
Research Article
A Generalized Version of Polynomial Convex Functions and Some
Interesting Inequalities with Applications

Xiaogang Liu ,1 Kiran Naseem Aslam,2 Muhammad Shoaib Saleem ,2 and Shuili Ren1

1School of Science, Xijing University, Xi’an, Shaanxi 710123, China
2Department of Mathematics, University of Okara, Okara, Pakistan

Correspondence should be addressed to Muhammad Shoaib Saleem; shaby455@yahoo.com

Received 25 April 2022; Revised 11 August 2022; Accepted 30 August 2022; Published 1 April 2023

Academic Editor: Xuanlong Ma

Copyright © 2023 Xiaogang Liu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this article, we introduce a general class of convex functions and proved some of its basic properties. We establish Hermite-
Hadamard type inequalities as well as fractional version of Hermite-Hadamard type inequalities by using Riemann-Liouville
integral operator. At the end, some application to special means of real numbers are also given. It can be observed from the
remarks given in this paper that several exiting results of ligature can be obtained immediacy from our results by taking
suitable involved parameters.

1. Introduction

Due to huge applications in applied sciences, notion of con-
vexity become important for researchers, but classical con-
vexity is not enough to solve modern problems, so there is
always a need to introduce a more general notion of convex-
ity. In mathematics, classical convexity and concavity are
two important concepts. Convexity plays a fundamental role
in optimization theory, mathematical economics and engi-
neering. Convexity of a function ψ : J ⟶ℝ in classical
sense is defined by the following inequality:

ψ αx + 1 − αð Þyð Þ ≤ αψ xð Þ + 1 − αð Þψ yð Þ,∀α ∈ 0, 1½ �, ð1Þ

for every x, y ∈ J:
If the above inequality is reversed, then the function is

said to be concave.
Using various techniques, the concept of convex func-

tions has been generalized in many directions, see [1, 2].
Inequality theory become a very dynamic and attractive field
of research [3, 4]. In recent years, using various notions of
convex functions a wide class of integral inequalities has
been derived [5, 6]. The most important and famous

inequalities are Schur-type, Hermite-Hadamard-type, and
Fejér-type inequalities [7, 8].

Toplu et al. in [9] established Hermite-Hadamard inequal-
ity for n-polynomial convex functions, which is given below:

Let ψ : J ⊆ℝ⟶ℝ be n-polynomial convex function.
If a1 and b1 are two real numbers such that a1b1 and
ψ ∈ L½a1, b1�, then the following double inequality hold,

1
2

n
n + 2−n − 1
� �

ψ
a1 + b1

2

� �
≤
ðb1
a1

ψ xð Þdx ≤ ψ a1ð Þ + ψ b1ð Þ
n

〠
n

s=1

s
s + 1 :

ð2Þ

In this paper we introduce a new class of convex functions,
namely (n,h)-polynomial convex functions. We drive some
basic properties of (n,h)-polynomial convex function and
establish Hermite-Hadamard type inequalities for (n,h)-poly-
nomial convex function in the setting of Riemann-Liouville
integral operator. Moreover some applications of established
results in special means are also presented.

2. Preliminaries and Basic Results

In this section we present some preliminary material
and define a new class of convex functions, which we

Hindawi
Journal of Mathematics
Volume 2023, Article ID 2710481, 10 pages
https://doi.org/10.1155/2023/2710481

https://orcid.org/0000-0003-2517-5790
https://orcid.org/0000-0002-0050-6760
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/2710481


call (n,h)-polynomial convex functions. Also we give
some basic properties for this new class of convex func-
tions. From now to onward, we consider J = ½a1, b1�.

Definition 1 (see [4]). Let n ∈N . The nonnegative function
ψ : J ⊂ℝ⟶ℝ is n-polynomial convex function, if

ψ αx + 1 − αð Þyð Þ ≤ 1
n
〠
n

s=1
1 − 1 − αð Þs½ �ψ xð Þ + 1

n
〠
n

s=1
1 − αs½ �ψ yð Þ,

ð3Þ

holds for every x, y ∈ J and α ∈ ½0, 1�.

Definition 2. Let n ∈N . A nonnegative function ψ : J ⟶ℝ
is said to be modified n-polynomial convex function, if

ψ αx + 1 − αð Þyð Þ ≤ 1
n
〠
n

s=1
1 − 1 − αð Þs½ �ψ xð Þ + 1

n
〠
n

s=1
1 − α½ �sψ yð Þ,

ð4Þ

holds for all x, y ∈ J and α ∈ ½0, 1�.
Now we, are ready to define (n,h)-polynomial convex

functions.

Definition 3. Let n ∈N . A nonnegative function ψ : J ⟶ℝ
is said to be (n,h)-polynomial convex function, if

ψ αx + 1 − αð Þyð Þ ≤ 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þ,

ð5Þ

holds for all x, y ∈ J and α ∈ ½0, 1�.

Remark 4.

(1) If we take n = 1 in (5), then (n,h)-polynomial con-
vexity reduces to modified h-convexity

(2) If we take n = 1 and hðαÞ = 1 − α in (5), then
(n,h)-polynomial convexity reduces to classical
convexity

(3) If we take h = 1 − α in (5), then (n,h)-polynomial
convexity reduces to modified n-polynomial
convexity

It is worth mentioning here that (1,h)-polynomial con-
vexity reduces to modified h-convexity, (1, 1)-polynomial
convexity reduces to classical convexity and (n, 1)-polyno-
mial convexity reduces to modified n-polynomial convexity.

Proposition 5. If ψ, ϕ are (n,h)-polynomial convex functions
defined on J and β, γ ∈ℝ, then βψ + γϕ is also (n,h)-poly-
nomial convex function on J .

