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In this paper, we consider positive steady-state solutions of a cross-diffusions prey-predator model with Holling type II functional
response. We investigate sufficient conditions for the existence and the nonexistence of nonconstant positive steady state so-
lutions. It is observed that nonconstant positive steady states do not exist with small cross-diffusion coefficients, and the constant
positive steady state is global asymptotically stable without cross-diffusion. Furthermore, we show that if natural diffusion
coeflicient or cross-diffusion coefficient of the predator is large enough and other diffusion coefficients are fixed, then under some
conditions, at least one nonconstant positive steady state exists.

1. Introduction

In recent years, many researchers have studied population
models with cross-diffusion terms [1-9]. Let u and v rep-
resent the densities of the prey and predator, respectively. A
general partial differential prey-predator system with cross-
diffusion is of the form [10]

u, = V(kyy (u,v)Vu + kyp (u, v)VY) = ¢ (u) — p(w)v,
{ v, =V (ky (14, V)V + kyy (u, v)VV) = y (v) + cp (w),
(D)

where K;;, K,, and K;,, K,; embody the diffusion and
cross-diffusion processes, respectively, ¢(u) and y(v)

represent the self-growth of the two species, and p (u) is the
predator functional response, see [3, 6, 8, 11, 12]. Among
many possible choices of p (1), the Holling type II functional
response is the most commonly used in the ecological lit-
erature, which is defined by

u

p(u) = (2)

L+mu’
where m is a positive constant measuring the ability of
a generic predator to kill and consume a generic prey.

We are interested in the changes of behavior of the
predator-prey system with cross-diffusion and Holling type
II functional response. In this work, we investigate the
following predator-prey model:
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r u, —d\ A[(1+dsv)u] = u—ku® -

ou ov
=—=0

v oy

Here, the two unknown functions u(t,x) and v(t, x)
represent the spatial distribution density of the prey and
predator, respectively. The positive constants d,, d, are the
natural diffusion coefficients, nonnegative constants d; and
d, are the cross-diffusion coefficients, a is the death rate of
the predator, the terms —ku? and —bv? represent the self-
limitation for the prey and predator, k and b are the positive
constants, () is a bounded domain with smooth boundary
0Q, v is the outward unit normal vector on 0, and we
impose a homogeneous Neumann-type boundary condition,
which implies that system (3) is a closed system and there is
no flux across the boundary 0Q. The prey u and predator v
diffuse with flux.

J, = —d,dsuVv—(d, + d,d;v)Vu,

J, = —dyd,wWu — (d, + d,du)Vv. )

If ds > 0, for the prey u, the term —d, d;uVv of the flux is
directed towards the decreasing population density of v, and
the diffusion of the predator v represents the tendency of
predator to move away from a large group of the preys. In
a certain kind of prey-predator relationships, a great number
of prey species form a huge group to protect themselves from
the attack of a predator [1, 11].

Our main concern focuses on the effects of cross-
diffusion on the existence and nonexistence of non-
constant positive steady state solutions of system (3), that is
to say, the existence and nonexistence of nonconstant
positive solutions of the following strongly coupled elliptic
system.

uy

—d,\A[(1 + dsv)u] :u—ku2—1+mu, x€Q,
L,
{ -d,A[(1+du)v] =-av—-bv o Y€ Q,
Z—:l = % = x € 0Q.
(5)

We mainly discuss the effect of d,, d5, and d,, on positive
solutions of (5) by using the integral property and homotopy
invariance of the topological degree. We convert the cal-
culation of complex eigenvalues into judging the sign of
coefficients to a simple polynomial. Our results show that
system (5) has no noncontant positive steady state when

v, —dyA[(1 + dgu)v] = —av - bV’ +

u(0,x) = uy(x)=0,v(0,x) = v, (x) =0,
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1%
v (t,x) € (0,00) x Q,
1+ mu
v (t,x) € (0,00) x Q,
1+mu

(3)

(t, x) € (0,00) x 0Q),

xe Q.

cross-diffusions ds, d, are sufficiently small (even equal to
zero), while it has at least one nonconstant positive solution
if d, or d, is large enough.

