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Let G be a graph with V =V (G). A nonempty subset S of V is called an independent set of G if no two distinct vertices in S are
adjacent. The union of a class {S: S is an independent set of G} and {&} is denoted by . (G). For a graph H, a function
f:V — F(H) is called an H-independent coloring of G (or simply called an H- coloring) if f (x) N f (y) = & for any adjacent
vertices x, y € V and f (V) is a class of disjoint sets. Let a (H, G) denote the maximum cardinality of the set{} ,.,| f (x)|: f isan
H- coloring of G}. In this paper, we obtain basic properties of an H— coloring of G and find a (H, G) of some families of graphs G
and H. Furthermore, we apply them to determine the independence number of the Cartesian product of a complete graph K,, and

a graph G and prove that «(K,0G) =« (K, G).

1. Introduction

In graph theory, the study of graph invariants is a worldwide
research related to a property of graphs that depends on the
abstract structure. This invariant property can be formalized
as a function from graphs to a class of values such that any
two isomorphic graphs have the same value. Two well-
known graph invariants or parameters are the in-
dependence number and the chromatic number of graphs
which indicate the maximum size and the minimum size of
independent sets and color sets of graphs, respectively. Their
applications can be found in several fields such as computer
science, engineering, and optimization problems. Many
researchers study those parameters in various ways and
sometime combine their concepts together to model certain
new structures. For example, in 2011, Arumugam et al. [1]
investigated maximal independent sets in minimum col-
orings. In 2012, Wu and Hao [2] presented an effective
approach to coloring large graphs by using a preprocessing
method to extract large independent sets from the graphs. In
2016, Samanta et al. [3] introduced a new concept of coloring

of fuzzy graphs to color world political map mentioning the
strength of relationship among the countries. Later in 2020,
Mahapatra et al. [4] proposed the edge coloring of fuzzy
graphs to solve job oriented web sites and traffic light
problems. Recently, in 2022, Bresar and Stesl [5] presented
the independence coloring game of graphs and proved that
the independence game chromatic number of a tree can be
arbitrarily large. In this paper, we introduce a new parameter
of graphs, called the independent coloring, which is moti-
vated from the combination of the independence and col-
oring concepts. Moreover, prominent properties of the
independent coloring are provided. Furthermore, we apply
the result for studying the independence number of Car-
tesian product graphs. More information about other op-
erations and product of graphs can be found in [6-9].

2. Preliminaries and Notations

Throughout this paper, all graphs are considered to be finite
and simple. Let G= (V,E) be a graph of order |V|. Two
vertices u and v are said to be adjacent, if uv € E. For
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a nonempty subset S of V, the induced subgraph of G in-
duced by S, denoted by G[S], is a subgraph of G provided
that if u,v € S and uv € E, then uv € E(G[S]), as well. A
subgraph H of G is said to be spanning if V (H) =V (G). We
remark that a graph without edges is called an empty graph.
For a non-negative integer #n, we denote K,,, C,, P,,, W, and
S, to be a complete graph of order n>1, a cycle of length
n>0, a path of length n >0, a wheel of order #n>4, and a star
of order n>2, respectively. For other graph terminologies
and notations, we refer the reader to [10].

A set S of vertices of G is said to be an independent set of
G if no two distinct vertices in S are adjacent. The maximum
cardinality of an independent set of G is called the in-
dependence number of G and is denoted by a(G). If S is an
independent set such that |S|=a(G), we say that S is an
a — set of G. For a positive integer n, an n—coloring of a graph
G means a surjection from V (G) to the set {1,2, ... ,n} with
f(u)# f(v) for every adjacent vertices u,v in G. The
chromatic number y (G) of G is defined to be the minimum
of i over all i—colorings of G, and we denote a y (G)—coloring
of G by y—coloring of G.

