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Let k⩾ 1 be an integer. In this study, we derive an asymptotic formula for the average number of representations of integers
n � pk

1 + p3
2 + p3

3 + p3
4 + p3

5 in short intervals, where p1, p2, p3, p4, p5 are prime numbers.

1. Introduction

Let N, k1, k2, . . . , kr be integers with 2⩽ k1 ⩽ k2 ⩽ · · · ⩽ kr.
TeWaring–Goldbach problem for unlike powers of primes
concerns the representation of N as the form

n � p
k1
1 + p

k2
2 + · · · + p

kr

r , (1)

is classical. Tese topics have attracted mathematicians’
attention.

In 1953, Prachar [1] considered the representation of N

as the form

n � p
2
1 + p

3
2 + p

5
3 + p

k
4, (2)

and he obtained the exceptional set is O(N(logN)− (30/47)+ϵ).
Tis result has been improved by Bauer [2], Bauer [3], and
Zhao [4], and the latest result is O(N1− (1/16)+ϵ). For general
k⩾ 5, the best result was given by Hofman and Yu [5] which
is O(N1− (47/420·2s)+ϵ) where s � [k + 1/2].

In 1961, Schwarz et al. [6] also considered the repre-
sentation of N as the form

n � p
2
1 + p

3
2 + p

6
3 + p

k
4, (3)

and they obtained the exceptional set is O(N(logN)− A) for
any fxed A> 0. Later, Brüdern [7] improved it to
O(N1− (1/8k2)+ϵ).

Recently, Feng and Ma [8] considered a special case,

n � p
k
1 + p

3
2 + p

3
3 + p

3
4 + p

3
5, (4)

with k⩾ 4. Let E(k, N) be the number of positive even in-
tegers n up to N which cannot be written in the form (4).
Tey established that E(k, N)≪N1− θ(k)+ϵ, here

θ(k) �

1
24

, k � 4,

1
54

, k � 5,

1
9x

, k⩾ 6,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(5)

where

x �

14k

3
− 20􏼢 􏼣, k � 6, 7,

2k

3
−
1
2

2k

3
􏼢 􏼣􏼠 􏼡

2k

3
􏼢 􏼣 + 1􏼠 􏼡􏼢 􏼣, k⩾ 8.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(6)

Let

rk(n) � 􏽘

n�pk
1+p3

2+p3
3+p3

4+p3
5

logp1logp2logp3logp4logp5. (7)
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In this study, we want to reconsider the result of Feng
and Ma by studying the average behaviour of rk(n) over
short intervals [N, N + P] and P � o(N).

Theorem 1. Let N⩾ 2, 1⩽P⩽N, k⩾ 4 be integers. Ten, for
every ϵ> 0, there exists C � C(ϵ)⩾ 0, such that

􏽘

N+P

n�N+1
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)
PN

1/3+1/k

+ Ok PN
1/3+1/k exp − C

L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

(8)

as N⟶∞, uniformly for N1− 5/(6k)+ϵ ⩽P⩽N1− ϵ and Γ is
Euler’s function.

Comparing the result in Feng andMa, fromTeorem 1 we
can say that, for N sufciently large, every interval of size large
than N1− 5/(6k)+ϵ contains the expected amount of integers
which are a sum of one prime power and four prime cubes.

Assuming that the Riemann Hypothesis (RH) holds, we
can further improve the size of P.

Theorem 2. Let ϵ> 0, N⩾ 2, 1⩽P⩽N, k⩾ 4 be integers and
assume the Riemann Hypothesis holds. Ten, there exists
a suitable positive constant B such that

􏽘
N+P

n�N+1
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)
PN

1/3+1/k

+ Ok P
2
N

1/k− 2/3
+ P

1/2
N

5/6+1/(2k)
L

B
􏼐 􏼑,

(9)

as N⟶∞, uniformly for∞(N1− 1/kL2B)⩽P⩽ o(N). Here,
f �∞(g) means g � o(f) and Γ is Euler’s function.

Te proofs of Teorems 1 and 2 use the original Har-
dy–Littlewood circle method and the strategies adopted in
the works of Languasco and Zaccagnini [9–11].