If d; =0, the version of (5) with ratio-dependent
functional response [1] was studied, where the Holling
type II functional response uv/1 +mu was replaced by
uv/v + mu, it was observed that the cross-diffusion could
create nonconstant positive steady states by using homotopy
invariance of the topological degree. If (d; =d, = 0), the
system (5) with homogeneous Dirichlet boundary condition
[12] was considered, and the existence and uniqueness of
coexistence states were proved by employing bifurcation
theory. Recently, strongly coupled elliptic systems with
cross-diffusion terms have received increasing attention.
Some researchers have focused on Lotka-Volterra models
[1, 2, 4, 6, 7, 11] and the Sel’kov models [13, 14] with ho-
mogeneous Neumann boundary condition, and given the
existence of nonconstant positive steady states, while others
have also considered prey-predator models with Holling
type II functional response and homogeneous Dirichlet
boundary condition [3, 8, 9], and their main concern is the
structure of positive solutions. There are some other kinds of
models (refer to the above cited papers and references
therein). For the system with Holling type II functional
response and homogeneous Neumann boundary condition,
there are only a few results.

Motivated by above-cited works, we are concerned with
problem (5), which is a more difficult mathematical problem
for incorporating cross-diffusion terms to both equations.
This paper is organized as follows: In Section 2, the upper
and lower bounds for positive solutions of (5) are estimated.
Then, in Section 3, the nonexistence of the nonconstant
positive solutions is proved by using the integral property,
and it is observedthat the constant positive steady state is
global asymptotically stable without cross-diffusion. In
Section 4, the sufficient conditions for the existence of
nonconstant positive solutions are obtained. In the last
section, we give a conclusion for the paper.

2. A Priori Estimate

In order to discuss the effect of cross-diffusion on the ex-
istence of nonconstant positive solutions of system (5), we
provide a prior estimate in this section. For convenience, we
assume that the conditions ka + ma <1 and m<k always
hold. We denote f(u)=(1-ku)(l1+mu) and
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g(u) = 1/b(u/1 + mu — a). Then, we have that f (u) is de-
creasing in [0, 1/k] and f(0) = 1, f (1/k) = 0, while g (u) is
increasing in [0,1/k] and g(0)=-a/b. Note that
ka + ma < 1, we have g (1/k) >0, and the problem (5) has an
unique positive constant steady-state solution, denoted by
(1, v), which satisfies

i e(0,%>,(1—kﬁ)(1+’”ﬁ):%(1+umﬁ_a>’ (6)

v = (1 - ki) (1 + mii).
To obtain a priori estimate, we give a lemma first.

Lemma 1. Let d;; € (0,00),i=1,2,3,4, d;;—d, € [0,
00], j — 00, u* and v* are constants. If the positive solution
(uj,v)) of (5) with d; = d;; uniformly converge to (u*,v*) on
Q, then the following equalities hold:

*

v

And especially, if u* > 0 and v* > 0, then (u*,v*) = (%, 7).
For the sake of simplicity, a, b, m, k are denoted by A.

Theorem 2. Suppose that (u,v) is a positive solution of (5),
D,, D, are arbitrary fixed positive numbers, and d,,d, > D,
and 0<d,,d, <D,, then there exist two positive constants
C(A,D,,D,) and C(A,D,, D,) such that

C(A, Dy, Dy) <u(x),v(x)<C(A, Dy, D,), Vxe€Q.

(8)

Proof. First, we show that there exists C = C(A,D,,D,) >0
such that

max u < Cminu, maxv<Cminv. 9)
Q Q Q Q

Let ¢ (x) =d, (1 +dsv)u,y(x) =d, (1 +d,u)v and set

1-ku* - _=0, ¢ (x,) = maxg, ¢, y(x,) = max, ¥, by the maximum prin-
1+mu ciple [15], we have
(7)
a-bv+—2 —=0.
1+mu
u(x;)v(x u(x,)v(x
u(xl)—kuz(xl)—%zo,—av(xz)—bvz(xz)+%20. (10)

