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In the 17t century, I. Newton and G. Leibniz found independently each other the basic operations of calculus, i.e., differentiation
and integration. And this development broke new ground in mathematics. From 1967 to 1970, Michael Grossman and Robert
Katz gave definitions of a new kind of derivative and integral, converting the roles of subtraction and addition into division and
multiplication, respectively. And then they generalised this operation. Later, they named this analysis non-Newtonian calculus.
This calculus is basically generated by generators. So, in this article, first, we give the definition of the p-convex function due to
a-generator. Second, we obtain some new theorems for this function with respect to the a-generator. Third, we get some new
theorems using Hermite-Hadamard-Fejer inequality for the & p-convex function. Finally, we show that our obtained results are

reduced to the classical case in the special conditions.

1. Introduction

Inequalities play an important role in almost all areas of
mathematics. The first basic work on inequalities was the
book “Inequalities” written by Hardy et al. [1]. This is the
first reference book on pure inequalities and includes many
new inequalities and their applications. The second book
“Inequalities” was written by Beckenbach and Bellman [2],
which contains some interesting results on inequalities in the
period 1934-1960. Mitrinovic’s book [3], “Analytic In-
equalities,” published in 1970, contains new topics that were
not included in the two books mentioned above. Besides
these three main sources, Mitrinovic et al. [4], “Classical and
New Inequalities in Analysis” by Pachpatte, and “Mathe-
matical Inequalities” by Pachpatte [5], in the recent years,
many books and articles on inequalities have been published
by researchers such as S. S. Dragomir, V. Lakshmikantham,
R. P. Agarwal, M. E. Ozdemir, E. Set, Iscan, M. Z. Sarkaya,
and A. O. Akdemir.

Although the history of convex functions is very old, its
beginning can be shown as the end of the 19™ century. The
basis of such functions is mentioned in Hadamard’s work in

1893 [6], although it is not explicitly stated. After this date,
although results implying convex functions were encoun-
tered in the literature, convex functions were first system-
atically used in 1905 and 1906 by J. L. W. V. Jensen. It is
accepted that the theory of convex functions has developed
rapidly since Jensen’s pioneering work. Many researchers
such as Beckenbach and Bellman [2] and Mitrinovic [3] have
discussed the issue of inequalities for convex functions in
their books. Also, Roberts and Varberg [7], Pecaric et al. [8],
and Niculescu and Persson [9] have done many studies on
inequalities on convex functions. Integral inequalities
constitute some of these studies.

In the literature, well-known inequalities related to the
integral mean of a convex function f are the Hermi-
te-Hadamard inequalities [6] or its weighted versions,
namely, Hermite-Hadamard-Fejer inequality [10]. Also,
there are many kinds of convex functions. p-convex func-
tions were first defined by Kunt and Iscan [11] for Her-
mite-Hadamard-Fejer inequality.

Sir I. Newton and G. Leibniz developed mathematics by
establishing differentiation and integration in the 17
century. These developments were very wuseful for
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mathematics and related sciences. From 1967 to 1970,
Grossman and Katz gave new definitions for derivative and
integral, converting the roles of subtraction and addition
into division and multiplication, respectively. Then, they
established geometric, bigeometric, harmonic, biharmonic,
quadratic, and biquadratic calculus, and they named these
calculi non-Newtonian calculi. Grossman and Katz pub-
lished the first book concerning with non-Newtonian cal-
culus in 1972 [12] and then wrote nine books related to the
non-Newtonian calculi.

In geometric calculus and bigeometric calculus from
within these calculi, the derivative and integral are both
multiplicative. The geometric derivative and the bigeometric
derivative are closely related to the well-known logarithmic
derivative and elasticity, respectively. Also, the linear
functions of classical calculus are the functions which have
a constant derivative, and besides the exponential functions
in the geometric calculus which have a constant derivative,
the power functions in the bigeometric calculus are the
functions which have a constant derivative. Among the non-
Newtonian calculi, geometric and bigeometric calculi have
been often used.

Since these calculi emerged, it has become a serious
alternative to the classical analysis developed by Newton and
Leibniz. Just like the classical analysis, non-Newtonian
calculi have many varieties as a derivative, an integral,
a natural average, a special class of functions having
a constant derivative, and two fundamental theorems which
reveal that the derivative and integral are inversely related.
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However, the results obtained by non-Newtonian calculus
are also significantly different from the classical analysis. For
example, infinitely, many non-Newtonian calculi have
a nonlinear derivative or integral.

