = SR and RS* = S*R that

Ymn(RS) = Y

m\/n )
. (Y e
0<k<mO<j<n k J (78)

- (R)y, ; (HR'S™.
O

(RS)™ Yy 1y11my 1+ RS (RS = (R Y

0<k<mt+m, ! Osjsnm,l(

11

Theorem 9. Let Re B(H) and S e B(H) such that
[R,S] = [R,S*] = 0. IfRis an k -quasi- (m, n) -isosymmetric
and S is an k' -quasi- m' -isometric and n' -symmetric, then
RS is an ky = max{k, k'} -quasi- (m+m' —L,n+n' - 1) -
isosymmetric.

Proof. We prove that (RS)™ 0y, . (RS)(RS)* = 0.
In fact, by taking into account Lemma 5, we get

-1 —1
m+ml! n+nl R*j+k
. Ym+m, -kntny 1-j
0<k<mtm; 1 0<j<ntn, ! k )

'(R)Yk,j (S)Rkswrn' 'l*j> (Rs)ko

-1 -1
m+ ml! n+nl itk 1k,
jtk
)( . )R R 0Vm+m,’1—k,n+n, “1-j

(79)

k j

. (R)Rk" % S*ka,j (S)Rksnm,fl_jsko'

We have the following observations:

(i) If k=m/ or j=n!, then S*kOyk,j(S)SkO =0.

(ii) Ifk<m' -~ land j<n' -1, thenm+m' —1-k>m
and n+n' —1- j>n. So that

R*koym+m'—1—k,n+n'—l—j (R)Rko =0. (80)
Therefore,
(RS)™ Yt s 1 (RS (RS = 0. (81)

Hence, RS is an k, = max{k, k'}-quasi-(m +m' — 1,
n+n' — 1)-isosymmetric. O

Corollary 11. Let Re€ B(H) and S € B(H) such that
[R,S] = [R,S*] = 0. IfRis an k -quasi- (m, n) -isosymmetric
and S is an k' -quasi- m' -isometric and n' -symmetric, then
RPSTis an ky = max{k, k'} -quasi- (m+m' - Ln+n' 1) -
isosymmetric for any positive integers p and q .

Proof. In view of Theorem 8, we have Rf as k-quasi-
(m, n)-isosymmetric for any positive integer p. Similarly,
from Theorem 12 in [18] and corollary 3.1 in [27], we have §7
is k'-quasi-m’-isometric and n'-symmetric for any positive
integer q.

Applying Theorem 9, we get RS7 is an k, = max{k, k'}-
quasi-(m +m' — 1,n+n' — 1)-isosymmetric for any positive
integers p and gq.

Corollary 12. Let R € B(H) and S € B(H) . If Ris an k,
-quasi- (my,n,;) -isosymmetric and S is an k, -quasi- m,
-isometric and n, -symmetric, then R®$ is ky = max{k,, k,}
-quasi- (m+m, — 1,n+n, — 1) -isosymmetric.

Proof. It is well known that R®S = (R®I)(I®S) and
moreover

[R®I, I®S] =[(R&])", I®S] =0. (82)

On the other hand, R is an k,-quasi- (m,,n;)-iso-
symmetric if and only if R®1I is an k,-quasi- (m,, n,)-iso-
symmetric and S is an k,-quasi-m,-isometric and
n,-symmetric if and only if I ® S is an k,-quasi-m,-isometric
and n,-symmetric. From Theorem 9, it follows that R® S is a
ko-quasi- (m + m; — 1,n + n; — 1)-isosymmetric. O

Lemma 6. Let R,S € 9B () such that [R, S] = [R*, S] =0,
then the following identity holds:

m n
Vmn (R+Q) = ( )( )
oggnm;:m il k J (83)

x(R"+Q") Q" ; (R, (QR'Q.

