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Multivariate polynomials of finite degree can be expanded into Bernstein form over a given simplex domain. The minimum and
maximum Bernstein control points optimize the polynomial curve over the same domain. In this paper, we address methods for
computing these control points in the simplicial case of maximum degree L. To this end, we provide arithmetic operations and
properties for obtaining a fast computational method of Bernstein coefficients. Furthermore, we give an algorithm for direct
determination of the minimum and maximum Bernstein coefficients (enclosure boundary) in the simplicial multivariate case.
Subsequently, the implicit form, monotonicity, and dominance cases are investigated.

1. Introduction

The enclosure of Bernstein function F estimates the range
of polynomials over a given simplex. In order to determine
the enclosure boundary, all Bernstein coefficients of degree
L are needed in the traditional approach and their number
is large for Bernstein functions with moderately many
variables. The problem of minimizing and bounding
polynomials for global optimization problems was con-
sidered in [1]. The use of Bernstein expansion for a given
power form polynomial over a simplex (triangles) was
considered in [2-6]. Applications of a similar approach on
shape designs and geometric representations in computer-
aided geometric design were generalized in [7]. Further-
more, a computational method for reaction diffusion model
was addressed in [8]. In [9], the authors published results in
degree elevation and subdivision of the underlying simplex
of Bernstein basis for solving global optimization and
system problems. In [10, 11], the tensorial Bernstein case
over boxes was addressed for computing the enclosure

range of a given (multivariate) rational polynomial func-
tion, which is slow. Generally speaking, minimizing and
maximizing of Bernstein coefficients provide bounds for
the range of its polynomial function F over any given
simplex, whereas the complexity of computing these co-
efficients is high. In this paper, we simplify the computa-
tional of Bernstein coeflicients in high degree over a
multidimensional simplex. Moreover, we provide a fast
method for direct determination of the Bernstein enclosure
boundary depending on the indices. This method covers the
monotonicity of indices, tolerance case, and implicit
Bernstein coefficients. Since our results are mathematically
proven, we only give simple examples to be followed by
readers.

This paper is organized as follows. In the next section, we
briefly recall the simplical polynomial Bernstein form. In
Section 3, we present the Bernstein expansion and properties
over a simplex. The main results about the optimization and
fast computation of Bernstein control points are given in
Section 4. Conclusions are given in Section 5.
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2. Background of Bernstein Expansion

We present the background and fundamental notations of
Bernstein basis over a nondegenerate simplex. From the
literature, we give the following definition of simplices.

Definition 1. Let 0y, ...,0, be n+ 1 points of R”". The list
v = [oy,...,0,] defines a simplex of vertices o, . . .,0,. The
convex hull of the vertex points gy, . . ., 0, of v is the set of R"”
defined as |v|. The largest edge of |v| defines the diameter of v.

Throughout this work, the points oy, ..., 0, are affinely
independent in which case the simplex v is nondegenerate.
For simplicity, we consider the standard simplex
A = [ey ey, ...,e,], where g is the zero vector in R"” and ¢; is
the i™ vector of the canonical basis of R, i € {1,...,#}. This
is because any simplex v in R” can be linearly transformed to
A. We also recall that x € R" can be formulated as an affine
combination of oy, ..., 0, with the barycentric coordinates
Xoo--okn I x=(x,...,x,) €A, then (y,...,x,) =
(x1,...,x,) and y, = 1 = Y, x;. For every multi-index o =
(otgs-- > 0,) € N and y = (yp,- -, x,) € R™, we write
lal = oty ++--+a, and x%:= [[,x;. Let the entry-wise
relation < be given, then for a, € N**! with f<a, we

define
(ﬁ):[K&)' W

If L € N is the degree of any polynomial function such
that la| = L, then we use the notation

(i) = LU (ay! - ).

