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A simple graph is called cordial if it admits 0-1 labeling that satisfies certain conditions. The second order of lemniscate graph is a
graph of two second order of circles that have one vertex in common. In this paper, we introduce some new results on cordial
labeling, total cordial, and present necessary and sufficient conditions of cordial and total cordial for corona product of paths and

second order of lemniscate graphs.

1. Introduction

Labelling methods are used for a wide range of applications
in different subjects including coding theory, computer
science, and communication networks. Graph labeling is an
assignment of positive integers on vertices or edges or both
of them which fulfilled certain conditions. Hundreds of
research studies have been working with different types of
labeling graphs [1-11], and a reference for this purpose is the
survey written by Gallian [7]. All graphs considered, in this
theme, are finite, simple, and undirected. The original
concept of cordial graphs is due to Cahit [2]. He proved the
following: each tree is cordial; a complete graph K, is cordial
if and only if #<3 and a complete bipartite graph K, ,, is
cordial for all positive integers nand m [3]. Let G = (V, E) be
a graph, and let f: V — {0, 1} be a labeling of its vertices,
and let the induced edge labeling f*E — {0, 1} be given by
f*(uv) = (f (u) + f(v))(mod2), where e =uv(e E) and
u,v € V. Let v, and v, be the numbers of vertices that are
labeled by 0 and 1, respectively, and let e, and e, be the
corresponding numbers of edges. Such a labeling is called
cordial if both |v, — v;| <1 and |e, — e,] <1 hold. A graph is
called cordial if it admits a cordial labeling. As an extension

of the cordial labeling, we define a total cordial labeling of a
graph G with vertex set and edge set as an cordial labeling
such that number of vertices and edges labeled with 0 and
the number of vertices and edges labeled with 1 differ by at
most 1, i.e., |(vy +¢ey) — (e; +v;)| <1. A graph with a total
cordial labeling is called a total cordial graph. If the vertices
of the graph are assigned values subject to certain conditions,
it is known as graph labeling. Following three are the
common features of any graph labeling problem: (1) a set of
numbers from which vertex labels are assigned; (2) a rule
that assigns a value to each edge; and (3) a condition that
these values must satisfy.

A path with » vertices and n — 1 edges is denoted by P,,
and a cycle with 7 vertices and n edges is denoted by C,, [12].
The second power of a lemniscate graph is defined as the
union of two second power of cycles where both have a
common vertex; it is denoted by L7 = C:4C; [13]. Ob-
viously, L}, has n+m — 1 vertices and 2n + 2m — 4 edges.
The corona product G;®G, of two graphs G; (with n;
vertices and m; edges), i = 1,2, is the graph obtained by
taking one copy of G, and n, copies of G, and then joining
the i vertex of G, with an edge to every vertex in the i copy
of G,. It is easy to show that G, @G, has n, (1 + n,) vertices
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and m, + n;m, + n,n, edges [7, 14-18]. In this paper, we study
the cordial and total cordial of the corona product P, © L}, of
paths and second power of lemniscate graphs and show that
this is cordial and total cordial for all positive integers k, n, m.
The rest of the paper is organized as follows. In Section 1, brief
summary of definitions that are useful for the present inves-
tigations is presented. Terminologies and notations are in-
troduced in Section 2. The main result is presented in Section 3.
Finally, the conclusion of this paper is introduced.

2. Terminology and Notation

Given a path or a cycle with 4r vertices, let L,, denote the
labeling 0011... 0011 (repeated r-times) and let L, denote
the labeling 1100... 1100 (repeated r times). The labeling
1001 1001... 1001 (repeated r times) and 0110... 0110
(repeated r times) is denoted by S,, and S,,. Let M, denote
the labeling 0101...01, zero-one repeated r—times if r is
even and 0101...010 if 7 is odd. Sometimes, we modify la-
beling by adding symbols at one end or the other (or both). If
G and H are two graphs, where G has n vertices, the labeling
of the corona GOH is often denoted by [A: B,, B,,Bs,
...» B,], where A is the labeling of the n vertices of G, and B;,
1 <i<n, is the labeling of the vertices of the copy of H that is
connected to the i vertex of G. For a given labeling of the
corona G® H, we denote v; and e; (i = 0, 1) to represent the
numbers of vertices and edges, respectively, labeled by i. Let
us denote x; and a; to be the numbers of vertices and edges
labeled by i for the graph G. Also, we let y; and b; be those for
H, which are connected to the vertices labeled 0 of G.
Likewise, let y: and b; be those for H, which are connected to
the vertices labeled 1 of G. It is easily to verify that
! !
Vo = Xo X0 Yo + X1 Y V1 = X + XYy + X1 Y1 € = dg +%bg
+x1bg + X0y + X1y, and e} =a, +xpb;  +x,b] + XY,
! ! !

+xy1- Thus, vo — vy = (X0 — %)) + %0 (o =y1) + %1 (o= ¥1)
and ey — e, = (ay —a,) +xo(by — by) +x, (bg — by) + x (yo—
1) — x; (¥ — 1)- In particular, if we have only one labeling
for all copies of H, ie, y;=y: and b, =b, then
Vo = Xo +MYp, Vi =Xy + 1Y), e = ag +1by +X0y1 +X1 Y0
ande; = a, + nby, + xyy, + x,y,- Thus, vy — v, = (x, — x7) +
n(y,—y,) and ey —e; = (g, —a,) +n(by, — b))+ (x; —x,)
(¥9 — ¥1), where n is the order of G. Figure 1 illustrates the
condition cordial and total cordial labeling of P;®Lj .

3. Results and Discussion

In this section, we show that the corona product of paths and
second power of lemniscate graphs, P, ® L, is cordial and
also total cordial for all k>1, n,m>3.

Throughout our proofs, the way of labeling L7, starts
always from a vertex that next the common vertex and go
turther opposite to this common vertex. Before considering
the general form of the final result, let us first prove it in the
following specific case. Our main theorem is as follows.

Theorem 1. The corona product of paths and second power
of lemniscate graphs, Py oL , is cordial and also total
cordial for all k>1, n,m>3.
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In order to prove this theorem, we will introduce a
number of lemmas as follows.

