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In this paper, we survey a common problem of the fixed point problem and the quasimonotone variational inequality problem in
Hilbert spaces. We suggest an iterative algorithm for finding a common element of the solution of a quasimonotone variational
inequality and the fixed point of a pseudocontractive operator. Convergence theorems are shown under some mild conditions.

Several corollaries are also obtained.

1. Introduction

Let H be a real Hilbert space with an inner product ¢-,-) and
an induced norm | - |. Let C be a nonempty closed and
convex subset of H. Let f: C — H be a nonlinear operator.
In this paper, our work is closely related to a classical
variational inequality of finding a point x" € C such that

<f(xT),x—xT>20, Vx € C. (1)

We use Sol(C, f) to denote the solution set of (1).

It is well known that variational inequality problems
provide a general mathematical framework for a large
number of problems arising in optimization [1-8]. For
example, constrained optimization problems such as LP and
NLP are special cases of variational inequalities, and systems
of equations and complementarity problems can be cast as
variational inequalities. Thus, variational inequality prob-
lems have many applications, including those in trans-
portation networks [9], signal processing [10, 11], regression
analysis [12], equilibrium problems [13, 14], fixed point

problems [15-19], and complementarity problems [1, 20].
There are numerous iterative algorithms for solving varia-
tional inequalities and related problems, (see for examples
[21-31]).

Let ¢: C— R be a convex function. Letting
f (x) = Vo (x), the variational inequality (1) is equivalent to
the following minimization problem:

min ¢ (x), (2)

which implies that we can use the following projection-
gradient algorithm [32-35] to solve variational inequality
(1), i.e., an iterative sequence {u,,} generated by the recursive
form:

Upi = prOjC [un - cnf (un)]’ (3)

where ¢, >0 is the step size, and proj.: H — C is the
metric projection.

The sequence {u,} generated by the projection-gradient
algorithm is the convergent provided. f is strongly (pseudo)
monotone (see [25, 36]), or f is inverse strongly monotone
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(see [10, 35]). However, if f is plain monotone, then the
sequence {u,} generated by (3) does not necessarily con-
verge. To overcome this flaw, many iterative methods have
been proposed, such as the proximal point method [37, 38],
Korpelevich’s extragradient method [39-41] and its variant
forms [42-44], the subgradient extragradient method
[45, 46], and Tseng’s method [47]. Especially, Bot et al. [48]
suggested the following Tseng-type forward-backward-for-
ward algorithm:

{ vy = P (u, = Af (1)),

Upy1 = B (Vn+/\(f(un) _f(vn)) +(1 _n“k)un’ Vn=0.

(4)

Bot et al. [48] proved that the sequence {u,} generated by (4)
converges weakly to an element in Sol (C, f) provided f is
pseudomonotone and sequentially weakly continuous.

Let Sol? (C, f) be the solution set of the dual variational
inequality of (1), that is,

Sol*(C, f) = {u e CI{f (x),x —u) =0, VxeC}. (5)

where Sol? (C, f) is the closed convex. If C is convex and f is
continuous, then Sol? (C, f) c Sol(C, f).

To show the convergence of the sequence {u,}, a
common condition Sol(C, f) Sol” (C, f) has been added,
that is,

(f (x),x—u)>0,

which is a direct consequence of the pseudomonotonicity of
f. But this conclusion (that is, Sol(C, f) c Sol” (C, ) is
false, if f is quasimonotone.

The main purpose of this paper is to introduce a self-
adaptive forward-backward-forward algorithm to solve
quasimonotone variational inequalities (1) and the fixed
point problem of pseudocontractive operators. The algo-
rithm is designed such that the step-sizes are dynamically
chosen and its convergence is guaranteed without prior
knowledge of the Lipschitz constant of f. We prove that the
proposed algorithm converges weakly to a common element
of the solution of a quasimonotone variational inequality
and the fixed point of a pseudocontractive operator under
some additional conditions.

Vu € Sol(C, f)andx € C, (6)

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T: C — C be a nonlinear operator. Fix(T) is
used to denote the set of fixed points of T, i.e,
Fix(T): ={x€Clx=Tx}. “— " and ©* — 7 is used to
denote weak convergence and strong convergence, respec-
tively. Let {u,,} be a sequence in H. w,, (1,,) is used to denote
the set of all weak cluster points of {u,}, ie,
w, (u,) = {uT: El{uni} c {u,} such thatu, —u' (i — oo)}.

