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For a graph G, its general sum-connectivity is usually denoted by χα(G) and is de�ned as the sum of the numbers
[dG(u) + dG(v)]

α over all edges uv of G, where dG(u), dG(v) represent degrees of the vertices u, v, respectively, and α is a real
number. �is paper addresses the problem of �nding graphs possessing the minimum χα value over the class of all trees with a
�xed order n and �xed number of pendent vertices n1 for α> 1.�is problem is solved here for the case when 4≤ n1 ≤ (n + 5)/3 and
α> 1, by deriving a lower bound on χα for trees in terms of their orders and number of pendent vertices.

1. Introduction

We only discuss simple connected graphs in this study. For a
graph G, its edge set and vertex set are represented by E(G)
and V(G), respectively. Let dG (u) indicate the degree of a
vertex u ∈ V(G). When there is no uncertainty regarding the
graph under consideration, we write d(u) instead of dG(u).
�ose (chemical-) graph-theoretical concepts and notation
utilized in this article but not described here may be found in
related books, such as [1–4].

For a graph G, its general sum-connectivity index χα(G),
devised in [5], is de�ned as,

χα(G) � ∑
uv∈E(G)

(d(u) + d(v))α. (1)

where α is a real number. �e special cases χ1(G) and
χ(− 1/2)(G) of χα(G) yield the �rst Zagreb index (for example,
see [6]) and sum-connectivity index of G [7].

A pendent vertex in a graph is a vertex of degree 1. In this
paper, we are concerned with the following problem con-
cerning the general sum-connectivity index.

Problem 1. Find the graphs having the maximum and minim
general sum-connectivity index χα among all trees of a xed
order and number of pendent vertices.

Cui and Zhong [8] studied the maximal part of problem 1
for − 1≤ α< 0. �e minimal part of problem 1 for − 1≤ α< 0
was solved in [9]. Tache and Tomescu [10] reported the solution
to the maximal part of problem 1 when α≥ 1; the minimal part
was solved in [11] for α � 1. Additional information about the
known mathematical aspects of the general sum-connectivity
index can be found, for example, in [12–16], in [17] (where
several general results give special cases for the general sum-
connectivity index), and in the related references given therein.

In this paper, a lower bound on χα for trees of order n and
number of pendent vertices n1 is derived for n≥ 1 and α> 1. As
a consequence of the obtained bound, the minimal part of
problem 1 is solved when 4≤ n1 ≤ (n + 5)/3 and α> 1.

2. Main Results

Before proving the main results, we give some de�nitions
and notation that are used in the rest of this section. �e star
and path graphs with n vertices are represented by Sn and Pn,
respectively. A branching vertex of a graph is a vertex of
degree greater than 2. For a graph G and a vertex u ∈ V(G),
denote by NG(u) the set of all those vertices of G that are
adjacent to u. �e elements of the set NG(u) are known as
the neighbors of u. A pendent path u1u2 . . . uk of a graphG is
a non-trivial path in G such that one of the vertices u1, uk is
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pendent and the other is branching, and each ui (if
2≤ i≤ k − 1) has degree 2.

Transformation 1. Let T be a tree containing at least two
branching vertices. Let u1u2 . . . ur be a pendent path of T

such that r≥ 3, where dT(u1)≥ 3 and dT(ur) � 1. Choose a
vertex w ∈ E(T) lying on the unique path between u1 and
another branching vertex of T. Suppose that T′ is formed
from T by inserting the two edges u1u3, urw, and dropping
the two edges u2u3, u1w. 'e trees T and T′ are depicted in
Figure 1.

Lemma 1. If T and T′ are the trees specified in Transfor-
mation 1, then χα(T)> χα(T′) for α> 1.

Proof. Since dT(u)1 ≥ 3 and dT(w)≥ 2, by using the defi-
nition of χα, one has

χα(T) − χα(T′) � dT u1(  + dT(w)( 
α

− dT u1(  + 1( 
α

− dT(w) + 2( 
α

+ 3α

≥ dT(w) + 3( 
α

− 4α

− dT(w) + 2( 
α

+ 3α

≥ 5α − 4α − 4α + 3α > 0,

(2)

for α> 1.
An internal path u1u2 · · · uk of a graph G is a non-trivial

path in G such that both the vertices u1, uk are branching,
and each ui (if 2≤ i≤ k − 1) has degree 2. Denote by T(n, n1)

the class consisting of all trees T with order n, pendent
vertices n1, and maximum degree 3 such that every pendent
(internal) path of T has length one (at least two, respec-
tively). If T ∈ T(n, n1) then after simple calculations, one
gets.