Then, u(x,) <1/k,v(x;) <1+ mu(x;) <1+ m/k; thus,

Q

By similar calculation, we have

1 u(x,)
b 1+mu(x,)

v(x,) <
and

dy(1+2d;)" + k(1 +2d5)
bk’

maxv<d, maxy =d,'y(x,) < .
o) a
(13)

Due to (11) and (13), by the L? theory and embedding
theorem regularity [16], we assert that

¢, ¥ € C(Q). (14)
Using the Schauder theory [16] again, we have
4, Vllcow < C (A, Dy, D). (15)

maxu<d; maxg =d; ¢ (x,)<
Q

1
<—u(x2)£5 maxu <

dy(k+m)|1 1+2d,
[1+ X :|k£ P (11)
dy(k+m)| 1 1+2d,
[1+ - ]ES o (12)

Next, we want to estimate ¢, y. Note that ¢, y satisfy

(o 0
Ago-(l o 1+mu>d1(1+d3v)’ x e
—(_1— u 4

) AV/—<1 bv+1+mu>d2(l+d4u)’ x e,
op _ oy

99 _%Y _,, Q.

L 0y Ov 0 x €0

(16)
Set



v 1
—(1-ku- ,
@ (%) ( " 1+mu>d1(1+d3v)

(17)

(=(-a-bvr—t )
A U " d,(1+du)

dy(1+2d;) + k(1 +2d;) + bk* (2 + 2d;)
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We have

d, (1 +2d,)° +k(1+2d)

lerfleo <

and maxgy < lean// Then,

1+ ma
(18)
d,bk* “ ol d K’
Applying Harnack inequality [17], we can achieve that
there exists C = C(A, Dy, D,) such that maxg¢ < Cminge
maxpy _Maxg maxg (d,(1+dsv)) _ maxgv _ maxgy maxg (dy (1 +d4u)) <C (19)

mingu ~ minge ming (d; (1+d;v)) "~

where C = max{1 + D,||u o, 1 + D,|[v]l,}C. From those
argument, (9) holds.

Now, we prove (8) by contradiction. Suppose there exist

a  sequence {dlj,dzj,d3j,d } _, which satisfies
dyjd,;2D,,0<d;;,d,;<D, and a sequence of corre-
sponding positive  solutions (uj,vj) of (5) with
(dy>d,,ds,dy) = (dyj,dy ), dsj, dy;), such that

mﬁin u;— 0,0r mﬁin v;j—0,as j— oo. (20)

Note that d,,d,;>D; and 0<d;;,d,;<D,, and there
are subsequences, denoted by themselves, satisfying
d —d; € [D;,00] fori=1,2 andd —d,; € [0,D,] for
i = 3,4. Taking into account of (15), we may assume that
(uj,vj) — (u,v) in [CT(Q)]> Obviously, u,v are non-
negative, satisfying the estimate (15) and we obtain

minu = 0,or minv = 0.

Q Q (21)

Moreover, if d;,d, < 0o, then we obtain (u,v) satisfies
(5). If d, = 00, note that (uj,vj) satisfies (15), and then,
(u, v) satisfies A(1 +d;v)u =0 in Q and du/dv = 0 on 0Q.
Thus, (1 + d;v)u >0 is a constant. Similar conclusion holds
for d,.

We next give contradictions for each possible case.

Step 1. The case d,,d, < 0.

If mingu = 0, it is followed that u = 0 on Q by (9). In
that case, v satisfies

—d,Av = —av — bvz, x €Q,

(22)
v =0 x € 0Q
oy ’

"mingv ~ mingy ming (d, (1 +d,u))

By using the strong maximum principle and Hopf
boundary lemma [16], we have v = 0 on Q. Therefore,
(uj,v;) — (0,0), which is contradictory to lemma 1.
So, mingu > 0.

Similarly, if mingv = 0, then v = 0 on Q. And u satisfies

—dlAuzu—kuz, x €0,
(23)
ou
— =0, € 0Q.
oy X
We can see that u=1/k. So, we see that

(uj,v;) — (1/k,0). Note that ma + ka<1, and it is
contradictory to lemma 1. So, mingv > 0.

