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In this article, we derived various identities between the degenerate poly-Daehee polynomials and some special polynomials by
using λ-umbral calculus by fnding the coefcients when expressing degenerate poly-Daehee polynomials as a linear combination
of degenerate Bernoulli polynomials, degenerate Euler polynomials, degenerate Bernoulli polynomials of the second kind,
degenerate Daehee polynomials, Changhee polynomials, degenerate Bell polynomials, and degenerate Lah-Bell polynomials.

1. Introduction

Te special functions or special polynomials are important
and useful not only in pure or applied mathematics, but also
in all felds of applied mathematics, and many interesting
properties are investigated by many researchers even now
(see [1]). In [2], authors introduced a new type of generating
function of Appell-type Changhee-Euler polynomials and
derived the diferential equations arising from the generating
function of the Appell-type Changhee-Euler polynomials.
Boussayoud-Boughaba-Araci found explicit formulas for the
k-Fibonacci numbers, k-Pell numbers, and the product of
those polynomials in [3]. Simsek constructed recurrence
relations for a new class of special numbers and polynomials
and obtained some new and interesting identities related to
the Bernoulli numbers and polynomials, the Euler numbers
and polynomials, and the Stirling numbers (see [4]). In [5],
authors introduced a new variant of type 2 Bernoulli
polynomials and numbers by modifying a generating
function and derived the explicit representations of the those
polynomials in terms of the degenerate Lah-Bell polynomials
and the higher-order degenerate derangement polynomials.

For a given nonzero real number λ, the degenerate
exponential function is defned by the following equation:

e
x
λ(t) � (1 + λt)

x/λ   and  eλ(t) � (1 + λt)
1/λ

. (1)

By using the degenerate exponential function, Carlitz
defned the degenerate Bernoulli polynomials in [6], and
many degenerate versions of special functions are being
actively studied by many researchers. Typically, in [7], Kim
defned the degenerate Stirling numbers of the second kind,
and Kim-Kim investigated the symmetric properties of
degenerate Frobenius-Euler polynomials in [8]. Te de-
generate Bernoulli polynomials and numbers were in-
troduced by Kim-Kim by using degenerate polylogarithm
functions in [9], and in [10], authors defned degenerate
polyexponential function and degenerate Bell polynomials
by using these functions and derived some interesting
identities. Another degenerate Bernoulli polynomials were
introduced in [11] arising from degenerate polylogarithm
function. Te degenerate version of umbral calculus called
λ-umbral calculus were introduced by authors in [12]. In
addition, Kwon-Wongsason-Kim-Kim defned modifed
type 2 degenerate poly-Bernoulli polynomials arising from
polylogarithm function in [5].

For n, k ∈ N∪ 0{ }, the Stirling numbers of the frst kind
S1(n, k) and the Stirling numbers of the second kind S2(n, k),
respectively, are defned by the generating function to be as
follows:
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(x)n � 􏽘
n

k�0
S1(n, k)x

k  and xn

� 􏽘
n

k�0
S2(n, k)(x)k,

(2)

where (x)0 � 1 and (x)n � x(x − 1) · · · (x − n + 1), (n≥ 1)

are the falling factorial sequences. By equation (2), we can
derive the generating function of these numbers as follows
(see [13–15]):

1
k!

(log(1 + t))
k

� 􏽘
∞

n�k

S1(n, k)
t
n

n!
 and 

1
k!

e
t

− 1􏼐 􏼑
k

� 􏽘
∞

n�k

S2(n, k)
t
n

n!
.

(3)

Let logλ(t) be the compositional inverse function. Ten,
by the defnition of compositional inverse function, we have
the following equation:

logλ(1 + t) � 􏽘
∞

n�1
λn− 1

(1)n,1/λ
t
n

n!
, (4)

where x0,λ � 1, (x)n,λ � x(x − λ)(x − 2λ) · · · (x − (n − 1)λ),
and (n≥ 1) are degenerate falling factorial sequences.

As degenerate version of the Stirling numbers of the frst
and second kind in equations (2) and (3), the degenerate
Stirling numbers of the frst kind S1,λ(n, k) and the de-
generate Stirling numbers of the second kind S2,λ(n, k) are,
respectively, introduced by Kim-Kim (see [6, 7]) as follows:

1
k!

logλ(1 + t)( 􏼁
k

� 􏽘
∞

n�k

S1,λ(n, k)
t
n

n!
  and 

1
k!

eλ(t) − 1( 􏼁
k

� 􏽘
∞

n�k

S2,λ(n, k)
t
n

n!
.

(5)

For a given integer k and a nonzero real number λ, the
degenerate polylogarithm functions are defned by the fol-
lowing equation:

Lik,λ(x) � 􏽘

∞

n�1

(− λ)
n− 1

(1)n,1/λ

(n − 1)!n
k

x
n
, (6)

and when k � 2 or 3 and λ � 0.9, 1, 1.9, 2, 2.9 or 3, the graphs
of Lik,λ(x) are shown in Figure 1.