The non-Newtonian calculi are useful mathematical
tools in science, engineering, and mathematics and provide
a wide variety of possibilities, as a different perspective.
Specific fields of application include fractal theory, image
analysis (e.g., in biomedicine), growth/decay processes (e.g.,
in economic growth, bacterial growth, and radioactive de-
cay), finance (e.g., rates of return), the theory of elasticity in
economics, marketing, the economics of climate change,
atmospheric temperature, wave theory in physics, quantum
physics and the Gauge theory, signal processing, in-
formation technology, pathogen counts in treated water,
actuarial science, tumor therapy in medicine, materials
science/engineering, demographics, and differential equa-
tions [13-29].

2. Preliminaries

Hermite-Hadamard inequality is one of the well-known
inequalities concern with the integral mean for convex
functions. And the other one is Hermite-Hadamard-Fejer
inequality [10]. It is the weighted version of Hermi-
te-Hadamard inequality. If f: [a,b] — R is a convex
function, g: [a,b] — R function is integrable on [a,b],
nonnegative, and symmetric to (a + b/2); then, the following
inequality holds for all x € [a,b].

b b b
f<a+b)J g(x)dxsj f(x)g(x)dxgwj’ g(x)dx. (1)

2

a

p-convex function was firstly defined on I ¢ R by Zhang
and Wan [30]. And Iscan also defined the p-convex function
on (0,+0c0) in a different way as follows.

Definition 1 (see [31]). Let I c (0, 00) be a real interval and
p € R/{0}. A function f: I — R is said to be a p-convex
function if

f((tx"+(1—t)yP)”p>stf(x)+(1—t)f(y), (2)

for all x,y €I and t € [0, 1]. If inequality (2) is reversed,
then f is said to be p-concave.

Theorem 1 (see [31]). Let f: I c (0,00) — R be a p-
convex function, p € R/{0}, a,b € I witha<b. If f € L[a,b],
then we have

f<(aP+bP)1/p>< P r’f(x)dx<f(a) +f(b)

2 T —af JaxtP T T 2

(3)

Now, we give about a short brief of non-Newtonian
calculus [12].

2.1. Systems of Arithmetic. Arithmetic is any system that
satisfies the whole of the ordered field axiom whose domain
is a subset of R. There are many types arithmetic, all of which
are isomorphic, that is, structurally equivalent.

A generator « is a one-to-one function whose domain is
R and whose range is a subset R, of R, where
R, = {a(x): x € R}. Each generator generates exactly one
arithmetic, and conversely, each arithmetic is generated by
exactly one generator.

Throughout this article, the identity function is denoted
by Id because we do not want to mix an interval. When we
take identity and exponential functions as a generator, then
a =1d and « = exp, and « generates the classical and geo-
metric arithmetic, respectively.

2.1.1. a-Arithmetics. We suppose that a be a generator and
x,y € R,. Then, by a-arithmetic, we mean the arithmetic
whose domain is R and whose operations are defined as follows:
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a — addition, x + y = oc{oc (%) +a ' ( )},
a — subtraction, x-y = oc{oc (x) - (,‘V)},
{

a — multiplication, x X y = afa” "(x) xa” (y)},

o (x)
o — division, x/y = oc{—},
o

(4)

o — order, x < ye=a~ "x)<a! ().

As a generator, we choose the exp function acting from R
into the set Ry, = (0, 00) as follows:

a: R— Ry,

(5)

x— y=a(x)=¢"

It is obvious that « arithmetic reduces to the geometric
arithmetic as follows:

{ln x+In y} —

geometricaddition, x + y = e Xy,

. . . Inx—1 x
geometricsubtraction, x-y = elna=tnyh - %

Inx

{lnxxlny} =xlny =y

geometricmultiplication,x X y = e

geometricdivision, x/y = elins/inyt _ iy

geometricorder, x < y&In(x) < In(y).

(6)

Definition 2 (see [12]). Let ~n = 0-71= a(-n) for all n € Z.
Set of a-integers is defined and denoted by Z, as can be seen
in the figure below:

Zy={...,%2,-1,0,1,2,.. }
={...,a(-2),a(-1),a(0), a (1), x(2),...}.

Namely, Z, = {n: n = a(n),n € R}.