Step 2. The cases d, = 0o or d, = 00
Note that (u]-, vj) satisfies

u:v.:
J (u.—ku%)dx:J’ —21J dx,
o’/ J Ql+muj

(24)

u.v;

J (av- + bvg)dx = J —2J dx.
Q J J ol + mu;
We obtain that
J (u - kuz)dx = J d dx,

Q ol + mu

(25)

J (av+bv2)dx:J d dx
Q ol +mu

(1): dy =00. We can see that (l+d;v)u=C, is
a nonnegative constant. If C; = 0, then u = 0. Taking
into account of (25), we obtain v =0. Hence,
(uj, vj) — (0,0). This is a contradiction to lemma 1.
So, C; >0.
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(1a): d, < c0. Let

~ V;

vi= W (26)

Then, u;, v;,V; satisty

u.v,
~1_ ~ ~ iV
_dzA[(l + d4uj)vj] =-av; - bvjvj + 1T muj’ x €Q,
iy 20
= =0, x € 0Q.
(27)

Similarly, there exists a subsequence of {? 5}, denoted by
itself, such that ¥, —7 in [C*** ()]
nonnegative and 7], = 1.

, where v is

If liijoo||Vj||0025>0> then we can see that u,v,v
satisty ~
_ - . uv
~d,A[(1 +du)v] +av+bvw = o *€ Q,
% =0, x € 0Q.
(28)

Because min 5V = 0, it follows that (1 +d,u)v = 0; so,

¥ = 0. This is contradictory to |[V],, = 1.

If lim; ,,IVjlloo =0, then v=0, u=C,, and from

lemma 1, C, satisfies
1-kC, =0,

(29)
< 0, xe€0Q.

x € Q),

-a+

1+mC1:

This contradicts ma + ka<1

(1b): d, = c0. It is obvious that (1 +d,u)v = C,, here
C,20. Taking into account min v =0, (11), and
0<d;,d,<D,,wearriveat C, =0and v =0,sou = C,
and (uj, vj) — (C,;,0). Note that ma + ka < 1, and we
see that it contradicts lemma 1.

(2): d, < co. In this case, we claim that u >0 on Q. In
truth, u = 0 can follow from min su = 0 by (9). Note
that from (25), we can see that v = 0. This contradicts
lemma 1.

J (dy (1 + dy)|Vul’ + dydyu¥u - V)dx
Q

hy (u,v) (u—u*)dx
o

v

(2a): d, = 00. Similar to case (1b), we obtain v = 0 and
u = C,. We can also obtain a contradiction by lemma 1.

The proof is complete. O

3. The Nonexistence of Nonconstant
Positive Solutions

In this section, we will use the properties of integrals as in [5]
to obtain Theorem 3, which describes the nonexistence of the
nonconstant positive solution of the system (5) on some
conditions. Especially, if d; = d, = 0, then we can use the
method as in [18] to prove that the constant positive steady
state (i, V) of the following developing system is global
asymptotically stable.

uv

u, —dAu=u—ku’ - , x€Q,t>0,
1+mu
v, —dyAv = —av — by’ + ad , x€0,t>0,
1+mu

ou ov
G x € 00, t>0,
dv 0v

| 4(0,x) =uy(x)20,v(0,x) =v,(x) =0, x€ Q.

(30)

As a consequence, problem (5) with d; =d, =0 has no
nonconstant positive solutions.

Theorem 3. Let D be a positive constant, and there exist C,
and C, that depend on A and D. The system (5) has no
nonconstant positive solution when d,>C,,d,>C, and
0<d;,d, <D.