By equations (4) and (6), we have the following equation:

Li1,λ(x) � − logλ(1 − x)  and  lim
λ⟶0

Lik,λ(x)

� Lik(x),
(7)

where Lik(x) are the polylogarithm functions which is
defned by the following equation:

Lik(x) � 􏽘
∞

n�1

x
n

n
k
, (|x|< 1). (8)

By using polylogarithm functions, Lim-Kwon defned
the poly-Daehee polynomials by generating function to be as
follows:

log(1 + t)

Lik 1 − e
− t

􏼐 􏼑
(1 + t)

x
� 􏽘

∞

n�0
D

(k)
n (x)

t
n

n!
. (9)

By using equation (1), the higher-order degenerate
Bernoulli polynomials are defned by the generating func-
tion to be as follows:

􏽘

∞

n�0
β(r)

n,λ(x)
t
n

n!
�

t

eλ(t) − 1
􏼠 􏼡

r

e
x
λ(t). (10)

In the special case x � 0, β(r)
n,λ � β(r)

n,λ(0) is called the
higher-order degenerate Bernoulli numbers.

As a generalization of degenerate Bernoulli polynomials,
Kim-Kim defned the degenerate poly-Bernoulli poly-
nomials in [9] as follows:

Lik,λ 1 − eλ(− t)( 􏼁

eλ(t) − 1
e

x
λ(t) � 􏽘

∞

n�0
B

(k)
n,λ(x)

t
n

n!
. (11)

When x � 0, B(k)
n,λ(0) � B

(k)
n,λ is called the degenerate poly-

Bernoulli numbers.
Among the many tools that can be used to study the

properties of special functions, umbral calculus is one of the
very useful tools. A rigorous theoretical foundations of
umbral calculus are built by Rota in the 1970s based on
relatively modern ideas of linear functions, linear operators
(see [15, 16]).

Some diferent umbral calculus have been introduced
over the past 30 years, and many interesting results have
been found by using these powerful tools, and even now,
studies using umbral calculus are being actively conducted
by many researchers (see [15, 16]). In particular, the modern
umbral calculus were introduced in [15–17], and authors in
[18] defned q-umbral calculus and gave some interesting
identities related some special functions. Te λ-umbral
calculus and its applications were introduced in
[5, 12, 15–17, 19, 20].

2. Review of the λ-Umbral Calculus

From now on, we introduced some basic facts about the
λ-umbral calculus which are introduced by Kim-Kim (see
[12, 19]).

Let C be the complex numbers feld,

F � f(t) � 􏽘
∞

n�0
ak

t
n

n!

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
ak ∈ C

⎧⎨

⎩

⎫⎬

⎭, (12)

and let

2 Journal of Mathematics



P � C[x] � 􏽘
∞

k�0
akx

k

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
ak ∈ C with ak � 0  for  all but  finite number of  k

⎧⎨

⎩

⎫⎬

⎭. (13)

Let P∗ be the vector space of all linear functionals on P.
Ten, for each non-negative real number λ, the linear
functional 〈f(t)|·〉λ on P which are called λ-linear func-
tional given by f(t) is defned by the following equation:

〈f(t)|(x)n,λ〉λ � an, (n≥ 0). (14)

From equations (14), we see that

〈tk
􏼌􏼌􏼌􏼌􏼌(x)n,λ〉λ � n!δn,k, (n, k≥ 0), (15)

where δn,k is the Kronecker’s symbol.
Kim-Kim defned the diferential operator on P by the

following equation:

t
k

􏼐 􏼑λ(x)n,λ �
(n)k(x)n− k,λ, if  k≤ n,

0, if  k≥ n,
􏼨 (16)

for each nonzeor real number λ and each non-negative
integer k. By equation (16), we see that for any
f(t) � 􏽐

∞
k�0aktk/k! ∈ F,

(f(t))λ(x)n,λ � 􏽘
n

k�0

n

k
􏼠 􏼡ak(x)n− k,λ. (17)

Moreover, they showed that for each f(t), g(t) ∈ F and
p(x) ∈ P,

〈f(t)g(t)|p(x)〉λ �〈g(t)|(f(t))λp(x)〉λ
�〈f(t)|(g(t))λp(x)〉λ.

(18)

By equations (14)–(17), we see that

〈ey

λ(t)
􏼌􏼌􏼌􏼌g(x)〉λ � g(y),

〈ey

λ(t) − 1
􏼌􏼌􏼌􏼌g(x)〉λ � g(y) − g(0),

〈ey

λ(t) − 1
t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
g(x)〉λ � 􏽚

y

0
p(u)du.

(19)

For given f(t) ∈F − 0{ }, the order of f(x) denoted by
o(f(t)) is the smallest positive integer k that the coefcient
of tk does not zero. f(x) is called invertible if o(f(t)) � 0,
and delta series if o(f(t)) � 1. Note that, if f(t) is invertible
then there is a multiplication inverse 1/f(t), and if f(t) is
a delta series then f(t) has the compositional inverse f(t) of
f(t) with f(f(t)) � f(f(t)) � t.