We now introduce a graph parameter. For a graph G, we
denote by . (G) the class {S: S which is an independent set
of G} U{&}. Let G and H be graphs with V=V (G). A
function f: V — F(H) is called an H-independent
coloring of G (or simply called an H-coloring) if
fx)Nf(y)=@ for any adjacent vertices x,y € V and
f (V) isaclass of disjoint sets. An H—coloring f of G is said
to be trivial when f(x)=@ for any vertex x € V. In ad-
dition, we denote by a(H,G) the maximum cardinality of

Y If )l > o+ )
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the set {} v f (x)|: f is an H —coloring of G}. If f is an
H-coloring of G such that Y .,|f (x)|=a(H,G), we say
that f is an « — H—coloring of G. It is not hard to see that
a(H,G) = 1. For a trivial case H = K;, we note that a (H, G)
is actually the independence number «(G) of G.

3. Independent Coloring of Graphs

We start this section by presenting the following two useful
lemmas which are referred in the proofs of other results.

Lemma 1. Let G and H be graphs and let f be an H—coloring
of G with f(V(G))={D,,D,,...,D,,}, where 1<m<
|V (H)| + 1. Then, the following statements hold:

(1) f*({D}) is an independent set of G for each
De f(V(G)\{2}

) f({D;}) and f ({Dj}) are disjoint for i # j.
) Yrev@lf =25 DI (DI

Proof. Let D e f(V(G))\{D}. If there are adjacent vertices
x,y € f1({D}), then @=f(x)N f(y)=D+, a contra-
diction. Hence, (1) holds. Next, we show that (2) holds. It is
clear for f(V(G))={&}. Then, we may assume that
fV(G)#{D}. Let D;,D; € f(V(G)) with i # j. If there is
a vertex ve f1({D })ﬂf ({ }) then D;=f(v)=D,;.

Therefore, @=D;ND;=D,;= D] and this implies
fV(G)={2}, a contradiction. Hence, (2) holds. And this
leads to

[Dof+ -+ > |Dl

xeV(G) xef! ({Dl}) xef1 ({D2 xef1 ({Dm})
:|D1|< D 1)+|D2|( D 1)+~-+|Dm|< D 1)
xef 1 ({P}) xef 1 ({D}) xef ' ({Dn}) (1)
=Dl AR DD AP+ - + [Pl (D, })]
- ioilr o
and hence (3) holds. O  Proof. It is clear, by Lemma 1, that (1) holds. Let
fV(@G)={D,,D,,...,D,,} where 1<m<|V(H)|+1.

Lemma 2. Let G and H be graphs and let f be an H-coloring
of G. If g: V(H) — F(Q) is a function defined by

f_1 ({D}), if x € D for some D € f(V(Q)),
g(x)=

, otherwise,

(2)

for all x € V(H), then the following statements hold:
(1) g is a G—coloring of H.
2) Yevolf (=Y cevanlg (X1

Again by Lemma 1, we obtain that

> 15eol= S 1Dl (2l 215 (Do)
=Z|f ({(p)llg” (f " (o)
= Y gl
x€V (H)
(3)

as required.
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We note that graphs G and H in « (H, G) can be switched
as in the following result. O

Proposition 3. Let G and H be graphs. Then,
a(H,G)=a(G, H). (4)

Proof. Let f be an a—H —coloring of G and g be
a G - coloring of H defined in Lemma 2. Then, by Lemma 2,
A(H,G) = Yoy | f (9] = Trevaaplg (0| < (G H).  Simi-
larly, « (G, H) < «(H, G). Hence, the equality follows. O

Proposition 4. Let G, H,, and H, be graphs. Then,
a(H,,G)=a(H,,G) if H, is a spanning subgraph of H,.

Proof. Let f be an a—H,—coloring of G. Define
g:V(G) — J(H,) by g(x)=f(x) for all xeV(G).
Clearly, g is an H,—coloring of G. Hence,
a(H},G) 2 Y vy ()|9 (X = Ysev o f (X)| = a(Hy, G).

We now give some basic properties of an « — H—coloring
of G which are useful for describing the lower bound and the
upper bound of a(H,G). O

Lemma 5. Let G and H be graphs and f be an
o — H—coloring of G.

(1) If Bef(V(Q)), then f(V(G)\{D} is a partition
of V (H).

@) If @¢fV(G) and V(H)# Uf(V(G)), then
a(H = U f(V(G))) <minpef (v gyl Pl.