(7)

Remark 1 (see [28]). Let a be the generator. Then, I, C R, is
said to be an a-interval on R, if for all x, y € I ;

1) (x,p): ={z el x<z<y}cl,
(2) (x,9]: ={z el x<z<y}cl,
(3) [x,y): ={zel:x<z<ylcl,

{
(4) [x,y]: ={zel;:x<z<ylcl,

(5) (x, +00): ={z €l x<z< +oo0} CI,
(6) (~00,y): ={z€el,: ~co<z<y}lcl,
(7) [x, +60): ={z €l x<z< +co} I,

(8) (~00,y]: ={zel,: “co<z<ylcl,

We can also show the a-intervals as follows:

(X, y]a’ [x’ y)(x’ [x’ y]zx) (X, +Oo)oa (_007 }’)m [X, +Oo)oc’ (_OO’ y]oc' (8)

Remark 2 (see [28]). Afterwards, [x, y], and (x, y), are said
to be a-closed interval and a-open interval, respectively.

Definition 3 (see [32]). Let [a,b], C R, be an a-closed in-
terval and f: [a,b], — R be a function. If the following
inequality holds for all x, y € [a,b], and t € [0, 1],

fla®)xx+a(l-t)xy)<tf(x)+ A -)f(y), (9
we say that f is an a-convex function.

Definition 4 (see [33]). Let I, ¢ R, be an a-interval. A
function f: I, — R is said to be a-harmonically convex if
the following inequality holds for all a,b € I, and t € [0, 1.]

f( _axb

a(t)xa+a(l -

t)>’<b>£tf(b)+(1 -t)f(a). (10)

Definition 5 (see [33]). Let g: [a,b], — R be a function. If
the function g holds the following equality

axb\ [ axb "
N )" Nai=x/)

then we say that the function g is an a-symmetric according
to (a+bla(2).).

Definition 6 (see [33]). A function g: [a, b]“gRa/{O} — R
is said to be a-harmonically symmetric with respect to
a(2)xaxbla+b- if
1
uit) ) (12)

9= g(oc(l)/a- Ta()b-~a(l)/x:
holds for all x € [a,b],.




Theorem 2 (see [28]). Let I, be an a-closed interval in R,
and f: 1, — R also be any a-convex function. Then, the
following double inequality holds for all a,b € I:

1

f(a(t)xa

0

f(oc(%) % (atbh))< j

3. Main Results

Definition 7. Let I, c (0,00), be an a-interval and
p € R\{0}. A function f: I, — R is said to be p,-convex if

. A\ 1/p.
f((oc(t) xxP fa(l-1) >'<yp) )Stf(x)+(1 -0f(y),
(14)

inequality holds for all x,y € I, and ¢t € [0, 1].

L

ot (b)
Ja’l(

) (geoa)(x)dx <

a (b

(
Joo

a ' (a

Proof. According to the claim of the theorem, for all
t € [0,1], we can write the below inequality:

)
) (fea)(x)(geoa)(x)dx <
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f@+f® 1)

+a(l-t)xb)dt<

Definition 8. Let p € R\{0}. A function w: [a,b], C
(0,00), — R is said to be p,-symmetric with respect to
(a? + bP/a(2))VP if the relation w(x) = w(a? + bP~xP)VP:
holds for all x € [a,b],.

Theorem 3. Let f: [a,b], CR,— R be an a-convex
function and g: [a,b], C R, — R is a nonnegative, in-
tegrable, and non-Newtonian-symmetric to (a+b/a(2)-). In
this case, the following inequality holds:

a (b)

b
MJ' ) (goa)(x)dx.

(15)

al(

a+b a(t)xa+a(l-t)xb+a(t) xb+a(l-t) Xa
N5)77 5
Multiplying both sides of 16) by

g(a(t)xb+a(l - t) xa) and integrating to ¢ over [0, 1], we
have the following inequality:

a+ 1

fla(t)xa+a(l-t)xDb)

<f((x(t) xa+a(l-t) >'<b)+f(oc(t)>'<b+oc(l —t) Xa)
< 5 5 )

)

(16)

Jlf(j‘Lb'>g((x(t)>.(b+“(l —-t)xa)dt< J
0 2

|

0

fla(t) xb+a(l—t)xa)

2 g(oc(t))kb%Loc(l—t)i(a)dt]

+]0[

=f

a+b
2

2 g(oc(t)kb%Loc(l—t))ka)dt]

)rg((x(t)kb-'koc(l —f) xa)dt
0
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_ [ Uea(te @+ (-0 (1)) (g a)(ta (B) + (1= D™ (a) i
B Jo 2

. Jl (fea)(ta™ (b) +(1-t)a " (a)) (goa)(ta™ (b) + (1 - t)a"' (a)) i

0 2 '

Then, g function is a-symmetric according to (a +b/2.),
and inequality (12) becomes as follows for x :=ta™! (a)+

(1-t)a 1 (b):

atb \ ('@ O (foa) (x)(goa) (x) O (foa)(x)(goa) (x)
f( 5 ) J-a_l “ (goa)(x)dx< J‘x_l “ 5 dx + L_l “ 5 dx

a+b

al (b) al (b)
:f(—)] 1()(gooc)(x)dxsj 1 )(fooc)(x)(gooc)(x)dx.