Let f(t) be a delta series and let g(t) be an invertible
series.Ten, there is the unique polynomial sequence Sn,λ(x)

of x with degSn,λ(x) � n satisfying the orthogonality con-
ditions as follows:

〈g(t)(f(t))
k
􏼌􏼌􏼌􏼌􏼌Sn,λ(x)〉λ � n!δn,k, (n, k≥ 0). (20)

Here, Sn,λ(x) is called the λ-Shefer sequence for
(g(t), f(t)), and denoted by Sn,λ(x) ∼ (g(t), f(t))λ. It is
well-known fact that the sequence Sn,λ(x) is the λ-Shefer
sequence for (g(t), f(t)) if and only if

1
g(f(t))

e
y

λ(f(t)) � 􏽘
∞

n�0
Sn,λ(y)

t
n

n!
, (21)

for all y ∈ C.
Te following lemma and theorem are important results

in the λ-umbral calculus.
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Figure 1: Te shapes of degenerate polylogarithm functions Lik,λ(x).
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Lemma 1 ([12, 19]). Let Sn,λ(x) be the λ-Shefer sequence of
(g(t), f(t)) and let h(x) � 􏽐

n
l�0alSl,λ(x) ∈ P. Ten,

ak �
1
k!
〈g(t)(f(t))

k
􏼌􏼌􏼌􏼌􏼌h(x)〉λ. (22)

Proof. Let Sn,λ(x) be the λ-Shefer sequence of (g(t), f(t))

and let h(x) � 􏽐
n
l�0alSl,λ(x). Ten,

〈g(t)(f(t))
k
􏼌􏼌􏼌􏼌􏼌h(x)〉λ � 􏽘

n

l�0
al〈g(t)(f(t))

k
􏼌􏼌􏼌􏼌􏼌Sl,λ(x)〉λ

� k!ak.

(23)

Tus, our proof is completed. □

Theorem 1 ([12]). Let sn,λ and rn,λ be the λ-Shefer sequence
of (g(t), f(t)) and (h(t), l(t)), respectively. Ten, we have
the following equation:

sn,λ � 􏽘
n

k�0
cn,krk,λ, (24)

where

cn,k �
1
k!
〈

h(f(t))

g(f(t))
(l(f(t)))

k

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ. (25)

Since

(x)n ∼ 1, eλ(t) − 1( 􏼁λ and (x)n,λ ∼ (1, t)λ, (26)

by Teorem 1, we see that

(x)n � 􏽘

n

k�0
S1,λ(n, k)(x)k,λ  and (x)n,λ � 􏽘

n

k�0
S2,λ(n, k)(x)k. (27)

In this article, we fnd some interesting identities among
degenerate poly-Daehee polynomials, degenerate Bernoulli
polynomials, degenerate Euler polynomials, degenerate
Bernoulli polynomials of the second kind, degenerate
Daehee polynomials, Changhee polynomials, degenerate
Bell polynomials, and degenerate Lah-Bell polynomials. In

particular, we fnd the relationships among those special
polynomials by fnding the coefcients when expressing
degenerate poly-Daehee polynomials as a linear combina-
tion of these polynomials which is motivated by the Kim-
Kim methods (see [12]).

3. Degenerate Poly-Daehee Polynomials

In view point of equations (1), (9), and (11), we defned the
degenerate poly-Daehee polynomials by the generating
function to be as follows:

logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁
e

x
λ logλ(1 + t)( 􏼁 � 􏽘

∞

n�0
D

(k)
n,λ(x)

t
n

n!
. (28)

In the special case x � 0, D
(k)
n,λ(0) � D

(k)
n,λ is called the

degenerate poly-Daehee numbers.
By equations (27) and (28), we get the following

equation:

􏽘

∞

n�0
D

(k)
n,λ(x)

t
n

n!
� 􏽘
∞

n�0
D

(k)
n,λ

t
n

n!
⎛⎝ ⎞⎠ 􏽘

∞

n�0
(x)n

t
n

n!
⎛⎝ ⎞⎠

� 􏽘

∞

n�0
􏽘

n

m�0

n

m

⎛⎝ ⎞⎠D
(k)
n− m,λ(x)m

⎛⎝ ⎞⎠
t
n

n!

� 􏽘

∞

n�0
􏽘

n

m�0
􏽘

m

l�0

n

m

⎛⎝ ⎞⎠D
(k)
n− m,λS1,λ(m, l)(x)l,λ

⎛⎝ ⎞⎠
t
n

n!
.

(29)

By comparing both sides of equation (29), we can obtain
the relationship between D

(k)
n,λ(x) and the falling factorial

sequences as follows:

D
(k)
n,λ(x) � 􏽘

n

m�0
􏽘

m

l�0

n

m
􏼠 􏼡D

(k)
n− m,λS1,λ(m, l)(x)l,λ, (n≥ 0).