Proof. Let α ∈ ½0, 1�, then from the (n,h)-polynomial convex-
ity of ψ, ϕ, we have for every x, y ∈ J ,

βψ + γϕð Þ αx + 1 − αð Þyð Þ = βψ αx + 1 − αð Þyð Þ + γϕ αx + 1 − αð Þyð Þ

≤ β
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þ

 !

+ γ
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ϕ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sϕ yð Þ

 !

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ � βψ + γϕð Þ xð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �s βψ + γϕð Þ yð Þ:

ð6Þ

Hence βψ + γϕ is a (n,h)-polynomial convex function
on J .

Proposition 6. If ϕ be a linear function and ψ be a
(n,h)-polynomial convex function on J , then ψ ∘ ϕ is also
a(n,h)-polynomial convex on J .

Proof. Using the linearity of ϕ and (n,h)-polynomial convex-
ity of ψ on J , we have for every x, y ∈ J and α ∈ ½0, 1�,

ψ ∘ ϕ αx + 1 − αð Þyð Þ = ψ ϕ αx + 1 − αð Þyð Þð Þ
= ψ αϕ xð Þ + 1 − αð Þϕ yð Þð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ ϕ xð Þð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �sψ ϕ yð Þð Þ

= 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ ∘ ϕ xð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �sψ ∘ ϕ yð Þ:

ð7Þ

Hence ψ ∘ ϕ is (n,h)-polynomial convex function on J .

Proposition 7. If ψ and ϕ are of similarly ordered
(n,h)-polynomial convex functions on J , then ψϕ is also
(n,h)-polynomial convex function on J .

Proof. Using the fact that ψ and ϕ are of similarly ordered
(n,h)-polynomial convex functions on J , we have for every
x, y ∈ J and α ∈ ½0, 1�,

ψ αx + 1 − αð Þyð Þϕ αx + 1 − αð Þyð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þ

" #

× 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ϕ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sϕ yð Þ

" #
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≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #2
ψ xð Þϕ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �s

" #2
ψ yð Þϕ yð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �s: 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ xð Þϕ yð Þ + ψ yð Þϕ xð Þð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #2
ψ xð Þϕ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �s

" #2
ψ yð Þϕ yð Þ

+ 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þϕ xð Þ − 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þϕ xð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �sψ yð Þϕ yð Þ − 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þϕ yð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �s: 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ xð Þϕ yð Þ + ψ yð Þϕ xð Þð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þϕ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þϕ yð Þ

−
1
n
〠
n

s=1
h αð Þ½ �s: 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ xð Þϕ xð Þ + ψ yð Þϕ yð Þð

− ψ xð Þϕ yð Þ − ψ yð Þϕ xð ÞÞ ≤ 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þϕ xð Þ

+ 1
n
〠
n

s=1
h αð Þ½ �sψ yð Þϕ yð Þ − 1

n
〠
n

s=1
h αð Þ½ �s

:
1
n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ xð Þ − ψ yð Þð Þ ϕ xð Þ − ϕ yð Þð Þð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þϕ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þϕ yð Þ:

ð8Þ

Hence ψϕ is also (n,h)-polynomial convex function on
J .

Proposition 8. Let ψi : J ⟶ℝ, where 1 ≤ i ≤m be nonneg-
ative (n,h)-polynomial convex functions on J , then for λi ≥ 0
where 1 ≤ i ≤m, the function ψ is (n,h)-polynomial convex
function on J , where ψ =∑m

i=1λiψi.

Proof. For all x, y ∈ J and α ∈ ½0, 1�, we have

ψ αx + 1 − αð Þyð Þ = 〠
m

i=1
λiψi αx + 1 − αð Þyð Þ

≤ 〠
m

i=1
λi

1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψi xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψi yð Þ

" #

= 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �〠

m

i=1
λiψi xð Þ + 1

n
〠
n

s=1
h αð Þ½ �s〠

m

i=1
λiψi yð Þ

= 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ xð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ yð Þ:

ð9Þ

Hence ψ =∑m
i=1λiψi is (n,h)-polynomial convex function

on J .

3. Hermite-Hadamard Type Inequalities

In this section we will develop some Hermite Hadamard type
integral inequalities for (n,h)-polynomial convex functions.

Theorem 9. Suppose that ψ : J ⟶ℝ is a (n,h)-polynomial
convex function on J, then the following inequality holds

ψ
a1 + b1

2

� �
≤

1
b1 − a1

ðb1
a1

ψ xð Þdx ≤ ψ a1ð Þ + ψ b1ð Þ − ψ a1ð Þ½ �

Á 1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα:

ð10Þ

Proof. Inserting α = 1/2 in Definition 3, we have

ψ
x + y
2

� �
≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �
ψ xð Þ + 1

n
〠
n

s=1
h

1
2

� �� �s
ψ yð Þ:

ð11Þ

Taking x = αa1 + ð1 − αÞb1 and y = αb1 + ð1 − αÞa1 in
above inequality, we have

ψ
a1 + b1

2

� �
≤
1
n
〠
n

s=1
1 − 1

2

� �� �s� �
ψ αa1 + 1 − αð Þb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s
ψ αb1 + 1 − αð Þa1ð Þ:

ð12Þ

Integrating the inequality (12) with respect to }α} over
½0, 1�, we have

ψ
a1 + b1

2

� �
≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �ð1
0
ψ αa1 + 1 − αð Þb1ð Þ

Á dα + 1
n
〠
n

s=1
h

1
2

� �� �sð1
0
ψ αb1 + 1 − αð Þa1ð Þdα:

ð13Þ

Using the change of variable technique, x = αa1 + ð1 − αÞ
b1 and y = αb1 + ð1 − αÞa1, we have

ψ
a1 + b1

2

� �
≤

1
n b1 − a1ð Þ〠

n

s=1
1 − h

1
2

� �� �s� �

Á
ðb1
a1

ψ xð Þdx + 1
n b1 − a1ð Þ

Á〠
n

s=1
h

1
2

� �� �sðb1
a1

ψ xð Þdxψ a1 + b1
2

� �

≤
1

b1 − a1

ðb1
a1

ψ xð Þdx:

ð14Þ

Which is left side of the inequality (10).
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Now, for the right side of the inequality (10), we start
with the following integral,

ðb1
a1

ψ xð Þdx = b1 − a1ð Þ
ð1
0
ψ αa1 + 1 − αð Þb1ð Þdα: ð15Þ

Since, ψ is (n,h)-polynomial convex function, so

1
b1 − a1

ðb1
a1

ψ xð Þdx ≤
ð1
0

1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ b1ð Þ

" #

Á dα ≤ ψ a1ð Þ + ψ b1ð Þ − ψ a1ð Þ½ � 1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα,

ð16Þ

which is right side of the inequality (10). The proof com-
pleted.

Remark 10.

(1) If n = 1 and hðαÞ = 1 − α then inequality (10)
reduced to the Hermite-Hadamard inequality for
classical convex functions [10].

(2) If n = 1, then inequality (10) reduced to the Hermite-
Hadamard inequality for modified h-convex func-
tions [11].

The following result can be easily obtain by elementary
analysis.

Corollary 11. Let ∑m
i=1ψi : J ⟶ℝ be the sum of (n,h)-poly-

nomial convex functions on J. Then

〠
m

i=1
ψi

a1 + b1
2

� �
≤

1
b1 − a1

〠
m

i=1

ðb1
a1

ψi xð Þdx ≤ 〠
m

i=1
ψi a1ð Þ

+ 〠
m

i=1
ψi b1ð Þ − 〠

m

i=1
ψi a1ð Þ

" #
1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα:

ð17Þ

Proof. If we replace ψ by ∑m
i=1ψi in Theorem 9, we get the

required result.

In the next theorem we will derive Hermite-Hadamard
type inequality for product of two (n,h)-polynomial convex
functions.

Theorem 12. Consider ψ, ϕ are (n,h)-polynomial convex on
J , such that ψ and ϕ are similarly ordered functions. If

1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2
+ 1

n
〠
n

s=1
h

1
2

� �� �s" #2
≠ 0, ð18Þ

then

1

1/n∑n
s=1 1 − h 1/2ð Þ½ �s½ �½ �2 + 1/n∑n

s=1 h 1/2ð Þ½ �s½ �2

Á ψ
a1 + b1

2

� �
ϕ

a1 + b1
2

� ��
−

1
n
〠
n

s=1
h

1
2

� �� �s !

Á 1
n
〠
n

s=1
1 − h

1
2

� �� �s� � !
M a1, b1ð Þ

#

≤
1

b1 − a1

ðb1
a1

ψ xð Þϕ xð Þdx ≤ ψ a1ð Þϕ a1ð Þ

+ ψ b1ð Þϕ b1ð Þ − ψ a1ð Þϕ a1ð Þ½ � 1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα,

ð19Þ

where

M a1, b1ð Þ = ψ a1ð Þϕ a1ð Þ + ψ b1ð Þϕ b1ð Þ: ð20Þ

Proof. As ψ, ϕ are (n,h)-polynomial convex on J , so

ψ
a1 + b1

2

� �
ϕ

a1 + b1
2

� �
= ψ

1 − αð Þa1 + αb1ð Þ + αa1 + 1 − αð Þb1ð Þ
2

� �

× ϕ
1 − αð Þa1 + αb1ð Þ + αa1 + 1 − αð Þb1ð Þ

2

� �

≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �
ψ 1 − αð Þa1 + αb1ð Þ

"
+ 1
n
〠
n

s=1
h

1
2

� �� �s
ψ αa1 + 1 − αð Þb1ð Þ

#

× 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �
ϕ 1 − αð Þa1 + αb1ð Þ

"
+ 1
n
〠
n

s=1
h

1
2

� �� �s
ϕ αa1 + 1 − αð Þb1ð Þ

#

≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2
ψ 1 − αð Þa1 + αb1ð Þϕ 1 − αð Þa1 + αb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s" #2
ψ αa1 + 1 − αð Þb1ð Þϕ αa1 + 1 − αð Þb1ð Þ

+ 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #
:
1
n
〠
n

s=1
h

1
2

� �� �s" #
× ψ 1 − αð Þa1 + αb1ð Þϕ αa1 + 1 − αð Þb1ð Þ½

+ ψ αa1 + 1 − αð Þb1ð Þϕ 1 − αð Þa1 + αb1ð Þ�

≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2
ψ 1 − αð Þa1 + αb1ð Þϕ 1 − αð Þa1 + αb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s" #2
ψ αa1 + 1 − αð Þb1ð Þϕ αa1 + 1 − αð Þb1ð Þ

+ 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #
:
1
n
〠
n

s=1
h

1
2

� �� �s" #

× 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ b1ð Þ

 !"

× 1
n
〠
n

s=1
h αð Þ½ �sϕ a1ð Þ + 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �ϕ b1ð Þ

 !

+ 1
n
〠
n

s=1
h αð Þ½ �sψ a1ð Þ + 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ b1ð Þ

 !