2. Preliminaries

In this study, we assume that N is a sufciently large integer.
Let e(α) � e2πiα, z � 1/N − 2πiα, L � logN and l⩾ 1 be an
integer,

􏽥Sl(α) � 􏽘
∞

n�1
Λ(n)e

− nl/N
e n

lα􏼐 􏼑,

􏽥Vl(α) � 􏽘
∞

p�2
(logp)e

− pl/N
e p

lα􏼐 􏼑.

(10)

We have

|z|
− 1≪ min N, |α|

− 1
􏼐 􏼑. (11)

We also set

U(α, P) � 􏽘
P

m�1
e(mα). (12)

From Montgomery [12], p. 39, we have

|U(α, P)|⩽min P; |α|
− 1

􏼐 􏼑. (13)

Now, we need some lemmas as follows.

Lemma  ([11], Lemma 3]). Let l⩾ 1 be an integer. Ten, we
have

􏽥Sl(α) − 􏽥Vl(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≪ lN
1/(2l)

. (14)

Lemma 4 ([10], Lemma 2]). Let N⩾ 2 be a sufciently large
integer and l⩾ 1 be an integer. Ten,

􏽥Sl(α) �
Γ(1/l)
lz

1/l −
1
l

􏽘
ϱ

z
− ϱ/lΓ(ϱ/l) + Ol(1), (15)

where ϱ � β + ic runs over the nontrivial zeros of the
Riemann-zeta function ζ(s).

Lemma 5 ([7], Lemma 4]). Let μ> 0. Ten,

􏽚
1/2

− 1/2
z

− μ
e(− nα)dα � e

− n/Nn
μ− 1

Γ(μ)
+ Oμ

1
n

􏼒 􏼓, (16)

uniformly for n⩾ 1.

Lemma 6 ([11], Lemma 1]). Let l⩾ 1 be an integer and ϵ be
an arbitrarily small positive constant. Ten, there exists
a positive constant c1 � c1(ϵ), which does not depend on l,
such that

􏽚
ξ

− ξ
􏽥Sl(α) −
Γ(1/l)
lz1/l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

2

dα ≪ l N
2/l− 1 exp − c1

L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠,

(17)

uniformly for 0⩽ ξ ⩽N− 1+5/(6l)− ϵ. Assuming RH holds we
obtain

􏽚
ξ

− ξ
􏽥Sl(α) −
Γ(1/l)
lz1/l

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

2

dα ≪ l N
1/lξL

2
, (18)

uniformly for 0⩽ ξ ⩽ 1/2.

Lemma 7 ([9], Lemma 5]). Let l, k be integers with
l⩾ 1, 1⩽ k⩽ l. Tere exists a suitable positive constant
A � A(k, l), such that

􏽚
1/2

− 1/2
􏽥Sl(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2k

dα ≪ k,l N
2k− k( )/lL

A
,

􏽚
1/2

− 1/2
􏽥Vl(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2k

dα ≪ k,l N
2k− k( )/lL

A
.

(19)

Lemma 8 ([9], Lemma 6]). Let l> 1 and τ > 0. Ten, we have

􏽚
τ

− τ
􏽥Sl(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
4dα ≪ l τN

2/l
+ N

4/l− 1
􏼐 􏼑N

ϵ
,

􏽚
τ

− τ
􏽥Vl(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
4dα ≪ l τN

2/l
+ N

4/l− 1
􏼐 􏼑N

ϵ
.

(20)
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Lemma 9 ([9], Lemma 7]). Let l> 2, c⩾ 1 and N− c ⩽ω⩽
N2/l− 1. We also let I(ω) ≔ [− 1/2, − ω]∪ [ω, 1/2]. Ten, we
have

􏽚
I(w)

􏽥Sl(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
4dα
|α|
≪ l

N
4/l− 1+ϵ

ω
,

􏽚
I(w)

􏽥Vl(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
4dα
|α|
≪ l

N
4/l− 1+ϵ

ω
.

