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Recently, Yuankui et al. (Filomat J. 35 (5):17, 2022) studied g-analogues of Catalan-Daehee numbers and polynomials by making

use of p-adic g-integrals on Z,

. Motivated by this study, we consider g-analogues of degenerate Catalan-Daehee numbers and

polynomials with the help of p-adic g-integrals on Z,,. By using their generating function, we derive some new relations including
the degenerate Stirling numbers of the first and second kinds. Moreover, we also derive some new identities and properties of this

type of polynomials and numbers.

1. Introduction

Numerous exceptional numbers and polynomials have been
concentrated by utilizing different techniques, including
producing capacities, p-adic investigation, combinatorial
techniques, umbral math, differential conditions, likelihood
hypothesis, and scientific number hypothesis. In [1],
Kuculoglu et al. developed producing capacities for new
classes of Catalan-type numbers and polynomials. Utilizing
these capacities and their useful conditions, they gave dif-
ferent personalities and relations, including these numbers
and polynomials, and different classes of extraordinary
numbers, polynomials, and capacities. Some endless series
portrayals, including Catalan-type numbers and combina-
torial numbers, were examined. In addition, a few repeat
relations and computational calculations in the Python
programming language represented the Catalan-type
numbers and polynomials with their plots under the ex-
traordinary circumstances. They likewise gave a few sub-
ordinate equations for these polynomials. Above,
polynomials and numbers can be determined by utilizing the
Riemann indispensable, shape fundamental, Volkenborn
vital, and fermionic p-adic essential.

Catalan-Daehee numbers and polynomials were pre-
sented in [2], and a few properties and personalities related

with those numbers and polynomials were inferred by using
umbral analytic procedures. The group of straight differ-
ential conditions emerging from the creating capacity of
Catalan-Daehee numbers was thought of as in [3]. In [4], a
few properties and personalities related with Catalan
numbers and polynomials were inferred by using umbral
analytic procedures. Dolgy et al. [5] gave a few new char-
acters for those numbers and polynomials got from p-adic
Volkenborn vital on Z . Recently, Yuankui et al. [6] pre-
sented and contemplated g-analogues of the Catalan-Daehee
numbers and polynomials with the help of p-adic g-integrals
on Z,. The point of this study is to present g-analogues of
the ruffian Catalan-Daehee numbers and polynomials by
utilizing p-adic g-essential on Z, and infer a few un-
equivocal characters for those numbers and polynomials
connected with different exceptional numbers and poly-
nomials. For the remainder of this segment, we review the
important realities that are required throughout this study.

Let p be a fixed odd prime number. Throughout this
study, Z,, Q,, and C,, will denote, respectively, the ring of
p-adic integers, the field of p-adic rational numbers, and the
completion of the algebraic closure of Q,. The p-adic norm
| -1, is normalized as using |pl, = 1/p. Let q be an inde-
terminate in C, with |1 - g, < p~ /»~1). The g-analogue of
x is defined through [x], = (1 -g")/(1-q). Note that
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lim, ., [x], = x. Let f be a uniformly differentiable func-
tion on Z,. Then, the p-adic g-integral on Z,, is defined by
Kim as [4, 7]

pN-1
jzp Sy () = fim 3 f g (x+ 972,

[ N] Z f(x)q", (see[7,8]).

(1)
From (1), we note that
a| | £G4 Dy = | F @0y () + @ DO
P P
X (2)
q- ’
+l—og qf (0),
where f'(0) = (df/dx)|,, ([7-12]).
Let us take f(x) =e*. By (1), we get
-1+ -1/ t .
N
ge —1 z,
The g-Bernoulli numbers are defined by ([6])
(g-1)+((g-Dlog @)t
B
pr ZO nqn, (4)
From (4), we note that
(g—1, ifn=0,
q(B,+1)" - B At (5)
1 i log g
L 0, ifn>1,

with the usual convention about replacing By by B,
The Catalan numbers are defined by the generating
function as follows ([1, 4, 6, 13, 14]):

2 1-+1-4t &
= =Y C,t, (6)
1+ 1 -4t 2t &
where te CP with |t|P <p- (1/p-1) and
C, = )+ 1), (n20).