Á 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ϕ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sϕ b1ð Þ

 !#

≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2
ψ 1 − αð Þa1 + αb1ð Þϕ 1 − αð Þa1 + αb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s" #2
ψ αa1 + 1 − αð Þb1ð Þϕ αa1 + 1 − αð Þb1ð Þ
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+ 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #
:
1
n
〠
n

s=1
h

1
2

� �� �s" #

Á 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #
1
n
〠
n

s=1
h αð Þ½ �s

" #
ψ a1ð Þϕ a1ð Þ + ψ b1ð Þψ b1ð Þð Þ

 "

+ 1
n
〠
n

s=1
h αð Þ½ �s

" #2
ψ b1ð Þϕ a1ð Þ + 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #2
ψ a1ð Þϕ b1ð ÞÞ

+ 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #
1
n
〠
n

s=1
h αð Þ½ �s

" #
ψ a1ð Þϕ a1ð Þ + ψ b1ð Þψ b1ð Þð Þ

 

+ 1
n
〠
n

s=1
h αð Þ½ �s

" #2
ψ a1ð Þϕ b1ð Þ + 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #2
ψ b1ð Þϕ a1ð ÞÞ

#

≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2
ψ 1 − αð Þa1 + αb1ð Þϕ 1 − αð Þa1 + αb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s" #2
ψ αa1 + 1 − αð Þb1ð Þϕ αa1 + 1 − αð Þb1ð Þ

+ 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #
:
1
n
〠
n

s=1
h

1
2

� �� �s" #
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #
1
n
〠
n

s=1
h αð Þ½ �s

" #"

Á 2ψ a1ð Þϕ a1ð Þ + 2ψ b1ð Þψ b1ð Þð Þ + 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #2
+ 1

n
〠
n

s=1
h αð Þ½ �s

" #2 !

× ψ a1ð Þϕ b1ð Þ + ψ b1ð Þϕ a1ð Þð Þ
#
:

ð21Þ

Since, ψ and ϕ are similarly ordered, so

≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2
ψ 1 − αð Þa1 + αb1ð Þϕ 1 − αð Þa1 + αb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s" #2
ψ αa1 + 1 − αð Þb1ð Þϕ αa1ð

+ 1 − αð Þb1Þ +
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #
:
1
n
〠
n

s=1
h

1
2

� �� �s" #

Á 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #
1
n
〠
n

s=1
h αð Þ½ �s

" #
2ψ a1ð Þϕ a1ð Þð

"

+ 2ψ b1ð Þψ b1ð ÞÞ + 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �

" #2
+ 1

n
〠
n

s=1
h αð Þ½ �s

" #2 !

× ψ a1ð Þϕ a1ð Þ + ψ b1ð Þϕ b1ð Þð Þ� ≤ 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #2

Á ψ 1 − αð Þa1 + αb1ð Þϕ 1 − αð Þa1 + αb1ð Þ + 1
n
〠
n

s=1
h

1
2

� �� �s" #2

Á ψ αa1 + 1 − αð Þb1ð Þϕ αa1 + 1 − αð Þb1ð Þ

+ 1
n
〠
n

s=1
1 − h

1
2

� �� �s� �" #
:
1
n
〠
n

s=1
h

1
2

� �� �s" #
M a1, b1ð Þ:

ð22Þ

Integrating (22) w. r. t “α” from 0 to 1, we obtain

1
1/n∑n

s=1 1 − h 1/2ð Þ½ �s½ �½ �2 + 1/n∑n
s=1 h 1/2ð Þ½ �s½ �2

Á ψ
a1 + b1

2

� �
ϕ

a1 + b1
2

� ��
−

1
n
〠
n

s=1
h

1
2

� �� �s !

Á 1
n
〠
n

s=1
1 − h

1
2

� �� �s� � !
M a1, b1ð Þ� ≤ 1

b1 − a1

ðb1
a1

ψ xð Þϕ xð Þdx:

ð23Þ

The LHS of (19) can be obtained easily.

To prove right hand side of (19), we will use the follow-
ing inequality

ψ αa1 + 1 − αð Þb1ð Þϕ αa1 + 1 − αð Þb1ð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ b1ð Þ

" #

Á 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ϕ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sϕ b1ð Þ

" #
:

ð24Þ

Since, ψ and ϕ are similarly ordered, so

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ a1ð Þϕ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ b1ð Þϕ b1ð Þ:

ð25Þ

Integrating (25) w. r. t “α’ from 0 to 1

1
b1 − a1

ðb1
a1

ψ xð Þϕ xð Þdx ≤ ψ a1ð Þϕ a1ð Þ

+ ψ b1ð Þϕ b1ð Þ − ψ a1ð Þϕ a1ð Þ½ � 1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα,

ð26Þ

which is the required right hand side of (19). This com-
pletes the proof.

Remark 13. Inserting n = 1 in Theorem 12 we obtain [11],
Theorem 4.

The following lemma, shows that (n,h)-polynomial con-
vex functions have the same property of convex functions.

Lemma 14. Let ψ be (n,h)-polynomial convex functions, then

ψ a1 + b1 − xð Þ ≤ ψ a1ð Þ + ψ b1ð Þ − ψ xð Þ,∀x ∈ a1, b1½ �, ð27Þ

where x = αða1Þ + ð1 − αÞb1, α ∈ ½0, 1�.