(21)

3. Proof of Theorem 1

Let P> 2B with

B � exp d
logN

loglogN
􏼠 􏼡

1/3
⎛⎝ ⎞⎠, (22)

where d � d(ϵ)> 0 will be chosen later. Recalling (7), we can
write

􏽘

N+P

n�N+1
e

− n/N
rk(n) � 􏽚

1/2

− 1/2
􏽥Vk(α)􏽥V3(α)

4
U(− α, P)e(− Nα)dα.

(23)

We fnd it also convenient to set

􏽥El(α) � 􏽥Sl(α) −
Γ(1/l)
lz

1/l . (24)

Let I(B, P) � [− 1/2, − B/P]∪ [B/P, 1/2], we can obtain

􏽘

N+P

n�N+1
e

− n/N
rk(n)

� 􏽚
B/P

− B/P

Γ(1/k)Γ(4/3)
4

kz
4/3+1/k U(− α, P)e(− Nα)dα

+ 􏽚
B/P

− B/P

Γ(1/k)

kz
1/k S3(α)

4
−
Γ(4/3)

4

z
4/3􏼠 􏼡U(− α, P)e(− Nα)dα

+ 􏽚
B/P

− B/P
􏽥Ek(α)􏽥S3(α)

4
U(− α, P)e(− Nα)dα

+ 􏽚
1/2

− 1/2
􏽥Vk(α) 􏽥V3(α)

4
− 􏽥S3(α)

4
􏼐 􏼑U(− α, P)e(− Nα)dα

+ 􏽚
1/2

− 1/2
􏽥S3(α)

4 􏽥Vk(α) − 􏽥Sk(α)􏼐 􏼑U(− α, P)e(− Nα)dα

+ 􏽚
I(B,P)

􏽥Sk(α)􏽥S3(α)
4
U(− α, P)e(− Nα)dα

≔ F1 + F2 + F3 + F4 + F5 + F6.

(25)

Now, we need to estimate these terms.

3.1. Estimate of F1. From the approximation e− n/N � e− 1+

O(PN− 1), Lemma 5, and (11) we can obtain

F1 �
Γ(1/k)Γ(4/3)

4

kΓ(4/3 + 1/k)
􏽘

N+P

n�N+1
n
1/3+1/k

e
− n/N

+ Ok

P

N
􏼒 􏼓

+ Ok 􏽚
1/2

B/P

dα
α7/3+1/k􏼠 􏼡

�
Γ(1/k)Γ(4/3)

4

kΓ(4/3 + 1/k)e
PN

1/3+1/k

+ Ok P
2
N

1/k− 2/3
+ N

1/k+1/3
+

P

B
􏼒 􏼓

4/3+1/k
􏼠 􏼡.

(26)

3.2. Estimate of F2. From the identity f2 − g2 � 2g(f −

g) + (f − g)2, (24), and 􏽥S3(α)≪N1/3, we obtain

Γ(1/k)

kz
1/k

􏽥S3(α)
4

−
Γ(4/3)

4

z
4/3􏼠 􏼡

�
Γ(1/k)

kz
1/k

􏽥S3(α)
2

+
Γ(4/3)

2

z
2/3􏼠 􏼡

2Γ(4/3)

z
1/3

􏽥E3(α) + 􏽥E3(α)
2

􏼠 􏼡

�
Γ(1/k)

kz
1/k

􏽥S3(α)
22Γ(4/3)

z
1/3

􏽥E3(α) + 􏽥S3(α)
2􏽥E3(α)

2
􏼠

+
2Γ(4/3)

3

z
􏽥E3(α) +

Γ(4/3)
2

z
2/3

􏽥E3(α)􏼡

≪ 􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2 􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

|z|
1/3+1/k +

􏽥E3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

|z|
1+1/k + N

2/3+1/k 􏽥E3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2
.

(27)

Using (11) and (27), we obtain

F2 ≪ P 􏽚
B/P

− B/P
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2 􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

|z|
1/3+1/k dα + P 􏽚

B/P

− B/P

􏽥E3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

|z|
1+1/k dα

+ PN
2/3+1/k

􏽚
B/P

− B/P
􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα

≔ P E1 + E2 + N
2/3+1/k

E3􏼐 􏼑.