Proof. Assume that Jef(V(G)). Let we V(G) with
f(w)=9. We show that V(H)\ U f (V(G)) =d. Suppose,
to the contrary, that there is a vertex v € V(H)\ U f (V (G)).
Define g: V(G) — J (H) by

{v}, if u=w,

g(u) ={ (5

f(u), otherwise,

for all u € V(G). Obviously, g is an H-coloring of G.
However,

WHG= Y f@i=lfwi+ Y If@i=zl+ Y 19
x€V (G) xeV (G)\{w} xeV (G)\{w}
= Y @<+ Y gl ©)
xeV (G)\{w} xeV (G)\{w}
=lgw)l+ Y 1g@l= )Y lg&)l,
x€V (G)\{w} xeV (G)
which is impossible. Therefore, V(H)=U f(V(G)) a(H-Uf(V(G))> minpef(V(G))lPl, then define
=U (f(V(G)\{D}). Hence, f(V(G)\{D} is a partition g: V(G) — J(H) by
of V(H). : _
Next, suppose that ¢ f(V(G) and g(x):{ S if f=T, (7)
VH\Uf(V(G)+@. Let S be an a-set of f(x), otherwise,
H-Uf(V(Q)) and T e f(V(Q) with . . 3 .
IT] = min e 1P If forall x € V(G). Itis easy to see that g is an H—coloring of G.

However,

a(H,G)= Y If®l= > If@l+ >  |If)l
xeV(G) xef-1({T}) xeV(G\f1({Th
< Y T+ Y @< Y s+ Y If W)
xef~1({T} xeV(G\f ({Th xef~1({T} xeV(G\f (T}
(8)
= ) IS+ lgl= Y lg@l+ Y g
xeg™ ({S x€V(G)\g™" () xeg ' (1S x€V(G\g™" ({Sh
= Y g,
x€V (G)
which is impossible. Hence, «a(H- U f(V(G))) We obtain the lower and upper bounds for «(H,G) in

< minpef(v(c))|P|.

terms of independence numbers and order of graphs. [



Theorem 6. Let G and H be graphs. Then,

a(G)a(H) + min{|V(G)| - a(G), [V (H)|

Proof. Let A be an a—set of G and B be an a—set of H.
Without loss of generality, we can assume that
[V(G)|-|Al=|V (H)|-|Bl. We consider the following
two cases. O

Case 1. V(H)\B=@.
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—a(H)} <a(H,G) <min{a (G)|V (H)|, « (H)|V (G)I}. 9

Define f: V(G) — J (H) by
B, ifxeA,
f(x)={ (10)

@, otherwise,

for all x € V(G). Clearly, f is an H—coloring of G. Thus,

a(H,G)= Y |f(x)]=IAlBl=a(G)a(H)+0=a(G)a(H)+min{lV (G)|-a(G),0}

x€V (G)

=a(G)a(H) +min{|V (G)[ - «(G), |V (H)|

Case 2. V(H)\B+ Q.
Let v € V(H)\B. Define f: V(G) — 7 (H) by

B, ifxeA,
f(x)=4 {v}, if x e V(G)~NA, (12)

J, otherwise,

(11)
-a(H)}

for all x € V(G). Clearly, f is an H—coloring of G. Thus,

a(H,G)= Y |f(x)|=IAllBI+ VIV (G\A| = |AlIBl+(IV (G)| - |A])

xeV (G)
=a(G)a(H)+|V(G)]

Next, let f be an a— H-coloring of G and g be an

a—G—coloring of H with f(V(G))={D,,D,,...,D,,} and
a(H,G) = ) If(x)l= ZID IF (D
xeV (G)
and similarly,
a(H,G)=a(G,H) <a(H)[V(G)I. (15)

Therefore, «(H,G)<min{a(G)|V (H)|,a(H)|V (G)|}.
Consequently, the result follows.