Proof. Let ψ be (n,h)-polynomial convex functions and x =
αða1Þ + ð1 − αÞb1, we have

ψ a1 + b1 − xð Þ = ψ a1 + b1 − αa1 − 1 − αð Þb1ð Þ

≤
1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ b1ð Þ

≤ ψ a1ð Þ + ψ b1ð Þ

−
1
n
〠
n

s=1
h αð Þ½ �sψ a1ð Þ + 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ b1ð Þ

" #

≤ ψ a1ð Þ + ψ b1ð Þ − ψ αa1 + 1 − αð Þb1ð Þ
≤ ψ a1ð Þ + ψ b1ð Þ − ψ xð Þ:

ð28Þ

Which completes the proof.
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4. Hermite-Hadamard Type Inequalities in
Riemann-Liouville Integral Operator

Now, we will derive Hermite-Hadamard inequality for
(n,h)-polynomial convex functions via Riemann-Liouville
fractional integral.

Definition 15 (see [12]). Let ψ ∈ L½a, b�: The right-hand side
and left-hand side Riemann-Liouville integral operators of
order σ > 0 with b > a > 0, are defined by

Jσa+ψ xð Þ = 1
Γ σð Þ

ðx
a
x − kð Þσ−1ψ kð Þdk, x > a

Jσb−ψ xð Þ = 1
Γ σð Þ

ðb
x
k − xð Þσ−1ψ kð Þdk, x < b

ð29Þ

respectively, where ΓðσÞ is the Gamma function defined as
ΓðσÞ = Ð∞0 e−kxσ−1dk.

It is to be noted that J0a+ψðxÞ = J0b−ψðxÞ = ψðxÞ:

Theorem 16. Let ψ : J ⟶ℝ is (n,h)-polynomial convex and
ψ ∈ L½a1, b1�. Then the following inequalities hold

1
σ
ψ

a1 + b1
2

� �
≤

Γ σð Þ
b1 − a1ð Þσ

1
n
〠
n

s=1
1 − h

1
2

� �� �s� �
Jσa+1ψ b1ð Þ + 1

n
〠
n

s=1
h

1
2

� �� �s
Jσb−1ψ a1ð Þ

" #

ð30Þ

Γ σð Þ
b1 − a1ð Þσ Jσa+1ψ b1ð Þ + Jσb−1ψ a1ð Þ

h i
≤
ψ a1ð Þ + ψ b1ð Þ

σ
:

ð31Þ

Proof. Inserting α = 1/2 in Definition 3, we have

ψ
x + y
2

� �
≤
1
n
〠
n

s=1
1 − h

1
2

� �� �s� �
ψ xð Þ + 1

n
〠
n

s=1
h

1
2

� �� �s
ψ yð Þ:

ð32Þ

Taking x = αa1 + ð1 − αÞb1 and y = αb1 + ð1 − αÞa1, we
have

ψ
a1 + b1

2

� �
≤
1
n
〠
n

s=1
1 − 1

2

� �� �s� �
ψ αa1 + 1 − αð Þb1ð Þ

+ 1
n
〠
n

s=1
h

1
2

� �� �s
ψ αb1 + 1 − αð Þa1ð Þ:

ð33Þ

Multiplying (33) with ασ−1 and integrating w. r. t. α, we
get

ð1
0
ψ

a1 + b1
2

� �
ασ−1dα ≤

1
n
〠
n

s=1
1 − h

1
2

� �� �s� �

Á
ð1
0
ασ−1ψ αa1 + 1 − αð Þb1ð Þ

Á dα + 1
n
〠
n

s=1
h

1
2

� �� �sð1
0
ασ−1ψ αb1 + 1 − αð Þa1ð Þdα,

ð34Þ

implies that

1
σ
ψ

a1 + b1
2

� �
≤

1
n b1 − a1ð Þ〠

n

s=1
1 − h

1
2

� �� �s� �ðb1
a1

b1 − x
b1 − a1

� �σ−1

Á ψ xð Þdx + 1
n b1 − a1ð Þ〠

n

s=1
h

1
2

� �� �sðb1
a1

x − a1
b1 − a1

� �σ−1

Á ψ xð Þdx ≤ Γ σð Þ
b1 − a1ð Þσ

1
n
〠
n

s=1
1 − h

1
2

� �� �s� �
Jσa+1ψ b1ð Þ

"

+ 1
n
〠
n

s=1
h

1
2

� �� �s
Jσb−1ψ a1ð Þ�,

ð35Þ

which is (30).
Since ψ is (n,h)-polynomial convex functions, so

ψ 1 − αð Þa1 + αb1ð Þ + ψ αa1 + 1 − αð Þb1ð Þ

≤
1
n
〠
n

s=1
h αð Þ½ �sψ a1ð Þ + 1

n
〠
n

s=1
1 − h αð Þ½ �s½ �

+ ψ b1ð Þ 1
n
〠
n

s=1
1 − h αð Þ½ �s½ �ψ a1ð Þ + 1

n
〠
n

s=1
h αð Þ½ �sψ b1ð Þ

= ψ a1ð Þ + ψ b1ð Þ:
ð36Þ

Multiplying (33) with ασ−1 and integrating w. r. t. α, we
get

1
b1 − a1ð Þ

ðb1
a1

x − a1
b1 − a1

� �σ−1
ψ xð Þdx + 1

b1 − a1ð Þ
ðb1
a1

b1 − x
b1 − a1

� �σ−1

Á ψ xð Þdx ≤ ψ a1 + ψ b1ð Þð Þ
σ

Γ σð Þ
b1 − a1ð Þσ

Á Jσa+1ψ b1ð Þ + Jσb−1ψ a1ð Þ
h i

≤
ψ a1ð Þ + ψ b1ð Þ

σ
:

ð37Þ

Which is (4.4). This completes the proof.

Remark 17. Inserting n = 1 in Theorem 16 we obtain [11],
Theorem 6.