χα(T) � n − 2n1 + 5( 4α + 2 n1 − 3( 5α. (3)
□

Theorem 1. Let T be a tree with n vertices, among which n1
are pendent vertices. ,en

χα(T)≥ n − 2n1 + 5( 4α + 2 n1 − 3( 5α � ψα n, n1( , (4)

where the equality sign in the inequality holds if and only if
T ∈ T(n, n1).

Proof. For n � 1, 2, 3, 4, 5, the result is straightforwardly
verified. Next, suppose that n≥ 6. Note that the function fα
defined by fα(x) � (x − 1)xα − 2(x − 4)5α + (x − 7)4α, is
strictly increasing for x≥ 6 and α> 1 because fα′(x)>xα

− 2 · 5α + 4α ≥ 6α − 2 · 5α + 4α > 0. 'us, for n1 � n − 1 we
have T � Sn and hence

χα Sn(  − ψα n, n1(  � (n − 1)n
α

− 2(n − 4)5α

+(n − 7)4α � fα(n)≥fα(6)

� 5 · 6α − 4 · 5α − 4α > 0,

(5)

for n≥ 6 and α> 1. In what follows, we assume that
2≤ n1 ≤ n − 2 with n≥ 6 and we prove the result by using
mathematical induction on n1. If n1 � 2, then T � Pn and

χα Pn(  − ψα(n, 2) � 2 · 5α − 4 · 4α + 2 · 3α > 0, (6)

for α> 1. Next, assume that n1 ≥ 3 and that the theorem
holds for n1 − 1, where n1 ≤ n − 2 and n≥ 6. □

Case 1. 'e tree T does not contain any pendent path of
length greater than 1.

In this case, we consider its several subcases.

Subcase 1. 'e tree T contains at least one pendent vertex
whose neighbor has degree greater than 3.

Let u ∈ V(T) be a vertex of degree s having r pendent
neighbors u0, u1, . . . , ur− 1 and s − r non-pendent neighbors
ur, ur+1, . . . , us− 1, where s≥ 4 and r≥ 1. Since n≥ 6, one has
s − r> 0. By keeping in mind the inequalities s − r> 0, α> 1,
s≥ 4, and inductive hypothesis, we have.

χα(T) � χα T − u0(  +(s + 1)
α

+(r − 1) (s + 1)
α

− s
α

 

+ 
s− 1
j�r

s + dT uj  
α

− s + dT uj  − 1 
α

 

≥ χα T − u0(  +(s + 1)
α

+(r − 1) (s + 1)
α

− s
α

 

+(s − r) (s + 2)
α

− (s + 1)
α

 

� χα T − u0(  +(2r − s)(s + 1)
α

− (r − 1)s
α

+(s − r)(s + 2)
α

≥ ψα n, n1(  + 4α − 2 · 5α  +(2r − s)(s + 1)
α

− (r − 1)s
α

+(s − r)(s + 2)
α

� ψα n, n1(  +(s − r) (s + 2)
α

− (s + 1)
α

 

+(r − 1) (s + 1)
α

− s
α

  +(s + 1)
α

+ 4α − 2 · 5α

≥ψα n, n1(  + 6α − 5α  + 5α + 4α − 2 · 5α >ψα n, n1( .

(7)
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Figure 1: 'e trees T and T′ specified in Transformation 1, where
the subtree Hi may or may not be trivial, i � 1, 2, . . . , 5.
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Subcase 2. Every pendent vertex of T is adjacent to a vertex
of degree 3 and there is at least one vertex of degree 3 having
only one pendent neighbor.

Let u be a vertex of degree 3 and u0 be a pendent
neighbor of u. Assume that u1 and u2 are the non-pendent
neighbors of u. By utilizing the induction hypothesis, we get,

χα(T) � χα T − u0(  + 
2

i�1
dT ui(  + 3( 

α
− dT ui(  + 2( 

α
 

≥ χα T − u0(  + 2 5α − 4α(  + 4α ≥ψα n, n1( ,

(8)

where χα(T) � ψα(n, n1) if and only if dT(u1), dT(u2) ∈ 2{ }

and T − u0 ∈ T(n − 1, n1 − 1); e.g., if and only if T ∈ T(n,

n1).

Subcase 3. Every pendent vertex of T is adjacent to a vertex
of degree 3 and there is at least one vertex of degree 3 having
one branching neighbor and two pendent neighbors.