2 o al(a

So, the proof of the left hand of (15) is completed. Now,
we prove the right hand. Since f is an a-convex function, we
can write the below inequality:

fla®)xata(l - xb)+ f(a(t)xb+a(l-t)%xa)< f(a)+ f(b).

Multiplying both sides of (19) by
g(a(t)xb+a(l - t) xa) and integrating to t over [0, 1], we
get the following inequalities:

1

J fla@@)xa+a(l-t)xb)g(a(t)xb+a(l-t)xa)dt

0

+ Jlf(oc(t)kbiroc(l —t)xa)g(a(t)xb+a(l —t)xa)dt
0

< Jl[f(a) + f(B)]g(a(t) xb+a(l —t) xa)dt,
0

Il (fea)(ta™ (a) + (1 - )a”" (b)) (go)(ta™ (b) + (1 - )" (a))dt
0
+ r (fea)(ta™ (b) + (1 - )" (a)) (goa)(ta™ (b) + (1 —t)a”' (a))dt
0
1
< JO [f (@) + f(B)](goa)(ta™ (b) + (1 - t)a" (a) )dt.
Similarly, g function is a-symmetric according to

(a$0b/2), and inequality (21) becomes as follows for
x:=ta Ya)+ (1 -t)a 1 (b):

(17)

(18)

(19)

(20)

(21)
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a ' (a

@' (b) b) [« ®
|, 0@ (gon) (xdx SO0 @@ (22)
Then, we have

(b

H a 'l (b) «
f(“—”’) J (goa) (x)dx < J (f o @) (x) (goa) (x)dx
2 (a) (a)

[+4

(23)
a'(b)
SMJ (go ) (x)dx.
2 a(a)
Consequently, the proof is completed. O  Corollary 1. If we take a = 1d in Theorem 3, then we obtain
the Hermite—-Hadamard-Fejer inequality in [10], i.e.,
a+b b b
f< : )j gdxs | f (g (e T ALTE) )J g(x)dx. (24)
Corollary 2. If we take a = exp in Theorem 3, then we obtain
the following inequality:
X Inb X X f(a') +f(b) Inb X
f(\/_)J w(e*)dx< J few(e )dxsfj w(e*)dx. (25)
Ina Ina
Corollary 3. If we take e* = u in Theorem 3, then we obtain
the inequality in [27]:
b b
Fvap) [ 1 geg (1D g J@ IO P90, (26)
a X 2 a X
Theorem 4. Let f: [a,b], C sz/{()} —> R be an a-har-
monically convex function. Then, for all x € [a,b],, we have
f(oc(z) xaxb ) c o (a)(x_il(b) J (fo(xz)(x) J@+f) 27)
a+b at(b)-al(a) x 2
Proof. Since f is an a-harmonically convex function, for all If we choose t=1/2 in (28), then we get the below
t € [0,1] and u,v € R,, we can write inequality:
UxXv 2XUXY f@+f)
— —. | <t 1-t . (28 .
f(a(t)xu+(x(1—t)><v)<f(v)+( ACTNC) f( u+tv )S 2 (29)
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In other words, if we choose in (29), then we have the following inequality:
e axb
Tat)xata(l-t)xb’
(30)

B axb

"Taxbial-txa’

2XUXV 2xaxb 1 axb axb

= — . 31

f( Wiy ) f( aib )SZ[f<cx(t)>'<a4—oc(1—t)>'<b)+f(oc(t)>'<b+oc(l—t)>'<a>] (U

If we integrate to t over [0, 1] of (31), then we have

U axuxy) 1]t a @)t (b) 1 a ' (a)at (D)
Jof( uiy ')SEUO (f°“)<m1(a)+(1—t)a1 (b))dt+Jo (f°“)<m1 B) +(1—-t)a" (a))dt]' (32