The Catalan polynomials are defined by the generating
function as follows ([4, 13]):

a2 _ 2 )
sz(l T () = = (-4
(7)

= i C, (x)t",

n=0

where t € C,, with |t|, <p~ (U (p-1),
When x =0, C,, = C,,(0) are called the Catalan numbers.
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Thus, by (6) and (7), we have

> Y (E)siompearCon )

m=0 j=0

C,(x) =

Kim-Kim [2, 3] introduced the Catalan-Daehee poly-
nomials defined by
(1/2)log (1 — 4¢)

1_4tx/2
1-4t-1 ( )

JZ (1- 4652 du(y) =
(9)

(o)

=>d, (0"
n=0

When x =0, d,, = d, (0) are called the Catalan-Daehee
numbers.
From (6) and (9), we get

1, ifn=0,

dn = n—1 4n—m—1 (10)

By using (2), the g-analogues of Catalan-Daehee num-
bers are defined by ([6])

q-1+((g-1)/log q)(1/2)log(1 — 4t)

jz (1-46)"dp, (x) =

: V-4t -1
=Y d, t"
n=0
(11)
Note that limq_,ld,,)q =d,, (n=0).

Jeong et al. [15] introduced the degenerate g-Dachee
polynomials defined by

[, (te10g (1420 du, ()

4

q-1+((q-1)/log glog(1 +log (1+11)"")
- /A

q-1+qlog (1+At)

(12)
(1+1og (1 +A0)"™)"
o0 tn
=Y D, (x}) —
n=0
In the case when x = 0, D, ) = Dy, (0JA) are called the
degenerate g-Daehee numbers.
Note that
lim D4 (xIA) = Dy (x), (n20). (13)

For n>0, the Stirling numbers of the first kind are
defined by ([4, 5, 8, 9, 13, 15, 16])

(x), = Y. S (D, (14)
=0
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where (x), =1,and (x), =x(x—-1)--- (x —n+1), (n=1).
From (14), it is easy to see that ([1-3, 7, 10, 14, 17, 18])

l—l!(log(l +1) = lel (n,l)%. (15)

For n>0, the Stirling numbers of the second kind are
defined by ([6, 11, 12, 18-22])

n

x"=YS, (n1)(x),. (16)

1=0

From (16), we see that

ll,(ef ~1)

=Y Smh (17)
n=l :

2. The g-Analogues of Degenerate Catalan-
Daehee Numbers and Polynomials

In this section, we introduce g-analogues of degenerate
Catalan-Daehee numbers which are derived from the fer-
mionic p-adic g-integral on Z,,. First, we present the fol-
lowing definition.

For A,t,q € C, with [1-g|,<1 and |Af]<p" A/ (p=1)),
(1+Ap)*" e("“)l"g (1+}) Now, we define the g-analogue of
degenerate Catalan-Dachee numbers which are given by the
generating function

q-1+((q-1)/log q)(1/2)log(1 - 4 log (1+1t)"")

jz (1-41log (1 +At)”")xl2dyq (x) =

14

q\/l —4log (1+ )" -1

(18)
= Zodn’/"qtn.
Note that [13] From (6) and (18), we have
)Lli—n}o dn,/\,q = dn,q’ (T’l 2 0) (See [6]) (19)
o1 2(q-1) +((q — 1)/log g)log(1 — 4 log (1+16)") o
Zdw E( g (1-4log (1+A") -1 <q\/(1_4log (14207 + )
00 l 0
% <Z (-4) Dy, (O ><1 +q-2q ) cmt’"“>
1=0 m=0
; n ( M) 00 n-1 ( 4)11 m—1
=Tq;)( - — q;l(Z o 1q<omcm>t (20)

n=1 =1

© [2] 4 0 4 n—-m-1 n
=1+2 = = ) nq <Z (51 )m ! Drm- 1’q(0M)Cm’A>t

[ (21, (-4)"
=1+ Zl< 2‘1 al nq Z

Therefore, by comparing the coefficients on both sides of

(20), we obtain the following theorem.

(4)nm1

)' n m— lq(OM)CmA>t



Theorem 1. For n>0, we have
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1, ifn=0,
q .
D (O1) - Z N R— Dy p1g (OMC,,, ifn1.
By (18), we note that
JANX/2 m 1 1 A\
sz(l—4log (1+ 20" dy, (x) = JZ X" dpy (x) 2 — (4 log (1+20)'")
miyn—m o tn
B, (=2)"A Z Sl(n,m)m (22)

]
M2 inve inve
M=

3
Il

Therefore, by (18) and (22), we obtain the following
theorem.

