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This article introduces a generalized approach for analyzing stability and establishing the existence of positive solutions in
a specific type of differential equations known as p-Laplacian y-Caputo fractional differential equations with fractional integral
boundary conditions. The study utilizes various techniques, including the analysis of Green’s function properties and the ap-
plication of Guo-Krasnovelsky’s fixed point theorem on cones. By employing these methods, the research establishes novel
findings concerning the existence and nonexistence of positive solutions. The investigation relies on fractional integrals, dif-
ferential operators, and fundamental lemmas as fundamental tools. To assess solution stability, the Hyers—Ulam concept is
employed, which extends prior research and introduces a specific definition. The article also provides numerical examples that
support the obtained results, thereby demonstrating the practical applicability and accuracy of the proposed methods. Moreover,
the study contributes to a deeper understanding of this subject matter and highlights real-life applications for these types of
problems. Overall, this study offers a comprehensive analysis of stability and solution existence in a specific class of differential
equations, with implications that extend to real-world scenarios such as engineering systems, financial modeling, population
dynamics, epidemiology, and ecological studies. These types of problems arise in various fields where modeling and analyzing

complex phenomena are necessary.

1. Introduction

Fractional calculus, a field of mathematical analysis, ex-
pands upon the principles of differentiation and integration
to encompass noninteger orders. The roots of this branch
can be traced back to the 18th century, where notable
mathematicians such as Leibniz and Euler made early
contributions. However, it was not until the mid-19th
century that fractional calculus gained increased atten-
tion from the scientific and mathematical communities. In
recent years, fractional calculus has gained increasing at-
tention and has become an active area of research. Many
mathematical techniques and numerical methods have
been developed to solve fractional differential equations
and perform fractional calculus operations. This field has
diverse applications in physics, engineering, signal

processing, finance, and control theory [1-4]. By providing
an extension to conventional calculus, fractional calculus
enables a more comprehensive comprehension of intricate
systems and phenomena, and this is due to its remarkable
properties and wide-ranging applications of this subject
that render it a captivating area of exploration for math-
ematicians, scientists, and engineers alike. Several studies
have presented proof that fractional models provide a more
accurate and organized depiction of natural phenomena
when compared to conventional models based on integer-
order and ordinary time-derivatives. This has been ex-
tensively discussed in scholarly works such as [5-7], and
the relevant literature cited therein.

Here, we present various examples showcasing the ap-
plications of fractional calculus. In a study by Mohammadi
et al. [7], a novel fractional system was utilized for modeling
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hearing loss associated with the mumps virus. This system
employed a nonsingular kernel fractional operator called the
Caputo-Fabrizio derivative. The fractional-order derivative,
unlike its integer-order counterpart, effectively accounted
for memory effects and nonlocal behavior. This research
marked the first instance of employing the Caputo-Fabrizio
derivative for modeling hearing loss with the mumps virus.
Another significant contribution was made by Rezapour
et al. [8], where the authors introduced a generalized
fractional system for analyzing the dynamics of anthrax
disease transmission. They employed the Caputo-Fabrizio
derivative, a fractional operator without a singular kernel, to
develop this novel approach. The authors observed that the
approximate solutions obtained from the fractional Capu-
to-Fabrizio model gradually approached those derived from
the classical integer-order system as time progressed.
Moreover, several researchers have successfully imple-
mented fractional extensions of mathematical models
originally formulated with integer orders, demonstrating
their natural representation of real-world phenomena.
Notable examples include the works of Aydogan et al. [9],
Baleanu et al. [5, 10-12], Mohammadi et al. [13], and George
et al. [14], among others. These studies systematically in-
corporated fractional calculus into existing models, further
enriching their accuracy and applicability.

Fractional boundary value problems (FBVPs) have
gained considerable attention due to their broad applications
in various fields. FBVPs offer a robust framework for
modeling complex phenomena and provide valuable insights
into the behavior of fractional systems. These problems have
found applications in diverse areas such as heat conduction,
control systems, and population dynamics. Numerous in-
vestigations have been devoted to studying the existence of
positive solutions for fractional differential equations with
integral boundary conditions. These investigations employ
techniques such as the fixed point theory and upper and
lower solution methods. Relevant references for further in-
formation include ([15-31]) and references therein. Fur-
thermore, significant progress has been made recently in the
exploration of p-Laplacian operators and the treatment of
eigenvalue problems associated with fractional differential
equations. Notable contributions in this field have been made
by researchers such as Bai et al. Noteworthy references for
this topic include ([17, 29, 32-40]) and references therein.
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Researchers have also made significant advancements in
understanding the spectral properties and solution behavior
of eigenvalue problems in fractional differential equations.
Several studies have investigated various aspects, including
the existence, uniqueness, and stability of eigenvalues
and eigenfunctions. Contributions by researchers such as
Bai et al. have greatly enhanced our understanding of ei-
genvalue problems in the context of fractional differential
equations. Key references for further exploration include
(10, 17, 20, 21, 33, 38, 42-44]) among others. These works
have greatly enriched our understanding of eigenvalue
problems in the context of fractional differential equations.

Regarding the function v, fractional derivatives serve as
generalizations of the Riemann-Liouville derivatives. The
y-Caputo fractional derivative differs from the classical
derivative due to the presence of kernel terms. Recently,
Almeida re-evaluated this derivative and provided
a Caputo-type regularization of the existing definition with
intriguing properties. Additional properties and applica-
tions of the y -Caputo fractional derivatives can be found in
references such as ([45-51]), and references therein.

In [40], the authors investigated the existence of positive
solutions for an eigenvalue problem utilizing the method of
upper and lower solutions and the Schauder fixed point
theorem. The problem can be formulated as follows:

~DF(¢,(Dfu)) (1) = Af (t,u(t)), te (0,1),

1 (1)
u(0) = Dfu(t) = 0,u(l) = J u(s)dA(s).
0

In this equation, Df and D represent the standard
Riemann-Liouville derivatives, with 1 <a<2 and 0<f<1.
The function A is of bounded variation, and j(l) u(s)dA(s)
denotes the Riemann-Stieltjes integral of u with respect to A.
The p-Laplacian operator ¢, is defined as ¢, = [s|P~2s,
where p > 1. The function f (¢, x): (0,1) x (0, +c0) — [0,
+00) is continuous and may exhibit singularity at ¢t =0,
t=1,and x =0.