Lemma 1. P, ©L3,, is cordial and total cordial for all k=1
and m>3.

Proof

Case 1. When m >3 and k = 2r, r > 1, one can choose
the labeling [M,,;00100,11011,..., (r —times)] for
P, ©L3;. Therefore, x,=x =r,a,=0,a; =2r -1,
Yo=4y,=1b,=2,b; =4,y,=1,y, =4,by =2, and
b; =4. Hence, |v,—v,|=0, le,—el=1 and
I(vo +€9) = (e, +v)) = 1. Thus, P, 0L},, r=1, is
cordial and total cordial.

Case 2. When m=>3 and k=2r+1, r>0, one can
choose the labeling [M,,,,;00100,11011,00100, 11011,
..., (r —times), 11100] for P,,,, ® L3 ,. Therefore, x, =
r+l,x, =r,ay=0,a, =2r,y,=4,y, =1,b, =2,b, =
4,y0=1Ly =4by=2,b] =4,y; =2,y; =3,b; =4,
and b} = 2, where y; and b} are the numbers of vertices
and edges labeled i in L3 , that are connected to the last
zero in P, ;. Consequently, it is easy to show that
[vo—vil =0, leg—e;| =1, and [(vy +ey) — (e; + V)| =
1. Thus, P,,,, ©L3;, r 20, is cordial and total cordial.
Case 3. When m = 0(mod4) and k = 0(mod4), that
means, k = 4r,r > 1 and m = 4t, t > 1, then the labeling
(Lg; 0313Myy g 0313My; 4, 01L, My, 4 01L, My 45 ...,
(r —times)] for P, © L}, can be applied. Therefore,
Xg =X, =2r,ay=2r,a;, =2r—1,y,=y, =2t +1,b,
=4t + 1,b, = 4t, y, = y, = 2t + 1, by = 4t, and
bi=4t+1. So, |vy—v]=0, le,—¢l=1 and
(vo +€9) — (e, +v,)| = 1. For the case P,, ©L3,, the
labeling [L,,;0515,0515,01L,,01L,, ..., (r — times)] is
sufficient and thus P, © L3, is cordial and also total
cordial.

Case 4. When m = 0(mod4) and k = 1(mod4) that
meansk = 4r + 1,r>0 and m = 4t, t > 1, then thq la-
beling [L4,0;0513M ;4,05 13Myy g OLL, My,
01L,My,_y» ..., (r — times),05Ls My, ] for P,,,, © 13,
is considered. Therefore, x, =2r+1,x, =2r,a,=a
L =2ry, =y, =2t+1L,by=4t+1,b; =4t y;= y| =
2t + 1,by = 4t, and b, = 4t + 1. Hence, |v, —v;| =1,
leg — el = 1,and |(v, + ¢y) — (e; + v;)| = 0. For the case
P, 0L3,, the labeling [L,0;0,15,0515, O1L,,
01L,, ..., (r — times), 1,0;] is sufficient and thus
P, ©L3,, is cordial and total cordial.

Case 5. When m = 0(mod4) and k = 2(mod4) that
means k = 4r +2,r >0, and m = 4t, t > 1, then the la-
beling  [L,10;051;My,_4,0513 My, 4, 01L,M,, ,,
01L,M,, ..., (r — times),01L,M,, ,,0;1;M,,_,] for
P,.,, ®L3,, is applied. Therefore, x, = x; = 2r+ 1,4, =
2r+ l,a, =2r,y,=y, =2t+1,by=4t+1,b | =4t
Yo=y =2t+1,by=4t, and b =4t+1. So,
[vo =11 =0, le;—e;| =1, and |(vy +ey) — (e; + V)| =
1. For the case P, ®L3,, the labeling [L,10;0;1;,
0;1;,01L,,01L,, ..., (r — times), 01L,, 0;1,] is sufficient
and thus P,,,, © L3, is cordial and total cordial.
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P;OLs;

Vo-v1 =0

F1GURE 1: Cordial and total cordial labeling of P; © L; .

Case 6. When m = 0(mod4) and k = 3(mod4) that
means k = 4r + 3,r >0 and m = 4¢, t > 1, then one can
select the labeling [L,001;0515M,, 4,051 M, 4,

> >

01L,My_y 01L My, 4, ..., (r —times), 031,M,_,

0313M 4, 01L, M, ,] for Py, ;0 L§,4r

Therefore, x,=2r+2,x, =2r+1l,ay=a, =2r+1,
Yo=Y, =2t+1,by=4t+1,b, =4t, y;= y, =2t+1,
b, = 4t, and b = 4t + 1. Hence, one can easily show
that |vp—w =1, leg—el=1 and [(vy+ey) — (e;+
v)|=0. For the case P, ,,®L3,, the labeling
[L,001;0515,0515,01L,,01L,..., (v — times)] is suffi-
cient and thus P,,,; ® L3, is cordial and total cordial.
Case 7. When m = 1(mod4) and k = 0(mod4) that
means k = 4r,r>1 and m = 4t + 1, t > 1, then one can
choose  the  labeling  [Ly,;101L,0M,, (0,101
LiOM,,, 40,010L, 1M, ¢1,010L, 1M, (1,..., (r —
times)] for P, ®L3,,,,. Therefore, x, = x, = 2r,a, =
2r,a, =2r—1, Yo=2t+1,y, =2t +2,b, = 4t + 2,
by=4t+1,y,=2t+2,y, =2t +1,by=4t+2, and
b =4t+1. Hence, one can easily show that
[vo —vi1 =0,le, —e;] = Land (v, +¢ey) — (e, + v;)| =1.
For the special case P, ©Lj;, the labeling
(L,,;01L,0,01L,0,10L,1,10L1,..., (r — times)] is suf-
ficient and thus P,, © L3 ,,.,, is cordial and total cordial.
Case 8. When m = 1(mod4) and k = 1(mod4) that
means k =4r +1,r>0 and m = 4t + 1, t > 1, then one
can select the labeling [L,0;101L,0M,, (0,101L,0
M, 0,010L, 1M, _¢1,010L,1M, ¢1,..., (r — times),
101L,1M,, (1] for P,,,, ©L3,,,,. Therefore, x, = 2r +
1,x, =2r,ap=a, =2r,y 0=2t+1,y = 2t + 2,
by=4t+ 2,b, =4t+1,y=2t+2,y] =2t+1,by=
4t +2, and b; =4t + 1. So, |vy—v,| =0, leg—e,| =0
and |(vy+e,) — (e, +v)| =0. For the special case
P, 013, the labeling (L,,0;01L,0,01
L40,10L,1,10L,1,..., (r — times), 10L,1] is sufficient
and thus P, ®L§’4t 4 is cordial and total cordial.