(30)

Note that, by equation (5), we get the following equation:

Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁 � 􏽘
∞

n�1

− λn− 1
(1)n,1/λ

n
k− 1

1
n!

eλ 1 − eλ(t)( 􏼁 − 1( 􏼁
n

� 􏽘

∞

b�1
􏽘

b

n�1

− λn− 1
(1)n,1/λ

n
k− 1 S2,λ(b, n)

1
b!

1 − eλ(t)( 􏼁
b

� 􏽘
∞

a�1
􏽘

a

b�1
􏽘

b

n�1

(− 1)
b+1λn− 1

(1)n,1/λ

n
k− 1 S2,λ(b, n)S2,λ(a, b)

t
a

a!
.

(31)
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Theorem 2. For each non-negative integer n, we have the
following equation:

D
(k)
n,λ(x) � 􏽘

n

l�0
􏽘

n

r�l

n

r
􏼠 􏼡S1,λ(r, l)D

(k)
n− r,λ

⎛⎝ ⎞⎠(x)l,λ. (32)

As the inversion formula of equation (32), we have the
following equation:

(x)n,λ � 􏽘
n

l�0
􏽘

n

m�l

􏽘

n− m+1

b�1
􏽘

b

c�1

n

m

⎛⎝ ⎞⎠
(− 1)

b+1λc− 1
(1)c,1/λ

c
k− 1

(n − m + 1)
S2,λ(b, c)S2,λ(n − m + 1, b)S2,λ(m, l)⎛⎝ ⎞⎠D

(k)
l,λ (x). (33)

Proof. Note that, by equation (28), the λ-Shefer sequence of
degenerate poly-Daehee polynomials is as follows:

D
(k)
n,λ(x) ∼

Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t
, eλ(t) − 1􏼠 􏼡

λ
. (34)

By equation (14), (16), (21), and (34), we get the fol-
lowing equation:

D
(k)
n,λ(x) � 〈 logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁
e

x
λ logλ(1 + t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ

� 􏽘
n

l�0
(x)l,λ〈 logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

1
l!

logλ(1 + t)( 􏼁
l

􏼒 􏼓
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􏽘

n
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n

l

⎛⎝ ⎞⎠S1,λ(r, l)(x)l,λ〈 logλ(1 + t)
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n

r

⎛⎝ ⎞⎠S1,λ(r, l)D
(k)
n− r,λ(x)l,λ.

(35)

and so our proof is completed. Let (x)n,λ � 􏽐
n
l�0cn,lD

(k)
l,λ (x). By Teorem 1 and equa-

tions (26) and (31), we get the following equation:

cn,l �
1
l!〈Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t
eλ(t) − 1( 􏼁

l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ

� 〈Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t
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t
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(x)n− m,λ〉λ

� 􏽘
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m
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� 􏽘
n

m�l
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n− m+1

b�1
􏽘

b

c�1

n

m
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(− 1)

b+1λc− 1
(1)c,1/λ

c
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(n − m + 1)
S2,λ(b, c)S2,λ(n − m + 1, b)S2,λ(m, l).

(36)
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Tus our proofs are completed. □

By equation (10), we can know that the λ-Shefer se-
quences of degenerate Bernoulli polynomials are

βn,λ(x) ∼
eλ(t) − 1

t
, t􏼠 􏼡

λ
. (37)

Theorem  . For each non-negative integer n, we have the
following equation:

D
(k)
n,λ(x) � 􏽘

n
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􏽘

n

m�l

􏽘
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r�0

n

m
􏼠 􏼡

n − m
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􏼠 􏼡S1,λ(m, l)br,λD

(k)
n− m− r,λ

⎛⎝ ⎞⎠βl,λ(x). (38)

As the inversion formula of equation (38), we have the
following equation:
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n
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n− m
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n− m− r+1
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c�1
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n − m

r
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(− 1)

b+1λc− 1
(1)c,1/λ

c
k− 1

(n − m − r + 1)
S2,λ(m, l)S2,λ(b, c)S2,λ(n − m − r + 1, b)βr,λ

⎞⎠D
(k)
l,λ (x).

(39)

Proof. Let D
(k)
n,λ(x) � 􏽐

n
l�0cn,lβl,λ(x). By Teorem 1 and

equations (34) and (37), we get the following equation:

cn,l �
1
l!〈 t/log(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁/logλ(1 + t)
logλ(1 + t)( 􏼁

l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ

� 〈 logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

t

logλ(1 + t)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

1
l!

logλ(1 + t)( 􏼁
l

􏼒 􏼓
λ
(x)n,λ〉λ

� 􏽘
n

m�l

n

m

⎛⎝ ⎞⎠S1,λ(m, l)〈 logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

t

logλ(1 + t)
􏼠 􏼡

λ
(x)n− m,λ〉λ

� 􏽘
n

m�l

􏽘

n− m

r�0

n

m

⎛⎝ ⎞⎠
n − m

r

⎛⎝ ⎞⎠S1,λ(m, l)br,λ〈 logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n− m− r,λ〉λ

� 􏽘
n

m�l

􏽘

n− m

r�0

n

m

⎛⎝ ⎞⎠
n − m

r

⎛⎝ ⎞⎠S1,λ(m, l)br,λD
(k)
n− m− r,λ,

(40)
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where bn,λ are the degenerate Bernoulli numbers of the
second kind defned as follows:

􏽘

∞

n�0
bn,λ

t
n

n!
�

t

logλ(1 + t)
. (41)

Conversely, we assume that βn,λ(x) � 􏽐
n
l�0cn,lD

(k)
l,λ (x).