(28)

By Lemma 6 we can obtain, for every ϵ> 0, there exists
c1 � cϵ > 0 such that

E3≪ kN
− 1/3 exp − c1

L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠. (29)

provided that B/P⩽N− 13/18− ϵ, i.e., P⩾BN13/18+ϵ. By (11) and
(29) and the Cauchy–Schwarz inequality we have, for every
ϵ> 0, there exists c1 � cϵ > 0, such that
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E2 ≪ k 􏽚
B/P

− B/P
􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα􏼠 􏼡

1/2

􏽚
1/N

− 1/N
N

2+2/kdα + 2􏽚
B/P

1/N

dα
|α|2+2/k􏼠 􏼡

1/2

≪ k N
1/3+1/k exp −

c1
2

L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠,

(30)

provided that P⩾BN13/18+ϵ. By Lemma 7, (11), (29), and the
Cauchy–Schwarz inequality we also have, for every ϵ> 0,
there exists c1 � cϵ > 0 such that

E1 ≪ k 􏽚
B/P

− B/P
􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα􏼠 􏼡

1/2

􏽚
B/P

− B/P

􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
4

|z|2/3+2/k dα⎛⎝ ⎞⎠

1/2

≪ k 􏽚
B/P

− B/P
􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα􏼠 􏼡

1/2

􏽚
1/2

− 1/2
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
8dα􏼠 􏼡

1/4

􏽚
B/P

− B/P

dα
|z|4/3+4/k􏼠 􏼡

1/4

≪ k E
1/2
3 N

5/12
L

A/4
􏽚

B/P

− B/P

dα
|z|4/3+4/k􏼠 􏼡

1/4

≪ k E
1/2
3 N

5/12
L

A/4
􏽚
1/N

− 1/N
N

4/3+4/kdα + 2􏽚
B/P

1/N

dα
α4/3+4/k􏼠 􏼡

1/4

≪ k E
1/2
3 N

1/2+1/k
L

A/4 ≪ k N
1/3+1/k exp −

c1

4
L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠,

(31)

provided that P⩾BN13/18+ϵ. Hence, by (28)–(31), we fnally
obtain that for every ϵ> 0, there exists c1 � cϵ > 0 such that

F2 ≪ k PN
1/3+1/k exp −

c1

4
L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠, (32)

provided that P⩾BN13/18+ϵ.

3.3. Estimate ofF3. Now, we estimateF3. By (13), Lemmas
6 and 7, and the Cauchy–Schwarz inequality, we have, for
every ϵ> 0, there exists c1 � cϵ > 0 such that

F3≪ k 􏽚
1/2

− 1/2
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
8dα􏼠 􏼡

1/2

􏽚
B/P

− B/P
􏽥Ek(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2
|U(α, P)|

2dα􏼠 􏼡

1/2

≪ k PN
5/6

L
A/2

􏽚
B/P

− B/P
􏽥Ek(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα􏼠 􏼡

1/2

≪ k PN
1/3+1/k exp −

c1

2
L

logL
􏼠 􏼡

1/3
⎛⎝ ⎞⎠,

(33)
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provided that P⩾BN1− 5/(6k)+ϵ. 3.4. Estimate ofF4. From Lemma 3 and 􏽥Vk(α)≪ k N1/k, we
have

􏽥Vk(α) 􏽥V3(α)
4

− 􏽥S3(α)
4

􏼐 􏼑≪ k
􏽥Vk(α) 􏽥V3(α)

���� − 􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 􏽥V3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 + 􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼐 􏼑
3

≪ k N
1/6+1/k max 􏽥V3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
3
, 􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
3

􏼒 􏼓.
(34)

Ten, we have

F4≪ k N
1/6+1/k

􏽚
1/2

− 1/2
􏽥V3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
3

+ 􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
3

􏼒 􏼓|U(− α, P)|dα

≔ N
1/6+1/k

J1 + J2( 􏼁.