To establish the sharpness of the lower bound stated in
Theorem 6, consider an empty graph H. Obviously,
a(H,G)=a(G)|V(H)|+0=a(G)a(H) +min{|V(G)| -
a(G), |V (H)| - a(H)}. Next, we investigate the sharpness of
the upper bound also stated in Theorem 6. Let G = C,,, and
H=C,,, where m,ne N with m,n>1. We see that
a(H,G)=2mn=min{m(2n),n(2m)}= min{a(G)|V (H)|,
a(H)V(G)[}.

(13)

—a(G) 2 a(G)a(H) + min{|V (G)| - a(G), [V (H)| - a (H)}.

g(V(H))= {D{,D,,...,D,/},where l<m<|V(H)|+1and
1<m <|V(G)|+1. By Lemma 1, it follows that

Dl < Z|D | (G) = a(G)Z|D|<0¢(G)|V(H)| (14)

Lemma 9 (see
V(G <x(G)a(G).

[10]). Let G be any graph. Then,

Proof. Let f be a x— coloring of G. Then,
V@I=3E 1 (@< T (@ =x(Ga(@). O

Corollary 10. Let G and H be graphs. Then,

a(G)a(H) <a(H,G) <min{y(G), y (H)}a(G)a (H).
(16)

Proof. By Theorem 6 and Lemma 9, we can conclude that
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a(G)a(H) <a(H,G) <min{a(G)|V (H)|, a (H)|V (G|}
=min{a(G)y (H)a(H), a(G)a(H)x (G)} =min{x (G), y (H)}a(G)a (H).

The Nordhaus-Gaddum bound is a sharp lower or upper
bound on the sum or product of a parameter of a graph and
its complement. By deriving of Corollary 10, we obtain sharp
bounds for a(G)a(G) in terms of a(G,G), x(G), and x (G).
Moreover, the graph families attaining the bounds in
Proposition 3 attain these bounds also. O

Corollary 11. For every graph G,

a(G,G)

m S(X(G)OC(G)S(X(G,G). (18)

Now, we focus on a G — coloring of G. Before that, we
need the following lemma.

Lemma
X1 Xgs -

12. For a  positive  integer n, let
s X V1 Voo - - > ¥y be real numbers. Then,

ixiyiSmax{Zn:xiz,iyf}. (19)
i=1 i i

(17)

Proof. For 1<i<n, we obviously have 2x;y;<x?+ y?.
Consequently,

(20)

Therefore, Y, x;y; <max{} 7, ¥, yi}.
The following theorem shows that a(G,G) is a sum of

squares of positive integers. O

Theorem 13. For any graph G, we have

a(G,G) = max«{ Z |P|>: P is a class of disjoint independent sets of G } (21)

Pep

Proof. Let M= max{zpeg,IPlZ: P is a class of disjoint

independent sets of G}.  Furthermore, let % ={D,,
D,,...,D,,} be a class of disjoint independent sets of G such
that ', |P|* = M, where m is a positive integer. We first
show that a (G, G) > M. Define g: V(G) — 7 (G) by

m

P, if x € P for some P € (@’,
g(x)= (22)

@, otherwise,

for all x € V(G). Clearly, g is a G—coloring of G. And thus,
by Lemma 1,

m m

a(G,G) 2 Z lg (x)I= ZlDng_l({Di})|: Z'DiHDi|: Z|Di|2: Z |P* = M. (23)

xeV (G) i=1

Now, we show that a(G,G)<M. Let f be an
a — G—coloring of G. Furthermore, let
fV(G)={D,,D,,...,D,} be such that

a(G,G) = )

xeV (G)

If ()l = ilDillf‘l (Db

i=1 i=1 P

|D,,| < |D,,_;| < -+ <|D,l|, where m is a positive integer. By
Lemmas 1 and 12, we obtain that

i}>|smax{§|D,-|2,§|f*<{r>i}>f}. o~



Case 1. D,, =O.

a(G,G) Smax{ i |Di|2,§: |f_1 ({Di})|2 ]» :max{ ”i |D,~|2,i |f_l (D;}H

Case 2. D, # .
Since both of {D\,D,,...,D,} and
{7 {D D, DL, ..., f1({D, D} are classes of

disjoint independent sets of G, we get that

MG,G)SmaX{ $ Iy, ilf*({n,-})F}sM
i=1 i=1
(26)

Hence, the equality holds.