Theorem 2. For n>0, we have

(_1)m c miyn-m
d”VLq = nl Z—o Bm,qz A S (n, m). (23)

On replacing t by (1/A) (eM — 1) in (18), we have

J 0 ((1/A)[e“— )"

Zdi m!
P

-4ty dp, (x) =

o0 tn
Ay "m! Z S, (n, m)/\"E

I
Mg

3
I

(5

n=m
n
I’

g (227N, (n,m))t

|, a-a0au,

P

_q-1+((q-1)/log q)(1/2)log(1 —4t) & Y
- P =Y d, t"
(25)

Therefore, by (24) and (25), we obtain the following
theorem.

Theorem 3. For n>0, we have

7 |
dug= Y dyr NS, (n,m) %

n

> (-1)"2"""B,, S, (nm) = Y d,, AT"S, (n,m)m.

m=0 n=m
m=0 m=0
0 n v (26)
d AT "m!S, (n, .
nZ:: n;o mha miS, (m,m) n!
(24) From (18), we observe that
On the other hand,
X
X & — 1 1+ M Am
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(27)

I
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I

i
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mq(
0
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n
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Therefore, by (18) and (27), we get the following
theorem.

Theorem 4. For n>0, we have

1 < m myn—m
durg = Z’odm(_l) 4"\, (n,m). (28)

For A,t,q € C, with |1 —q|,<1 and |At|<p" A/ (p=1),
The g-analogue of A-Daehee polynomials D, ., (x) are de-
fined by the following generating function ([6]):

q-1+A((q-1)1og g)log(1 +1)

J (1+ 6/ dy, (7) =

z, q(1+ l‘)A -1
(L+t)”
~ 0 b &
= Z nAq (x) ﬁ
n=0
(29)
n)Lq

Y (-1)"B,, 2" A""S, (n,m) =

m=0

1/A

By replacing ¢ by log (1 +Af)"" in (11), we get

q-1+((q-1)/log q)(1/2)log(1 -4 log (1+16)"")

When x =0, D, 4 = D, 4(0) are called the g-analogue
of A-Daehee numbers.

On setting A = 1/2and t — —4 log (1 +)Lt)m (29),
we have

JZ (1-41log (1+10") " du, (x)

4

X -4 log (1+ /\t‘)w1 "
) mZ::O Dm,(1/2),q( m! )

(30)

nn

ZDm(l/Z)q( —4)"A ™ ZS (n, m)A

n=m

Z(Z D, am A" (n,m)( ) )t".
n=0 \ m=0

Therefore, by (18) and (30), we obtain the following
theorem.

Theorem 5. For n>0, we have

q\1-4log (1+10)" 1

Therefore, by (18) and (32), we get the following
theorem.

Theorem 6. For n>0, we have

n-m -
Z Dy, 1y gh" " S1 (mm) — =,
(31)
Y D, a8y (m,m) (~4)™.
(5] 1/A1m
_§ g, s AT
m=0 ’ ml!
=Y d, prU0BLEAD)
m=0 ’ m:
(32)
N -m . A"
= Zod’”’qA ml Z Sy (mm)
\ N n-m "
=2 ( Y. A"y (n m>> -
=0 \ m=0 n.
Z qu,\” mmls (n m) (33)

m=0

Now, we observe that
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[log (1 +A0)"]"

OZO: <§>m (-4 m!

m=

(1-41log (1+ /\t)‘“)

(=}

nmn

( )m)r'" (=1)"4" iﬂ S, (n,m) Anf

(

Now, we consider the g-analogue of degenerate Catalan-
Daehee polynomials which are given by the following
generating function:

(34)

I
gk

ISARs

0

3
I

n

G)mﬂ*m (~1)"4™S, (n, m)> %

I
invg
M=

0

q-1+((q-1)log ) (1/2)log(1 -4 log (1 + /\t)m){

1
(1) 22" A"l (1, m)%

SIS

J (1-4log (1+26)"™) " du (5) = (1-41log (1+n")"
Z, q\/1—4log 1+ -1
=Y dy, (08"
n=0
(35)
When x =0, d,,, , =d,,,(0) are called the g-analogue From (35), we note that
of degenerate Catalan-Daehee numbers.
~1+((g-1/log q)(1/2)log(1 - 4 log (1 + )"
q-1+((q~ /log q) (1/2)log(1 -4 log (1 +Ar) ),1_410g (12"
q\1-4log (1+)"™ -1
X ( 1/)1)”4
X " SN Y . log (1+At)
= <Z Ay gt > Y (~1)" 2 =
n=0 m=0 :
m
=) o) E li’l
) <Z dn,a,qf”> S| |evmam Y s m (36)
n=0 m=0 I=m