Case 9. When m = 1(mod4) and k =2(mod4) that
means k =4r +2,r>0 and m =4t + 1, t > 1, then the
labeling [L,,10;101L,0M,, (0,101 L,0M, , 0,010
LM , (1,010L,1M,, (1,.., (r— times),010 L,1
My ¢0,101L,0M,, (1] for P,,,,©L3,., can be ap-
plied. Therefore, Xg=2r+1,x, =2r+1,ay =
2r+l,a, =2r,y o=2t+1,y,=2t+2,b, =4t+
2,by=4t+1,y,=2t+2, y, =2t + 1,by = 4t + 2, and
b =4t +1. Hence, |vy-v,|=0, le,—e|=1 and

[(vo +ey) — (e; +v;)l =1. For the special case
P,,0L3;, the labeling  [L,10;01L,0,01L,
0,10L,1,10L,1,..., (r — times), 10L,1,01L,0] is suffi-
cient and thus P, ©L3,,,, is cordial and also total
cordial.

Case 10. When m = 1(mod4) and k = 3(mod4) that
means k = 4r + 3,7>0 and m = 4t + 1, t > 1, then take
the labeling [L,0,1;101L;0M,, (0,101 L;0M,,
0,010L, 1M, (1,010L,1M,, (1,.., (r— times),
101L,0M,, (1,101L,0M,, (1,,010L,1M,,_s0] for
Py 313 4., Therefore, x,=2r+2,x =2r+1,a,=
a = 2r+1l,y,=2t+1, y, =2t+2,b, =4t+ 2,b, =
A+ 1,y,=2t+2, y =2t+1,by=4t+2, and
b =4t +1. Hence, |vy—v,|=0, le;—e;| =0, and
I(vo +ey) — (e; +v;)| =0. For the special case
P, .;0L3;, the labeling [L,0,1;01L,0,01L,0,10
L,1,10L,1,..., (r — times), 01L,0, 10L,1,10L,1] is suf-
ficient and thus P, ;0L3,,, is cordial and total
cordial.

Case 11. When m = 2(mod4) and k even that means
m=4t+2,t>1, and k = 2r,r > 1, then by taking the
labeling [M,,;0,1L,0M,, ,,1,0 LMy ...,
(r — times)] for P,, © L] ,,.,,, therefore x, = x; = r,a, =
0,a,=2r—1, yo=2t+3,y, =2t+1,b, =4t +2,b, =
4t+3,  yy=2t+1,y =2t+3,by=4t+2, and
b =4t +3. Hence, |vy—v|=0, le—el=1 and
(vo + €9) — (e, +v,)| = 1. For the case P, 0L}, the
labeling [M,,;0,L,01,1,L,10,..., (r — times)] is suffi-
cient and thus P,, © L3 is cordial and total cordial.

Case 12When m = 2(mod4) and k odd that means
m =4t +2,t>1,and k = 2r + 1,7 > 1, then the labeling
[M,,,1;0,1L,0M,, ,,1,0L, 1M, _,,..., (r — times), 010
LMy 4] for P,., ©13,,, is considered. Therefore,
xg=r+1,x,=r,a,=0,a, =2r,y,=2t+3,y, =
2+ 1,by =4t +2,b; =4t +3,y,=2t+ 1,y =2t + 3,
bp=4t+2 and b =4t+3. So, |v,—v|=1,
leo —e;]l = 1,and |(vy + ey) — (e; + v;)| = 0. For the case
P, © L3, thelabeling [M,,,;0,L;01,1,L,10, ..., (r —
times), 01L,10] is sufficient and thus P,,,; 0L, is
cordial and total cordial.

Case 13. When m = 3(mod4) and k = 0(mod4) that
means m = 4t + 3, t>1, and k = 4r,7 > 1, then the la-
beling [Lyys 0, Mypy30 0, My 50 1, Moy 30 1, Moy
(r — times)] for P, ®L3 5 can be applied. Therefore,
Xy =X, =2r,ay = 2r, a, =2r=1,y,=2t+3,y



L =2t +2,by =4t +3,b; =4t +4,y,=2t +2,y, = 2t+
3,b,' =4t +3, and b, = 4t + 4. Hence, |v,—v,| =0,
lep—el =1, and [(vy+e,) — (e, +v)| =1. Thus,
P, ©L3,,, is cordial and total cordial.

Case 14. When m = 3(mod4) and k = 1(mod4) that
means m = 4t + 3, t>1, and k = 4r + 1,7 > 0, then one
can select the labeling (L,,0;1,My5 >1,My.s,
0,My1,30 0, My 5, .or (v = times), 1,M ;5] for Py, 0
L§4t+3 Therefore, xO =2r+1,x, =2r,ay=2r+l,a, =

2r—1,  y,=2t+3,y, =2t+2,b, =4t +3,b, = 4t+
4,y0=2t+2, y{ =2t +3,by=4t+3,b] =4t +4,y; =
2t+2,y] =2t+3,by =4t+3, and b} =4t +4. So,

[vo —v11 =0, le; —e;| =0, and |(vy +ey) — (e; +v))| =
0. Thus, P,,,; ©L3 ., is cordial and total cordial.

Case 15. When m = 3(mod4) and k = 2(mod4) that
means m = 4t + 3, t > 1, and k = 4r + 2,7 >0, then one
can take the labeling [L;,10;0315M}; 4, 0315M}, 4, 01L
M4t 4 011, M4t 4 (r —times), 01L M4z £ 0515
M4t — 4] for P4r+2 ©L3,. Therefore, x,=x, =
2r+l,ay=2r+1l,a, =2r,y,=2t+3,y | =2t+2,
by =4t +3,b, =4t +4,y, =2t +2,y, = 2t + 3,b;
=4t+3, and b =4t+4. Hence, |vy—v|=0
leg —eyl =1, and [(vy+ey) — (e; +v)| =1. Thus,
Py, ©L3,, 5 is cordial and total cordial.