Next, we consider the parameter in case one of two
graphs is complete. O

Theorem 14. For any graph G and a positive integer n, let
M =max {Y p.»|Pl: P be a class of m disjoint independent
sets of G with m<nj. Then,
VG, if x(G)<n,
«(K,,G) ={ X (27)

M, otherwise.

a(K,,G)2 Y |g(x)|= Z| Hlg™ (

x€V (G)

Hence, a(K,,,G) =
Case 2. x(G)>n.
Let f be a G—coloring of K,,.
Claim & ¢ f(V(K,)).

[V (G)|, as required.

n<x (@) <|f (VK@Y <[V (KN ({2

a contradiction. This proves our claim. Since every in-
dependent set of K, is singleton and by Lemma 1, we get
f(V(K,)) which is a class of n disjoint independent sets of

a(K,,G)=a(GK,)=
xeV (K,)

> 1fel=Ylsls (
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Clearly, m>2. Since both of {D;,D,,...,D,, ;} and
{fAD), (Do} - o f 1 ({Dyu})} are classes of

disjoint independent sets of G, we obtain that

I } <M. (25)

Proof. Let V(K,))={vi,v5, ..., ,}.

Case 1. y(G)<n.

Since y (G) <n, we have y (G)a(G) <na(G). By Lemma
9, we get |V (G)|<x(G)a(G) <na(G). Therefore, by
Theorem 6, «(K,,G)<min{a(G)|V(K,)|,a(K,)|V
(@} = min{na(G), |V (G} = [V(G)|. Next, let f be
a y-coloring of G and 2P={f"'({x}):x€f
(V(G)}={By,,B,,..., B}, where k=x(G) <n. Define
g: V(G) — J(K,) by

g(x)={v;}if x € B; for some i € {1,2,... ,k}, (28)

for all x € V(G). It is clear that g is a K, —coloring of G. This
implies, by Lemma 1, that

k

k
b= Y [vlIBil= Y B =V (G)L. (29)

i=1 i=1

Suppose, to the contrary, that Fe f (V (K,,)). By Lemma
5, f(V(K,)\{D} is a partition of V(G). Thus,

Dl<lV (K,)| = (0)

G.Let f(V(K,)={B,,B,,...,B
that

.} It follows, by Lemma 1,

hl= ZIB|<M (31)

i=1
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Next, we show  that a(K,,G)=M. Let
P = {B}, B,,...,B;} beaclass of k disjoint independent sets
of G with k<n such that Y¥ |B|=M. Define
g: V(G) — J(K,) by

g (x) ={v;}if x € B;for some i € {1,2,... ,k}, (32)
for all v € V(G). Clearly, g is a K,—coloring of G. This
implies, by Lemma 1, that a(K,,G)2} v (lg(X)l

=Ynlvllg AIDl=XE  wlIBl=3L1Bl=M.
Hence, a(K,,G) =M, as required.

The following corollaries present the prominent results
of a(H,G) in which G and H are elements of some basic
families of graphs. O

Corollary 15. Let G be a graph and n>2 be a positive in-
teger. If G is bipartite, then

a(K,,G) =V (G)l. (33)

“(Km’ Kn) =a (Kn’ Km) >
xeV (K,,)

Hence, the result follows by Theorem 6. O

Corollary 18. For positive integers mandn with n>2, we
have

2m, if n=2,

a(Cypi K,) = (36)
(Camen ) <|2m+1, if n>3.

Proof. Let f:V(C,,,.;) — {1,2,3} be a 3—coloring of
Cyme1  such  that [f'({1PDI=1f1({2D|=m and
IfH{B3hI=1.

Case 1. n=2.