The authors in [21] conducted a study on the presence of
positive solutions for an eigenvalue problem related to
a nonlinear fractional differential equation. The equation
involves a generalized p-Laplacian operator and is described
by the following system:

D} (¢, (D5u()) = Af (u(t), te (0,1),

(2)

u(0) = u' (0) = ' (0) = 0,8, (DR (0)) =(¢, (DRu(1))) =0,

In this system, the values of 2 <@ <3 and 1 < f <2 are real
numbers. The operator ¢, represents a generalized p-
Laplacian  operator, A>0 is a parameter, and
f(#): (0,400) — (0,+00) is a continuous function. The
study utilized the properties of Green functions and the

Guo-Krasnoselskii’s fixed-point theorem on cones to es-
tablish several results regarding the existence of at least one
or two positive solutions within different eigenvalue in-
tervals. In addition, the nonexistence of positive solutions
was also examined in relation to the parameter A.
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In [29], the authors investigated the eigenvalue problem
concerning a boundary fractional differential equation

involving the p-Laplacian operator. The equation is given as
follows:

~“Dg(¢,(“DEw)) (1) = Af (Lu(®), te (0,1),

1 1 . 1
1(0) = JO 9, (S)u(s)ds,u(1) = jo 9, (S)u(s)ds, i (0) = JO 3 (u()ds, “DEut(t)] g = 0,

where CDg+ and Dy, are the standard Caputo derivatives
with 2<a <3, and 0 < <1. The p-Laplacian operator ¢,, is
defined as ¢, = Is|”"%s with p>1. The functions
f(t,x): [0,1] x [0,+00) — [0, +00) and g;(s) € C[0,1]
(wherei = 1,2, 3) are continuous. The interval J is defined as
J =10,1], and A is a positive parameter.

In the work by Matar et al. [52], a newly proposed p-
Laplacian nonperiodic boundary value problem is examined,
which involves generalized Caputo fractional derivatives.
The authors extensively investigate the existence and
uniqueness of solutions for this problem:

d
a(</>p(fD"‘>Pu(t))) = q(t,u(t), ‘D*u(t)), te[0,1],

u(0) +pu(l) = 0(1(0),u (1)), u (1) = v(u(0),u(1)),
(4)

where “D% and ‘D" are the GC,Fr derivatives with
a€(1,2), ye (0,1), ¢, is the p-Laplacian operator with
p>1, py# —1, and the nonlinear nonlinear functions
q: [0,1]xRxR— R and 6: Rx R — R are given con-
tinuous functions.

However, as far as we know, there are few papers
studying the eigenvalue problem for the p-Laplacian frac-
tional differential equations involving the integral boundary
condition. Inspired by the abovementioned works, in this
paper, we will explore the following p-Laplacian y-Caputo
fractional integro-differential equation:

[ “DEY(¢,(“Ds¥u)) (1) +Af (t,u(t) =0, te[0,T],

1 T, _
w® =5 jo ¥ () (W (T) =y () g, (hu(s)ds,

A

__ 1 T _ y-1
u(T) = (y)JOV/(S)(t//(T) v ()" g, (s)u(s)ds,

1

W 0=

T I
jo ¥ () (W (T) =y () g5 (u(s)ds,

| ‘DY u(t)],— =0,
(5)

where °DgY and CDglw are the y-Caputo fractional de-
rivatives of respective fractional orders « € (2,3] and

(3)

B € (0,1]. The IBVP 1 also involves the p-Laplacian operator
¢,» which is a nonlinear operator defined as ¢, (s) = |s|P~2s,
where p>1. The operator ¢, is used to model nonlinear
phenomena such as turbulence and phase transitions. The
boundary conditions of the IBVP involve integrals of the
T 1, 1 .

form Io v ¥ 1g; (s)u(s)ds, where y is a parameter between
0 and 1, and g; are continuous functions on [0,T] for
i =1,2,3. These boundary conditions involve memory ef-
fects and nonlocality, which are typical of fractional order
problems. The functions f(f,u): IXxR— R, and
giiI— R (i=1,2,3), and u: I — R are continuous
functions on I = [0, T].

It is clear that the IBVP (5) is an equation that combines
fractional derivatives and integrals. It comprises a fractional
differential equation governed by the p-Laplacian operator
and a nonlinearity function f(t,u), along with three
boundary conditions. These boundary conditions involve
fractional integrals that incorporate the function u and three
distinct functions g, (t), g, (t), and g5 (t). The differential
equation and boundary conditions employ y-Caputo de-
rivatives, which are an extension of the classical Caputo
derivative. The y-Caputo derivatives are defined using the
Riemann-Liouville fractional derivative and a scaling
function y(t) that satisfies specific conditions. The p-
Laplacian operator, a nonlinear differential operator, is
utilized to model various physical phenomena such as fluid
flow, diffusion, and image processing. Within this problem,
there exists a positive constant parameter A referred to as the
eigenvalue, which characterizes the system. The objective of
the research is to determine the values of A that allow for
nontrivial solutions, known as eigenfunctions, to exist for
the problem. By analyzing the eigenvalues and eigenfunc-
tions, it is possible to study the stability and dynamics of the
system represented by the problem.

The motivation behind studying such type of IBVPs is to
understand the behavior of the solutions of this problem,
particularly in the presence of nonlinearity and nonlocality.
This is an important research area with applications in
various fields, including physics, engineering, and biology.
In particular, the Caputo-type fractional IBVP in equation
(5) has numerous applications in modeling systems with
memory effects, nonlocality, and long-term dependencies.
Its specific applications depend on the choice of the func-
tions f (t,u) and g; (t) used in each application depend on
the properties of the system being modeled, indicating the
flexibility and adaptability of the IBVP to different contexts.
Thus, the Caputo-type fractional IBVP (5) is a challenging
and interesting problem with significant potential for a range



of real-world applications in various fields of science and
engineering.