Ten, by Teorem 1 and equations (31), (34), and (37), we
get the following equation:

cn,l �
1
l!
〈

Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁/t
eλ(t) − 1/t

eλ(t) − 1( 􏼁
l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ

�〈
Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t

t

eλ(t) − 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

1
l!

eλ(t) − 1( 􏼁
l

􏼒 􏼓
λ
(x)n,λ〉λ

� 􏽘
n

m�l

n

m

⎛⎝ ⎞⎠S2,λ(m, l)〈
Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

t

eλ(t) − 1
􏼠 􏼡

λ
(x)n− m,λ〉λ

� 􏽘
n

m�l

􏽘

n− m

r�0

n

m

⎛⎝ ⎞⎠
n − m

r

⎛⎝ ⎞⎠S2,λ(m, l)βr,λ〈
Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n− m− r,λ〉λ

� 􏽘

n

m�l

􏽘

n− m

r�0

n

m

⎛⎝ ⎞⎠
n − m

r

⎛⎝ ⎞⎠
S2,λ(m, l)βr,λ

n − m − r + 1
〈Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

􏼌􏼌􏼌􏼌(x)n− m− r+1,λ〉λ

� 􏽘
n

m�l

􏽘

n− m

r�0
􏽘

n− m− r+1

b�1
􏽘

b

c�1

n

m

⎛⎝ ⎞⎠
n − m

r

⎛⎝ ⎞⎠

×
(− 1)

b+1λc− 1
(1)c,1/λ

c
k− 1

(n − m − r + 1)
S2,λ(m, l)S2,λ(b, c)S2,λ(n − m − r + 1, b)βr,λ.

(42)

□

Te degenerate Daehee polynomials are defned by the
generating function to be as follows:

􏽘

∞

n�0
Dn,λ(x)

t
n

n!
�
logλ(1 + t)

t
e

x
λ logλ(1 + t)( 􏼁, (n≥ 0). (43)

When x � 0, Dn,λ � Dn,λ(0) is called the degenerate
Daehee numbers. By equation (43), we see that

eλ(t) − 1
t

, eλ(t) − 1􏼠 􏼡
λ
∼ Dn,λ(x). (44)

Note that

Lik,λ 1 − eλ(− t)( 􏼁 � 􏽘
∞

n�1

(− λ)
n− 1

(1)n,1/λ

(n − 1)!n
k

1 − eλ(− t)( 􏼁
n

� 􏽘
∞

n�1

− λn− 1
(1)n,1/λ

n
k− 1

1
n!

eλ(− t) − 1( 􏼁
n

� 􏽘
∞

n�1

− λn− 1
(1)n,1/λ

n
k− 1 􏽘

∞

l�n

S2,λ(l, n)
(− t)

l

l!

� 􏽘
∞

n�1
􏽘

n

m�1

(− 1)
n+1λm− 1

(1)m,1/λ

m
k− 1 S2,λ(n, m)⎛⎝ ⎞⎠

t
n

n!
.

(45)
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Theorem 4. For each non-negative integer n, we have the
following equation:

D
(k)
n,λ(x) � 􏽘

n

l�0
􏽘

n− l

r�0

n

l
􏼠 􏼡

n − l

r
􏼠 􏼡br,λD

(k)
n− l− r,λ

⎛⎝ ⎞⎠Dl,λ(x). (46)

As the inversion formula of equation (46), we have the
following equation:

Dn,λ(x) � 􏽘
n

l�0
􏽘

n− l+1

m�1

n

l

⎛⎝ ⎞⎠
(− 1)

n− lλn− l
(1)m,1/λ

m
k− 1

(n − l + 1)
S2,λ(n − l + 1, m)⎛⎝ ⎞⎠D

(k)
l,λ (x). (47)

Proof. Let D
(k)
n,λ(x) � 􏽐

n
l�0cn,lDl,λ(x). Ten, by Teorem 1

and equations (34) and (44), we get the following equation:

cn,l �
1
l!
〈

t/logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁/logλ(1 + t)
t
l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ

�
1
l!
〈

t

logλ(1 + t)

logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
t
l

􏼐 􏼑λ(x)n,λ〉λ

�

n

l

⎛⎝ ⎞⎠〈
logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

t

logλ(1 + t)
􏼠 􏼡

λ
(x)n− l,λ〉λ

� 􏽘
n− l

r�0

n

l

⎛⎝ ⎞⎠
n − l

r

⎛⎝ ⎞⎠br,λ〈
logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n− l− r,λ〉λ

� 􏽘
n− l

r�0

n

l

⎛⎝ ⎞⎠
n − l

r

⎛⎝ ⎞⎠br,λD
(k)
n− l− r,λ.