5. New Inequalities for (n,h)-Polynomial
Convex Functions

Now we will establish some new inequalities for (n,h)-poly-
nomial convex functions. To proceed we begin with the
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following lemma which will be needed to obtain results of
our desired type.

Lemma 18 (see [13], Lemma 2.1]). Let ψ : J ⟶ℝ be a dif-
ferentiable map on J and ψ′ ∈ L½a1, b1�, then we have

ψ a1ð Þ + ψ b1ð Þ
2

−
1

b1 − a1

ðb1
a1

ψ xð Þdx

= b1 − a1
2

ð1
0
1 − 2αð Þψ′ αa1 − 1 − αð Þb1ð Þdα:

ð38Þ

Theorem 19. Let ψ : J ⟶ℝ be a differentiable map on J
and ψ′ ∈ L½a1, b1�. If the function jψ′j (n,h)-polynomial con-
vex on J , then for α ∈ ½0, 1�, we have

ψ a1ð Þ + ψ b1ð Þ
2

−
1

b1 − a1

ðb1
a1

ψ xð Þdx
�����

�����
≤
b1 − a1

2

ψ′ a1ð Þ�� ��
2

+ ψ′ b1ð Þ�� �� − ψ′ a1ð Þ�� ��
n

〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �sdα

" #
:

ð39Þ

Proof. Using Lemma 18 and (n,h)-polynomial convexity of
jψ′j, we get

ψ a1ð Þ + ψ b1ð Þ
2 −

1
b1 − a1

ðb1
a1

ψ xð Þdx
�����

�����
≤
b1 − a1

2

ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��

Á dα ≤ b1 − a1
2

ð1
0
1 − 2αj j 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��"

+ 1
n
〠
n

s=1
h αð Þ½ �s ψ′ b1ð Þ�� ��#dα ≤ b1 − a1

2

Á ψ′ a1ð Þ�� ��
n

〠
n

s=1

ð1
0
1 − 2αj j 1 − h αð Þ½ �s½ �dα + ψ′ b1ð Þ�� ��

n
〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �s

" #

Á dα ≤ b1 − a1
2

ψ′ a1ð Þ�� ��
n

〠
n

s=1

ð1
0
1 − 2αj jdα − ψ′ a1ð Þ�� ��

n
〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �s

"

+ ψ′ b1ð Þ�� ��
n

〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �sdα

#

≤
b1 − a1

2
ψ′ a1ð Þ�� ��

2 + ψ′ b1ð Þ�� �� − ψ′ a1ð Þ�� ��
n

〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �sdα

" #
:

ð40Þ

Remark 20. If we set n = 1, and hðαÞ = 1 − α in the Theorem
19 we can immediately obtain [13], Theorem 2.2.

Theorem 21. Let ψ : J ⟶ℝ be a differentiable map on J
and ψ′ ∈ L½a1, b1� with q > 1, ð1/pÞ + ð1/qÞ = 1. If the jψ′jq is
(n,h)-polynomial convex on J , then for α ∈ ½0, 1�, we have

ψ a1ð Þ + ψ b1ð Þ
2

−
1

b1 − a1

ðb1
a1

ψ xð Þdx
�����

����� ≤ b1 − a1
2

1
p + 1

� �1/q

× ψ′ a1ð Þ�� ��q + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
h αð Þ½ �sdα

" #1/q
:

ð41Þ

Proof. Unliving Lemma 18, the Hölder’s inequality and the
fact that jψ′jq is (n,h)-polynomial convex, we get

ψ a1ð Þ + ψ b1ð Þ
2 −

1
b1 − a1

ðb1
a1

ψ xð Þdx
�����

�����
≤
b1 − a1

2

ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��dα

≤
b1 − a1

2 ×
ð1
0
1 − 2αj jpdα

� �1/p ð1
0
ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

≤
b1 − a1

2
1

p + 1

� �1/p
×
ð1
0
ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q

≤
b1 − a1

2
1

p + 1

� �1/p
×

ð1
0

1
n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��q + 1

n
〠
n

s=1
h αð Þ½ �s ψ′ b1ð Þ�� ��q" #

dα

 !1/q

≤
b1 − a1

2
1

p + 1

� �1/p
× ψ′ a1ð Þ�� ��q + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q

n
〠
n

s=1

ð1
0
h αð Þ½ �sdα

" #1/q
:

ð42Þ

Remark 22. By setting n = 1 and hðαÞ = 1 − α in the Theorem
21, one obtain [13], Theorem 2.3.

Theorem 23. Let ψ : J ⟶ℝ be a differentiable map on J
and ψ′ ∈ L½a1, b1� with q ≥ 1. If jψ′jq is (n,h)-polynomial con-
vex on ½a1, b1�, then for α ∈ ½0, 1�, we have

ψ a1ð Þ + ψ b1ð Þ
2

−
1

b1 − a1

ðb1
a1

ψ xð Þdx
�����

�����
≤
b1 − a1

2
1
2

� �1−1/q

× ψ′ a1ð Þ�� ��q
2

+ ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �s

" #1/q
:

ð43Þ

Proof. Assume that q > 1. Using Lemma 18, power mean
inequality and convexity of jψ′jq, we achieve
ψ a1ð Þ + ψ b1ð Þ

2 −
1

b1 − a1

ðb1
a1

ψ xð Þdx
�����

����� ≤ b1 − a1
2

ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��dα

≤
b1 − a1

2 ×
ð1
0
1 − 2αj jdα

� �1−1/q ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

≤
b1 − a1

2
1
2

� �1−1/q

×
ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q

≤
b1 − a1

2
1
2

� �1−1/q

×
ð1
0
1 − 2αj j 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��q + 1

n
〠
n

s=1
h αð Þ½ �s ψ′ b1ð Þ�� ��q" #

dα

 !1/q

≤
b1 − a1

2
1
2

� �1−1/q
× ψ′ a1ð Þ�� ��q

n
〠
n

s=1

ð1
0
1 − 2αj j 1 − h αð Þ½ �s½ �dα + ψ′ a1ð Þ�� ��q

n
〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �sdα

 !1/q

≤
b1 − a1

2
1
2

� �1−1/q
× ψ′ a1ð Þ�� ��q

2 + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
1 − 2αj j h αð Þ½ �s

" #1/q

ð44Þ
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For q = 1, the result can be proved in a similar fashion as
of Theorem 19.

