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In this paper, we consider the dual Toeplitz operators on the orthogonal complement of the Fock-Sobolev space and characterize
their boundedness and compactness. It turns out that the dual Toeplitz operator S; is bounded if and only if f € L®, and
IS¢l =1l flloo- We also obtain that the dual Toeplitz operator with L symbol on orthogonal complement of the Fock-Sobolev
space is compact if and only if the corresponding symbol is equal to zero almost everywhere.

1. Introduction

Let C denote the set of complex numbers and fix a positive
integer n. Let

C'"=Cx---xC. (1)
denote the Euclidean space of dimension n. For
z=1(zy,...,2,) and w = (wy,...,w,) in C", we write

Z2-W=<Z,Ww> =2, W+ +2, W,
(2)

21 = <z,z> = |z)| +--- + ]z

Let dv be the Lebesgue measure on C" and dv,(z) =
(alm)" e “'Z|2dv(z) be the Gaussian measure on C", where
a>0. Let B, (w,s)={z € C": |z —w| <s} be the ball with
center w with radius s. Let H(C") be the set of the hol-
omorphic functions on C".

The Fock space F2 consists of all entire functions f on C"
such that

2

i € L*(C", dv), (3)

«
f(z)-e 2
or equivalently, F2 = L*(C",dv) N H (C"), with the norm

) 12
17l =[] I @rdv. )] (4)
Then, F? is a Hilbert space with the inner product
o= [ f @7 @) (5)

For any multi-index y= (y;,...,y,) € N", write
VI=yi+o+ypy =yloyp,l and 2 =27 -z For

m € N, the Fock-Sobolev space of order m is defined by
F" ={f e H(C"): D'f(2) € Faforlyl<m},  (6)

where D?f (z) =0} --- ol f.

The Fock-Sobolev space was introduced in [1], where
they proved that f € F>™ if and only if the function 2 f (z)
is in F? for all multi-indexes y with |y| = m. This shows that
the Fock-Sobolev space can also be equivalently defined as

F2" ={f e H(C"): 2 f (2) € Faforlyl =m}, ()

with the norm
2 1/2

P
dv(z)| ,

m _g|z
o = el 2m)|_lel"f 2)e 2
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where ¢ (a,2,m) = 1/Z|y|:mm!/¢x’”(n/a)".
Moreover, F>™ is a Hilbert space with the corresponding
inner product

<f»9>F;~m :(g>” :

n) (im+n-1)!

m+n—1

J LA (2)g@e " dv(2)

m+n—1
- [ @G, 2
9

Write L? (C", |z|*"dv,) as the L?-integrable space under
the measure |z|*"dv, on C", with the norm

o/mn= 1 1/2

1 = | ey S @R, )| 10

(m+n-1)!

K*(z,w) = ) e (2)ey (w)
k
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for f € L>(C",|z[*"dv,). Obviously, F>™ is a closed sub-
space of L*(C", |z|"dv,).
It is not difficult to check that

W m+n— D+ -1
.z (11)
=Dl m+n+ k-1

€ (2) =

forms an orthonormal basis for Fi””, where k = (k,,...,k,)
runs over all multi-indexes of nonnegative integers (see
[2, 3] for more details). Direct calculation reveals that the
reproducing kernel of F2" is

_(m+n-1) » (n +1kl - V! (azw)"
(-1 & K (mnlk| - 1)
_ (12)
C(man-1) A [ -P, ., (azD)
(n-D!  a! (azw)™
_(m+n-1)! .
= ngkz (w),
where P,,_,,,, (azw) is the Taylor polynomial of e of order For f € L, the Toeplitz operator with symbol f from

n—1+m and kj (w) is the normalized reproducing kernel
at z.

Let P, be the orthogonal
L*(C", |- |*"dv,) — F>™, that is,

projection  from

m+n—1

- a -« 2m
R ey (13)

f (2K (w)dv, (2).