(48)

Conversely, we assume that Dn,λ(x) � 􏽐
n
l�0cn,lD

(k)
l,λ (x).

Ten, by Teorem 1 and equations (31), (34), (44), and (45),
we get the following equation:

cn,l �
1
l!〈Lik,λ 1 − eλ(− t)( 􏼁/logλ(1 + t)

t/logλ(1 + t)
t
l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n,λ〉λ

�
1
l!〈Lik,λ 1 − eλ(− t)( 􏼁

t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
t
l

􏼐 􏼑λ(x)n,λ〉λ
�

n

l

⎛⎝ ⎞⎠〈Lik,λ 1 − eλ(− t)( 􏼁

t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n− l,λ〉λ

�
n

l

⎛⎝ ⎞⎠
1

n − l + 1
〈Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌(x)n− l+1,λ〉λ

� 􏽘
n− l+1

m�1

n

l

⎛⎝ ⎞⎠
(− 1)

n− lλm− 1
(1)m,1/λ

m
k− 1

(n − l + 1)
S2,λ(n − l + 1, m).

(49)

□
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TeChanghee polynomials are defned by the generating
function to be as follows:

􏽘

∞

n�0
Chn(x)

t
n

n!
�

2
t + 2

e
x
λ logλ(1 + t)( 􏼁. (50)

In the special case of x � 0, Chn � Chn(0) is called the
Changhee numbers.

By the defnition of the Changhee polynomials, we see
the λ-Shefer sequences of the Changhee polynomials are as
follows:

Chn(x) ∼
1 + eλ(t)

2
, eλ(t) − 1􏼠 􏼡

λ
. (51)

Note that, by equation (6), we get the following equation:

Lik,λ 1 − eλ(− t)( 􏼁

logλ(1 + t)
� 􏽘
∞

n�1

(− 1)
n− 1λn− 1

(1)n,1/λ

(n − 1)!n
k

1 − eλ(− t)( 􏼁
n 1
logλ(1 + t)

� 􏽘
∞

n�1

− λn− 1
(1)n,1/λ

n
k− 1

1
n!

eλ(− t) − 1( 􏼁
n 1
logλ(1 + t)

� 􏽘

∞

n�1

− λn− 1
(1)n,1/λ

n
k− 1 􏽘

∞

l�n

S2,λ(l, n)
(− t)

l

l!

1
logλ(1 + t)

� 􏽘
∞

n�1
􏽘

n

m�1

(− 1)
n+1λm− 1

(1)m,1/λ

m
k− 1 S2,λ(n, m)

t
n− 1

n!

t

logλ(1 + t)

� 􏽘
∞

n�0
􏽘

n+1

m�1

(− 1)
nλm− 1

(1)m,1/λ

m
k− 1

S2,λ(n + 1, m)

n + 1
t
n

n!
⎛⎝ ⎞⎠ 􏽘

∞

n�0
bn,λ

t
n

n!
⎛⎝ ⎞⎠

� 􏽘

∞

a�0
􏽘

a

r�0
􏽘

r+1

m�1

a

r

⎛⎝ ⎞⎠
(− 1)

rλm− 1
(1)m,1/λ

m
k− 1

(r + 1)
S2,λ(r + 1, m)ba− r,λ

⎛⎝ ⎞⎠
t
a

a!
.

(52)

Theorem 5. For each non-negative integer n, we have the
following equation:

D
(k)
n,λ(x) � 􏽘

n− 1

l�0

n

l

⎛⎝ ⎞⎠D
(k)
n− l,λ +

1
2

n

l

⎛⎝ ⎞⎠(n − l)D
(k)
n− l− 1,λ

⎛⎝ ⎞⎠Chl(x) + Chn(x). (53)
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As the inversion formula of equation (53), we have the
following equation:

Chn(x) � 􏽘
n

l�0
􏽘

n− l

m�0
􏽘

n− l− m

r�0
􏽘

r+1

s�1

n

l

⎛⎝ ⎞⎠
n − l

m

⎛⎝ ⎞⎠
n − l − m

r

⎛⎝ ⎞⎠⎛⎝

×
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(1)s,1/λ

s
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S2,λ(r + 1, m)

r + 1
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(k)
l,λ (x)

� 􏽘
n
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􏽘

n
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􏽘

m
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􏽘

k
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􏽘
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􏽘

b

s�1

n

m

⎛⎝ ⎞⎠
k

r

⎛⎝ ⎞⎠
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⎛⎝
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Chn− m􏼡D

(k)
l,λ (x).