Case 16. When m = 3(mod4) and k = 3(mod4) that
meansm = 4t + 3, t > 1, and k = 4r + 1,7 >0, then one
can  choose the labeling  [L,,100;0,M,, .,
02M4t+3’ 1, Mz 1, Mygygs -5 (r — times), 1, My,
0, My 35 1,M 5] for Py 3013 4 .

Therefore, x, =2r+2,x, =2r+1,a,=2r +2,a, = 2r,
Yo=2t+3,y; =2t+2,by =4t +3,b, =4t +4,y, =2t +2,
Y1 =2t+3,by =4t +3,b] =4t +4,y; =2t +2,y} =2t +3,

by =4t+3, and by =4t+4. Hence, |vy—v|=0
leg — el =0, and [(vg +e5) — (e, +v)I =0 Thus,
P, 30L3, 5 is cordial and total cordial. O

Lemma 2. P,oL;,,
and m > 6.

is cordial and total cordial for all k> 1

Proof. Letk=4r+i (i =0,1,2,3and r>1) or k =2r + j
(j=0land r>1),n=4s+iand m=4t+j (i,j=1,2,3
and s,£>2), then we may use the labeling A; or A; for
P, as given in Table 1. For a given value of j with
1 <i, j<3, we may use one of the labeling in the set {B;
B} for L,,,, where B;; and B] are the labeling of L2
w{uch are connected to the vertices labeled 0 in Py, whlle
B;; and B, are the labeling of P,, which are connected to
the vertices labeled 1 in P, as given in Table 2. Using
Table 3 and the formulas v,—v; = (x,—x)+

l]’

xo- (Yo =y +x1. (Yo = y1)s €= e = (ag—ay) + x,. (by—
bl)+x1.(bé—b{)+x0.(y0—y1)— xl.(y(;—yl'), and
(vg +eg) — (e; +v) = (x5 — x7) + 2x,. (yo —y)+
(ayg — ay) + x,. (by — by) + x;. (by — by), we can compute the

values shown in the last two columns of Table 3. We see
that P, oL} isisomorphic to P,o L . Since all of these
values are 1 or 0, the lemma follows. |
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Lemma 3. P, oLj,,
and m>3.

is cordial and total cordial for all k>1

Proof

Case 1. When m = 0(mod4) and k = r, r > 1 that means
m =4t, t>1, and k =r, r>1. Then, take the labeling
[1,;100L,M,, ,, ..., (r — times)] for P ®L44t There—
fore, xXo=0,x,=r,ay=r—1,a, =0,y =2t +2, yl
2t + 1,by = 4t + 2,and b; = 4t + 2. Hence, |v, — v;| =
leg — el = 1,and |(v, +¢ey) — (e; + v;)| = 1. For the case
P,oLj,, the labeling [1,;05150,..., (r —times)] is
sufficient and thus P, ® Lj,,, 2 1, is cordial and total
cordial.

Case 2. When m = 1(mod4) and k = 0(mod4) that
means m = 4t + 1, t > 1, and k = 4r,r > 1, then the la-
beling [S4; 105L 1My, ¢1,10;L,1 M, (1, 10;L,
1My, 61,105,L,1My, (1,..., (r — times)] for P, © L} .,
is applied. Therefore, x,=x, =2r,a,=2r—-1,a, =
2r, ¥ =2t +2, y1=2t+2,by=b =4t +3,y, =
2t+2,y, =2t+2, by=4t+3, and b, =4t +3. So,

[vo—vi1=0, leg—el=1, and [(vy +ey) — (e, + )l
=1. For the «case P, ©L;;, the labeling
[S4;10,L,1,10,L,1,10,L,1,10,L,1,..., (r — times)] is

sufficient and thus P, 0L}, is cordial and total
cordial.

Case 3. When m = 1(mod4) and k = 1(mod4) that
means m =4t + 1,t>1, and k = 4r + 1,7 >0, then one
can select the labeling  [S,,0;10;L,1M, (I,
10,L,1M,, (1,10  3L,1M,, (1,10,L,1M,, (1, ..,
(r —times), 10;L,1M, (1] for P, ©Lj,. . There-
fore, x,=2r+1,x,=2r,a,=a,=2r, y,=2t+2,
¥y, =2t+2,b, =b, =4t +3,y,=2t+2,y, = 2t+
2,by=4t+3, and b, =4t+3. So, |v,—v =1
leg — el = 0,and |(v, +ey) — (e; + v;)| = 1. For the case
P, 0L, the labeling [S,0;10,L,1,10,L,1,
10,L,1,10,L,1, ..., (r — times), 10,L,1] is sufficient and
thus P,,,; L3 ,,,, is cordial and total cordial.

Case 4. When m = 1(mod4) and k = 2(mod4) that
means m =4t + 1, t > 1, and k = 4r + 2,7 >0, then the
labeling [S,,01; 10, L,1M,, 1,10,L,1M,, 1,
10;L, 1My, ¢1,105L,1M,, ¢1,..., (r —times), 105L,
1My, ¢1,10,L,1M,, (1] for P, ,©Lj,,, is applied.
Therefore, Xg=x; =2r+1l,a,=2r,a, =2r+1,
Yo=2t+2,y, =2t +2,by=b, =4t +3,y, =2t +2,y,
=2t+2,by=4t+3, and b =4t+3. Hence,
[vo —vil =0, leg — el =1, and |(vy + ey)-(e; +v;)| = 1.
For the case P,,,0L;, the labeling [S,,01;
10,L,1,10,L,1,10,L,1,10,L,1,. .., (r — times), 10,
L,1,10,L,1] is sufficient and thus P, ,0Lj,.,, is
cordial and total cordial.

