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Tis paper presents the study of a numerical scheme for the analytical solution of nonlinear gas dynamic equation.We use the idea
of Laplace–Carson transform and associate it with the homotopy perturbation method (HPM) for obtaining the series solution of
the equation. We show that this hybrid approach is excellent in agreement and converges to the exact solution very smoothly.
Further, HPM combined with He’s polynomial is utilized to minimize the numerical simulations in nonlinear conditions that
make it easy for the implementation of Laplace–Carson transform. We also exhibit a few graphical solutions to indicate that this
approach is extremely reliable and convenient for linear and nonlinear challenges.

1. Introduction

Te gas dynamic equation is mathematically modeled by
various physical laws such as energy, mass and momentum
conservation. Gas is a collection of numerous elements in
continuous chaotic motion such as molecules, atoms, ions, etc.
Te nonlinear gas dynamics equation is used in shock waves,
centered rarifed waves, contact fows, and connection dis-
continuities. Te study of gas motion and its impact on
structures using the principles of fuid dynamics and fuid
mechanics is known as “gas dynamic,” and it belongs to the
discipline of fuid dynamics [1, 2]. Numerous researchers has
studied the gas dynamic equation with diferent analysis [3, 4].
Srivastava and Saad [5] studied the theory of gas dynamic
equation and extended it with diferent models. Various ap-
proaches have been introduced to solve the gas dynamics
problems such as fractional reduced transform method [6],
Elzaki transform homotopy perturbation approach [7], q

-homotopy analysis [8], Adomian decomposition strategy [9],
variational iteration method [10, 11], fractional homotopy
analysis transform approach [12], homotopy perturbation

method using Laplace transform [13], Homotopy analysis
transformmethod [14] andnatural decompositionmethod [15].

He [16–18] demonstrated the strategy HPM for the
solution of nonlinear problems arising in complex models
and showed that this approach has an excellent performance
in obtaining the series solutions. Some scientists [19, 20]
modifed this study and coupled it with Laplace transform to
achieve the series solution of nonlinear diferential prob-
lems. Aggarwal and Kumar [21] applied Laplace–Carson to
Volterra integro-diferential problem of frst kind. After that,
Kumar and Qureshi [22] received the results of initial value
problems with the Caputo derivative in the shape of series
and showed the authenticity of this scheme. Tange and
Gade [23] studied a few defnitions of Laplace–Carson with
fractional order and used the convolution theorem which
was very complicated to obtain the iterations.

In this article, we study a novel scheme Laplace–Carson
homotopy perturbation method (Lc-PTM) which is con-
structed on the basis of Laplace–Carson andHPM.Wepoint out
that the present scheme is very connivent to use and reveals the
results in the shape of a series. Tis approach is an independent
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convolution theorem that may face complications during the
calculation of iterations. Tis article is designed as In Section 2,
we present the defnition of Laplace–Carson transform with
basic propositions. In Section 3, we study the fundamental
concept ofHPMwhich is used to split the nonlinear elements. In
Section 4, we present the numerical applications to show the
ability of Lc-PTM, and fnally, we discuss the obtained results
and conclusion in Sections 5 and 6 respectively.

2. Laplace and Laplace–Carson Transform

Defnition 1. Consider f(t) be a function with t≥ 0, so

L f(t)  � F(s) � θ
∞

0
f(t)e

− stdt, (1)

is said to Laplace transform and s is transform function of θ.

Defnition 2. Aggarwal and Kumar [21] studied a theory
such that

Lc g(t)  � R(θ) � θ
∞

0
g(t)e

− θtdt, k1 ≤ θ≤ k2. (2)

Here k1 and k2 are arbitrary constants andLc is termed
as Laplace–Carson transform. Now, if R(θ) is the Lap-
lace–Carson transform of a function g(t) then g(t) is the
inverse of R(θ) so that,

L
− 1
c R(θ){ } � g(t), L

− 1
c is said to be inverse Laplace − Carson transform. (3)

Defnition 3. If g(t) � tm, then Laplace–Carson transform is
utilized as

Lc g(t)  � R(θ) �
m!

θm. (4)

Properties 1. If Lc g(t)  � R(θ), then it has the following
diferential properties [21, 23].

(a) Lc g′(t)  � θR(θ) − θG(0),
(b) Lc g″(t)  � θ2R(θ) − θ2G(0) − θG′(0),
(c) Lc gm(t)  � θmR(θ) − θmG(0) − θm− 1G′(0) − · · · −

θGm− 1(0).