Proof. Let (u,v) be a nonconstant positive solution of
system (5), and g* = 1/|Q|Jwgdx. We denote

hy (u,v) =u—ku® - d ,
1+mu
(31)
hy (u,v) =—av—bv2+L.
1+ mu

Multiplying (u — u*) on both sides of h, (1, v) and in-
tegrating on (), we obtain

(32)

[(hy (s v) = by (7, v)) + (B (7, v) = By (7, v7))] (u = " )dx

Il
— 'D—‘—¢

n”l_k(””*)_ G rm (rma) |7

1+ mu”

oyt (u—u*)(v—v*)}dx,
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Analogously, multiplying (v—v*) on both sides of
h, (u,v) and integrating on (), we have

J (d2 (1 +du)|Vv* + dyd, v - Vv)dx
Q

. . . (33)
:J v(u—u)(v—vz —la+b(v+v)- — (v-v") bdx.
al(l+mu)(1+mu”) 1+ mu
Adding the above two expressions, we obtain
j {dy (1 +dw)IVul® +dy (1 + dgu)IVI® + dydyuVu - Vv + dyd vV - Vvl dix
Q
* v 12
= 1- - -
JQ|: e +u’) (1+mu)(1+mu*)](u w)
4 M* * * * u* *\2
+[(1+mu)(1+mu*)_1+mu*](u_u Jv=v )—(a+b(v+v )_1+mu*)(v_v )y (34)
* u* *\2
1- -
SJ-Q[ k(u+u)+1+mu*](u u®)
—la+b(v+v") - w 4 (v—v*)dx
l+mu”  (1+mu)(l+mu’) '
Taking into account of (11) and (15), we have
. u” 1
‘1—k(u+u)+ H<2+2d;+—,
1+mu m
, (35)
a+b(v+v') - 2u - v *lSa+£+(2b+1)d4(1+2d3) ;k(1+2d3).
l+mu®  (1+mu)(l+mu’) m bk
Denote From Theorem 2, ¢ — Young inequality and Poincar é
B inequality [19], we have
Clzi<2+2D+l), d Y
1 m

36
D(1+2D)* + k(1 +2D) (36)

2
[a+Z+(2b+1) e
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[ 1vul + 19 ax
Q
~ 2 | = 12 2 dsu’ 2 2 div’ 2
SJ Ch(u—u") +CA (v=v")" +d,eVul +Z—|Vv| + d,e| Vv +Z—|Vu| dx (37)
Q £ £

_ _ d2 2 d2 2
< j {Cl Vul® + G|Vl + dyelVul + jl—”|w|2 +del Vv + Z—Vwm2 dx.
Q € 3

Let ¢ = 1/2, then we have

| flvar + dy1op )
Q

< JQ{(ZQ + divz)|Vu|2 +(ZC‘2 + dguz)IVvlz}dx.

(38)
Denote
2
_ D(1+2D)* + k(1 +2D)
C1:2C1+D2[ e ,
(39)
~ 1 +2D\?2
C2:2C2+D2< il )

If d,>C; and d, >C,, then |Vu| = |Vv|=0,x € Q; in
other words, u = u*,v = v*, x € Q. So the existence of C;, C,
makes that if d, >C,,d, >C, and 0<d5,d, <D, then the
system (5) has no nonconstant positive solutions. O

Theorem 4. If condition (1 — 4bm)ti <4b or 4mb > 1 holds,

4. The Existence of Nonconstant
Positive Solutions

In this section, we shall obtain nonconstant solutions for
large d, or for large d, (with d, > 0).

First, we discuss the linearized system of (5) at
Z = (i1,7). Denote ¥ (Z) = (d,1+dv)u,d, (1 + d4u)v)T;
then, system (5) can be written as

u-—ku - w
1+mu
-A¥Y (Z) = G(Z),withG(Z) =
—av - b+ —
1+mu

(40)
Applying the same method as in [18], it is obtained that
H (u) = det{¥;! (2)} det{u¥,(2) -G, (2)}.  (41)
det{¥;' (Z)} is positive, and
det{u¥, (Z) - G,(Z)} = C,pi* + Cyu+ C,