(54)

Proof. Let D
(k)
n,λ(x) � 􏽐

n
l�0cn,lChl(x). By Teorem 1 and

equations (34) and (51), we get the following equation:

cn,l �
1
l!
〈

t + 2/2
Lik,λ 1 − eλ(− t)( 􏼁/logλ(1 + t)

t
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(x)n,λ〉λ

�
1
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〈

t + 2
2
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t
l
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�

n

l
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2

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
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n

l
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m

⎛⎝ ⎞⎠D
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2

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
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� 􏽘
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n
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m
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D

(k)
m,λ

2
〈t|(x)n− l− m,λ〉λ + 2〈1|(x)n− l− m,λ〉λ􏼐 􏼑
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n
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m

⎛⎝ ⎞⎠
D

(k)
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2
δ1,n− l− m + 2δ0,n− l− m􏼐 􏼑.

(55)

Since D
(k)
0,λ � 1,

D
(k)
n,λ(x) � 􏽘

n− 1

l�0

n

l

⎛⎝ ⎞⎠D
(k)
n− l,λ +

1
2

n

l

⎛⎝ ⎞⎠(n − l)D
(k)
n− l− 1,λ

⎛⎝ ⎞⎠Chl(x) + Chn(x). (56)
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Conversely, we assumed that Chn(x) � 􏽐
n
l�0cn,lD

(k)
l,λ (x).

Ten, by Teorem 1 and equations (34), (51), and (52), we
get the following equation:

cn,l �
1
l!
〈

Lik,λ 1 − eλ(− t)( 􏼁/logλ(1 + t)
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(57)

In addition, by Lemma 1 and equations (5) and (27), we
have the following equation:

cn,l �
1
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〈

Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁
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(58)

□
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Te degenerate Bell polynomials are defned by the
generating function to be as follows:

e
x
λ eλ(t) − 1( 􏼁( 􏼁 � 􏽘

∞

n�0
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t
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Note that
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(60)

and thus

Beln,λ(x) � 􏽘
n

m�0
S2,λ(n, m)(x)m,λ. (61)

In addition, by the defnition of Bell polynomials, the
λ-Shefer sequence of Bell polynomials is as follows

Beln,λ(x) ∼ 1, logλ(1 + t)( 􏼁λ. (62)

Note that, in addition, we know that

1
k!

logλ 1 + logλ(1 + t)( 􏼁( 􏼁
k

� 􏽘
∞

l�k

S1,λ(l, k)
1
l!
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l
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∞
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∞
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t
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� 􏽘
∞

l�k

􏽘

l

m�k
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t
l

l!
.

(63)

Theorem 6. For each non-negative integer n, we have the
following equation:

D
(k)
n,λ(x) � 􏽘

n

l�0
􏽘

n

a�l

􏽘

a

r�l

n

a
􏼠 􏼡S1,λ(r, l)S1,λ(a, r)D

(k)
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⎛⎝ ⎞⎠Bell,λ(x).

(64)

As the inversion formula of equation (64), we have the
following equation:

Beln,λ(x) � 􏽘
n

l�0
􏽘

n

a�l

􏽘

a

r�l

􏽘
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􏽘

n− a− m+1

b�1
􏽘

b
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c
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(k)
l,λ (x).

(65)

Proof. Let D
(k)
n,λ(x) � 􏽐

n
l�0cn,lBell,λ(x). By Teorem 1 and

equations (34), (63), and (62), we get the following equation:
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1
l!〈 1

Lik,λ 1 − eλ(− t)( 􏼁/logλ(1 + t)
logλ 1 + logλ(1 + t)( 􏼁( 􏼁
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λ
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a
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n

a
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Conversely, we assume that Beln,λ(x) � 􏽐
n
l�0cn,lD

(k)
l,λ (x).

Note that
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(67)

and
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Ten, by Teorem 1 and equations (31), (34), (62), (67),
and (68), we get the following equation:

cn,l �
1
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c
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(69)

On the other hand, by Lemma 1 and equation (31), we
have the following equation:
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λ
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m
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m

a
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n
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m
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􏽘
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b
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m

a
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r
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S2,λ(n, m)S2,λ(a, l)S2,λ(b, r)S2,λ(m − a + 1, b).

(70)

□

Te degenerate Euler polynomials are defned by the
generating function to be as follows:

􏽘

∞

n�0
En,λ(x)

t
n

n!
�

2
eλ(t) + 1

e
x
λ(t). (71)

In the special case of x � 0, En,λ � En,λ(0) is called the
degenerate Euler numbers. By equation (71), we see that

En,λ(x) ∼
eλ(t) + 1

2
, t􏼠 􏼡

λ
. (72)
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Theorem 7. For each non-negative integer n, we have the
following equation:

D
(k)
n,λ(x) � 􏽘

n
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􏽘

n− 1

m�l

n

m
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Dn− m− 1,λ􏼒 􏼓 + S1,λ(n, l)⎛⎝ ⎞⎠El,λ(x). (73)

As the inversion formula of equation (73), we have the
following equation:
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(74)

Proof. Let D
(k)
n,λ(x) � 􏽐

n
l�0cn,lEl,λ(x). By Teorem 1 and

equations (34) and (72), we get the following equation:
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(75)

because of D
(k)
0,λ � 1.