The utilization of eigenvalue problems for a specific class
of p-Laplacian y-Caputo fractional integro-differential
equations has significant implications for various fields.
For instance, in the context of mumps virus transmission,
these eigenvalue problems offer valuable insights into the
system’s stability, critical thresholds, and spatial patterns,
facilitating the development of effective strategies for con-
trolling the spread of the virus (see [7] and related refer-
ences). Moreover, eigenvalues play a crucial role in other
domains as well. In control theory, they determine the
stability and performance of quadcopter systems, allowing
for stable flight and improved control [53, 54]. In signal
processing, eigenvalues are employed for signal classifica-
tion, compression, and denoising, with applications in the
analysis of electroencephalogram signals related to Alz-
heimer’s disease [10, 55, 56]. Fractional IBVPs using these
eigenvalue problems are also used to model non-Newtonian
fluid dynamics in porous media and heat conduction in
biological tissues, offering insights into memory effects and
thermal responses [22, 57-60]. These diverse applications
underscore the broad scope and significance of employing
eigenvalue problems for understanding complex phenom-
ena and informing practical solutions.

According to our knowledge, numerous research studies
have been conducted on the eigenvalue problems related to
fractional differential equations that incorporate the
p-Laplacian and integral boundary conditions. But the
initial boundary value problem (IBVP) (5), presented in our
work, serves as a basis for obtaining various investigations
outlined in the monograph by utilizing necessary and ap-
propriate parameters as follows:

(i) fy(t)=t,=0,1<a<2,p=2,1=1,T =1, and
g1 =9,=9;=0, then we obtain the following
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boundary value problem of nonlinear fractional
differential equations:

{Dg+u(t)+f(t,u(t)) =0, te(0,1),

u(0) =u(1) =0, (6)

which is similar to those outcomes obtained in [17].

(i) fy(@)=t,=0,2<a<3,p=2,1=1,T=1,and
g1 =9,=9;=0, then we obtain the following
boundary value problem of nonlinear fractional
differential equations:

{Dgiu(t) + f(tu(t) =0, te(0,1),

, (7)
u(0)=u(l)=u (0) =0,

which is similar to those outcomes obtained by
Zhao et al. [31].

(i) If w(t)=t 1<a<2, 0<f<l, A=1, T=1,
g1 =9, =95 =0, then we obtain the following
boundary value problem of nonlinear fractional
differential equations:

Dy (¢, Di.u) () + f(Lu(8) =0, te (0,1),
u(0) = u(1) = 0,and “Dg.u(0) = 0,
(8)

which is similar to the results obtained by Chai [18]
for 0 = 0.

(iv fy(t)=t,T=1,0<p<],2<a<3,y=1,g, =1,
and g, = g; =0, then obtained outcomes in the

current paper incorporate the investigation of
Zhang et al. [40] for A(s) =s

Db, (¢, Dyue) (1) + Af (t,u(D) =0, te (0,1),

“(O)ZO,M(l)ZO,u(l):J

WM Iy@)=t p=2,=02<a<3, y=1, A=4(1),
T =1,and g; = g; = 0, then we obtain the following
fractional differential equation with the following
integral boundary conditions:

Dy.u(t)+qt)f (t,u®) =0, te(0,1),
u(0) =4 (0) = 0,and u(1) = Jl g (s)u(s)ds,
0

(10)

which is similar to that studied by Sun and
Zhao [29].

(9)

u(s)dA(s),and “Dg.u(t) | o = 0.
0

(vi) Also,if y(¢) =¢,T =1, and y = 1 then we have the
p -Laplacian fractional differential equations in-
volving the integral boundary condition.

D¢, (‘Dy)) (D) +Af (t,u(t) =0, tel0,1],
1 1
u(0) = JO g, (S)u(s)ds, u(1) = jo g, () (s)ds,
" 1
i (0) = jo 95 ()u(s)ds, and ‘D (1) | o = 0,

(11)

which is the same result obtained in Su et al. [36].
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2. Main Results

2.1. Mathematical Background. In this section, we introduce
some notations, definitions, lemmas, and theorems that are
considered prerequisites for our work, such as fractional
order integrals and derivatives, Green’s functions, com-
pletely continuous operators, and others.

Definition 1 (see [47]). For any real number « > 0, the left-
sided y-Riemann-Liouville fractional integral of order « for
an integrable function u: I — R with respect to another
function y: I — R, ,which is an increasing differentiable
function such that 1// (t)#0 for all ¢ € I is defined by the
following equation:

1u(s)ds, (12)

Vu () = j W () () -y ()™

1
T (a)
where T is the classical Euler Gamma function.

Definition 2 (see [47]). If ne N and y,u € Cn (I, R) are two
functions such that v is increasing and y' (t)#0 for all
t € I, then the left-sided y-Caputo fractional derivative of
a function u of order « is defined by the following
equation:

C LY _ pneay ;i g
D™u(t) =1 (W/(t) dt) u(t)

t i
- ﬁ JO Y () (y(®) -y ()" ul (s)ds,

(13)

where u[”] (t) = (1/1p (Hd/dt)'u(t) and n=[a]+1 for
a¢ N, andn—ocforoceN

Lemma 3. Let a>0, then the differential equation
(<D%Yh) (t) = 0 has the following solution:
h(t) = ¢+, (y(t) = y(0) + ¢, (y (1) - y(0)

14
+e e (W () =y ()", o

where ¢; € R,i=0,1,2,...,n—1, and n = [a] + L.
Lemma4 (see [48]). Let a,fe R’r and f(t) € L, (I) Then,

YR F () =V T8 f(6) = 18PV £ (1), and (I Iy f ()
—I"awf(t) where n € N.