Let V(K,)={v,,v,}. Then, we define a function
g: V(C2m+1) - j(Kn) by

) ifxe L,
g(x) =1 {v,}, ifxef {2}, (37)
@, if xe (3.

for all x € V(C,,,,,). It is precise that g is a K,,—coloring of
Cyme and so

“(C2m+1’Kn):‘x(Kn’C2m+1)2 Z

Y If@l=

Corollary 16. Let G be a graph and n be a positive integer
greater than 1. Then, the following statements hold:
(1) a(Py,,,K,)=2m+1 for all non-negative integers m.
(2) a(Py,,.1,K,,) =2m+2 for all non-negative integers m.
(3) a(C,,,,K,) =2m+2 for all positive integers m > 2.
(4) «(S,,,K,)=2m+2 for all positive integers m > 2.

Corollary 17. For positive integers m andn, we have

«(K,,,K,) = min{m, n}. (34)

Proof. Without loss of generality, let 71 <n. For an injection
f: V(K,,) — F(K,), we see that f is a K,—coloring of
K,,, since every independent set of K,, is singleton. This
implies that

Z 1=|V(K,,)|=m=min{m,n}.

xeV (K,,) (35)
a(Comir> Kpy) = (K Copri) 2 Z lg ()l
x€V (Copmyr)
- - 38
=~ cnl sl n) Y
+1211f7 ({3p] =2m.
Therefore, by Theorem 6, the result follows.
Case 2. n>3.

Let V(K,)={v;,v5...,v,}. Define a function

g: V(C2m+l) — j(Kn) by

if x € £ ({1}),
) ifxef 2, (39)
{vs}, if x e f({3D),

for all x e V(Cy,,;). It is easy to show that g is
a K,,—coloring of C,,,,,,, since every independent set of K,, is
singleton. This implies that

{Vl}’
g(x)=

lg ()l

x€V (Comr) (40)

= I{Vl}”fil ({1})| + |{V2}|

FHeEp]+ | @3p]=2m+ 1



Hence, the result follows by Theorem 6. O

Corollary 19. For positive integers m,n with m,n>2, we
have

2m-2, ifn=2,
a(W,,,K,)=12m-1, ifn=3, (41)
2m, if n>4.

Proof. Let f: V(W,,) — {1,2,3,4} be a 4—coloring of
W,,, such that |f'({1)l=If"({2Dl=m-1 and
L {BYI= 1 ({4hl=1

“(W2m>Kn):“(Kn’W2m)2 Z
x€V (W)
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Case 1. n=2.
Let  V(K,) ={v;,v,}. Define a  function
g: V(W,,) — J(K,) by
b ifxe S0,
g =1 {v,}, ifxef {2, (42)

@, otherwise,

forall x € V(W,,,). Clearly, g is a K, —coloring of W,,,,.
Then,

19 (x)]
(43)

=|{v I A+ [{mIF T @2h] +12l]g ™ doh)|=2m-2.

By Theorem 6, we obtain that a(W,,,) =2m—2.
Case 2. n=3.

Let V(K,)={v;,v,,v3}. Define a function
g: V(W,,,) — J(K,) by
v} ifxe 1),
: -1
900 = {v,}, ifxe fﬁ1 {2}, (44)
{vi}, ifxe f ({3},

g, otherwise,

forall x € V(W,,,). Clearly, g is a K, —coloring of W,,,,.
Then,

(Wi K)=a(Ky W)= D0 Ig ()]
x€V (W)

45
= vl Al L danl+ [l dshl+12llg™ (@) )
=2m-1.

By Theorem 6, we get that a(W,,,)=2m— 1. Let V(K,)={v,v,...,v,}. Define a function
Case 3. n>4. g: V(W,,) — J(K,) by
[({n}, if x e F1 ({1,
fr} ifxe £ (2D,
g(x)=1 {v;}, if xe ({3}, (46)
v}, if x € £ ({4}),
| &,  otherwise,
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for all x € V(W,,,). Clearly, g is a K,—coloring of
W,,,.- Then,

“(W2m>Kn):‘x(Kn’W2m)2 Z
x€V (W)

lg ()]

= [l b+ [l @Dl [l @bl + vl danl+12llg™ (el

=2m.

By Theorem 6, we have «(W,,,) =2m. This completes
the proof. O

Corollary 20. For positive integers m and n with m,n > 2, we
have

2m, if n=2,

a(W,,..0,K,) = (48)
(Wi Ko {2m+1, if n>3.