Case 5. When m = 1(mod4) and k = 3(mod4) that
means and m = 4t + 1, t > 1, and k = 4r + 3,7 >0, then
one can take the Ilabeling [S,,001;105L,1
My, ¢1,10,L,1M,, (1,10, L,1M,, ;1,10,L,1
My ¢l,..., (r—times), 10;L,1M,,_¢1,10,L,1M,, (1,
10;L,1My, (1] for Py, 50 Lj,,,,. Therefore, x, = 2r +
2,x,=2r+lay=a,=2r+1,y,=2t+2,y, =
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TaBLE 1: Labelling of Py.

K=4r+i, )

i = 0r1+21 3 Labelling of P, X X a, a,
i'=0 Ay =1L, 2r 2r 2r 2r—1
i'=1 A, =L,0 2r+1 2r 2r 2r
i'=2 A, =L, 10 2r+1 2r + 1 2r + 1 2r
i'=3 A, = L,,001 2r+2 2r+1 2r+1 2r+1
k=2r+7j,

i'=0,1

i'=0 A, =M,, r r 0 2r—-1
i'=1 A =M, r+1 r 0 2r

TaBLE 2: Labelling of L} .

n=ds Labelling of L2

m =4t + j, 8 nm Yo Y1 Yo b4
i,j=0,1,2,3

i=0 By = Ly 25 + 2t 25 + 2t 4s + 4t 45 + 4t
j=0 M4s—5LiL4r—4 +1 -1 +2 +2
i=0 By =L, 25 +2t 25+ 2t 4s + 4t 4s + 4t
j=0 M, LM, , -1 +1 +2 +2
i=0 Byy = LM, 5 I re s ot 4s + 4t 4s + 4t
j=1 M, (1L,0 -1 -1

i = By, = LiM

i=0 02 = BaMass 2s+2t 25+ 2t 4s+ 4t 4s+ 4t
j=2 1L,0M,, +1

i=0 By, = LyM g 5 2s + 2t 2w 4s + 4t 4s + 4t
j=2 0L, 1My 4 +1

i=0 Bo§=L4 2s + 2t 2s + 2t 4s + 2t 4s + 4t
j=3 M, My, s +1 +1 +2 +2

. _ ’ .

=1 By = 1L,0M, ¢ 25+ at 25+ 2t 45+ 4t 4s+ 4t
j=1 0,M;_c0L,1 +1

i=1 Byy = OLi1M, g 25+ 2t 25+ 2t 4s + 4t 4s+ 4t
j=1 1,My, (1L,0 +1

i=1 BIZ = 0L41M4s—6 2s + 2t 2s + 2t 4s + 4t 4s + 4t
j=2 M,,_(1L;0 +1 +1 +1 +1
i=1 By; = 11,0 25 + 2t 25+ 2t 4s + 4t 45 + 4t
j=3 My, ¢My.s +2 +1 +2 +2
i=1 By, = OL,1 2s + 2t 2s + 2t 4s + 4t 4s + 4t
j=3 My My, +1 +2 +2 +2
i=2 BZZ = ,M4S_40L41 2s + 2t 2s + 2t 4s + 4t 4s + 4t
ji=2 L,OMy,_, +2 +1 +2 +2
i=2 B,, = M, _,1L,0 2s+2t 25+ 2t 4s + 4t 4s+ 4t
j=2 LMy y +1 +2 +2 +2
i=2 B,; =0L,1 2s + 2t 2s + 2t 4s + 4t 4s + 4t
j=3 My sMy, 5 +2 +2 +3 +3
i=3 By; =My, 2s + 2t 2s + 2t 4s + 4t 4s + 4t
j=3 Mys +2 +3 +3 +3
i=3 By, = My, 25 + 2t 25+ 2t 4s + 4t 4s + 4t
j=3 My +3 +2 +3 +3

242, by=b, =4t+3,y,=2t+2,y,=2t+2, by=
4t+ 3, and b, = 4t + 3. So, |v, —v,| =
and |(v, +¢y)-(e; +v,)| = L. For the case P, ;0 L],
the labeling [S,,01;10,L,1,10,L,1,

1, leg — el =0,

oLy, ..., (r — times), 10,L,1,10,L,1, 10,L,1] is suffi-
cient and thus Py, 3 © L ,,,, is cordial and total cordial.

Case 6. When m = 2(mod4) and k is even that means
10,L,1, 10 m=4t+2, t>1, and k=2r, r>1. Then, one can



013L,0M,,_,, ..., (r — times)] for P, ®L3,,,,. There-
fore, xy=x, =1,y =0,a, =2r—-1, y, =2t +3, y, =
2042,b (=b =4t+3,y=2t+2,y, =2t+3, and

o = b = 4t + 4. Hence, one can easily show that
[vo —vil =0.leg —e;| = 1and |(vy +ey) — (e;+v;)| = 1.
For the special case P, ©Lj, the labeling
(M,,;10,L,01,01,1,10,..., (r — times)] is sufficient,
and thus P,, © L] ,,,, 7 > 1, is cordial and total cordial.

Case 7. When m = 2(mod4) and k is odd that means
m =4t +2,t>1, and k = 2r + 1 where r >0, then one
can choose the labeling [M,, ;;10;L,1M,,_,,
015L,0My,_y, ..., (r — times),015L,0M,, ,] for
Py ©L3 ., Therefore, xy = v+ 1,x, = r,ay =0,a, =
2r, yo=2t+3,y, =2t +2,by =b, =4t +3,y,= 2t +
2,91 =2t+3,bg=b] =4t +4,y5 =2t +2,y; =2t+3,
and by = b} = 4t + 3, where y; and b} are the numbers
of vertices and edges labeled i in L}, that are con-
nected to the last zero in P,,,;. Consequently, it is easy
to show that |vy—v|=0, |e;—el=1 and
I(vo +ey) — (e, +v;)| =1. For the special case
P, 0L}, the labeling [M,,;10,L,01,01,L,10,...,
(r — times),01,L,10] is  sufficient and thus
Py ©L% 4.0, 120, is cordial and total cordial.