Definition 5 (see [15]). Let X be any space and let
f: X — X. A point x € X is called a fixed point for

mapping f if x = f (x).

Theorem 6 (see [48]). Arzela-Ascoli Theorem.

Let X be the Banach space of real or complex valued
continuous functions normed by || fI| = sup,ex|f (£). If A =
{f,} is a sequence in X such that f, is uniformly bounded
and equi-continuous, then A is compact.

Theorem 7 (see [27]). Fixed point theorem on a cone.

Let X be a Banach space, and let S ¢ X be a cone in X.
Assume that O, and Q, are bounded open subsets of X with

0€Q,, Q; cQ,, and let f: SN (Q,\Q;) — S be a com-
pletely continuous operator such that either

M N full <llul,u € SN (0Q,)), and
I full = llull, u € SN (0€,),
@) I full > llull, u € S0 (0Q)), and

I full < llull,u € SN (0€,),
Then, f has a fixed point in SN (Q,\Q;).

Lemma 8 (see [35]). Let ¢, be a p-Laplacian operator. Then,
we have

M If 1<p<2, >0, and |(] 1G>0, then
¢, (C1) =0, ()< (p- DoP 2, = Gl
) If p>2, and G110, <0, then

I8, (1) = ¢, (L)< (p - VP2, -

2.2. Preliminary Results. In the following, we present the
required results that will be used in our later discussion of
the existence of positive solutions for the IBVP (5).

Lemma 9. The following IBVP

-‘DgYu(t) =h(t), tel=[0,T],

’ -

T !
u(0) = jo V() W (T) = y(e) g, (u(s)ds,

—

(y)

T
u(T) —%j ¥ () (W (T) = p()' g, (u(s)ds,

n T 1
i (0) = %y) jow () (9 (T) = w () g5 () (s)ds,

(15)
has a wunique solution for any continuous function
h(t): I — R, and g, € C[0,T] (i = 1,2,3), such that

T !
u(t) = J v ()G (L, )h(s)ds
" (16)
[ YV Owm-peroeguds

where
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%(w(T) v = (w(t) —y(s)* !, ifo<s<t<T,
1
G(t, 5) = @ (17)
(P((T))(w(T) v(s)* !, ifo<t<s<T,
where e(t) = (y(6) =y (0) 2y (0)* = (y()—  where x(t) = (y(T) = y/(0)) (y () - y(0)) (y () - y (T)).
v (0))y (0)), which is an increasing function such that
@(t)#0 for all t € [0,T], and Proof. From Lemma 3, we have
(@) e a0
O(t,s) = I [(1 (p(T)) 1(8) + (T)gz( s)+ (T)ga(s)

(18)

u(t) = —IgVh(t) + co + ¢, (w(t) = w(0)) + ¢, (w(t) — w(0))%

(19)
" Ta )j ¥ ([ (®) = w($)]* Th(s)ds + ¢y + ¢, (W (1) = y(0)) + ¢, (w (1) — w(0))°.
Using the boundary conditions in (15), we obtain
=u(0) = ! J () (W (T) = w ()" gy (s)u(s)ds
T(y) ' ’
(20)
u(T) = s [ 3 O =y 91 s+ ¢+ ey (Y (1) -y (O) + e, (y (1) -y O
and Solving (20) and (21) for ¢; and c,, we obtain
W' (0) = e,y (0) + 2c2<y/ (0))2. (21)
" 2 ! 2 T a1
Oy ) =y O +2(y ) (1@ [3 ¥ @y -y (1 h(s)ds + u(T) - u(0))
= , 2 ; (22)
(y(T) - w(o»[z(w ©) = (D) -y Oy (0)]
and
u (0)[y(T) -y (0)] -y (0)(1/r(oc> [ v () — ()] "h(s)ds +u(T) - u(o>)
6 = (23)

i 2 n
(w(T) - w(o»[z(w ) - (1) -y Oy (o>]
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Hence, if we take @(t) = (w(t)—l//(,()))(Z(q/,(O))Z—
(v (&) =y (0)y (0) where  2(y (0))’ - (y(1)-
v (0))y (0)> 1, then

u(t) :_LJ Y (Y (&) =y ()1 Th(s)ds +co + ¢y (w (1) =y (0)) + ¢, (y (t) — y(0))°
I'(a)Jo

—_L ! ! _ a—1
- F(a)jow(s)[W(t) 1//(5)] h(s)ds

T

’ %y) J 0 Y (&) (¥ (1) =y () g, (u(s)ds

(w(T) - 1//(0))2(1//(1?) —y(0) (T »
- T (y)g(T) JO v (s)(w(T) —y(s) g5 (s)u(s)ds

’ 2
(w(t)—w(O))@, (0)> - -
I'(e)p(T) JO v () [y (T) -y (s)]” h(s)ds

+2

(24)

(y () - w(o»(w’m))z

T i
2 o(T)T(y) JO v () (W (T) =y ()" (g5 (s) = gy (s))u(s)ds

T) - - 2T,
v wr(fy?%) v Jo‘”(S)(‘V(T)—W(SW”gs(s)u(s)ds

B 2 " T |
B (w(t)r(olf);o();)w = J SV O -y (s

—_ 2 ! T !
- (W(t)r(;p);o();*)w . J SV O@M =y (g:(5) = g1 (9u(s)ds.