Proof. By applying the proof of Corollary 19, the result
follows.

Actually, we can determine a(H,G), where G and H
belong to some basic families of graphs by applying the
proofs of Corollaries 15, 16, and 19. As shown in Table 1, we
proved only the value o (H, G) in the first column. However,
we determine the rest without proofs and we leave the rest to
the reader as an exercise. O

4. Applications on Cartesian Product Graphs

In this section, we apply the coloring by independent sets to
the Cartesian product of a complete graph and a graph.
Firstly, we provide some preparations for background.

Given two graphs G and H, many definitions exist that are
known as the product of G and H. For a detailed treatment of
graph products, we refer the reader to [11, 12]. The Cartesian
product of G and H, denoted by GOH, is the graph with
vertex set V(G) x V(H), where two vertices (v;,h;) and
(vy, h,) are adjacent whenever v,v, € E(G) and h; =h,, or
vy =v, and h;h, € E(H). There are several types of graphs
defined by the Cartesian product of graphs. In particular, we
focus the following types of those graphs. For a positive
integer n, an n—ladder graph L, is defined to be the Cartesian
product graph K,OP,. An n—book graph B, means the
Cartesian product graph K,OS,,;. An n—dimensional hy-
percube Q,, is recursively defined to be the Cartesian product
graph K,0Q,,_;, where n>2 and Q, =K,. And we note that
[V (Q)|=2" and x(Q,) =2 which can be found in [13].

In order to properly study graph products, we need some
definitions that consider the set product of sets A and B. In
particular, for SC A x B, we denote by 7, (S) = {a: (a,b) € S
where b € B}. Moreover, for s € 7, (S), we denote by 7, (S) =
{b: (s,b) € S}.

Determining the independence number and its variants
of a graph product in terms of its factors is well studied in

(47)

graph theory. For papers concerning the graph products, we
refer the reader, for example, to [14-18]. In this section, we
continue the study of the graph product independence by
considering the independence of the Cartesian product
graphs. Namely, this section provides results regarding the
independence number and gives certain valuable corollaries
to the results.

Now, we characterize the independent sets of the Car-
tesian product of a complete graph and a graph.

Theorem 21. Let H be a graph. For a positive integer n, let S
be a nonempty subset of V (K, 0H). Then, S is an independent
set of K,OH if and only if the following conditions hold:

(1) 7 (S) is an independent set of H for every s € m, (S).

2) m,(S)Nm, ()=  for any
a,bemn (S).

adjacent  vertices

Proof. Let S be an independent set of K, O0H.

Furthermore, let s € 7, (S) and ug, v, € m,(S). If u,=v,,
then u,v, ¢ E(H). So, we assume the rest that u, # v,. Since
(s,uy), (s,v,) €S, we have (s,u,)(s,v,) ¢ E(K,OH). Thus,
uv, ¢ E.

Let a, b be two adjacent vertices in 7, (S). Furthermore,
let v, € m,(S) and v, € m,(S). Since (a,v,), (b,v,) €S, we
have (a,v,)(b,v,) ¢ E(K,0H). Thus, v,#v, since
ab € E(K, [m,(S)]). Hence, n,(S)Nm,(S)=<. For the
converse, we assume that (1) and (2) hold. Let
(a,v,), (b,vy) €S. If ab € E, then clearly a,b € 7, (S). We
obtain that v,#v, because m,(S)Nm,(S)=<. Thus,
(a,v,)(b,v,) ¢ E(K,O0H).Ifab ¢ E, then we distinguish the
following two cases.

Case 1. a=b.
Clearly, v,, v, € 7, (S). Thus, v,v, ¢ E(H), since 7, (S)

is an independent set of H. Therefore,
(a,v,)(b,vy) ¢ E(K,OH).

Case 2. a#+Db.