We  obtain the following inequality  for And then we can write
x=a Ha)a ' (B)/ta (a) + (1 —t)at (b) in (32):

f(2>'<u>'<v>< a Ya)a L (b) J““b) (fooc)(x)dx_

u+v )T a'w-alt@lew X

(33)

2) 5 . -1 -1 al(b) o
f(oc( )>.<a><b)S « (a)a -1(b) J f i)(X)def(aHf(b)_ (34)
at+b a b)—-a (a))e'@ X 2
This completes the proof. O  Corollary5. Ifwe take a = exp in Theorem 3, then we obtain
the following inequality:
Corollary 4. If we take a = 1d in Theorem 4, then we obtain
the inequality in [34]: f(eln21nalnb/lnab) < Inalnb Jlnb f(ezx) e f(a)+ f(b).
f 2ab - ab J’bf(x)dx<f(a)+f(b) (35) Inb-Inalm. x 2
a+b) b-al. ¥* - 2 ’ (36)
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Theorem 5. Let f: [a,b], C Ra/{()} — R be an a-har-  w: [a,b], C Ra/{O} — R nonnegative, integrable, and
monically  convex function. And f € Lla,b], and a-symmetric to [a(2) x axb/a+b]. Then, we have
2 . . 06_] (b) ° (X_l (b) ° °
f<a( )>.<a><b_)J (w i)(x)dxﬁj (f a)(x)gw IO
a+b ol (a) X al(a) X
(37)
a’l(b) o
Sf(a) +f(b)J (w o;)(x) dx.
2 '@ x
axb
Proof. Because f is an a-harmonically convex function, we = s xata(l-Dxb’
can write the following inequality: (39)
CL axb
2Xuxvy u)+ f(v =
f( iy )Sf( )Zf()' (38) a()xb+a(l-t)xa’
In other words, if we choose in (38), then we have the following inequality:
2XUXV 2xaxb 1 axb axb
= — . 40
f( u+v ) f( a+b )SZ[f<oc(t)>'<a+oc(1—t)>'<b)+f(oc(t)>’<b+oc(1—t)>'<a>] (40)
Multiplying both sides of (40) by and integrating to t over [0, 1], we obtain
axb
wQﬂﬂXb+aU—ﬂka>’ (1)
2xaxb axb it
a+b oc(t)>'<b+oc(1—t)>'<a
I axb axb
t 42
=2 [Jo <cx(t)><a+(x(1—t)><b> (a(t)kb-ioc(l—t)ka)d (42)
J’1 axb axb
+ —— — |dt |,
o \a(t)xa+a(l-t)xb oc(t)xb+oc(1—t)><a
(ZW ) ( o (a)a” (b) ) 4
ta” (b) +(1-)a”' (a)
—1 -1 -1 -1
[ ( o @a! () )(woa)( @ @a ) ) N )
ta (a) +(1-t)a (b) ta (b)+(1-t)a " (a)

< a (@)t (b)

a” (@) (b)
T = >(w°a)< = — )dt].
b+ -a " (a) ta L (b) + (1 - o (a)
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In this case, we can write the following inequality for
x = (a Y (@)a t(b)/tat (b) + (1 — )" (a)) in (43):

f<(x(2)>'<a>'<b_> J"‘_l ®) (woa)(x)

a + b al(a) x2

Then, we obtain

f<(x(2)>'<a>'<b_)r‘l(b) (wo(x)(x)dx

2

a+b ale) X

This completes the proof. O

2ab

dx <

J@+fb) J“'l ® (woa)(x)

9
. J'OC_ (b) (fo(x) (x) gwoa) (x) dx. (44)
al(a) x
< rl(b) (fea) (D) (wea)(x)
T (a) x2
(45)

dx.

2 al(a) x*

Corollary 6. If we take a = 1d in Theorem 5, then we obtain
the inequality in [35]:

2

a X a X

bw(x) b f(xw(x) (a) + f(b) [Pw(x)
f(ﬁb)Jﬂdxsjfx’fxdxsf“*f wadx.

Corollary 7. If we take a = exp in Theorem 5, then we obtain
the following inequality:

(46)

2 uxz

f(elnzlnulnb/lnab) Jlnb w(ex) dx < Jlnb f(ex)w(ex) dx<f(a) + f(b) J.lnb w(ex) dx
< 5 < 5 .