Let f: C — H be a nonlinear operator. We recall that f
is said to be

(i) pseudomonotone if

Journal of Mathematics

<f(xT),x - xT> >0 implies <f(x),x - xT> >0,

Vx, x'eC

(7)

(ii) quasimonotone if
<f(xT), x - xT> >0 implies(f(x), x - xT> >0,

Vx,xT eC

(8)

(iii) L-Lipschitz continuous if there exists some constant
L >0 such that

“f(x) - f(xT)” <L|x- xT",for allx,x" e C 9)

(iv) sequently weakly continuous if u,—X implies that
f ()= f (%)
We recall that an operator T: C — C is said to be
pseudocontractive if
2 2 2
"T(x) - T(xT)" < ||x - xT” +||(I —Tx—(I-T)x" “ ,
(10)
for all x,x" € C.
For fixed x € H, there exists a unique x" € C satisfying
lx — x'|| = inf{]lx — X|l: X € C}. x is denoted by projc[x].

The projection proj. has the following basic property: for
given x € H,
(x - projo[x], y - projo[x]) <0, VyeC. (11)

Applying this characteristic inequality, we have the
following equivalence relation:

xe Sol(f,C)@xT = projc [xT - cf(xT)], V¢>0. (12)
In a Hilbert space H, we have
Jcu+ (= 0w = Clul® + (1 = Q|
, 1
-(A=Qfu-u"|,
VYu,u' € H and V{ € [0,1].

Lemma 1 (see [44]). Let C be a nonempty, convex, and closed
subset of a Hilbert space H. We assume that T: C — Cisan
L-Lipschitz pseudocontractive operator. Then, for all ti € C
and u' € Fix(T), we have

Ju" = T1(1 - @) + T @] < i - | "
+(1- @i - T[(1 - @) + T (@)]]I%,
where 0 <@ < 1/V1+ L2 + 1.

Lemma 2 (see [14]). Let C be a nonempty, convex, and closed
subset of a Hilbert space H. Let T: C — C be a continuous
pseudocontractive operator. Then,

(i) Fix(T) c C is closed and convex
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(ii) T is a demiclosedness, i.e., u,—Z and T (u,) — z'
imply that T (Z) = 2’

3. Main Results

In this section, we introduce our main results. Let C be a
nonempty closed convex subset of a real Hilbert space H. We
assume that the following conditions are satisfied:

(C1): the operator f: H— H is quasimonotone;
k-Lipschitz continuous and satisfies the following

property (P):
Hexn—»xT € Hasn — oo
liminf| f (x,,)|| = 0

n—+00

}implythat f(xT) =0
(15)

(C2): the operator T: H — H is pseudocontractive
and L-Lipschitz continuous

(C3): I: =Sol?(C, f)NFix(T) #+ @ and
{xeC: f(x)= 0}\Sold (C, f) is a finite set

Remark 1. If the operator f is sequentially weakly con-
tinuous, then f satisfies the property (P).

Next, we present an iterative algorithm for finding a
common point in I. Let {{,}, {«,}, and {®,} be three se-
quences in (0,1). Let 5 € (0,1) and ¢, > 0 be two constants.

Algorithm 1. Initialization: let u, € H be an initial guess. We
set n=0.

Step 1. Let the n-th iterate u, be given. We compute

{vn = (1-,)u, + ®,T ()

. (16)
Vn = (1 - an)un + (an (Vn)

Step 2. Let the n-th step size ¢, be known. We compute
w, = prOjC [Vn - Cnf(vn)]’ (17)

and
Upy1 = (1 - Cn)vn + ann + Cncn [f(vn) - f(wn)] (18)

Step 3. We update the n + 1-th step size by the fol-
lowing form:

Bllwn = v

[l il e e

Sn+1 ( 19)

G else.

We set n: =n+1 and return to step 1.

Based on Algorithm 1, we have the following remark.

Remark 2. (i) By (17), if at some  step
w, =V, = projc[v, — ¢, f (v,)], then v, € Sol(C, f). (ii) By
(19), ¢, <6, and ¢, > min{c, B/} for all n, so lim, ¢, =
¢" exists, and ¢" >min{g,, B/x} > 0.

Next, we prove the convergence of Algorithm 1.