Consequently from the fact that IOT = Jg + LT, we obtain
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u(t) = ! J ¥ )y () - w(S)]“_lh(S)dH—J ¥ () W (T) — y(s) gy (u(s)ds
T(a) I(y) 1
(y (T) =y (0))* (y () - y(0)) -1
- e th j ¥ () WD) = () g5 (Iu(9)ds
, 2 Lo _ a-1
w®-yo)(y ©) J ¥ @t -y hisds
T T r 1
+[ ¥ O -y oI hds
(y(8) =y (0){ v (0)
$2—— ((y) Iy j Y O -y (92(5) - g1 (Du(s)ds (29)
(v (T) - y(0) (y () — y(0))° 1
+ O (D [V Owm-yor g @usas
. Y Oy -y (1 (s
(v -y )’y (0) J 0
I'(e)e(T) T, .
+[ ¥ O -1 hds
(y (1) - y(0)*y (0) 1
OO O [ Y O -y (0,09 91 (s,
which 1mphes that u(t) = jo 1// (s)G(t, and for any s € [0, T], there exist € € (0,T/2), q(t) = y(t) -
s)h(s)ds + Io v (s) (W (T) = y(s)) "D (t, s)u(s)ds. v (t)* " which is a concave function, and p = min,, (719 (1)
Therefore, the proof is completed. O _ min{(l//(e) — () = (y (&) —y(0)* ", (y (T) - y
Remark 10. Throughout our work, we take the following ~ (¢)) — (¥(T) - V/(g))a_l} such that
remarks in consideration: min G(t,s)> ( (T) = ()™ 1 (28)
1) If m = min{® (t,s): (t,s) € I x I} and teleT— T T(ar ) (1)
M = max{®D(t,s): (t,s) € I xI}, then we assume
that

0<m<|D(L)<M<T, (A,). (26)

(2) Since y (t) is an increasing function with 1//' (t) #0 for
all t €I =1[0,T], then G(t,s) is continuous and
positive for all t,s € I.

(3) According to the definition of G(¢,s) and by (A,),
we deduce that @ (t,s) € C(I x I, R*) is continuous.

Lemma 11. For any s € I, we have

¢ (1)

a— 1
NP TTA A

maxG(t,s) <
tel

Proof. From the expression for G(t,s), it could be easily
obtained that

9 (1)
I' () (T)

Now, if 0<t<s<T,thenfort e [¢,T —
an increasing function, then we have:

9 () (y(T) =y (s)*!

ntquG(t,s)_ (y(T) —y(s)* . ! (29)

€] and since ¢ is

G(t,s) = 41
Y T T (@)e (T)
(30)

1 a—1
Zmﬁo(e)(l//(T)—W(S))

Since ¥ and ¢ are increasing functions, then
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1 F)? : w1
G692 (w<s>—w(0)>(2(w ) - (e -y (0)) (W (1) -y,

>1

[y (e) =y (0)] (w(T) —y(s)* ", (31)

L1
['(a)e(T)

! a-1 a1
2W¢(T) [ (&) = v (0)) = (w (&) =y (O)* ] (w(T) — ()",

(Y (T) =y (s)*"

F(fx) (T)

If 0<s<t<T, then for t € [,T—¢] and s € [0, T —¢],
we have the following equation:

1| a “
G(t:9) =ty _%(W(T) y()* =y () -y(s) 1]
1 [e®) [(v® -y \ el
" T [p(D) (w(T)—w@)) }(W(T) Ve
_ 1 e [ wM-y®\"' PN (32)
T (D) (1 w(T)—w(s)> ](‘”(T) Ve

1 |v@®-y(0) 1-y () - y(0)/y(T) - y(0)\*" .
_(1- ) -
2F(Oé) [W(T)—W(O) (1 1- y(s)— V’(O)/W(T)—V/(O)> ](V/( )= (s)

(Y (D) =y (sN™ .

> P
[(a)e(T)

Hence, we deduce that min,r 4G(t,5)=p Therefore, we obtain for all t,s € [0,T] that
(T () (1)) (w(T) - w(s))""1 for any s € [0,T].

(1)
I(a)e(T)

(Y (T) -y () ' <G(h9)< (y(T) =y ()" . (33)

PT(a )go(T)

In the following, let X be a Banach space of all con- Definition 12. Let &/: C(I,R) — C(I,R) be an operator
tinuous functions from I=[0,T] to R with norm  defined by the following equation:
lull = max,;|u(t)l, and let P={ue X: u(t)>0,t € I} be T
a nonempty, bounded, closed, and convex cone in X. A (u(t) = J 1//’ (s)(w(T) - I//(S))Y_ICD(t,S)I/l (s)ds.
0

(34)
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Lemma 13. If assumption (A,) holds, then o satisfies the
following properties:

(1) o is continuous linear operator

(2) o is a bounded

(3) 4(P)cCP

(4) o is reversible

G) 1T -A) <1+ N/(1-N)(y(T) - y(0)/y,
where N = ((y(T) - y(0))"/y) M

Journal of Mathematics
Proof

(1) & is continuous

Consider a sequence {u,} c P that converges to
u € p,ie,u, — uin P as n — co. Then,

T I
|t (u, (1)) = o (u(1))| < JO ¥ () (y(T) =y () D (¢, 5)] |u, (s) — u(s)|ds, (35)

where u,,u € C(I, R). Taking supremum for all ¢ € I,
we obtain

(y(T) -y (0))"
o W -y

I (5,) =t (D] < M u, - ;

(36)

Thus, [ (y,)-Z ()| — 0 as n— 0o and
consequently o/ is continuous.

(2) o is bounded.

T !
e (u ()] < JO ¥ ()Y (T) =y ()" O (8, 5)] [u(s)lds

T r
< M | jo ¥ (9 (W(T) - y () \ds

If u(t) € P, then since for all t,s € I, we have
®(t,s)>0, u(t)>0, and y(t) is an increasing
function defined on R*, which implies that:

T i
Sw®) = | ¥ @) -y O u(s)ds >0
(38)

Thus, &/ (P) c P.

(4) o is reversible since & is continuous, bounded, and
compact.

(5) Let v € C[0,T] be defined as v(t) = u(t) — Lu(t).
Then,

u(t) = -o) 'v(t) forallt € [0,T], (39)

T I3
u(t) =v(t) + ,[o v (s)(w(T) - w(s))y_ldD(t, s)u(s)ds.