Proof. By the equation (see [14]),
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(c+d)(a+b)-1)"(c+d) - (a+d)"= Y (

0<j<nitl+k=m
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>< ] k)(c+ d)'d (ca-1)"(c-a)"/(d-b)d'V. (84)
1) b

If a=R, C=R*, B=S, and d=8* with
[R, S] = [R*, S] =0, we get
m n s s \1 ~k] I ~i
Vmn (R+Q) = Z Z , X(R"+Q") Q" yi n-j (R)a; (QRQ. (85)
0<j<nitl+k=m l’l’k

Theorem 10. Let R,Q € B(H') be doubly commuting. If R
is an k -quasi- (m,n) -isosymmetric and Q is a nilpotent
operator of order q , then R+ Q is a (k +q) -quasi- (m +
2q —2,n+2q — 1) -isosymmetric operator.

Ym+2g-2,n+29-1 (R+Q) = Z

i+l+k=m+2q-2 0< j<n+2q-1

i,k

However,

(R+ Q)™ 205 pizgs (R+ Q) (R+ Q)

O
Proof. We need to show that (R+ Q)*k”ymﬂq_z,,&zq_z
(R+QR+Q"1 =0.
Note that by Lemma 6, we have

m+2q—2 n+2g-1 . i n] o
Z < )( j )X(R +Q7)Q Yk, n+24-1-j (R)(xj (QRQ. (86)

K+q\ ., keraer) ur m+2q-2\(n+2q-1
(2 e I (v
0sr<ktq\ T itlikomi2q20<jsmg 1\ bLEK J (87)

) ) k+
x(R*+Q*)’Q*lyk,n+2q_1_j(R)oc,-(Q)R’Q’)x( > ( rq)R"*quf>.
0<r<k+q

Now, observe that if j>2q ori>gorl>gq, thena;(Q) =
0 or Q' =0 or Q* =0 and hence

(R + Q) Qi irg 1 (R (QRQ = 0. (88)
However, if j<2g—-1,i<q -1, and [<q— 1, we obtain
k=m+2q-1-i-Il>2m-2q-1-gq+1-qg+1

(89)
>mandn+2g-1-j>n

From the fact that R is a k-quasi-n- (m, n)-isosymmetric,
we get

R* <k+q—f)yk’n+2q_l (RRT7 =0 forr=0,...,q,
R* (k+‘1’r)Q*’yk)n+2q_l_j (RR"T'Q =0 forr=g+1,...,k+q.
(90)

Consequently, we obtain (R +Q)***y, v2q-2,m2q-2 (R+

Q(R+Q) =0.

Therefore, R+Q is (k+qg)-quasi-(m+2q—-2,n+
2¢q — 1)-isosymmetric operator. O
Corollary 13. Let M,N € B(H) such that

[M,N]=[M*N]=0.If M is an k -quasi- (m,n) -iso-

M N .
0 M) € B(HOK) is

(k +2) -quasi- (m+ 2,n+ 3) -isosymmetric.

symmetric, then the operator S = <

M 0
0 M
R is k-quasi- (m, n)-isosymmetric and Q* = 0 (i.e., Q is 2-

Proof. Consider R = < and Q = 8 I(\)I . Clearly,

nilpotent). On the other hand, since
[M,N] =[M"*,N] =0, (91

it follows that [R,Q] = [R*,Q] = 0. In view of Theorem 10,
we deduce that S=R+Q is (k+2)-quasi-(m + 2,n + 3)-
isosymmetric. O

Corollary 14. Let R e B(H) be k -quasi- (m,n) -iso-

symmetric and Qe B(H) be q -nilpotent. Then,
R®I +1®Qis(k + q)-quasi-

(m+2q—2,n+2q — 1)-isosymmetric.

Proof. Observe that R®I € B(H ®F) is k-quasi-

(m, n)-isosymmetric and I® Q € B (# ® X') is g-nilpotent.
Moreover,

[R®I, I®Q] =[(R®])", I®Q] = 0. (92)

Applying Theorem 10, we deduce that R®I +1®Q is
(k + q)-quasi- (m + 2q — 2,n + 2q — 1)-isosymmetric. O
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