Case 8. When m = 3(mod4) and k = 0(mod4) that
means m = 4t + 3, t > 1, and k = 4r,7 > 1, then one can
choose the labeling [Ly,; 10;M,,11,
10;M 4, 11,10,M,,11,10,M,11,..., (r —times)] for

6 Journal of Mathematics
TasLE 3: Labelling of P, oL,
i'lj ij Py L., [vo = wil leg — e (v +eg) — (e + vyl
0 00 A, Byo» Boo 0 1 1
1 00 As Bog> Bogs -+ Boo» Bog» Boo 0 1 1
0 01 A, By1» B> Boys By 0 1 1
1 01 A, By1, Bot> Bots Byt By 1 0 1
2 01 A, By, By Bops By -+ Bops By 0 1 1
3 01 A, Bot> B B Bop» -+ Bop» Boy» Boy 1 0 1
0 02 A, By, Bos 0 1 1
1 02 As Bys Byss - Bozs Bogs By 0 1 1
0 01 A, Bys, Bys» Bys» Bys 0 1 1
1 01 A, Bys, Bys» Byss Byss -+ Bos 1 0 1
2 01 A, Bys» Byss Byss Boss -+ Boss Bos 0 1 1
3 01 A, Bys» Bys» Byss By -+ B Bys» Bos 1 0 1
0 11 A, By, By 0 1 1
1 11 As By, Bii» - Biys Bils By 0 1 1
0 12 Ay By, By, By, By, 0 1 1
1 12 A, By, By5, B3, By By 1 0 1
2 12 A, B3, B13, Byy, Byys o By, By 0 1 1
3 12 A, Bi, By, Byy, Biys s Biyy B, By 1 0 1
0 13 A, Bis, By 0 1 1
1 13 As Bis, B3 Biss Bisy Bys 0 1 1
0 22 A, B,,, B,, 0 1 1
1 22 As B,,, By, .., Byy, By, By, 0 1 1
0 23 A, B,s, By3, Bys, Bys 0 1 1
1 23 A, By3,By3,Bys, By, Bys 1 0 1
2 23 A, B,s, By, Bys, Bys, oy Bys, Bys 0 1 1
3 23 A, B,s, By3, By3, By s Bysy By, Byg 1 0 1
0 33 A, Bs;, Bss 0 1 1
1 33 As Bss, Bys, .., Bys, By, By 0 1 1
choose the labeling [M,,;105L,1M,_,, P, 0L}, Therefore, x, = x, =2r,a,=2r - 1,a, =

2r,yo =y, =2t +3,by =b, =4t +5,y,=y, =2t +3,
and b, = bj = 4t + 5. Hence, one can easily show that
[vo —v11 =0, le; —e;| =1, and (v, +ey) — (e; +v)| =
1. Thus, P,, @LiAt 43 is cordial and total cordial.

Case 9. When m = 3(mod4) and k = 1(mod4) that
means m = 4t + 3,t>1,and k = 4r + 1,7 >0. Then, the
labeling [Ly,0;105M,,11,10,M 11,10, M,,,11,
10;M 11, ..., (r — times), 10;M,11] for Py, © L] 4,5
is considered. Therefore, x, = 2r + 1,x, = 2r,a, = a, =
2r, ¥, =y, =2t +3,by=b, =4t +5,y, =y, =2t +3,
and by = b =4t +5.So, |v, — v,| = 1, le; — e;] = 0, and
(vo + €9) = (e, +v))| = 1. Thus, P, © L] 4, 5 is cordial
and total cordial.

Case 10. When m = 3(mod4) and k = 2(mod4) that
means m = 4t + 3, t > 1, and k = 4r + 2,r >0, then one
can  select  the  labeling  [L,01;10,M,11,
10;M 11,105 M 4, 11,10, M 4,11, ..., (r — times),
10,M 11,10, M, 11] for P, ® L}, 5. Therefore, x, =
x,=2r+l,a,=2r,a, =2r+1,y, =y, =2t +3,b, =
by=4t+5, yy=y, =2t+3, and by=b, =4t +5.
Hence, |vy—v|=0, leg—el =1, and |[(vy+ey)—
(e, +v))| = L. Thus, P, , 0L}, is cordial and total
cordial.

Case 11. When m = 3(mod4) and k = 3(mod4) that
means m = 4t + 3,t>1, and k = 4r + 3,7 >0, then one
can  take  the  labeling  [L,,001;10;M,11,
10,M,,11,10,M,, 11,10, M, 11, .., (r — times),



Journal of Mathematics

10;M 11,10, M, 11,10,M 4, 11]  for P, 0L,
Therefore, x,=2r+2,x, =2r+l,ay,=a, =2r+1,
Yo=Yy =2t+3, by=b =4t+5y,=y =2t+3,
and by = by = 4t + 5. Hence, |v, —v;| = 1, leg —¢,| = 0
and |(v+ey) = (e, +v))| = 1. Thus, P, ;0L 5 is
cordial and also total cordial; by this, the lemma was
proved. O

Lemma 4. P o L2  is cordial and also total cordial for all
k>1 and m=3.

Proof

Case 1. When m = 0(mod4) that means m = 4t, t > 1,
since PkeL 54 isomorphic to Py © L, by Lemma 3,
P oLjis cordial and total cordial and then Pk oL3,is
cordial and total cordial. Also, since P, L2 a0 t>1
isomorphic to P,®Lj s, by Lemma 3, P,oLj, is
cordial and total cordial and then P, (DL5 4 is cordial
and total cordial.

Case 2. When m = 1(mod4) and k is even that means
m =4t +1,t>1,and k = 2r, r > 1, then one can take the
labeling [M,,; L{1L,0M,, 0,L,0L,1M (1,...,
(r — times)] for Py 0Lz, Therefore,
Xg=1x,=t,ay,=0,a, =2r -1, y,=2t+3,y, =2t
+2,by=b, =4t +4,y;= 2t+2,y,=2t+3, and
by=b =4t +4. So, |vy—v,|=0, ley—e;| =1, and
(v + eo) (e, +v))|=1. For the special case
Py, 0L%,, the labeling [M,,; L4L40 LiL,1,.

(r — times)] is sufficient and thus P,, OLZ 12 1 is
cordial and total cordial.