It is easy to see that (a,v,)(b,v,) ¢ E(K,O0H), since
neither ab ¢ E nor a+b. O

Theorem 22. Let H be a graph. For a positive integer n, we
have

a(K,0H) =a(K,, H). (49)
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T+U—W—Uu U (1T-u)w U U (T+u)uw 1—uW+u u (zT3wm) S
_ e<U JIT+ug _ T+
1 +uwg T + Wz —uwg I +uwg uug (T+u)mg Wi+ Ug C=1 g1 g (T1=2w) M
p<u Jrug
(z+u—u—uu)g 1 +Ug —uug (1—uw)ug (I-u—-w+uuw)g 1 — U7 — W+ Uy C=uJI]—ug (z2w) “Tpm
= g
1+ ug Uz (1+u)mg W+ UUg 1 +ug (12w) ey
uwg (1 +u)wg Wi+ Uy wyg (z2w) "
(T +u+u+um)g I +UZ + W+ umg T+ug (0=2w) g
1 +U+uw+umg 1+uwg (0=2w) “gq
{u wur (tzw) "y
(Tzw)"s (12u)™em (Tzu)m (12u) ™0 (tzuw)"o (0zu)™q (02u)"q (4300
'sydeid jo sarqrurej orseq awos 0} Suo[eq [ ‘O d19YyM (D E) 0 JO sanfea dyJ, :] FIAV],
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Proof. We first show that (K, 0H) < a(K,,, H). Let S bean
a —set of K,O0H. Define a function f: V(K,) — % (H) by

f(x)={ nx<S,), if xe n1<S,>,

(50)
a, otherwise,

a(K,0H)=[s|= Y nx<s'>l= Y
xem, (S') xem, (S)
- Y fwi+ Y
X€m, (S') xeV (Kn)\ﬂ1 (S')

Next, we show that a(K,O0H) >« (K,, H). Let f be an
a— H—coloring of K,. Furthermore, let A= f' ({&}) and
B=V (K, )\A. We see that f(x) is independent in H for
every x € Band f (y) N f (z) = @ for every adjacent vertices

«(K,, H) = a(H,K,) =

xeB

Hence, the result follows. O

Corollary 23. For a positive integer n, we have

a(L,)=n+1. (53)

Proof. Since L,=K,0OP, and by Theorem 22, we get that
a(L,)=a(K,0P,) =a(K,, P,). By Corollary 15, we have
a(L,)=|V(P,)|=n+1 because y(P,)=2. 0

Corollary 24. For a positive integer n, we have

«(B,)=n+1. (54)

Proof. Since B, =K,0S,,, and by Theorem 22, we obtain
that a(B,) =a(K,0S,,;) =a(K,,S,,,). Therefore, by Cor-
ollary 15, we conclude that a(L,) = [V (S,,;)|=n+ 1, since
X (Sn+1) =2. o

Corollary 25 (see [13]). For a positive integer n, we have
a(Q,)=2"" (55)

Proof. It is clear for n=1. So, we assume that n>2. Since
Q,=K,0Q,., and by Theorem 22, we get
a(Q,)=a(K,,Q,_,). Since ¥ (Q,_;) =2 and by Corollary 15,
we have a(Q,) = |V (Q,_,)|=2""1. O

nx<s'>

11

for all x € V(K,). By Theorem 21, we obtain that f is an
H-coloring of K,,. Consequently,

+ Y el
xeV (K, )\m, (8")

Ifl= Y If®l<a(H,K,)=a(K,, H).

xeV (K,)

(51)

y,z in B. It follows from Theorem 21 that {x} X f (x) is an
independent set of K,OH for every x € B and so is
U e ({x} x f (x)). Consequently,

Y@= Y 1@+ Y If ol

xeV (K,)

—0+ Y17 (= |y, (bxh x ()

x€A x€B

(52)
<a(K,OH).

5. Conclusion

The concept of the independent coloring of graphs has been
introduced in this paper. Prominent properties and results of
the independent coloring have been proposed. Especially, the
values of a(H,G), where H and G are fundamental graphs,
have been collected and presented in the table. Finally, the
independent coloring has been applied to determine the in-
dependence number of Cartesian product graphs. Actually, the
independent coloring of graphs can be considered as a gener-
alized concept of the independence number of graphs, as well.
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