T) — v (0))
< Ml (y( )VV/( ) .
(37) (40)
Thus, ||| <M (v (T) - w(0))?/y which is bounded. By using the iteration method, let
(3) o is compact
T !
u;(t) =v(t)+ J v () (w(T) =y () 'Ot )y (s)ds; i=1,2,3,..., (41)
0

with u, (£) = u(t), and @, (t,s) = O(¢,s), we obtain

T !
u(t) =v(t) + JO ¥ () (Y (T) =y (s R (8, 5)v(s)ds,
(42)

where

00

T !
R(t,s) =) Jo ¥ (WD) -y () Dt DO, (1,5)d7

=i

= 2V WD)~y ()0, (s),
Jj=i
(43)

where
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T - But, 0<®(t,s) <M <T. Then, % (t,s)>0, and
Q;(t,s) = Jo v (D)W (T) -y () 1D, (1,5)dr.
(44)
R(55) =Y v () (y(D) - y(0) '@, (t,5)
j=i
_ Y _ 2y _ ny
LDy O GO DO (45)
Y Y Y
2 n N
<N+N"+---+ N +~--=1_—.
Thus,
1 T 1
|(I=a) v(@®)| < lv(®)] + Y JO ¥ () (Y (T) =y ()" [v(s)l ds
(46)
N T) - y(0))
<yl + o WD ZVO,
- Y
which implies that is equivalent to the following integral equation
N T) — Y T ,
[a-anyfste = (v )y"’(o)) Y u(t) :J Y () (L) f (s, u(s))ds, (49)
- 0
The proof is completed. O  where
T !
Lemma 14. Suppose that assumption (A,) holds, Z (t,s) =G(t,s) + JO v () (w(T) -y () R (t,1)G (1,5)dr.
u, ‘D*Vu € C(I), then the integral boundary value problem (50)

‘Dylu(t) + f(t,u(t) =0, tel=[0,T],

1 (T . _
w® =55 | v Owm-yor g @uds,

1 T, _
u(n) = s jo ¥ () (W (T) = y () g (u(s)ds,

n 1 T ! —
0= jo ¥ () (W (T) = y ()" g5 (u(s)ds,

(48)

T i
u(t) = JO W ()G ) f (s, u(s))ds + j

= Bu(t) + Su(t).

. Y () ((T) -y () (8, u(s)ds

Proof. Define the nonlinear operator %: C(I) — C(I) as
T i
Bu(t) = J Y ()G (t,5) f (s, u(s))ds. (51)
0

From (34) and (51), the IBVP (48) is equivalent to the
following integral equation:

(52)
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By Lemma 13, we have the following equation: which implies that

(I-o) " But)=u(®), (53)

T i
u(t) = jo W ()G (L ) f (s, u(s))ds
T , T,
" jo v () (y(T) =y () (1) jo v ()G (5.0 f (r.u(1)dr ds
T i
- [ v 06 9f Guonds

T, T )
+ Jo v (s) (w(T) - W(S))V_I(JO R (t, 1)y (5)G(1,5) f (s,u(s))dr)ds

T (54)
= jo v (s)G(t,s) f (s,u(s))ds
T (T ,
" JO v () (y (T) = p () <JO Rt DY (G (7, s)f(s,u(s))dr)ds
T, T
= JO v (5)<G(t,s) + JO ¥ () (y(T) -y () 'R (t,1)G(1, S)dT>f(5»u(S))dS
T !
- [ v OrEf uss
where H (t,s) = G(t,s) + fo W (s)(w(T)- (1) Z (t,s) is continuous and positive
Y& R (DG (1, s)dr. O ) n/(1-n) <R (t,s)<N/(1-N)
Lemma 15. Assumption that (A,) holds, then for any )
t,s € [0,T], functions & and R satisfy the following
properties:
<pn ¥ ()T () (1 - n)>( ((T) -y ()™ 19 (T)) (T - 26) < F (8,9)
<(( (D) =y () T () (T))[@(t) + TN/ (1= N) (w(T) -y (s))"']
n N
Proof. Let t,s € [0,T], then _ S‘%(t’ S)S _ (55)

(1) It is clear from expression (11) that 7 (t,s) is con- _ _ (1) _
tinuous. In addition, by Remark 10 and expression v(xzhe(r;) _n ((?;(T) 1//(5)) fpym and N =
(9), we have # (t,s) >0. 4

(3) Suppose that (Ap) holds then from (45) and (50),

(2) From expression (9), we have and Lemma 11 we have the following equation:

T !
H (t,s) = G(t,s)+ Jo vy (s)(y(T) - 1//(5))y_le%j (t, )G (7, s)dt

T-¢ ,
= J v () (y(T) - W(S))y_lﬂ(t, )G (1, s)dr

. (56)
pn W=y
>—L ¥ (O (D~ y ()

L Py () (WD) -y ()™
T1-n (D

(T - 2¢).
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Similarly,
709609+ [ ¥ OWD -y R 006w
D) -y« N[ WDV,
ST (HD v &)+ (W(Tr)(;)fo(ii)*))m_z ”
J‘”ro‘);”((;;)m [qv(t) Ly (r) - w(s))“].

Consider the p-Laplacian operator ¢, defined as ¢, =
|s|?~%s with p>1, and let g> 1 be a real number satisfying
the relation 1/p + 1/p = 1,and gbl;l = ¢,. In the following, we

1

w0 =5

,

‘Dylu(t)],— =0,

where h € C[0,T] and h>0. O

u(t)=%ﬁ) :

,

Proof. Letw = ng;‘/’u, andv = (/)P (w). Then, the solution of
the initial value problem

{

VO (€99, |

0

‘DEYv(t) +h(t) =0, teI=[0,T],
v(0) =0,

(60)

T 1
jo ¥ () (W (T) = v ()" g5 (u(s)ds,

consider the associated linear p-Laplacian fractional dif-
ferential equations involving integral boundary conditions

[ “DiY (¢,(“Du®)) +h(t)=0, tel=[0,T],

T I
jo V() () =y () g, (Ju(s)ds,

(58)