3. Fundamental Concept of HPM

Tis segment presents the concept of HPM with the consid-
eration of a nonlinear functional equation [24, 25]. Consider

T(ϑ) − g(h) � 0, h ∈ Ω. (5)

With conditions

S ϑ,
zϑ
zn

  � 0, h ∈ Γ. (6)

Here T and S are identifed as general functional and
boundary operator respectively, g(h) is source term with Γ
as a interval of the domain Ω. We can now split T such that
T1 is said to be a linear and T2 be a nonlinear operator.Tus,
we can write equation (5) as

T1(ϑ) + T2(ϑ) − g(h) � 0. (7)

Consider ϑ(h, θ): Ω × [0, 1]⟶ H such that it is suit-
able for

H(ϑ, θ) � (1 − θ) T1(ϑ) − T1 ϑ0(   + θ T1(ϑ) − T2(ϑ) − g(h) ,

(8)

or

H(ϑ, θ) � T1(ϑ) − T1 ϑ0(  + qL ϑ0(  + θ T2(ϑ) − g(h)  � 0.

(9)

Here θ ∈ [0, 1] is homotopy element and ϑ0 is an initial
approximation of equation (5), which is appropriate for the
boundary conditions. Te study of HPM declares that θ is
assumed as a minimal variable and the result of equation (5)
cab be expressed in the shape of θ.

ϑ � ϑ0 + θϑ1 + θ2ϑ2 + θ3ϑ3 + · · · � 
∞

i�0
θiϑi. (10)

Consider θ � 1, we get particular of equation (10) as

ϑ � limθ⟶1ϑ � ϑ0 + ϑ1 + ϑ2 + ϑ3 + · · · � 
∞

i�0
ϑi. (11)

Te nonlinear terms are obtained as

T2ϑ(x, t) � 
∞

n�0
θn

Hn(ϑ), (12)

where Hn(ϑ) is defned as

Hn ϑ0 + ϑ1 + · · · + ϑn(  �
1
n!

z
n

zθn T2 

∞

i�0
θiϑi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠

θ�0

. n � 0, 1, 2, · · · . (13)
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Tis result in equation (12) generally converges as the
rate of convergence depends on the nonlinear operator T2
.

4. Numerical Applications

In this segment, we apply the scheme of Lc-PTM to obtain
the analytical results of nonlinear gas dynamic equation. We
express that this approach generates the series solution only
after iterations with excellent accuracy.

4.1.Example1. Consider the homogenous and nonlinear gas
dynamic equation

zϑ
zt

+ ϑ
zϑ
zx

− ϑ(1 − ϑ) � 0. (14)

With initial condition

ϑ(x, 0) � e
− x

. (15)

Using the Laplace–Carson transform to equation (14),
we get

Lc

zϑ
zt

+ ϑ
zϑ
zx

− ϑ(1 − ϑ)  � 0,

Lc

zϑ
zt

  � − Lc ϑ
zϑ
zx

− ϑ(1 − ϑ)  � 0.

(16)

Employing the defnition of Laplace–Carson transform,
we get

θϑ(x, θ) − θϑ(x, 0) � − Lc ϑ
zϑ
zx

− ϑ(1 − ϑ) . (17)

Which may be solved further as,

ϑ(x, θ) � ϑ(x, 0) −
1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2 . (18)

Applying inverse Laplace–Carson transform, we get

ϑ(x, t) � ϑ(x, 0) − L
− 1
c

1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2  . (19)

Utilizing HPM on equation (19), we get



∞

n�0
p

nϑn(x, t) � ϑ(x, 0) − pL
− 1
c

1
θ
Lc 

∞

n�0
p

nϑn(x, t)
z

zx


∞

n�0
p

nϑn(x, t) − 
∞

n�0
p

nϑn(x, t) + 
∞

n�0
p

nϑ2n(x, t)
⎧⎨

⎩

⎫⎬

⎭
⎡⎣ ⎤⎦. (20)

On comparing, the following iterations can be obtained,

p
0
: ϑ0(x, t) � e

− x
,

p
1
: ϑ1(x, t) � L

− 1
c

1
θ
Lc ϑ0

zϑ0
zx

− ϑ0 + ϑ20   � e
− xt

2

2!
,

p
2
: ϑ2(x, t) � L

− 1
c

1
θ
Lc ϑ0

zϑ1
zx

+ ϑ1
zϑ0
zx

− ϑ1 + 2ϑ0ϑ1   � e
− xt

3

3!
,

p
3
: ϑ3(x, t) � L

− 1
c

1
θ
Lc ϑ0

zϑ2
zx

+ ϑ1
zϑ1
zx

+ ϑ2
zϑ0
zx

− ϑ2 + ϑ21 + 2ϑ0ϑ2   � e
− xt

4

4!
,

⋮

(21)

Hence the solution can be expressed as

ϑ(x, t) � ϑ0(x, t) + ϑ1(x, t) + ϑ2(x, t) + ϑ3(x, t) + · · · ,

ϑ(x, t) � e
− x

+ e
− xt

2

2!
+ e

− xt
3

3!
+ e

− xt
4

4!
+ · · · ,

ϑ(x, t) � e
t− x

.