Let u be a vertex of degree 3 and u0, u1 be its two pendent
neighbors. Assume that u2 is the non-pendent neighbor of u.
By utilizing the induction hypothesis, we get

χα(T) � χα T − u0, u1 (  + dT u2(  + 3( 
α

− dT u2(  + 1( 
α

+ 2 · 4α ≥ χα T − u0, u1 (  + 6α + 4α

≥ψα n − 2, n1 − 1(  + 6α + 4α ≥ψα n, n1( 

− 2 · 5α + 6α + 4α >ψα n, n1( .

(9)

Subcase 4. Every pendent vertex of T is adjacent to a vertex
of degree 3, which has one neighbor of degree 2 and two
pendent neighbors.

If T has the maximum degree 3 and if T contains no pair
of adjacent vertices of degree 3, then T ∈ T(n, n1) and we get
χα(T) � ψα(n, n1).

Now, assume that T has the maximum degree 3 and
uv ∈ E(T) such that dT(u) � dT(v) � 3. Let w1 ∈ V(T) be a
vertex of degree 3 having two pendent vertices and a vertexw

of degree 2. Take NT(w) � w1, w2 . Let T′ be the tree
formed from T by deleting the edges uv, w1w, w1w, and
adding the edges w1w2, uw, vw. 'en, T′ is a tree with n

vertices and n1 pendent vertices. Also, note that both the
trees T and T′ have the same degree sequence. Since the
maximum degree of T is 3, it holds that dT(w2) � 2 or 3. On
the other hand, we have

χα(T) − χα(T′) � dT w2(  + 2( 
α

− dT w2(  + 3( 
α

+ 6α − 5α ≥ 0.

(10)

Note that if dT(w2) � 3 then χα(T) � χα(T′) and the tree
T′ contains a vertex (namely w1) of degree 3 having two
pendent neighbors and a neighbor of degree 3, and hence
from Subcase 3 it follows that χα(T) � χα(T′)>ψα(n, n1).

If dT(w2) � 2 then χα(T) − χα(T′)> 0. If T′∈ T(n, n1)

then we are done. If T′ contains at least one pair of adjacent
branching vertices then we repeat the above process until we
obtain the desired result.

It remains to prove the desired result in the considered
case (that is, Subcase 4) when the maximum degree of T is
greater than 3. Let u′∈ V(T) be a vertex of maximum degree
Δ, where Δ≥ 4. Take NT(u′) � u1, u2, . . . , uΔ  and let
v′∈ V(T) be a vertex of degree 3 having two pendent
neighbors and a neighbor of degree 2. Let v1 be a pendent
neighbor of v′. Without loss of generality, we assume that u2
lies on the unique u′-v′ path. Let T″ be the tree deduced
from T by deleting the edge u1u′ and inserting the edge u1v′.
Observe that the tree T′′ has n vertices among which n1 − 1
are pendent. 'us, by using the the inequalities dT(u) �

Δ≥ 4, dT(ui)≥ 2, i ∈ 1, 2, . . . ,Δ{ } (because of the considered
case), and inductive hypothesis, we have

χα(T) � χα(T″) + 
Δ

i�2
dT ui(  + Δ( 

α
− dT ui(  + Δ − 1( 

α
 

+ dT u1(  + Δ( 
α

− dT u1(  + 2( 
α

+ 4α − 6α

≥ χα(T′′) +(Δ − 1) (Δ + 2)
α

− (Δ + 1)
α

  +(Δ + 2)
α

− 6α ≥ χα(T′′) + 3 6α − 5α( 

≥ψα n, n1(  + 2 4α − 5α(  + 3 6α − 5α( >ψα n, n1( ,

(11)

for α> 1.

Case 2. T contains at least one pendent path of length
greater than 1.

First, we suppose that T contains only one branching
vertex. Assume also that T contains at least two pendent
paths of lengths at least 2. Let u0u1u2 · · · ur and v0v1v2 · · · vs

be two such pendent paths, where u0, v0 are branching
vertices and ur, vs are pendent vertices. Let T′ be the tree
formed by deleting the edge u1u2 and adding the edge u2vs.
Since α> 1 and n1 ≥ 3, we have

χα(T) − χα(T′) � n1 + 2( 
α

− n1 + 1( 
α

− 4α − 3α( 

≥ 5α − 4α − 4α − 3α( > 0,
(12)