Definition 2. The Bernstein basis of maximum degree L over
v is defined as (Sﬁ)mzL, where

S, = ( t )x”- (2)
(04

Note that Bernstein basis takes nonnegative values on v
and Y, St =1. Let F be a power form polynomial of
degree I,

F(x) = Z cﬁxﬁ. (3)
BI=1

Since the Bernstein expansion forms a basis of the vector
space R, [X] of polynomials of maximum degree L, see
Proposition 1.6 in [7], then F (x) can be expanded as (I <L)

F(x)= ) C,(F,Lv)S; (x), @)

la|=L

where C,(F,L,v) denote the simplicial coefficients of
Bernstein polynomial F of degree L over v.

Remark 1. Let A = v, the grid points of degree L associated
to A are the points
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o, (L,A) = - e R"(|af = L), (5)

where the associated control points to F are

(0, (L, A),C,(F,L,A)) € R"™" (Ja| = L). (6)

Proposition 1 (see Proposition 2.7 [9]). For F € R, [X], the
following properties hold:

(1) Interpolation at the vertices is as follows:

Cpr, =F(0;), i=0,....m (7)

(2) Convex hull of control points: the graph of F over v is
convexly optimized by the convex hull of its associated
control points, see Figure 1.

(3) Enclosure bound property: the following bound for F
holds:

minC, (F,L,v)<F(x)< maxC,(F,L,v), x € (8)
lal=L la|=L

Theorem 1 (see Theorem 3.3 in [12]). Let F(x) be a
polynomial in Bernstein basis of degree L. Then, its power
form is

F(x) = Z c,x", 9)

la|=L

where

=¥ e f( DY\ ew -
a /;)(1) <a)<ﬁ)cﬂ’ ol =L (10)

3. Simplification of Bernstein

First, we provide the method of affine transformation of v
upon the standard simplex A, where the barycentric coor-
dinates y can be transformed to Cartesian coordinates.
Subsequently, we simply express power form polynomials
into Bernstein form over simplices. Let v = (0, ..., 0,) and
0;= (x{, .oxh) for all j€{0,...,n}. Therefore,
x=(xp,...,x,) =x,(0; —09) +--- + ), (0, —0y) + 0, and
xp= () —aD+ oy, (= XD+ X9, x, =

Oy (b = x9) + -+ + x,, (2 = x%) + x2). Then, we have

10 no 0 0
X Xp =X ... X]—X) X1 X,
= : : . : + L (1)
10 w0 0
X, X, =X, ... X,—X, Xn X,
from which we have
1 0 n 0\ ! 0
X1 xXp—x) o0 X - x) X X,
xL— 0 x" — x0 X 0
Xn n n °°° n n n xn
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FiGure 1: The curve of a univariate polynomial p, the colored convex hull of control points optimizes the polynomial curve, and the
minimum Bernstein value approximates the minimum range.

In the following, we simplify the method of expanding 3
power form polynomials in Bernstein form over a simplex. F(x) = AZACE’C : (13)
p<l
Notation 1. Consider a = (&, «,) € N**! with y € R™!, and ) )
from (3), we get 0<p, <l=l,,0<p,<l-B,= L,,...,0< From Notation 1, we can write 3 = | =25, <1, -+ 2p, <1,
> . Additionally (|&| + ay = L),
B, <= (B +-+p,1))=l, Any polynomial power form

F(x)in (3) ofdegreef = (I4,...,1,) can be expressed on A as

(a’LOCO)=(;)'<L;Zal)“'<L_(“l +a-n~-+ocn_l))'(L—(ocl :;0...+oc,,)) .
(LU

Proposition 2. For (@, a,) € N**! and L e N, the sim- -

- B
plicial Bernstein expansion of maximum degree L can be given F(x) = AZ x
as 1Bl <!
F@= ¥ CRy®Say® s = Y X et (el 4 11l
~ N7 e Bishi Bu<h,
(tx,sz)SL
where L-1B|
= Z Z C»lgxlfl ...xﬁ"
(Z) i ~ Bi<h Bn<l, m SL—‘B| ?
Sy () = x* (1 =]xD)™, (16)
() _
@, o