Next we need the following result to refine the power-
mean inequality;

Lemma 24 (see [14]). Let p > 1 and ð1/pÞ + ð1/qÞ = 1. If ψ
and ϕ are real functions defined on interval J and if jψjq,
jϕjq are integrable functions on J , then

ðb1
a1

ψ xð Þϕ xð Þj jdx ≤ 1
b1 − a1

ðb1
a1

b1 − xð Þ ψ xð Þj jpdx
 !1/p"

Á
ðb1
a1

b1 − xð Þ ϕ xð Þj jqdx
 !1/q

+
ðb1
a1

x − a1ð Þ ψ xð Þj jpdx
 !1/p

Á
ðb1
a1

x − a1ð Þ ϕ xð Þj jqdx
 !1/q#

:

ð45Þ

The refined version of integral version of power-mean
inequality is as follow:

Theorem 25 (Improved power-mean integral inequality
[15]). Let q ≥ 1. If ψ and ϕ are real functions defined on inter-
val J and if jψj, jψjjgjq are integrable functions on J , then

ðb1
a1

ψ xð Þϕ xð Þj jdx ≤ 1
b1 − a1

ðb1
a1

b1 − xð Þ ψ xð Þj jdx
 !1−1/q"

Á
ðb1
a1

b1 − xð Þ ψ xð Þj j ϕ xð Þj jqdx
 !1/q

+
ðb1
a1

x − a1ð Þ ψ xð Þj jdx
 !1−1/q

Á
ðb1
a1

x − a1ð Þ ψ xð Þj j ϕ xð Þj jqdx
 !1/q#

:

ð46Þ

Theorem 26. Let ψ : J ⟶ℝ be a differentiable map on J
and ψ′ ∈ L½a1, b1� with q > 1, ð1/pÞ + ð1/qÞ = 1. If jψ′jq is
(n,h)-polynomial convex on J , then for α ∈ ½0, 1�, we have

ψ a1ð Þ + ψ b1ð Þ
2

−
1

b1 − a1

ðb1
a1

ψ xð Þdx
�����

����� ≤ b1 − a1
2

1
2 p + 1ð Þ
� �1/p

× ψ′ a1ð Þ�� ��q
2

+ ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
1 − αð Þ h αð Þ½ �sdα

" #1/q

+ b1 − a1
2

1
2 p + 1ð Þ
� �1/p

× ψ′ a1ð Þ�� ��q
2

+ ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
α h αð Þ½ �sdα

" #1/q
:

ð47Þ

Proof. Utilizing convexity of jψ′jq, integral version of
Holder-Iscan inequality and the Lemma 18, we arrive at

ψ a1ð Þ + ψ b1ð Þ
2 −

1
b1 − a1

ðb1
a1

ψ xð Þdx
�����

�����
≤
b1 − a1

2

ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��dα

≤
b1 − a1

2 ×
ð1
0
1 − αð Þ 1 − 2αj jpdα

� �1/p"

×
ð1
0
1 − αð Þ ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q#

+ b1 − a1
2

×
ð1
0
α 1 − 2αj jpdα

� �1/p ð1
0
α ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

≤
b1 − a1

2 × 1
2 p + 1ð Þ
� �1/p ð1

0
1 − αð Þ ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

+ b1 − a1
2 × 1

2 p + 1ð Þ
� �1/p ð1

0
α ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

≤
b1 − a1

2 × 1
2 p + 1ð Þ
� �1/p ð1

0
1 − αð Þ 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��q" "

+ 1
n
〠
n

s=1
h αð Þ½ �s ψ′ b1ð Þ�� ��q#dαÞ1/q

#
+ b1 − a1

2

× 1
2 p + 1ð Þ
� �1/p ð1

0
α

1
n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��q + 1

n
〠
n

s=1
h αð Þ½ �s�

" #
dα

 !1/q" #

≤
b1 − a1

2
1

2 p + 1ð Þ
� �1/p

× ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
1 − αð Þ 1 − h αð Þ½ �s½ �dα

 

+ ψ′ b1ð Þ�� ��q
n

〠
n

s=1

ð1
0
1 − αð Þ h αð Þ½ �sdα

!1/q

+ b1 − a1
2

1
2 p + 1ð Þ
� �1/p

× ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
α 1 − h αð Þ½ �s½ �dα + ψ′ b1ð Þ�� ��q

n
〠
n

s=1

ð1
0
α h αð Þ½ �sdα

 !1/q

≤
b1 − a1

2
1

2 p + 1ð Þ
� �1/p

× ψ′ a1ð Þ�� ��q
2 + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q

n

"

Á〠
n

s=1

ð1
0
1 − αð Þ h αð Þ½ �sdα

#1/q
+ b1 − a1

2
1

2 p + 1ð Þ
� �1/p

× ψ′ a1ð Þ�� ��q
2 + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q

n
〠
n

s=1

ð1
0
α h αð Þ½ �sdα

" #1/q
:

ð48Þ

Remark 27. Taking n = 1 and hðαÞ = 1 − α in the Theorem 26
give [14], Theorem 3.2.