X

Ina x2 Ina

Theorem 6. Let f:I,c (0,00), — R be a p,-convex
function, p € R0}, a,b € I, with a<b. If f € L[a,b], and
w: [a,b], — R is  nonnegative,  integrable,  and

P Vs o
aP + bP O (wea)(x)
f<[ 2 ] >J“‘(a) x'7P drs

Proof. Since f: I, ¢ (0,00), — Risa p,-convex function,
we can write the following inequality for all x, y € I, and for
t=1/21in (9):

d (47)
Ina X

Po-symmetric with respect to [aP +bP/2-], then the following
inequality holds:

J“l(”) (fem)woa)(x)

o' (a) x7P (48)
f@+f®) (O (woa)(x)
< 5 J’Ml(a) P dx.
S 2
f<[Ty] )w (49)
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If we choose in (49), then we have
i/

>

x:[(x(t)kaj’-ioc(l— t)>'<bj’

irp- (50)
y= [oc(t))kbpira(l - t)mi’] ,

. 1/p- . q1/p-
f<[ap+bp]i/p><f<[oc(t)>'<ap+oc(1 _xbh )+f([oc(t)>'<bp+(x(1 - t)>'<ap] ) -

2 2 2

Multiplying both sides of (51) by w([a(t)xal +a

(1 - t)xbP] p ") and integrating with respect to ¢ over [0, 1],
we get below the inequality:

Lo j/p. e
Jlf<[“PTbP] >w([(x(t)>kapiroc(1—t)kbp]”p>dt
0 2

1f([“(t)*“p*“(1 - t)kbp]llph)wﬂa(t)>‘<ai’+a(1 —t)xbp]”"')

0 2

dt

<

1f([“(t)*bp+“(l ) *“p]“p.)w([“(f) <aP +a(1-1) xb“’]w')

0 2

. i/p- ol
f<[ap4.rbp] >J1 (woa)<[toc"l @ P+ (1t (b)ofl(p)]l/ (p))dt
2 0
1
Ao
1
o

N dt,

(52)

1 1 1 (p) 1 1 1 (p)
ta (@ P+ (1- t)a ()" ‘P)] )x(woa)<[t0f1 @ P+ (1 -t (b)" <P>] )dt

ta (B P 4 (1- Ha (@) <P>]W m) x (wo 0c)<

4 1 I/a'](p)
ta (@) P+ (1 -l ()" <P>] )dt
(53)

1

If we take x = [ta~!(@)* P + (1 - t)a L (b)) @]V
(p) in (53), then we can write below the inequality:

f( [ai) + bp.‘] ilp.) J-a] Y D) dx< J“] v de. (54)

2 @ x7P «(a) x7P
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So, the proof of the left hand of (31) is completed. Now,
we prove the right hand. We know that the following in-
equality holds:
- P .pi/i" b .I',i/‘i"
f([oc(t)xa +a(l-t)xb )+f<[oc(t)><b +a(l-t)xa ] ><f(a)+f(b) (55)
2 2 B 2 '
B = B = a (p)
Multiplying both sides of (55) by x= [toc Ha) P+ (1-tat (p)T P . (57)
w( [ a(t)xa? +a(l - t)x bP] i ')) (56)  changing variables, we have the following inequality:
integrating respect to ¢ over [0, 1] and
al (b) o o a'(b) °
J (fea) (llf a) (x) dxsf(a)+f(b)J (w 10_6) ) 4 (58)
a(a) x P 2 i@ x P

So, the proof is completed. O

Corollary 8. If we take o = 1d in Theorem 6, then we obtain
the inequality in [36]:

aP +bP 1P P (Pf(x) (a) + £ (b)
i

Corollary 9. If we take a = exp in Theorem 6, then we obtain
the following inequality:

ax P T 2
(59)
Inb X Inb X X Inb X
f(t@rbrinpr?) [ Jars [P IO g SO IO [Pl o (60)

Corollary 10. If we take o = 1d and w = 1d in Theorem 6,
then we obtain the following inequality:

f<[aP+bP]”p>< P jbf(x)dx<f(a)+f(b)_

2 TV —af JaxtP T T 2

(61)

Remark 3. In inequality (48), one can see the following
inequalities:
(1) If one takes p =1 and (wea)(x) =1, one has (8).
(2) If one takes p = 1, one has (10).
(3) If one takes p = —1 and (we° a) (x) = 1, one has (27).
(4) If one takes p = —1, one has (24).
(5) If one takes a = Id and p = 1, one has (26).

(6) If one takes a=1d, p=-1 and w(x) =1, one
has (35).

(7) If one takes a = Id and p = -1, one has (46).

(8) If one takes a = Id and w(x) = 1, one has (3).
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