Theorem 1. Suppose that 0<a<a,<A<®,<
O<1/V1+L*+1(Vn=0) and 0 <liminf,  {, <
limsup, ., <1. Then, the sequence {u,} generated by

Algorithm 1 converges weakly to some point in I

Proof. Let X € I'. Since X € Sol? (C, f) cC, from (11) and
(17), we have

<wn - Vn + Cnf (Vn)’ wn - 3'6> < O’ (20)

which yields that

<wn_Vn’wn_;C>Scn<f(vn)’)~c_wn>' (21)
Noting that w,, € C and % € Sol? (C, f), we have
<f (wn)’% - wn> <0. (22)

Combining (21) and (23), we obtain

<wn Vo Wy — %> + Cn(f (Vn) - f(wn)’wn - %> <0. (23)

In Hilbert space H, we have
(x=y,x-2z) =1/2(|lx - Y+ Ix = zl* = |y — z]*) for all
X, y,z € H. Setting x =w,,, y =v,, and z =X, we deduce
(Wy =V 0, = X) = 1/2(lw,, = v,I* + llw,, = ZI*~ Iv,, = XI*).
This together with (1) implies that

1 — —
(b=l +lw, = = - =17)

(24)
+ cn(f (Vn) - f(wn)’wn - ";C> <0,
and it follows that
=51 <l = 5 = 26,47 () = F ) =5

=l

Based on (18), we have
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s = % =11 =) (v = %) + $ (w, = %) + a6 [F () = f
=[(1 = &) (v = 2) + G (w, - D) + Gaall f () = £ ()]
20, (1= 0,)60(va = % f () — f (w,)
+ 2026, (w, ~ %, f (v,) — £ (w,)-

(26)

Using (13) and from (26), we deduce

e = %" = (1= C) v = ] + Callw, = 27 = 60 (1= Elvn — w|
+ CENf ) = f )| + 286, w, — . £ (4,) - f (w,)) (27)
+ 2(n (1 - n)cn<vn - 'TC’ f(vn) - f(wn)>

According to (25) and (27), we obtain

2

“unﬂ - %"2 < "Vn - 'TC" - (n (2 - (n)"Vn - wn"2 + (icﬁ“f(vn) - f(wn)"
+ Z(n(l - Cn)cn<vn - wn’f(vn) - f(wn)>

(28)
s "Vn - 35" - (n (2 - (n)"Vn - wn"2 + (icfl“f(vn) - f(wn)||2
+28, (1= G)allvn = wu[[| £ () = f (w,)]-
Thanks to (19), || f (w,) = f (v ) <Bllw,, — v,lI/6,,,,. This
together with (28) implies that
001 = 37 < I = 3 = € 2= Cllva = il + 73 -
n+1
Cn 2
+ 2(71 (1 - <'n)ﬁ 7"1/71 - wn" (29)
S+l
== x| 2 ¢ - 0B ‘n ~2(1- )82 |v - wi
Cn+1 Cn+l
SN
It is noted that 0<liminf, . {,<limsup, . {,<1 I - x" " (=) (1, = %) + 0, (T (%) = 3
and lim,, 0 6/Gpey = 1 Then, we have =(1-a,)|u, - x” +a,|T (3,) - 52”2 (32)
liminfn—»oo(n [2 - {n - CnﬂZCEL/Cle B 2(1 - (n)ﬁcn/crﬁl] > 0. —~ 1\ |12
So, there exists a positive constant 8 and a positive integer ./’ —a, (1- “n)””n -T (Vn)“ .
such that when n>/,\ .
Using Lemma 1, we have
t[aoc —cp cn (- ¢)p | s oy ITG)-x[ =T -o,)u, +a,T (u,)] - = o)
S ! <[ty - 7 + (1= @), - TG

In combination with (29), we get o .
Substituting (33) into (32), we get

[ Y T R N (R GO =% <, - 7| + Yau, -TE (34)

By (13) and (16), we obtain which results, together with (31), that

a, -,
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which implies that

((Dn - “n)“n”un - T(’vn)llz + 6”1/,,

By assumption, liminf, | (®, - «,)a, >0. From (35),
we conclude that |lu,,, — X[l <|lu, — %[|,n=> 4. Therefore,
lim,_ . llu, — X| exists, and the sequence {u,} is bounded.