(H})u(z) = (H't, K pon

= <M, H?Kg>Fi,m

m+n—1

F2™ — F>™ is defined by

Tsg="P,(f9g). (14)

The Hankel operator with symbol f from
F2m — (F2™)* is defined by

Hig=Q,(fg) = (I-P,)(fg) (15)

where Q, is the orthogonal projection from
L*(C",dv,) — (F>™)* and for arbitrary u € (F>™)*,

~ (3 ) e R e o w

cr

m+n—1

- (%)nmjcnlwlzmu(w) (I- Pa)(ng) e do (w)
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a\” am+n—1 wp?
_ (% 2m < T — alw|
= (n) (ErP— 1)!jcnlwl u(w)[fKZ P,X(sz)](w)e dv(w)
an” (Xm+n—1 ol
- (-y__- 2m T NpO —alw
—@J(m+n—nJ@“”l”w”““K*wk dv(w)
—<u, Pa(7Kg)>Fim
a\" (Xm+n71 om — . < 7a‘w|2
_&JZE:;jBJUM|quﬂwmﬂwk do (w)
(xnﬁ—n—l ,
=@;73ﬂQW|MMﬂW&WM%W) (16)
For w= (wy,...,w,) €C" and z = (z,,...,2,) € C",
The dual Toeplitz operator with symbol f from  0<s<1, we define
(F>™* — (F2™)* is defined by
YU ) alz)? -m
Ssu = Qu(fu) = (I - P,) (fu). (17) Gus () = (21— w)e™ (W) (DN, (19)

As we know, operator theory has developed rapidly since
the beginning of the last century. It is closely related to
function theory, topology, and other mathematical branches
on function space. The application of operator theory is also
gradually widespread, and it has been deeply applied into the
field of other disciplines, such as quantum physics. The
Toeplitz operators, dual Toeplitz operators, Hankel opera-
tors, and dual Hankel operators are widely studied classes of
operators on function spaces, which have profound influ-
ence on operator theory, operator algebra, and complex
analysis. For example, see [4-11].

In recent decades, the dual Toeplitz operators on the or-
thogonal complement of classical analytic function spaces have
received much attention and have been well studied. On the
setting of the orthogonal complement of the Bergman space,
Stroethoft and Zheng [12] first characterized (semi-)com-
muting dual Toeplitz operators on the unit disk and their
results were extended to the unit ball or unit polydisk as in
[7, 13-16] and reference therein. Later, the corresponding
problems have been studied on the Dirichlet spaces and
Hardy-Sobolev spaces of the unit disk or unit ball as in [17-21].

Motivated by these results, we in this paper focus on the
dual Toeplitz operators on the orthogonal complement of
the Fock-Sobolev space and characterize their boundedness
and compactness. We obtain that the dual Toeplitz operator
Sy is bounded if and only if f € L* with ||S{|| = || fllo» and
Sy with L% symbol is compact if and only if the corre-
sponding symbol is equal to zero almost everywhere. The
results of the dual Toeplitz operator on Fock space of the
complex plane are extended and generalized.

2. The Proof of Main Result

For f,g € L*(C"), it is well known that
Ty=TsTy+H:Hg,
Hfg:Hng+Sng’ (18)

ng = stg +HfH§

where yp (w, s) () is the characteristic function on B, (w, s).
To get the main proofs, we still need to prove some
lemmas at first.

Lemma 1. For w € C", g, (2) € (F2m)*,

Proof. Suppose z € C", and j is a nonnegative multi-index;
then,

m+n—1

&, Gusden | g o, (2

T mrn-Dl) e
‘xmm—l
_ 2m_j
S z|"z
(m+n- 1)!.[Bn(w,s)| |
2
[middot] (z, — wl)e"‘lz| lz|™"dv, (2)

m+2n—1
o

_ 2 (z, —w,)|z|"dv (z
n"(m+n—1)!JBn(w,5) (21— wy)lel"dv (2)

m+2n—1

j m g
Ly pe— 1)!J‘Z‘<s(z+w) zlz + w|"dv (z)