(35)

By (13), Lemmas 8, and 9, we have

J2≪ P 􏽚
1/P

− 1/P
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
3dα + 􏽚

I(1,P)

􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
3dα
|α|

≪ P
3/4 ⩽ 􏽚

1/P

− 1/P
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
4dα􏼠 􏼡

3/4

+ ⩽ 􏽚
I(1,P)

􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
4dα
|α|

􏼠 􏼡

3/4

⩽ 􏽚
I(1,P)

dα
|α|

􏼠 􏼡

1/4

≪ P
3/4

N
1/4+ϵ

+ HN
1/3+ϵ

􏼐 􏼑
3/4

L
1/4

≪ P
3/4

N
1/4+ϵ

,

(36)

provided that P≫N1/3. Similarly, we have

J1≪P
3/4

N
1/4+ϵ

. (37)

By (35)–(37), we have

F4≪ k P
3/4

N
5/12+1/k+ϵ

, (38)

provided that P≫N1/3.

3.5. Estimate of F5. By Lemmas 3, 8, 9, (13), and a partial
integration, we have

F5≪ k PN
1/(2k)

􏽚
1/P

− 1/P
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
4dα + N

1/(2k)
􏽚

I(1/P)

􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
4

|α|
dα

≪ k PN
1/(2k) N

2/3+ϵ

P
+ N

1/3+ϵ
􏼠 􏼡 + PN

1/(2k)
N

1/3+ϵ

≪ k N
1/(2k)

N
2/3+ϵ

+ PN
1/3+ϵ

􏼐 􏼑,

(39)

provided that P≫N1/3.

3.6. Estimate ofF6. Clearly, by Lemma 9 and (13), we have

F6≪ k N
1/k

􏽚
I(B,P)

􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
4

|α|
dα

≪ k

P

B
N

1/3+1/k+ϵ
,

(40)

provided that P≫BN1/3.

3.7. Completion of the Proof. Let k⩾ 4. By (26)–(40) we can
obtain, for every ϵ> 0, there exists c1 � c1(ϵ)> 0, such that

􏽘

N+P

n�N+1
e

− n/N
rk(n)

�
Γ(1/k)Γ(4/3)

4

kΓ(4/3 + 1/k)e
PN

1/3+1/k

+ Ok PN
1/3+1/k exp −

c1

4
L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠ +

P

B
N

1/3+1/k+ϵ⎛⎝ ⎞⎠,

(41)

provided that P⩾BN1− 5/(6k)+ϵ. We choose d � c1 in (22).
Ten, for every k⩾ 4, we have for every ϵ> 0, there exists
C � C(ϵ)> 0, such that

􏽘

N+P

n�N+1
e

− n/N
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)e
PN

1/3+1/k

+ Ok PN
1/3+1/k exp − C

L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

(42)

provided that P⩾N1− 5/(6k)+ϵ. We note that e− n/N � e− 1+

O(P/N) for n ∈ [N + 1, N + P], 1⩽P⩽N.Ten, we have for
every ϵ> 0, there exists C � C(ϵ)> 0, such that

􏽘

N+P

n�N+1
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)
PN

1/3+1/k

+ Ok PN
1/3+1/k exp − C

L

logL
􏼠 􏼡

1/3
⎛⎝ ⎞⎠⎛⎝ ⎞⎠

+ Ok

P

N
􏽘

N+P

n�N+1
rk(n)⎛⎝ ⎞⎠,

(43)
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provided that P⩽N and P⩾N1− 5/(6k)+ϵ for k⩾ 4. Using
en/N ⩽ e2 and (41), the last error term is ≪ kP2N1/k− 2/3. Tus,

􏽘

N+P

n�N+1
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)
PN

1/3+1/k

+ Ok PN
1/3+1/k exp − C

L

log L
􏼠 􏼡

1/3
⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

(44)

uniformly for N1− 5/(6k)+ϵ ⩽P⩽N1− ϵ. Now, Teorem 1
follows.