then the constant positive steady state (4, V) of (30) is global N (42)
asymptotically stable. =€ (dy,ds dy; 1),
We omit the proof because it is analogous to that of ~ Where
Theorem 2 in [18].
C, =d,d,(1+d5v+d,n),
2kmii® + (k — m)ii 3kmii® + 2 (k — m)ii — 1 o ddsiv
C =d d,d,ii dib(7+d;7) + ———,
Le 1 +mi et 1 +mi #dib(v+ 3V)Jr(1+ma)2 (43)
¢, gk ko .
1 +mii (1 + mu)
. Cz _ ~A
Next, we study the dependence of the solution for d}inoo d, iy = a, >0,
€(d,,ds,dy;u) =0 on d,. We denote the solutions of 2 -
G(dydyndiu)=0 by B ()G (d)  with tim G = g P 2EE I e (44)
Ref, (d,) < Refi, (d,). Note that C, > 0, and it is obvious that oo dy T
iy (dya, (dy) > 0. lim 20— o,
Consider the following limitations: dy—oo dy



8
That is,
. €(d,d;,dy;
qlhm w=a2‘uz+aly=y[a2‘u+al]. (45)
400 4

If the condition,

b(2k + m)* + 4ka (2k + m) < 4k, (46)

holds, we have f(1/2k)<g(1/2k), and then, %< 1/2k.
Moreover, we can see a; <0, and hence, C; <0 when d, is

Journal of Mathematics

large enough. By continuity, if d, is large enough, then
B, (dy) >0 and i, (dy) > 0, satistying
. —~ . - ain
lim 7, (d,) =0, lim F(d,)=-—"27>0. (47)
d,—o0 d,—00 a,
Analogously, we consider the
€ (d,,d;,dy; u) on d,; then, we derive

dependence of

dzhinoodf —d,(1+d,v+d,7)2 b,>0, Zlinood—0 0,
(48)
. C1 2km + (k- m)u 3kmiit +2(k-m)ii— 1 A
lim + dyii =b,.
d,—co d 1 +mii 1+mu
On the conditions (46) and system (5). When cross-diffusions d; and d,, are small enough
ki + k —m (even equal to zero), the system (5) has no nonconstant
dy> 5 , (49) positive solution. When the natural diffusion d, or the cross-
=3kmu” -2(k-m)u+1

we have b, <0. We can obtain similar results to (47). i, (d,)
and p,(d,), and the solutions of €(d,,d;,d,;p) =0 are
positive and real for sufficiently large d,, satisfying

b
lim % (d,) =0, lim @,(d)=—22u>0.  (50)
d,—00 d,—00 bl

Remark 5. It is obvious that if (47) or (50) holds, then the
constant positive steady state (#,7) for (1) is unstable.
Noting Theorem 4, we can easily see that introducing cross-
diffusion can change the asymptotic behavior of solutions to
system (30).

If 7 and @, determined by (47) and (50) respectively,
satisfy some conditions, then we can obtain the following
conclusions by using homotopy invariance of the topological
degree. We omit the proofs because they are analogous to
them of Theorem 4.1 in [20].

Theorem 6. Suppose condition (46) holds, there exists d,, > 0;
ifd,>d, i (> phjs1) for some j>2 and Zk 2dlmE(‘uk) is
odd, then system (5) has at least one nonconstant positive
solution.

Theorem 7. Suppose conditions (46) and (49) hold, there
exists d, >0; if d,>d,, ue (uj4j.1) and Yi_,dimE (y) is
odd, then system (5) has at least one nonconstant positive
solution.

5. Conclusion

In this paper, we investigate a cross-diffusion prey-predator
model with Holling type II functional response and homo-
geneous Neumann boundary condition and mainly discuss
the effect of d,,d;, and d, on positive solutions of (5).
Furthermore, we find some interesting phenomenon of the

diffusion d, is large enough and other diffusions are fixed, the
system (5) has at least one nonconstant positive solution. This
shows that under certain hypotheses, cross-diffusions can
create nonconstant positive steady states even though the
corresponding model without cross-diffusion fails.

There are many ways that our model could be extended. It
may be more realistic for the variables to have species di-
versity, the cross-diffusion to have different forms, and the
parameters to have space-dependence and/or time-
dependence. In future work, it will be of interest to explore
the impact of different cross-diffusion rates and numerical
simulation, as in references [6-8, 21-23]. It would be in-
triguing to see how cross-diffusion affects such ecosystems.
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