In combination with (36), we derive

nl'gnoo“un -T@,)| =0, (37)

Jim [|v, - w, | = (38)

By (16), v, —u, = a,, (T (¥,) — u,,), it follows from (37)
that

Jim v, - u,| = 0. (39)

From (38) and the Lipschitz continuity of f, we have
lim || f (v,) = f (w,)] =0. (40)

According to the boundedness of the sequence {u,}, we
conclude that the sequence {v,} is bounded by (34) and the
sequence fw,} is bounded  because of

lw,ll < vl + gl f (vl by (17).
Since T is L-Lipschitz continuous, we have

“un - T(un)" < "un - T(?n)" +||T(vn) - T(un)"

A (41)
< ||un - T(vn)" + Lc‘on"un - T(un)".
It follows that
4 = T )| < 75 I = T @) (42)
This together with (37) implies that
dim o, =T (u,)] = 0. (43)
By virtue of (18), (38), and (40), we have
dim Ju,, - v, = 0. (44)

Next, we show that w,(u,) cI. Selecting any

x* € wy (u,) and letting { } to be a subsequence of {u,}

such that u, —x* as i — 00, from (38) and (39), we have

Vv, —x" andw —x* Takmgmto account (43) and Lemma 2,

we obtain that x* € Fix(T). Next, we show that

x* € Sol(C, f). Based on 1) and
pro]c[ ~ G, fv, )] we receive

<wni =V, + Cn,-f(vn,-)’ w, — xT> <0,

which yields

vx'eC, (45)

a)n - (xn)(xn”un

5
- T(i)n)nz - 6”1/” - wnllz,nz,/l/, (35)
- wn”2 < ””n - TCHZ —||M,,+1 - 76"2,712 N (36)
1
AV, "Wy —wy, )+ f Vo )W, =V,
R TR

vx' eC.

s <f(v”x‘)’xT - V"i>,

Iv,,, = w,, |l = 0. It follows from (46)

vni> >0,

There are two possible cases: liminf; [ f (v,)l] =0
and liminf; Il f (v, Il >0. ,

If liminf, . |If (v, Jll =0, by v, —=x" and f satisfying
(16), we obtain that f(x )=0.1If hmlnflﬁmoﬂf(v )|| >0,
then there exists an integer .¥ > 0 satisfying f (v,,) #0 ‘for all
i>.7. By (47), we achieve

) f(va)
liminf < /()

Let {f j} be a positive strictly decreasing sequence such
that §; — 0 as j — +00. By virtue of (48), there exists a

Owing to (39), lim;
that

1—>00

11m1nf<f( ) vx'eC. (47)

1—>00

vn[> >0, Vx'eC. (48)

strictly increasing subsequence {ni_
J

Vj=0,
< f (V”*'j) o
ey
J
which results that

(o) =) vl ()

= fw I f (v, )|| for all j>0. Then,
1 for each j>0."Owing to (50), we have

} satisfying n =5 and

_ Vnij> +&,>0, Vx'€C, (49)

>0, Vx' eCVjx0.

(50)

We se ?

{fo,)7,

(o) + 5,
Since f is quasimonotone on H, by (51), we get

(e 1o ) b+ & (o s, ) 20

vx' e C, Vj=0.
(52)
Since 1m, oo L (1, I, = lim; _.€; = 0 and f
is Lipschitz continuous, lim; ., f (x + &1 f (v, )| ¥;) = f (x).
i
Letting j — + 00 in (52), we deduce

V-, >>o, vx' e C,Vj=0.

(51)




<f(xT),xT - x*> >0, Vx'eC, (53)

which means x* € Sold(C 1.

Next, we show that x* is the un1que weak cluster point of
{u,} in Sol’ (C, f). Let X € Sol? (C, f) be another weak
cluster point of {u,}. Then, there exists a sequence {u,} of
{u,} satisfying U, —X as j — +00. We note that for all
k>0,

%12

2(u,, x" - X) = Lol (54)

We note that lim,_, |
exist. From (54), lim

u, —x*| and lim,_,lu, — %

oo (U X* — X ) exists. Hence,

lim <un,x —x>— lim un_,x*—E>. (55)

i—+00 j—+00 7

Since u, —x* and U, =X, from (55), we have
(x*,x° - %) =(%x" — %), (56)

which implies that |[x* - %> =0, and hence x*=%.
Therefore, {u,} has the unique weak cluster point in
Sol’ (C, ). By the condition (C3),
[x € C, f(x) = 0}xSol? (C, f) is a finite set. Therefore, {u,}
has finite weak cluster points in Sol(C, f) denoted by
Q1592 - - > G- We set Ny ={L2,...,m} and
Y= min{llqj —qill/3, j, k € NO,j;kk}. Let g;,j € Nj be any
weak cluster point in Sol (C, f) and {uf,l} be a subsequence of

{u,} satisfying u, —q; as i — + co. Then, we have

lim <uj q]—qk>=< — >
. n;’
o\ g - i "o - ad (57)

Vk € Nyandk # j.