'us, from the above discussion, we conclude that if T

contains only one branching vertex then

χα(T)≥ χα T
⋆

(  � n − n1 − 2( 4α + n1 + 2( 
α

+ n1 − 1(  n1 + 1( 
α

+ 3α,
(13)

where T⋆ is a tree formed by attaching n1 − 1 pendent
vertices to one of the pendent vertices of the path graph
Pn− n1+1. For 3≤ n1 ≤ 8, by direct calculations it is verified that
the inequality

n − n1 − 2( 4α + n1 + 2( 
α

+ n1 − 1(  n1 + 1( 
α

+ 3α >ψα n, n1( ,

(14)

holds for α> 1 Also, for n1 ≥ 9 and α> 1, one has

n − n1 − 2( 4α + n1 + 2( 
α

+ n1 − 1(  n1 + 1( 
α

+ 3α − ψα n, n1( > n1 − 1(  n1 + 1( 
α

− 2 n1 − 3( 5α,
(15)

the right hand side of this inequality is positive because
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n1 − 1
n1 − 3

 
n1 + 1
5

 
α
>

n1 + 1
5

 
α
≥ 2α > 2. (16)

'erefore,

χα(T)≥ χα T
⋆

( >ψα n, n1( . (17)

Next, we suppose that T contains at least two branching
vertices. By Transformation 1 and Lemma 1 there exists a
tree T† of order n with n1 pendent vertices such that T†

contains no pendent path of length greater than 1 and
χα(T)> χα(T†). However, by Case 1, it holds that
χα(T†)≥ψα(n, n1). 'erefore, χα(T)>ψα(n, n1). 'is com-
pletes the proof.

Observe that the class T(n, n1) is non-empty whenever
n1 ≥ 4 and n≥ 3n1 − 5. 'us, the next result immediately
follows from 'eorem 1.

Corollary 1. For α> 1 and 4≤ n1 ≤ ((n + 5)/3), among all
trees with order n and number of pendent vertices n1, the
element (s) of the class T(n, n1) uniquely minimize the
general sum-connectivity index χα.

3. Concluding remarks

For a graph G, its general Platt index [18] is defined as

Plα(G) � 
uv∈E(G)

(d(u) + d(v) − 2)
α
, (18)

where α is a real number. 'e graph invariant Pl2(G) is
known as the reformulated first Zagreb index of G [19].
Because of the similarity between the definitions of χα and
Plα, one obtains 'eorem 2 (corresponding to 'eorem 1)
and Corollary 1 (corresponding to Corollary 2).

Theorem 2. Let T be a tree with n vertices, among which n1
are pendent vertices. ,en

Plα(T)≥ n − 2n1 + 5( 2α + 2 n1 − 3( 3α, (19)

where the equality sign in the inequality holds if and only if
T ∈ T(n, n1).

Corollary 2. For α> 1 and 4≤ n1 ≤ ((n + 5)/3), among all
trees with order n and number of pendent vertices n1, the
element (s) of the class T(n, n1) uniquely minimize the
general Platt index Plα.
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[7] B. Zhou and N. Trinajstić, “On a novel connectivity index,”
Journal of Mathematical Chemistry, vol. 46, no. 4, pp. 1252–
1270, 2009.

[8] Q. Cui and L. Zhong, “On the general sum-connectivity index
of trees with given number of pendent vertices,” Discrete
Applied Mathematics, vol. 222, pp. 213–221, 2017.

[9] I. Tomescu and S. Kanwal, “Ordering trees having small
general sum connectivity index,”MATCHCommunications in
Mathematical, vol. 69, pp. 535–548, 2013.

[10] R. M. Tache and I. Tomescu, “General sum connectivity index
withα≥ 1 for trees and unicyclic graphs with k pendants,” in
Proceedings of the 17th International Symposium on Symbolic
and Numeric Algorithms for Scientific Computing, pp. 307–
311, IEEE, Timisoara, Romania, September 2015.

[11] I. Gutman, M. Kamran Jamil, and N. Akhter, “Graphs with
fixed number of pendent vertices and minimal first Zagreb
index,” Transmation Combination, vol. 4, pp. 43–48, 2015.

[12] A. Ali, “An alternative but short proof of a result of Zhu and
Lu concerning general sum-connectivity index,” Asian-Eu-
ropean Journal of Mathematics, vol. 11, Article ID #1850030,
2018.

[13] A. Ali, D. Dimitrov, Z. Du, and F. Ishfaq, “On the extremal
graphs for general sum-connectivity index (χα) with given
cyclomatic number when α> 1,” Discrete Applied Mathe-
matics, vol. 257, pp. 19–30, 2019.

[14] Z. Du, B. Zhou, and N. Trinajstić, “On the general sum-
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