¥ (5) (v (T) =y () ' g5 (u(s)ds,

Lemma 16. The associated linear p-Laplacian fractional
differential equations (58) has the unique solution

¥ (O -y (@F h(Ddr )ds. (59)

is given by wv(f) = —Clglwh(t)+c0 for any te [0,T].
Since v(0) = 0,0 < <1, then we obtain ¢, = 0, which im-
plies that

v(t) = - IV h (1),

t e [0,T]. (61)
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But w = ¢, (v) which implies that the solution of the Since h(t) > 0, we have ¢, (—Clglwh(t)) = —¢q (¢ ’3;‘”11 (1)).
IBVP (58) satisfies the following IBVP: Hence, by Lemma 11, we deduce that the solution of the
oy By IBVP (62) can be written as follows:

Dylu(t) = ¢ (-1 (t)), tel=[0,T], .,
u®) = [ v OF (6B (6
0

_ 1 T y-1
w0 = r() JO ASA A A which implies that

T !
u(T) = %y) jo VWD -y gy (Juls)ds,  (62)

"

_ 1 T _ y-1
”(O)‘Ty)jow“’(‘”m ()" gy (u(s)ds,

| “DyYu(t) |- =0.

£ = 1 T, o s ﬂ_lh Y N
u(t) _Wﬁ)Jo v ()7 ( ,s)¢q<J0w (1) (w(s) = w ()’ 'h(r) T) s, (64)

Lemma 17. Suppose that assumption (A,) holds, and
u, ‘DyYu € C[0,T), the the following integral boundary
value problem:

[ D5 (¢, (“DEYu)) () +Af (bu()) =0, te[0,T],

u(0) = Iy )J w(S)(w(T) v (s)' g, (u(s)ds,

T 1
L u(r) = %y) jo ¥ (9 (W) =y () gy (Ju(s)ds, (65)
" 1 (T . 1
W 0= 55 jo ¥ () W)~y gy (Ju(s)ds,

| ‘DyYu(t) |- =0,

is equivalent to the following integral equation

T
ut) = | v s>¢q< [ v owe-vor lf(r,u(r))dr)ds (66)

I'(B)

Definition 18. Let X be a Banach space with norm where o =pn(T -2¢)(y(T) - 1//(5))”_1/(1 -n)et)+T
lull = 11[1(';17)5] |t (t)]. Define the reproductory cone &, ¢ X to N/1-N(wy(T) - w(s))yfl] such that 0<o<T.
te|0,
be the set
Definition 19. Let X be a Banach space, define the operator
Po={uePu(t)2olul, tel} (67)  &): X — X as follows:
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T !
G = [ v ©7© ¢q(r 5

Consider the following assumptions:
(A;): The nonlinear function f: Ix R* — R is con-
tinuous and there exist y € C(I,R*) with norm ||| such

that:
If(tu()— fEvEN<p@)|u(t) —v(t)l, foralltel

(69)

|B) (1, (1) = 6, (u(1))]

<[ v o eoe

T i
< Jo y () (t,s) ¢q(l"([j’)

S;[
['(a)g(T)

a-1
<[, ¥ Owm-vor o

Taking supremum for all t € I, then applying Lebesgue
dominated convergence theorem, we get

€ (u, (1) = B (u (D)

M = u] [

TN
~ Ha)e(T) -

1-N

xj Y (s) (v (T) =y ()™ 1%(

[ v 0w -y @ ol - u(7)|dr)ds

TN -
o (t) +m(v/(T) -y ()" ]

o+ N (1) - w(s)>“]

F(ﬁ)J

15

J w (D) () - y@)F ' f(a, u(T))dT)ds (68)

Lemma 20. Suppose that assumption (A,) and (A,) hold,
then €): P, — P, is completely continuous

Proof. First, the operator €, is continuous.

Consider a sequence {u,} c P, that converges to
y € Py, i.e, u, — uin P, as n — oo. Then, by (A4,) we
have

J Y (D) -y @) | f (tu, () - f(r, u(T))IdT>

(70)

Jw(r)(w(s) @ (O] [ () u(r)|dr) 5

(71)

v (0 (s -y (D) 1dT) s
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Since u,, — u, then we obtain € (u,, (t)) — €, (u (1)) In other words, since H(t,s) and f(s,u(s)) are non-
as n— 00 for each tel, and hence negative and continuous, then it is clear that operator € is
1€, (1, (1) -6, (u@)| — 0 as n—> co and conse- continuous.
quently & is continuous. Second, the operator &, maps bounded sets in %, into

bounded sets in .
From Lemma 14, we have

Cu(t) = J Y () (t, S)¢q( v (@O -y f, u(T))dT>

F(ﬁ)J

_pn(T =2¢) (y(T) -y ()" (72)
I'(x)(1-n) o (T)

xjw@ww)wm*%gijmww wm“ﬂmmwﬂ

and

1 TN .
%,\u(t)ﬁm[¢( )+ (II/(T)—V/(S))V ]
(73)
a-1 _ B-1
XJ ¥ () (Y (D) -y (s)) ¢q(r(/3)J Y (W -y@) (5, M(T))dT)
which implies that
pr(T =28) (y(T) —y(s))
G u(t)= G u(t
*”)<hmMM+wwu—man—meﬂ*”m (74)
> 0| & u ().