Case 3.When m = 1(mod4) and k is odd that means
m =4t +1,t>1, and k = 2r + 1, r > 1, then the labeling
[M,,,1; L,1L,OM,, (0, L,0L, 1M, (1,..., (r — times),
L,0L,AM,, (1] for P, ©L%, , can be applied.
Therefore, x, =r+1,x, =r,a,=0,a, =2r,y, = 2t +
3,9 =2t+2,by=b =4t +4,y,=2t+2,y, =
20+3by=by = 4t+4,y;=2t+2,y; =2t+3, and
by = b} = 4t + 4, where y; and b} are the numbers of
vertices and edges labeled i in L; 4, that are connected
to the last zero in sz. Consequently, it is easy to show
that |v,—v| = le, —e;l =1, and |(v0 +ep)—
(ey+v)|=1. For the spec1al case Py, OL55, the la-
beling [M,,, ;L L0, LiL,1,..., (r — times), LiL,1] is
sufficient and thus P,,,, ®L5,4t s 21, s cord1al and
total cordial.

Case 4. When m = 2(mod4) and k = 0(mod4) that
means m = 4t +2,t>1, and k = 4r, v > 1, then one can
choose the labeling [L,,;L,0L,1M,, ,, L,0L,1M,, ,,
L,0L 1M’4t » LOLAM,, ,, ..., (r - time)] for
p, ®L5 140+ Therefore, xy = x, = 2r,a, = 2r, al =2r—
Ly,=y,= 2t+3,by=b, =4t+5y,=y, =2t+3,
and by =b; = 4t + 5. Consequently, it is easy to show
that |vy—v,| =0, e, —e;| =1, and |(V0 +ey) — (e +
vl = 1. For the spec1al case P4,®L56, the labeling
(L,r; L4L,10,L,L,10, L4L410 L,L,10,..., (r —time)] is
sufficient and thus P, 0L2, , is cordial and total
cordial.

Case 5. When m = 2(mod4) and k = 1(mod4) that
means m = 4t +2,t>1, and k = 4r + 1, r >0, then one
can take the labeling [L,,0; L,0L, 1M, ,, L,0L,1M,, ,,
LyOL 1M,y gy LOL (M, . (r = time),  L,0L,1
M,, ] for Py, OLE,.,. Therefore, Xg=2r+1,x, =
2r,ap=a, =2r,y, =y, =2t +3,b, =b L =4t +5,
Yo=y1=2t+3,and by = b =4t + 5. S0, |[v, —v;| = 1,
leg —e;l =0, and |(vy+ey) — (e; +v;)| = 1. For the
special case P4, 1 OLZ 6 the labeling
(L,r0; L,L,10, L,L,10, L,1,10,L,L,10,..., (r — time),
L4L,10] is sufficient and thus P,,,, ®L5’4t ., is cordial
and total cordial.

Case 6. When m = 2(mod4) and k =2(mod4) that
means m =4t +2,t>1, and k = 4r + 2, r > 0, then one
can select the labeling [L,10;L, OL 1 M, ,
LOL,IM, ,, L,0LAM, ,LOL1 M, .., (r-

time), L,0L,1M,, ,, L,0L,1M,, ,] for P4r+2®L5,4t+2.
Therefore, X=X, =2r+1,a,=2r+1l,a, =
2r, ¥y =y, =2t +3,by=b, =4t +5, y,=y, =2t +3,
and by = b] = 4t + 5. Hence, |v, —v,| = 0, le; — ¢,| = 1,
and I(V0 +ey) — (e, +v,)| =1. For the special case
Py oL? o the labeling [L,r10;L,L,10,L,L,10,
LiL,10,L}L,10, ..., (r — time), L|L,10, L,L,10] is suffi-
cient and thus P4r 20O L?,u 4, is cordial and total cordial.

Case 7. When m = 2(mod4) and k = 3(mod4) that
means m = 4t +2, t >1, and k = 4r + 3, r >0, then the
labeling [[L,,001; L,0L,1M,, ,,L,OL,1M,, ,,
L,0L,1M,, ,,L,0L,1M,, ,,.., (r — time), L,0L,1
My LOL{IM,,_y, LOL M, ] for Py O L3, is
considered. ~ Therefore,  x,=2r+2,x; =2r + 1,
ay=a,=2r+1,y,=y, =2t+3,by=b, =4t +5,

Yo =y, =2t +3,and by = b, = 4t + 5. Consequently, it
is easy to show that |vy—v,| =1, le;—e;| =0, and
[(vy + eo) — (e, +v))|=1. For the special case
Pyy3 oL} o the labeling [L,r001;L,L,10,L,L,10,
L,L,10,L}L,10,..., (r — time), L,L,10, L,L,10, L,L,10]
is sufficient and thus P,.;0L2%,, is cordial and also
total cordial.

Case 8. When m = 3(mod4) and k is even that means
m =4t +3, t >1, and k = 2r where r > 1, then the la-
beling [M,,;051M 5, 150M 4, 5..., (v — times)]  for
P, ©12,,; can be applied. Therefore, x,=r,x, =
ray=0,a, =2r—1,y,=2t+4,y, =2t +3,b, =0,
=4t +6,y,=2t+3,y, =2t +4, and by =b, = 4t +6.
Consequently, it is easy to show that [vy,—v,| =0
leg—el =1, and |[(vy+ey)— (e, +vy)| =1. Thus,
P, ®L2,,,5 r21, is cordial and total cordial.

Case 9. When m = 3(mod4) and k is odd that means
m =4t +3,t>1, and k = 2r + 1 where r >0, then one
can  take  the  labeling [My,,15051M .5,
1,0Myy 3, ..., (r — times), 1;,0M,; 5] for P, ©L2,, ;.
Therefore, x, =r+1,x, =r,a, =0,a, =2r, y, =2t +
3,y =2t+2, by=b, =4t +4,y,=2t+2,y, =
2t+3by=by =4t +4,y; =2t+3,y; =2t+4, and
by = b] = 4t + 6, where y; and b} are the numbers of
vertices and edges labeled i in Ls 4,5 that are connected
to the last zero in P,,,;. So, [vy —v;| =0, le; — e, = 1,



and |(vy+ey) — (e; +vy)l =1. Thus, P, ®L§)4t+3,
r > 1, is cordial and total cordial, and by this, the lemma
was proved. O

Lemma 5. P, 0L, is cordial and total cordial for all m, k.