=0.
(20)
This indicates z/1g,,, which implies that
Gus € (FZ™M)*. O

Lemma 2. For arbitrary m € N and z € C", we have

alzl?
e

e (21)
1+ o™z

2
o
“KZ ||o¢,2,m =

Proof. The following results can be obtained by using similar
methods in Lemma 2.6 in [22].
We suppose that A = a|z|* > 0.Put
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o yim A A When A > 0,we have
Pm (/1) — Z i — e Qn;nlﬂ/n( )’ N Y m
j=n-1+m J! A 1) = e T
(22) P, ( )_A_m_ ZZ(; T (25)
F i 1 A -
€ -Quim@)
Pr ) = { s } So,
where Q, = 0 and Q; is the Taylor polynomial of ¢! of order P () = e_m i e_m S Z (26)
j—1for j>1. Then, P~V (1) is a power series with positive :1 Aj j=n
coefficient. So, it is monotonically increasing, that is, for each .
1> 0, we have where c; represents the real coefficient.
(n-1)! Thus,
PU D () 2PV (0) = — (23) )
(n—1+m)! =D | =~ € (27)
'Pm ( )' -~ 1 m
+1

When 0<A <M, we have
as 1 >0 and A is big enough.

1
. P ( /\)| ~_ € (24) According to the above analysis, for arbitrary 1>0,
m " [P (A)] = e/1 + A" that is,

(m+n-1! 1 o ol
O
For arbitrary z = (z,...,2,) € C" and w= (w,..., Lemma 3. If f € L*(C",|-|""dv,),w € C", then
w,) € C",0<s<1, we define 1
G (2) 1m “H AL (30)
bus (2) = T (29)
9105l
Proof. Si
where ||g,ll;> is the norm on L?(C", |- [*"dv,). roof. Since
m+n—1
|Hf¢ws(z)| mj@hl)fm(#w,s (w) f (WK (w)dv, (w)
(xm+n—1 5

= (m+n- 1)!J-Bn (w,s)‘lwl bus (w)f (WK, (w)|dv"‘ (w)
‘xm+n—1 5 1/2 (31)

< A—— 2m 2 Ka d

Yol \ G = 1>!<LM'“" |f @P|KS ()] du, (w)
am+n—1 R 1/2
2m 2| o
= D ——————— K ,
(m+n- 1)!(JBn(w,5)|w| |f(w)| | z (w)| dv(x (w)>

we have
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. 2 “m+n—1 i 2 .
||H7¢w’5 a2,m = mj-cﬂ H?(/’w,s (Z)| |z] dUa (2)
0(2(m+n—1) , , , )
< w|™"| f (w)|°|KE (w)| dv, (w)|z| " dv, (z
[(m+n—1)!]ZJC"J’Bn(wyS) 1 )PK (w)] )lz| )
az(m+n—l) ,
2m 2 a m
O — w w)|"dv, (w J K (w)| |z|""dv, (z 32
e, s, @@l 2 o)
“m+n—1 5 ) ,
- @@ K“ m d
(m+n-1)! | w||a’2)mJBn(w,s)|w| |f (w)I"dv, (w)
am+n—1 ea|z\2 , )
< m d ,
(m+n-1D'1+ amlzlszBn<w,s)|w| Lf ()l dvg (w)
2 _ 2 2alz|
where the last inequality follows from Lemma 2. le—wl<s|f(z)| |z1 u)1| ez dv, (2) —If(w)|2
Notice that | I\sz|<s|zl _ w1|262a|z\ dva (z)
. 2m 2 _ ) 5 2 20 |2
Sh_n}ojBn(w)s)lwl |f (w)I"dv, (w) = 0. (33) _ .[Iz—w|<s(|f(z)| ~If @), - w [ du, (2)
2 2al2l? .
| .[Iz—wl<slz1 - w1| e’ g dU‘x (z)
When B, (w,s) is small enough by the absolute conti- ()

nuity of the integral, we get the desired result. O

Lemma 4. If f € [*(C",|-|*"dv,),w € C", then
f (W) = lim S0,

o (34)

Proof. For the multiplication operator M g, it is obvious that
Mf(¢w,s) = Sf(¢w,s) +H7(¢w>s)> (35)

where S; (¢w)s)J_H§ (¢y,s)- Then,

2 2 * 2
||]\/If¢w,s”L2 = ||Sf¢w,s"L2+ |H?(¢w,s)”(x,2,m’ (36)
and Lemma 3 gives that
. 2 _ 2
Jim [V g = Jim f ol @)

Notice that

N @Pf - w [ dv, (2)