7 (1 =[BT

;)
B (A N, LBl -~ o
c((%%) (F):AZ %CE, 0< (@ag)<L  (17) -y ¥ a B (1~ E
pee ( B. Bo ) p<ipl<LAp ¥
L_lﬁl a L]
Proof. Let F be a polynomial power form of maximum = c x*(1=|x])"
poly. p B N

degree I. For ;=L - |B|, we have (L>1) Bellal<L a-p



4
()
Y Y N PIRER LG e
= <
B
&
<E> L. «
= AZ MZACW .
(oc,txo)gLﬁga < ) @ &
B:Bo "
4. Main Results

The number of Bernstein coefficients of n-variable poly-
nomial F(x) of maximum degree L is equal to

L+n . ..
D = ( L ) We aim to store and represent the minimum

and maximum Bernstein coefficients in a fast determination
method.

In the following proposition, we show the linear com-
bination property of Bernstein coeflicients.

Proposition 3. Consider F be in the Bernstein basis over a
given simplex. The coefficients of Bernstein of maximum
degree L obtain a linear combination of coefficients of lower
degree 1.

Proof. Let the Bernstein form F of maximum degree [ be
given on A,

F() = Y Clay)BLNSE . (19)

[al+ay=I

We deduce from the Bernstein basis that

I ~ ~
S =< >x“(1 ~lx)
0 @, o

I _
=< >x“<1 —lah)® (Jxl + 1 =|xD", I<L

a, o
1 R L-1
=<A (=l Y|
o, o Fl+yo=L-1 \ V> Vo
X (1 -|x"

)

! L-1\ __
X7 (1)
Dlpe=L-1 \ &0 / \ 957,
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(@ +P=K, ay + yo=Kp)

- 3

) L-1 ~
( >< )x”(l = |xD*
[Kl+7y=L a, %) K-, Ko — O
a, o K—0,K)— o KKy /) =

3 ] X (1=
[l +#y=L < >
K, K,

_ Z @, o K—Q, Ky — o o
B ~ L (K’Ko)’

|x|+x,=L < >

X, K
(20)

from which we have

I L-1
<&,a0><ﬁ—a,xo—cxo>
T
X, Ky

O

C (ko) (F,L,A) = Z

[al+ay=I
C (3.0) (F,LA).

Remark 2. Consider F (x) be a given polynomial of degree L
over a simplex. The Bernstein coefficients of (BF/axM)(x)
can be calculated by taking linear combinations of Bernstein
coefficients of F of degree L — 1, i.e, for all || =L -1,

Co(FiL=1,A) = L(Cy,, - C,)- (22)

Example 1. Let F(x,,x,) = 2x;x3—0.6x?+x, +0.5 be
given over the standard simplex A. The computed Bernstein
coefficients of (0F/0x;)(x) are as follows:

1 1 3
04 0.4 . (23)
-0.2

C(F,1,A) =

For determining the enclosure boundary in only one
dimensional polynomial of degree 2, we need to compute 6
coeflicients.

Remark 3. The minimum value of the enclosure bound
optimizes the minimum range of its original polynomial (see
Figure 2). For positivity analysis of polynomial systems, if
the minimum enclosure is positive, then we certify the global
positivity of its polynomial over the given domain.
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FiGure 2: The surface of a bi-variate polynomial over the standard simplex, the coeflicients of Bernstein marked by black points, and the
minimum enclosure bound (blue surface) bounds its polynomial surface over the whole domain.

4.1. The Implicit Bernstein Form. In this subsection, we
provide a method of computing the implicit Bernstein co-
efficients over A. Let

F(x)=F(x)"+..+F(x)", (24)
be a given P ynom1a1 power fo(rgn comprising the mono-
mials F(x)", r=1,...,¢ Let 7 eN" refl,...,t} then
F can be wrltten as

~() ~0
F(x) = Cﬁ(l P c/gmcﬁ , with |ﬁ(r)| =1, (25)

for some r € {1,...,t}.