4. Proof of Theorem 2

Let k⩾ 4, P⩾ 2, and P � o(N) be an integer. We recall that
we set L � logN for brevity. From now on we assume that
RH holds, we may write

􏽘

N+P

n�N+1
e

− n/N
rk(n) � 􏽚

1/2

− 1/2
􏽥Vk(α)􏽥V3(α)

4
U(− α, P)e(− Nα)dα.

(45)

In this conditional case, we can simplify the proof.
Recalling Lemma 4 and (24), we have

􏽘

N+P

n�N+1
e

− n/N
rk(n)

� 􏽚
1/2

− 1/2

Γ(1/k)Γ(4/3)
4

kz
4/3+1/k U(− α, P)e(− Nα)dα

+ 􏽚
1/2

− 1/2

Γ(1/k)

kz
1/k S3(α)

4
−
Γ(4/3)

4

z
4/3􏼠 􏼡U(− α, P)e(− Nα)dα

+ 􏽚
1/2

− 1/2
􏽥Ek(α)􏽥S3(α)

4
U(− α, P)e(− Nα)dα

+ 􏽚
1/2

− 1/2
􏽥Vk(α) 􏽥V3(α)

4
− 􏽥S3(α)

4
􏼐 􏼑U(− α, P)e(− Nα)dα

+ 􏽚
1/2

− 1/2
􏽥S3(α)

4 􏽥Vk(α) − 􏽥Sk(α)􏼐 􏼑U(− α, P)e(− Nα)dα

≔ I1 + I2 + I3 + I4 + I5.

(46)

Now, we can evaluate these terms.

4.1. Evaluation ofI1. Using Lemma 5, a direct calculation
gives

I1 �
Γ(1/k)Γ(4/3)

4

kΓ(4/3 + 1/k)
􏽘

N+P

n�N+1
n
1/3+1/k

e
− n/N

+ Ok

P

N
􏼒 􏼓

�
Γ(1/k)Γ(4/3)

4

kΓ(4/3 + 1/k)e
PN

1/3+1/k
+ Ok P

2
N

1/k− 2/3
+ N

1/3+1/k
􏼐 􏼑.

(47)

4.2. Evaluation of I2. By (27), we have

I2≪ 􏽚
1/2

− 1/2

􏽥S3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2

|z|
1/3+1/k

􏽥E3(α)
����U(− α, P)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌dα + 􏽚

1/2

− 1/2

􏽥E3(α)

|z|
1+1/k |U(α, P)|dα

+ 􏽚
1/2

− 1/2
N

2/3
􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2

|z|
1/k |U(α, P)|dα

≔K1 + K2 + K3.

(48)

Let

ψ � 􏽚
1/2

− 1/2

􏽥E3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2

|z|
1/k |U(− α, P)|dα. (49)

Using Lemma 6, (13), and integration by parts, we have

ψ≪PN
1/k

􏽚
1/N

− 1/N
􏽥E3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα + 2P 􏽚

1/P

1/N

􏽥E3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2

α1/k
dα + 2􏽚

1/2

1/P

􏽥E3(α)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2

α1+1/k dα

≪ k PN
1/k− 2/3

L
2

+ P
1/k

N
1/3

L
2≪ kP

1/k
N

1/3
L
2
.

(50)
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Ten, we have

K3≪ k P
1/k

NL
2
. (51)

By the Cauchy–Schwarz inequality, (11), (13), and (50),
we have

K2≪ψ
1/2

􏽚
1/2

− 1/2

|U(− α, P)|

|z|2+1/k dα􏼠 􏼡

1/2

≪ψ1/2
PN

2+1/k
􏽚
1/N

− 1/N
dα + 2P 􏽚

1/P

1/N

dα
α2+1/k + 2􏽚

1/2

1/P

dα
α3+1/k􏼠 􏼡

1/2

≪ k P
1/2+1/(2k)

N
2/3+1/(2k)

L.

(52)

By the Cauchy–Schwarz inequality, (11), (13), and (50),
we have

K1≪ψ
− 1/2

􏽚
1/2

− 1/2
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
8dα􏼠 􏼡

1/4

􏽚
1/2

− 1/2

|U(− α, P)|2

|z|4/3+2/k dα􏼠 􏼡

1/4

≪P
1/(2k)

N
1/6

LN
5/12

L
A/4

P
2
N

4/3+2/k
􏽚
1/N

− 1/N
dα􏼠 􏼡

+ 2P
2

􏽚
1/P

1/N

dα
α4/3+2/k + 2􏽚

1/2

1/P

dα
α10/3+2/k

≪ k P
1/2+1/(2k)

N
2/3+1/(2k)

L
1+A/4

.