Proof

Case 1. When m = 0(mod4), since P OLZ, is iso-
morphic to P, ©L2 ig and P, o Lj, is cordial and total
cordial, then P, ®L¢, cordial and total cordial. Also,
since Py © L¢ ,, is isomorphic to P, © L4t gand P oL, ¢
is cordial and total cordial, then P, © Lg , is cordial and
total cordial.

Case 2. When m = 1(mod4), ie, m=4t+1, t>1 ,
since P © L{ ; is isomorphic to P, © L5 ¢and P o L] is
cordial and total cordial, then Pk ®L 56 is cordial and
total cordial. Also, since P, ®Lg,,,, is isomorphic to
P oL, ¢ and Py ®Lj,,, ¢ is cordial and total cordial,
then P, 0 L¢,,,, is cordial and total cordial.

Case 3. When m = 2(mod4) and k is even that means
m =4t +2,t>1,and k = 2r, r > 1, then one can choose
the labeling
[M,,; L01L,0M,, ,,L,10L,1M,,_,, ..., (r — times)] for
P,, ©L¢,,,,. Therefore, xo = r,x, = 1,4, = 0,a; = 2r —
Lyy=2t+4,y,
=2t+3,by=b, =4t +6,y,=2t+3,y, =2t +4, and
= b, = 4t + 6. Consequently, it is easy to show that
vy — V1| =0 and |e;—e | =1. For the special case
P,, ® L, the labeling [M,,; L,0L,01,L,1L,10,..., (r -
times)] is sufficient and thus P,, @L6 s 721, 08
cordial and also total cordial.

Case 4. When m = 2(mod4) and k is odd that means
m=4t+2,t>1, and k=2r +1, r>0, then one can
choose the labeling
[M,,,1; LO1L,OM,, ,, L,10L, 1M 4, ..., (r —

times), L,10L,1M,, ,] for P, ©LZ, . Therefore,
xg=r+1,x,=r,a,=0,a, =2r,y, =2t +2t +

Ly, =2s+2t, by=b, =4s+4t,y, =2t +4,y, =2t +
3,by=b, =4t +6,

Yo=2t+3,y, =2t+4,by=b =4t +6,y; =2t +3,
y] =2t +4, and b; = b} =4t + 6, where y! and b; are
the numbers of vertices and edges labeled i in Lg .,
that are connected to the last zero in P,,,. So,

[vo —v1] =0, leg —el =1, and
[(vo + eo) (e, +v))|=1. For the special case
P, ®L6 o the labeling

[M,,,; L,OL,01,L,1L,10,..., (r — times), L,1L,10] is
sufficient and thus P2r +1 ®L6)4t . =1, is cordial and
total cordial.

Case 5. When m = 3(mod4) and k = 0(mod4) that
means m =4t + 3, t>1, and k =4r, r>1, then the
labeling

(Laps LylM 3 LI M gy 55 LI My 55 LI My 55 .00 (r =
time)] for P, ®Lg ., is applied. Therefore x, = x, =
2r,ay=2r,a, =2r-1,y,=y, =2t +3,b,=b, =
A+7, 9=y =2t+4 and by =b, =4t +7.
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Consequently, it is easy to show that [vy—v,| =0
lep—e;l=1, and |(v,+ey)— (e +v;)| =1. Thus,
P, ©LZ,,; is cordial and total cordial.

Case 6. When m = 3(mod4) and k = 1(mod4) that
means m = 4t + 3,t>1, and k = 4r + 1, r > 0, then one
can choose the labeling
[L405 Ly 1My 3, Ly M gy 55 Ly1M gy 5, L

JIMyy 5, ..., (r = time), L1M,, 5] for P, OL, 5.
Therefore, x, =2r + 1,x, =2r,ay,=a, =2r,y, = ¥, =
2t +3,by = b, =4t+7,yy=y, =2t +4, and
by=b =4t+7. So, |vy—v,|=1, le,—e;| =0, and
(vy + o) = (e, +v))| = 1. Thus, P,,,, © L ,, 5 is cordial
and total cordial.

Case 7. When m = 3(mod4) and k = 2(mod4) that
means m = 4t + 3,t>1, and k = 4r + 2, r >0, then one

can take the labeling
(L4105 L, 1M4t+3; LyIM 13, Lyl M i3, Ly

IM 4,55 .er (r — time), Ly{1M 4,5, L, 1M, 5] for
Py OLE 4y s Therefore,

Xog=x,=2r+lLay=2r+1,a,=2r,y, =y, =

2t +3,b,=b V=At+7,y0=y) =2t + 4, and
by = b, = 4t + 7. Hence, |v, — v;| = 0, e, —e,| = 1, and
(vo +€9) = (e, +v))| = 1. Thus, P, © L¢ ,, 5 is cordial
and total cordial.

Case 8. When m = 3(mod4) and k = 3(mod4) that
means m = 4t + 3,t>1, and k = 4r + 3, r >0, then one
can select the labeling
(L4001; Ly IM 5, LyIM g5, Li1M gy 5, L1 M gy 5

, (r —time), Ly1M 4,5, Ly{1M 45, L, 1M, 5] for
P, 30LZ,,.5. Therefore, x, = 2r +2,x, = 2r + 1,ay =
a;, =2r+1,y,=y, =2t+3,
by=b, =4t+7,y,=y, =2t +4,and by=b, = 4t +7.
Consequently, it is easy to show that [v, —v,| =1,
leg —el =0, and |(vy+e,)— (e, +vy)| =1. Thus,
P,.30L¢,, 5 is cordial and total cordial; by this, the
lemma was proved, and through the proofs of these
lemmas, we have completed the proof of our main
theorem. O

4r+

4. Conclusions

In this paper, we test the cordial and total cordial labeling of
corona product of paths and second power of lemniscate
graphs. We found that P, oL}  is cordial and also total
cordial for all k> 1, n,m > 3. In future work, we can improve
this work by using the different graphs with other mathe-
matical operations to prove the cordial and total cordial
labeling.
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