For aV01d1ng the constant terms, we assume that
Iﬁ |>0f0rallr—l

If F consists ¢ terms of monomials, then each Bernstein
coefficient of degree L can be added to the corresponding
Bernstein coefficient of the next term:

(r)

C({X(X)(F L A) ZC(?(V )) (F)L)A)) 'a(f) +(X0 —L,
(26)
0000
12
033
Co(F,LA) = 5 +
0 _
3
0
5 5 55
16 17
;1617
~ 3 3
B 17
5 —
3

where C"

A(r

) (F, L, A) are the coefficients of the r th term

of Bernstem F.

Remark 4. Consider F (x) and P (x) be in Bernstein form of
the same degree L. Then, we have

F(x) + P(x) = ) (C,(F,L,A) +C,(P,L,A))S, (x).

la=L

(27)

Example 2. Let F(x;,x,) = 2x,x, — 0.1x3 + 5 of degree | =
3 be given over the standard simplex A = [e(, e, e,]. Adding
Bernstein coefficients to the corresponding coeflicients of
each term gives the total number of Bernstein coefficients for
F(x):

S oo o
o o o
gl U1 U1
SRS
w1 >

(28)



The minimum and maximum values of C- (F,[,A) ap-
proximate F, and the number of computed coefficients is
D = 10.

Fip= Y | Cu(F LA+ )

lal=L

4.2. Monotonicity of Monomial Coefficients. In this subsec-
tion, we show the monotonicity of Bernstein coefficients for
high dimensional monomials over a simplex. We assume t =
1 and F(x) is an n— variable monomial.

Lemma 1. Let F(x) = c~xf, x € R", be a monomial and

(€gs--->e,) denote the canonical basis of R™!. Then, the

Bernstein coefficients C(Ea )(F, L, A) are monotone with re-
&

spect to @, i.e.,

Ci(E,LA)<Cy,, (F,LA), ife;>0,
- (30)
C-(F,L,A)>C;

ate;

(F,L,A), if &< 0.

Proof. Let F(x) = c<xP, 0 < |B| <1, be a multivariate power
form monomial of degree / on A. We can express F(x) in the
monomial Bernstein form of degree L>[. Assume without
loss the generality that o> 0. Then, we conclude that

) ()
B B =C~_(F,L,A),

CE(,F> L, A) = b L "E T Mate
<ﬂ>

for. i € {0,...,n}. O

IN

4.3. Polynomials under Dominance. In this subsection, we
consider polynomials (of two terms)

F(x)=F(x)" + F(x)) of orders 3(1))3(2)’ respectively,
and Cﬁm >0, CE(Z) <0. Assume for simplicity that [ = L. We

provide a direct determination of max C, (F) and min C,, (F)
that occur at some a*,a"* € N", respectively.

Proposition 4. If V|a| <land|[y| =1, € N,
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Remark 5. Let F(x) be of degree L and p(x) be of degree
Lp with LP < L. Then, we have

Lp> (LF—LP>
B/ \ a-p

|Bl=min{L,.lal}

Ca(p. Ly ) [sH). (29)

< . >
o
C(F,LA) +b, (FY,1,A)
=) (+) (32)
>Cs (FTLLA) + C(FY, 1 A),
then @ =e, and @ = aforsomed obtains |a| =1 with
a, =0.

If V|&@| <land [j] = I
C(F LAY+ ¢, (FY,10)

+e;

(33)
>C, (F7,LA) + Co(FY,L,A),

then @" =¢, and a" = aforsome@ obtains |a| =1 with
a, =0.

Proof. We give the proof of (32) and the proof of (33) is
analogous. For all |&| <! and [p| = I, we have

Cae (BLA) =G5 (FTLA) + G5 (FY,LA)

a+te;

<C., (F7LA)+ c;(F(”,l, A)

ate;
<CG(F,LA) +C, (FY,1,A)
<C(F7,LA) + C(FY,LA) = CL(F, 1, A),
(34)

where C=(F, 1, A) are decreasing with respect to @ and the
proof follows. U

4.4. Monotonicity of Polynomial Coefficients. The determi-
nation of enclosure boundary for multivariate polynomials
in Bernstein form required D number of coefficients. The
minimum Bernstein coefficient of multivariate polynomials
approximates the minimum range over the same domain
(see Figure 2). We dramatically reduce the search space of
coefficients by obtaining the monotonicity of Bernstein.