Theorem 28. Let ψ : J ⟶ℝ be a differentiable map on J
and ψ′ ∈ L½a1, b1� with q ≥ 1. If jψ′jq is (n,h)-polynomial con-
vex on ½a1, b1�, then for α ∈ ½0, 1�, we have

ψ a1ð Þ + ψ b1ð Þ
2

−
1

b1 − a1

ðb1
a1

ψ xð Þdx
�����

����� ≤ b1 − a1
2

1
4

� �1− 1/qð Þ

× ψ′ a1ð Þ�� ��q
4

+ ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

"

Á〠
n

s=1

ð1
0
1 − αð Þ 1 − 2αj j h αð Þ½ �sdα

#1/q
+ b1 − a1

2
1
4

� �1− 1/qð Þ

× ψ′ a1ð Þ�� ��q
4

+ ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

〠
n

s=1

ð1
0
α 1 − 2αj j h αð Þ½ �sdα

" #1/q
:

ð49Þ
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Proof. Assuming q > 1, utilizing Lemma 18, integral version of
improved power-mean inequality and convexity of the jψ′jq,
we get

ψ a1ð Þ + ψ b1ð Þ
2 −

1
b1 − a1

ðb1
a1

ψ xð Þdx
�����

�����
≤
b1 − a1

2

ð1
0
1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��dα ≤ b1 − a1

2

×
ð1
0
1 − αð Þ 1 − 2αj jdα

� �1− 1/qð Þ"

Á
ð1
0
1 − αð Þ 1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q#

+ b1 − a1
2 ×

ð1
0
α 1 − 2αj jdα

� �1− 1/qð Þ"

Á
ð1
0
α 1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q#

≤
b1 − a1

2 × 1
4

� �1− 1/qð Þ ð1
0
1 − αð Þ 1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

+ b1 − a1
2 × 1

4

� �1− 1/qð Þ ð1
0
α 1 − 2αj j ψ′ αa1 − 1 − αð Þb1ð Þ�� ��qdα� �1/q" #

≤
b1 − a1

2
1
4

� �1− 1/qð Þ
×

ð1
0
1 − αð Þ 1 − 2αj j 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��q" 

+ 1
n
〠
n

s=1
h αð Þ½ �s ψ′ b1ð Þ�� ��q#dαÞ1/q + b1 − a1

2
1
4

� �1− 1/qð Þ

×
ð1
0
α 1 − 2αj j 1

n
〠
n

s=1
1 − h αð Þ½ �s½ � ψ′ a1ð Þ�� ��q + 1

n
〠
n

s=1
h αð Þ½ �s ψ′ b1ð Þ�� ��q" #

dα

 !1/q

≤
b1 − a1

2
1
4

� �1− 1/qð Þ
× ψ′ a1ð Þ�� ��q

4 + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q
n

"

Á〠
n

s=1

ð1
0
1 − αð Þ 1 − 2αj j h αð Þ½ �sdα

#1/q
+ b1 − a1

2
1
4

� �1− 1/qð Þ

× ψ′ a1ð Þ�� ��q
4 + ψ′ b1ð Þ�� ��q − ψ′ a1ð Þ�� ��q

n
〠
n

s=1

ð1
0
α 1 − 2αj j h αð Þ½ �sdα

" #1/q
:

ð50Þ

For q = 1, we use the estimates of Theorem 19 which also
follows step by step the above estimates. This completes the
proof of theorem.

6. Application to the Means

Consider a1, b1 > 0 are two numbers. The arithmetic, geo-
metric, logarithmic, and p-logarithmic means for a1 and b1
are defined by,

A a1, b1ð Þ = a1 + b1
2 ,G a1, b1ð Þ =

ffiffiffiffiffiffiffiffiffi
a1b1

p
,

L≔ L a1, b1ð Þ =
b1 − a1

ln b1 − ln a1
, a1 ≠ b1

a1, a1 = b1

8><
>:

Lp = Lp a1, b1ð Þ =
bp+11 − ap+11

p + 1ð Þ b1 − a1ð Þ

" #1/p
, a1 ≠ b1, p ∈ℝ \ −1, 0f g

a1, a1 = b2,

8>><
>>:

ð51Þ

Proposition 29. Let a1, b1 ∈ ð0,∞Þ with a1 < b1, then the fol-
lowing inequalities hold:

An a1, b1ð Þ ≤ Łnn a1, b1ð Þ ≤ an1 + bn1 − an1ð Þ 1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα:

ð52Þ

Proof. Taking ψðxÞ = xn, x ∈ ½0,∞Þ in Theorem 9 we obtain
the required result.

Proposition 30. Let a1, b1 ∈ ð0,∞Þ with a1 < b1, then the fol-
lowing inequalities hold:

A−1 a1, b1ð Þ ≤ L−1 a1, b1ð Þ ≤ a−11 + b1 − a1ð Þ
a1b1

1
n
〠
n

s=1

ð1
0
h αð Þ½ �sdα:

ð53Þ

Proof. Taking ψðxÞ = x−1 ∈ ð0,∞Þ in Theorem 9 we obtain
the required result.

7. Conclusion

In this paper we introduced a new more generalized class of
(n,h)-polynomial convex functions and gave some of its
basic interesting properties. We also established Hermite-
Hadamard type inequalities for (n,h)-polynomial convex
functions. Some applications of the results to the special
means are also given. The remarks presented in the paper
justify that our results are extension and generalization of
many existing results. It will be interesting to establish Her-
mite-Hadamard, Fejér, and Jensen type inequalities for the
different fractional integral operators.
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