Conversely, we assume that En,λ(x) � 􏽐
n
l�0cn,lD

(k)
l,λ (x).

Ten, by Teorem 1 and (31), (34), and (72), we get the
following equation:
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cn,l �
1
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(76)

□

Te unsigned Lah number L(n, k) counts the number of
ways a set of n elements can be partitioned into k nonempty
linearly ordered subsets and has the explicit formula as
follows:

L(n, k) �

n − 1

k − 1
⎛⎝ ⎞⎠

n!

k!
. (77)

By equation (77), we can derive the generating function
of L(n, k) to be as follows:

1
k!

t

1 − t
􏼒 􏼓

k

� 􏽘

∞

n�k

L(n, k)
t
n

n!
, (k≥ 0). (78)

Recently, Kim-Kim introduced the degenerate Lah-Bell
polynomials as follows:

e
x
λ

t

1 − t
􏼒 􏼓 � 􏽘

∞

n�0
B

L
n,λ(x)

t
n

n!
. (79)

In the special case of x � 1, BL
n � BL

n(1) is called Lah-Bell
numbers.

Note that
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t
n
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.

(80)

Tus, we get the following equation:

B
L
n,λ(x) � 􏽘

n

m�0
L(n, m)(x)m,λ. (81)

In addition, by the defnition of Lah-Bell polynomials,
the λ-shefer sequence of Lah-Bell polynomials is as follows:

B
L
n,λ(x) ∼ 1,

t

t + 1
􏼒 􏼓

λ
. (82)
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Note that, for a given non-negative integer l,
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logλ(1 + t)

1 + logλ(1 + t)
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l

� 􏽘
∞

r�0
(− 1)

r < l> r

r + l

l

⎛⎝ ⎞⎠
1

(r + l)!
logλ(1 + t)( 􏼁

r+l

� 􏽘
∞

a�0
􏽘

a

r�0
(− 1)

r < l> r

r + l

l

⎛⎝ ⎞⎠S1,λ(a + l, r + l)
t
a+l

(a + l)!
,

(83)

where <x> 0 � 1, < x> n � x(x + 1) · · · (x − n + 1), and
(n≥ 1) are rising factorial sequences.

Theorem 8. For each non-negative integer n, we have the
following equation:

D
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As the inversion formula of equation (84), we have the
following equation:
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Proof. Let D
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l,λ(x). By Teorem 1 and

equations (34), (82), and (83), we get the following equation:
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n

a + l

⎛⎝ ⎞⎠S1,λ(a + l, r + l)

×〈
logλ(1 + t)

Lik,λ 1 − eλ(− t)( 􏼁

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)n− a− l,λ〉λ

� 􏽘
n− l

a�0
􏽘

a

r�0

n

a + l

⎛⎝ ⎞⎠
r + l

l

⎛⎝ ⎞⎠(− 1)
r < l> rS1,λ(a + l, r + l)D

(k)
n− a− l,λ.
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Conversely, we assume that BL
n,λ(x) � 􏽐

n
l�0cn,lD

(k)
l,λ (x).

Ten, by Lemma 1 and equations (31) and (34), we get the
following equation:

cn,l �
1
l!
〈

Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t
eλ(t) − 1( 􏼁

l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
B

L
n,λ(x)〉λ

� 􏽘
n

m�0
L(n, m)〈

Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

1
l!

eλ(t) − 1( 􏼁
l

􏼒 􏼓
λ
(x)m,λ〉λ

� 􏽘
n

m�0
􏽘

m

r�l

m

l

⎛⎝ ⎞⎠L(n, m)S2,λ(r, l)〈
Lik,λ 1 − eλ 1 − eλ(t)( 􏼁( 􏼁

t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
(x)m− r,λ〉λ

� 􏽘
n

m�0
􏽘

m

r�l

􏽘

m− r+1

b�1
􏽘

b

a�1

m

r

⎛⎝ ⎞⎠
(− 1)

b+1λa− 1
(1)a,1/λ

a
k− 1

(m − r + 1)

× L(n, m)S2,λ(b, a)S2,λ(r, l)S2,λ(m − r + 1, b).

(87)

□
4. Conclusion

Degenerate exponential function was frst defned by Carlitz
(see [6]), and their relationships and properties with various
special polynomials are being actively studied by many
researchers. In addition, its extension is also being studied
a lot (see [19–22]).

In this article, we fnd some relationships between some
special polynomials and degenerate poly-Daehee poly-
nomials by expressing linear combinations of degenerate
Bernoulli polynomials, degenerate Euler polynomials, de-
generate Bernoulli polynomials of the second kind, de-
generate Daehee polynomials, Changhee polynomials,
degenerate Bell polynomials, degenerate Lah-Bell poly-
nomials, and vice versa.

Research on the generalization of various special func-
tions using the polylogarithm function has been studied by
many researchers. In the near future, we will continue re-
search to obtain new and interesting identities between the
special functions and other polynomials by using the tools
used in this study.
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