”M ¢w,s"22 - 3
! ' .[Iz—w\<s|z1 - w1|262a|Z| dvoc (Z)
(38)
and we just need to show
. J-Iz—w\<s|f(z)|2|zl - “’1|2‘32le| dv, (2) 5
lim Py =If W)
0 Ilsz|<s|zl - w1| € dvzx (Z)
(39)

Direct calculation indicates

For 0<s<1, assume L =inf {e’z‘x'Z'z | z € B, (w, s)}.
Clearly, L>0. Set M = 1/L. Then, e*?!" € [1, M] for arbi-
trary z € B, (w, s), which implies that

2
j |2, - wy | du, (2)
|z—wl|<s

n
o 2
- J |z, - w, e du (2)
T J |z-w|<s
“Yl
Z—HJ |z, - w|dv(2)
T ) |z-w|<s (41)
(xn an52n+2
2n+2 2
=—s z|'dv(z) = ——
n" J|z|<1I | ) (7’! + 1)'
anSZSZn ansz
V (B, (w,s)),

"+ Dnl A (n+ 1)

and
JI —wl< (If @’ =1f @)P)ley _w1|262alzlzdva (2)

n
o
<

Jl —wl< |If(z)|2 —|f(w)|2|||z1 —wlizealzlzdv(z)

T

2
o' Ms
- n

T

| ir@r-if @)
(42)

By combining the inequalities (41) and (42), we have



.[Iz—w|<s|f(z)|zlzl - w1|262a‘2|2dva (Z)

jlz—w|<s|zl - w1|262a|2|2dva (2)

-1f (w)P®

(n+1)M (43)

2 2
SWJB”(MS)“JC(Z” =If (w)[*|dv(2)

—0,

as s —> 0 by using Theorem 8.8 in [23]. This ends
the proof. O

Theorem 1. Suppose f € L*(C",|-[*"dv,); then, dual
Toeplitz operator Sy is bounded if and only if f € L*, and

1S = 1f o

Proof. If f € L™, then for arbitrary u € (F>™)*, we have

Iss @), =1 = Pusi:<fuf|, <| ool - (40
This implies that S; is bounded and
SEne a9
“m+n— 1
b 2] = mrn-ll) e
“m+n— 1
T (m+n-1)

o= 1
Skm+n—nJB

|j 1212"$ . (2)F (@), (2)

j 1217, (2)F (@dv, (2)
B, (w,s)

(W,
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Conversely, if S is bounded, then (45) holds and

6l <l w0
Lemma 4 shows that | f (w)| = sliino ||Sf¢w’5||L2 and then
If )l <] (47)

Taking the upper bound of the above equation indicates

I loo =[S (48)
By combining (45) and (48), we get
fsi-11l, w

Lemma 5. For w € C", ¢, is weakly convergent to 0 on
(F>™* as s — 0.

Proof. Suppose w € C"; for arbitrary f € (F>™)*, Hélder
inequality implies that

1/2
)|z|2m|¢w,s (2)|*dv, (z)]

(50)

-1 ) 2 "
' |:m‘l'[ﬂ‘n(lu,s)kd |f(Z)| durx (Z):|

(m+n-1)!

oo o

|: Pt 1

(m+n-1)!

Note that f € L>(C", |- [*"dv,), and we have
am+n—1 ) ) 172
— " d 0 (51
[(m+n— I)IJBn(w,S)|Z| = v“(z)] _) 51
as s — 0. This shows that [{¢,,, f>2| — 0 for arbitrary

f € (F>™)*, and then ¢, is weakly convergent to 0 on
(27 O

Theorem 2. If f € L, then Sy is compact if and only if
I flleo =0

m+n—1

B, (w,s)

1/2
j |z|2”"|f(z)|2dva<z)]

1/2
j 1217 f(z)|2dua(z)] .
B, (w,s)

Proof. If|| fllo = 0, then Theorem 1 gives that S is bounded
and IISfII = || flloo = 0. Thus, Sf = 0 must be compact.
Conversely, if Sy is compact, then

fw) = lim [S9,],=0 (52)

2

by Lemma 4. Thus, || f ||, = 0. This completes the proof. O
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