Remark 6. Consider F(x) and P(x) be polynomials in
Bernstein form of degree L and Ly, respectively. From [13],
we have
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)
("

Cy(F.Lg)Cy 5 (P.Lp))S " 0) ()

F(x)-P(x)= )

[YI=Le+Lp | |Bl=min{Lylyl}

= Y ¢, (F-P)s) (x),

lyl=Lp+Lp
(35)

Example 3. Let F(x,x,) = 2x,x, — 0.6x7 + x5+ 0.5 and
P(x;,%,) = 0.1x2 — 0.2x,x, + x; + 0.3 be given over A. The
computed Bernstein coeflicients of F - P of degree L + Lp =
4 are as follows:

0.15 0.15 0.2 0.3 045

0.275 0.3167 0.4917 0.75

CY(F-P,4,A) =1 0.3783 0.6283 1.045
0.31 1.015
-0.14

(36)

The number of computed coefficients of degree 4 is

4+2
p-(*17)-1

In the following theorem, we generalize the method of
fast determination of Bernstein enclosure boundary to the
case of monotonicity.

Theorem 2. The multi-indices & and &" of the minimum
and maximum coefficients of a Bernstein polynomial F (x)
over a simplex with power form coefficients CE(,) >

0 (c?r) <0analogous) for all r = 1,...,t satisfy
& = mina (37)
r=1,...,t

_ r
a = max a . (38)
r=1,..,t

Proof. We give the proof of (37), and the proof of (38) is
entirely analogous. Assume that c-» >0, =1,...,t. We
proceed by contradiction and assfime there is some &,
0<|a*| <, from which

(D
a <a ,

refl,... th (39)
It follows that
a’ =e, (40)

Therefore, we deduce that I&*ml >0, forallr € {1,...,t}.
Then, the coefficients of Bernstein C)( p,L,A) are
«

decreasing with respect to @'” and 1" =1 for all
r€{l,...,t}. Additionally, the coefficients C-(F,l,A) =

p- C (F,1,A) are decreasing with respect to @ and so

~(r,
24

|a*| > 0, which is a contradiction of (40). O

Example 4. Let F = 3x” + x° + 6x® be a polynomial power
form given over I = [0, 1]. By application of Theorem 2 to F,
we directly find that @ = 8 and @ = 0. Subsequently, the
respective maximum and minimum Bernstein values appear
at the corresponding values of @ and @, which can be
computed using (17).

Corollary 1. Let F(x) be a (multivariate) power form
polynomial of t terms with coefficients cEm >0,Vr=1,...,t

Then, for allr € {1,...,t}, the multi-indices of minimum and

maximum Bernstein coefficients are appeared as & = ey
PUNC N ~ S

and & = &, forsomea” =B with|&a"| = L. If the co-

. —~+(
efficients a~» <0, Vr = 1,...,t, then we have & = ey, and
B

PORCIISN ~ S
a" = a", for somea™ =B with [a"| = 1.

Corollary 2. By Lemma 1 and Theorem 2, the number of
coefficients that are needed to determine the enclosure
boundary of n— dimensional polynomials over a simplex does

not exceed ( 1 ; " )

5. Conclusions

In this work, we considered computing the minimum and
maximum Bernstein coeflicients (enclosure boundary) that
optimize the range of polynomials over a simplex. We re-
duced the high complexity of computing all #n-dimensional

. . 1+n
Bernstein coefficients of degree L to ( ) Therefore, we

1
covered the cases of monotonicity, dominance, and multi-
variate monotonicity of Bernstein coefficients. Finally, the
index of enclosure boundary was directly determined and
only the enclosure value computed. In the future work, we
consider generalizing this method to new classes of func-
tions such as rational polynomial functions over triangles.
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