(22)
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4.2. Example 2. Consider the non-homogenous and non-
linear gas dynamic equation

zϑ
zt

+ ϑ
zϑ
zx

− ϑ(1 − ϑ) � − e
t− x

. (23)

With initial condition

ϑ(x, 0) � 1 − e
− x

. (24)

Using the Laplace–Carson transform to equation (23),
we get

Lc

zϑ
zt

+ ϑ
zϑ
zx

− ϑ(1 − ϑ)  � − Lc e
t− x

 ,

Lc

zϑ
zt

  � − Lc e
t− x

  − Lc ϑ
zϑ
zx

− ϑ(1 − ϑ) .

(25)

Employing the defnition of Laplace–Carson transform,
we get

θϑ(x, 0) − θϑ(x, 0) � −
e

− x

θ − 1
− Lc ϑ

zϑ
zx

− ϑ(1 − ϑ) . (26)

Which may be solved further as,

ϑ(x, θ) � ϑ(x, 0) −
e

− x

θ − 1
−
1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2 . (27)

Applying inverse Laplace–Carson transform, we get

ϑ(x, t) � ϑ(x, 0) − e
− x
L

− 1
c

1
θ − 1

  − L
− 1
c

1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2  ,

ϑ(x, t) � ϑ(x, 0) − e
t− x

+ e
− x

− L
− 1
c

1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2  ,

ϑ(x, t) � 1 − e
− x

− e
t− x

+ e
− x

− L
− 1
c

1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2  ,

ϑ(x, t) � 1 − e
t− x

− L
− 1
c

1
θ
Lc ϑ

zϑ
zx

− ϑ + ϑ2  .

(28)

Utilizing HPM on equation (28), we get



∞

n�0
p

nϑn(x, t) � 1 − e
t− x

− pL
− 1
c

1
θ
Lc 

∞

n�0
p

nϑn(x, t)
z

zx


∞

n�0
p

nϑn(x, t) − 
∞

n�0
p

nϑn(x, t) + 
∞

n�0
p

nϑ2n(x, t)
⎧⎨

⎩

⎫⎬

⎭
⎡⎣ ⎤⎦. (29)

On comparing, the following iterations can be obtained,

p
0
: ϑ0(x, t) � 1 − e

t− x
,

p
1
: ϑ1(x, t) � L

− 1
c

1
θ
Lc ϑ0

zϑ0
zx

− ϑ0 + ϑ20   � 0,

p
2
: ϑ2(x, t) � L

− 1
c

1
θ
Lc ϑ0

zϑ1
zx

+ ϑ1
zϑ0
zx

− ϑ1 + 2ϑ0ϑ1   � 0,

p
3
: ϑ3(x, t) � L

− 1
c

1
θ
Lc ϑ0

zϑ2
zx

+ ϑ1
zϑ1
zx

+ ϑ2
zϑ0
zx

− ϑ2 + ϑ21 + 2ϑ0ϑ2   � 0.

⋮

(30)
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Hence the solution can be expressed as

ϑ(x, t) � ϑ0(x, t) + ϑ1(x, t) + ϑ2(x, t) + ϑ3(x, t) + · · · ,

ϑ(x, t) � 1 − e
t− x

+ 0 + 0 + · · · ,

ϑ(x, t) � 1 − e
t− x

.

(31)

5. Results and Discussion

In this portion, we demonstrate the graphical represen-
tation of nonlinear gas dynamic equation. Figure 1(a)

represents the the approximate solution obtained by Lc

-PTM and Figure 1(b) represents the exact solution of the
nonlinear gas dynamic equation. In Figure 1, we compare
these graphical illustrations at − 1.5≤x≤ 1.5 and 0≤ t≤ 1
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Figure 1: Te surfaces solution of gas dynamic equation. (a) Te approximate surface solution of ϑ(x, t). (b) Te exact surface solution of
ϑ(x, t).
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Figure 2: 2D plot for ϑ(x, t) with various parameter of t.
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and observe that both surface solutions are in full
agreement. Figure 2 represents the graphical error be-
tween the solutions obtained by Lc-PTM and the exact
solutions at 0≤ x≤ π. Table 1 presents the analysis of the
absolute error at diferent times t and shows that the
obtained values become closer to the exact solution with
the increase of time. Finally, the fgures and table dem-
onstrate that our approach has high authenticity of per-
formance and provides fast convergence results towards
the exact solution.

6. Conclusion

In this article, we have successfully applied a new schemeLc

-PTM to determine the approximate results of gas dynamic
equation. We obtained these results in the shape of series
instead of discretization, linearization, or assumptions. We
observe that when HPM is used with Laplace–Carson
transform, we can obtain a rapid convergent series solution
with less computation. We compute these iterations with the
help of Mathematica Software 11.0.1. We also compare the
approximate and the exact solution results and provide the
absolute error to examine the efciency of our suggested
approach. 2D plot and 3D surface solutions show that we
have strong agreement with the results of gas dynamic
equation. Terefore, we can say that Lc-PTM is more ef-
fcient and appropriate than other schemes. Tis approach is
also applicable to other nonlinear problems such as frac-
tional partial diferential equations and can be expanded in a
variety of scientifc and engineering applications in the
future.
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