(~1)"22" A", (1, m)d,, ”‘;7' £,

i
Mg
M=
N~

R
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By (35) and (36), we obtain the following theorem. Theorem 7. For n>0, we have
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(-1)"2*"A""ms, (1, m)d (37)

I

M=

M~
|

m.
dn,/\,q (x) n-LAq

T
o
3
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<

From (35), we see that

o ~1+((g-1)/log q) (1/2)log(1 — 4 log (1 + At)" .
$ d, o = 1717 Dog D02 (14 log (1410 )(1-4log (1+ 40"
bard q\1-4log (141" —1
o) =) k X\ 1 tk
- <Z dwt"> < 3 ( Y (5) A s e m)> E) (38)
1n=0 k=0 \ m=0
0 n k
X m —-m m m 1 n
= Z(Z D <E> AmS (K, m) (—1)"4 dnk,)t)qk'>t .
n=0 \ k=0 m=0 :
Therefore, by (38), we obtain the following theorem. On replacing t by (1/)eM — 1 in (35), we define g-an-

alogue Catalan polynomials are given by
Theorem 8. For n>0, we have

n k

x\™ —m m ,m 1
g (%) = I;)WZO (5) W S, ke,
(39)
_an) (x9)2 _q-1+((q-1)log q)(1/2)log(1 — 4t) — 9 )
sz(l 4t) du, (y) = T 1 m _ ,;)d”’q " 40)

On the other hand,

N ame —1)" e -
2, dmia (x)m!# = Y g (IMIT NS, (n,m) =
" " m=0 n=m n:
(41)
0 n - .
=2\ 2 dmag COS, (momym! —
n=0 \ m=0 n!
S n-m m!
Therefore, by (40) and (41), we state the following dpg(x) = Z g COXTS, (n,m) = 42)
m=0 |

theorem.

Theorem 9. For n>0, we have From (35), we have
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g\1-4log (1+10)" —1

I
—_—
N

(1-41og (1+0")™"

P

1] 1]
iz Ve

n=m

M8

n—0<m 0

Thus, by (35) and (43), we get the following theorem.
Theorem 10. For n>0, we have

g (%) = Zz -1)"B,,

(A™S, (n,m) l' (44)
n!

Replacing t by (e~ M —1)/) in (35), we get

((e ™ ~1)n)"

m!

Z g (X)m!
m=0

1
inve
3

Therefore, by (45) and (46), we obtain the following
theorem.

Theorem 11. For n>0, we have

J (x+y)'du, () = (-2)" Z Ay g (IMINTS, (1, m).

m=0

(47)

3. Conclusion

By utilizing various apparatuses, many unique numbers
and polynomials have been concentrated. Beforehand, the
Catalan-Daehee numbers and polynomials were presented
through p-adic Volkenborn, and a few intriguing outcomes
for them were obtained by utilizing creating capacities,
differential conditions, umbral math, and p-adic Volken-
born integrals. In this study, we presented degenerate
g-analogues of the Catalan-Daechee numbers and

m m -m = /-\ t
2" (<1)"B, (A" Y S, ()=

M=

(1-4log (1+0)'™)2

7 du, ()

—-m 1 m m
2 E("l log (1+11)") JZP(“y) du, (7) (43)

n.mn

> 2" (=1)"B,,,, (XS, (n, m)—>

J 140"y ()= Y 2 J (x4 ), ()

p n=0 P
(45)
On the other hand, we have
[ee) 4 71/17! n
Z g (X)mIA~" Z S, ( n,m)%

n

n-m n n t
dm)M ()mIA" " (-1)"4"S, (n, m) s

polynomials and acquired a few unequivocal articulations
and personalities connected with them. In more detail, we
communicated the Catalan-Daehee numbers as far as
ruffian g-Daehee numbers and the g-Bernoulli polynomials
and Stirling quantities of the primary kind. We acquired a
personality, including g-Bernoulli numbers, degenerate
g-Catalan-Daehee numbers, and Stirling quantities of the
subsequent kind. Likewise, we got an unequivocal articu-
lation for the ruffian g-analogues of Catalan-Daehee
polynomials, which include the savage g-analogues of
Catalan-Daehee numbers and Stirling quantities of the
primary kind.
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