(53)

Summing up by (48)–(54), we have

I2≪ k P
1/2+1/(2k)

N
2/3+1/(2k)

L
1+A/4

, (54)

for every k⩾ 4.

4.3. Evaluation of I3. Using the Cauchy–Schwarz in-
equality, (13), and Lemma 6, we can obtain

I3≪ k 􏽚
1/2

− 1/2
􏽥S3(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
8dα􏼠 􏼡

1/2

􏽚
1/2

− 1/2
􏽥Ek(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2
|U(α, P)|

2dα􏼠 􏼡

1/2

≪ k N
5/6

L
A/2

P
2

􏽚
1/P

− 1/P
􏽥Ek(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα + 2􏽚

1/2

1/P
􏽥Ek(α)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2dα
α2

􏼠 􏼡

1/2

≪ k P
1/2

N
5/6+1/(2k)

L
1+A/2

.

(55)

4.4. Evaluation of I4. Clearly, I4 � F4 of Section 3.4. So,
we can obtain

I4≪ k P
3/4

N
5/12+1/k+ϵ

, (56)

provided that P≫N1/3.

4.5. Evaluation of I5. Clearly, I5 � F5 of Section 3.5. So,
we can obtain

I5≪ k N
1/(2k)

N
2/3+ϵ

+ PN
1/3+ϵ

􏼐 􏼑, (57)

provided that P≫N1/3.
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4.6. Completion of the Proof. By (46) and (47) and (54)–(57),
there exist B � B(A) such that for P⩾N1/3,

􏽘

N+P

n�N+1
e

− n/N
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)e
PN

1/3+1/k

+ Ok P
2
N

1/k− 2/3
+ P

1/2
N

5/6+1/(2k)
L

B
􏼐 􏼑,

(58)

which is an asymptotic formula for
∞(N1− 1/kL2B)⩽P⩽ o(N). From e− n/N � e− 1 + O(P/N) for
n ∈ [N + 1, N + P] and 1⩽P⩽N, we can obtain the
following:

􏽘

N+P

n�N+1
rk(n) �

Γ(1/k)Γ(4/3)
4

kΓ(4/3 + 1/k)
PN

1/3+1/k

+ Ok P
2
N

1/k− 2/3
+ P

1/2
N

5/6+1/(2k)
L

B
􏼐 􏼑

+ Ok ⩽
P

N
􏽘

N+P

n�N+1
rk(n)⎛⎝ ⎞⎠.

(59)

Using en/N ⩽ e2 and (58), the last error term is dominated
by all of the previous ones. Tus, Teorem 2 follows.
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[1] K. Prachar, “Über ein Problem vom Waring-Goldbachschen
Typ,” Monatshefte f-r Mathematik, vol. 57, no. 1, pp. 66–74,
1953.

[2] C. Bauer, “An improvement on a theorem of the Goldbach-
Waring type, Rocky Mount,” Journal of Mathematics, vol. 31,
pp. 1151–1170, 2001.

[3] C. Bauer, “A remark on a theorem of the Goldbach Waring
type,” Studia Scientiarum Mathematicarum Hungarica,
vol. 41, no. 3, pp. 309–324, 2004.

[4] L. Zhao, “Te exceptional set for sums of unlike powers of
primes,” Acta Mathematica Sinica, English Series, vol. 30,
no. 11, pp. 1897–1904, 2014.

[5] J. W. Hofman and G. Yu, “A ternary additive problem,”
Monatshefte für Mathematik, vol. 172, no. 3-4, pp. 293–321,
2013.

[6] W. Schwarz, “Zur Darstellung von Zahlen durch Summen von
Primzahlpotenzen,” Crll, vol. 1961, pp. 78–112, 1961.
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