By the definition of v, we have Vk # j,

<q > la; - qkll o[ ~lacl?
: |% a o

Nal -lad
R

(58)

In the light of (57) and (58), there exists an integer int{

such that when i >int/,
o ot }
2|q; - a) (59)

B
" { To-al
keNy,k+j.

We write
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Iqj\iz—nqknzk

2la; - ai

Sbj:k=1r,2¢j{ < |q1 qk">

Taking into account (59) and (60), we have u,, € Sb
when 1>max{1nt j €Nyt

(60)

Now, we show that u, € UL, Sb; for a large enough n. If
not, there exists a subsequence { nl} of {u,} such that
u, ¢ UL, Sb;. By the boundedness of { } there exists a
subsequence of { "1} convergent weakly to x*. Without the
loss of generality, we still denote the subsequence as {u }
*18bj, so u, ¢ Sb; for

any j € N,. Therefore, there ex1sts a subsequence { "zs} of

{”n,} such that when Vs >0,
ol et }
2|q; - ai (61)

{< Toal) "

According to assumptions, u, ¢ U

ke Ny, k#j.
Thus,
< ¢ { . < > |¢1}."2 —|le"2}’
|q, qu 2||q,- —qk|| (62)
ke Ny, k#+j,

which implies that x* # q; and j € N This is impossible. So,
for a large enough positive integer N, u, € U7;Sb; when
n>Nj.

Next, we show that {u,} has the unique weak cluster
point in Sol(C, f). First, there exists a positive integer
N, >N, such that |u,,, —u,l <v for all n>N,. We assume
that {u,} has at least two weak cluster points in Sol(C, f).
Then, there exists 77> N, such that u; € Sb; and u; | € Sby,
where j,k € N, and m>2, that is,

es= A Naf la?

unGSb] kfk¢j‘| < ”q] qk"> 2||q] qk" }
(63)

and

i < She= H zay,, —||qfn}

n+ J-Litk ”qk %" Zqu a;)
(64)

Therefore,

(ot ILE
al)”" gl
and
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< |qk %||>

Combining (65) and (66), we achieve

< q; — 9k >
Us—Us s > 2. (67)
l9; - a)

At the same time, we have

ad*-laf
=]

(66)

"u’r?-v-l

Based on (67) and (68), we deduce

2v<<”;-“;+pﬁg> <l —uz<v (69)

i~ 4k

— el <. (68)

This leads to a contradiction. Then, {u,} has the unique weak
cluster point in Sol(C, f). So, the sequence {u,} has the
unique weak cluster point x* € I'. Therefore, the sequence
{u,} converges weakly to x* €. This completes the
proof. O

Based on Algorithm 1 and Theorem 1, we can obtain the
following algorithms and the corresponding corollaries.

Algorithm 2. Initialization: let u, € H be an initial guess. We
set n=0.

Step 1. Let the n-th iterate u,, and the n-th step size ¢, be
given. We compute

w, = prOjC [un - Cnf (un)]’ (70)
and

Up1 = (1 - Cn)un + (nwn + (ncn [f (un) - f(wn)] (71)
Step 2. We update the n + 1-th step size by the following
form:

. Blwn —
] mm{cn, ”f

(Lv)—f(u)n} if f(w,)# f (u,),

Cn+l

S else.
(72)

We set n: =n+1 and return to step 1.

Corollary 1. We assume that the operator f: H — H is
quasimonotone, «k-Lipschitz continuous and satisfies the
property (P). Suppose that Sol* (C, )+ @,
{xeC: f(x)= }\Sold (C,f) is a finite set and
0 <liminf,_, {, <limsup, .. (,<1. Then, the sequence
{u,,} generated by Algorithm 2 converges weakly to some point
in Sol(C, f).

Algorithm 3. Initialization: let u, € C and ¢,>0. We set
n=0.

Step 1. For known u,, we compute

Upi = (1 - “n)un + (an[(l - (Dn)un + CDnT(un)]' (73)

Step 2. We set n: =n+ 1 and return to step 1.

Corollary 2. We assume that T: C — C is a pseudocon-
tractive and L-Lipschitz continuous operator. We suppose
that Fix(T)#+@ and 0< a <, <a<®,<®d<1/ VI +L? +
1(Vn>0). Then, the sequence {u,} generated by Algorithm 3
converges weakly to some point in Fix(T).
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