Hence, 6, (%,) ¢ P,.
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Third, €, (Q) is uniformly bounded for every Q is Let QO ¢ &, be bounded. Then, there exists a real number
bounded in &, ¢ >0 such that for any u € Q, |lu|| <Z. Thus,

@i =|[, v o s>¢q(r(ﬁ) | vowe- w(r))“f(r,u(r))dr)ds

< j v (7 s)|¢q<r(ﬂ)j Y OWE -y I u(r))|dr)ds
(75)
At TN -1
Sm[‘/’(tﬂm(wq) -y (s) ]
T , s,
<[ v Ou([ ¥ @ -y @lu@ld)ds
Taking supremum for all t € I, we get
AT ul (o (v () - y(0)
"%A“(t)" SW[ (t )+ (W(T) v(s) ] Jo v (s) ﬁbq(f)d‘s
ATl TN N TO R 1 ) AN
ST | PO TN ) ] [ v (7/5 ) ds
(76)
A TN _1] 1 ((w(T) - w(o»ﬂ)q
<0 |t T [ e AL A
ETE| [ e AR O b ;
ATl TN yl] (y(T) - y (0))%
“Tr@em P T-n VOO qp’ S

Finally, €, is equi-continuous.
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Since H(t,s) is continuous and hence uniformly

continuous on [0,1] x [0,1], then for every >0,

there exist § >0 and t,,¢, € I, with t; <t, and |t, — ;| <

|€u(t,) - Bu(t)|

<

Jo ¥ @09 -7 @0,

T !
< Jo v (5)|%(t2’ %(tl’ |¢Q(

)Y OOyl u(r))dr)

I'(B)

T ’ S ! 1
| vos(] v 0w©-v@ el uwdr)ds
0 0

Journal of Mathematics

such that |# (t,,s) — Z (t,,s)| <e. Then, for all u € P, we
have

J Y (@O -y@FIf (5 u(T))IdT>

(77)

AT 1e
S

r (B

ATl el & s .
‘WJ v @8,([ ¥ @@ -y s
ATl e ((w(s)—w(o»ﬁ)
T R e e

(Aq‘ el 12l (g (T) w(o»qﬁ)
“\ ! qp’

As t; —> t,, the right-hand side of the above inequality
is not dependent on u and tends to zero. Consequently,

| (y(t2)) = o (v (1)

This show that {&)u} is equi-continuous on %, and €,
is a compact and completely continuous operator by the
Arzela-Ascoli Theorem 6. O

)| — 0.V|t, -t — 0. (78)

2.3. Existence of Positive Solutions. In this subsection, we
study the existence of positive solutions for the IBVP (5) by
applying the fixed point Theorem 7 on a cone. The required

A, =(pn(T =28)/((T ()L (B)" (1

T —
wp@E+ 1@+ VD

Theorem 22. Assume that (A,) holds. If we have {,NX>0
such that f'<{ and f® > X, then for each real number A
satisfying

1 1

—— < A<——. 79

p> p1> and p, such that p, > (1/0)p and p,
p}. Then, for any t € [0,T], we have

and sufficient conditions for having at least one positive
solution are presented.
Notation 21. Consider the following notations:

1) f° = lim, _, gsup sup,e(or f (£, u)/, (1)

(2) f*° =lim, _, ,sup SUPye|o, T]f(t, u)/gbp (u)

(3) Ay = (Jul/T (T (BT 1</>(T))[</J(t)+TN/(1 -N)
(1//(T) y(0)" T (y(T) - y(0) % /gp1¥
(4)

-m)) (w (1) =y (0) ™)/ (p(1))

w(0)P ((B+ 1) (w(T) - y(0) +y(0)
~(B+2)(w(T) -

v (0))

The IBVP (5) has at least one positive solution.

Proof. By Notation 21, there exist two positive real numbers
= max{2p,, (1/0)



Journal of Mathematics 19

ftu)<(h,w), forue (0,p,], (80) Q, ={u e X: Jul<p,}, )
and Q, ={u e X: lul <p,}.
ftu)> Ngbp(u), foru € [py, +00). (81) Ifu € P, with |lu| = p;, then from (79) and (80), we have
Define
[ < su JT Q4GOI (L j @DWE-y@FIf = u(r))ldr)ds
! _telog] o’ TUTANT(B) o VP v ’
A7 TN
- e T) — y-1
“T@IET (M) ["’(t” RS ]
T, s 3 (83)
<[,y oa(] ¥ owo -y, s
ALy [ TN 1] (v (T) - y (0)%
T) — y
rpem [P TN D v O) prll
<A (q_lAlpp
where
N | TN o omr_ o1 | @) -y (O)F .
4 F(Oc)F([:")q_l(p(T) (1) + 1— N(W( ) = v(0)) P . (84)
u(t)= prlT = 26) (y(T) =y ()" ()
Henee, U= mp @+ TN - Ny (T -y ]
||?§Au|| <|lull, foranyu e P;NoQ,. (85) > olull
Now, for any u e P;N0Q,, we have ue P, and 20p,>p.

”u” = Pz- ’Hlen, (86)
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Then, by (79) and (81), we have

T , 2 s, -1
el s jo Y IZ () ¢q(m)j0 v (D (s) -y () If(r,u(r))ldr>ds

L pn(T =20 (y(D) -y
TT@-n o)

A

T a-1
« jo ¥ () (Y (D) -y () %(r(,;)

r v (D) -y (@) 'Rg, (Pz)d7>d5

0

_ pn(T-2e) (w(T)—ws))Y‘l(m )“

- T 1- T T
(@) (1-n) o(T) ) )
x jT W) -y () (j D W -y @9, (p)dr s
RACI y | ¥ D@6 -y o (P2
s oyl P29 (D)~ y(0)"! 1
T()L (BT (1-n) o(T) B+2)(B+1)B
x [y (T) = y (Y (B + 1) (y(T) = w(0)) + y(0) = (B+2) (w(T) - y(0))]p,
>\ IRT A, p,
>p, =lull,
where
_ pn(T-29)  (y(M)-yO)"
L T(@rP (1-n) ¢(T)
B+l (88)
1 (y(T) =y (0)" ((B+ 1) (y(T) - y(0)) + y(0))
X———— .
(B2 E+ D ~(B+ 2 (y(T) - y(0))
This implies that The IBVP (5) has at least one positive solution.
||%Au|| >|lul, foranyu e %P;noQ,. (89)

Proof. Suppose that A satisfies (90), then there exists p; >0

Finally, by 20, 21, and Theorem 7, we conclude that By for any ¢ € [0,T] so that

(81) and (89) and Theorem 22, we conclude €, has a fixed ft,u) =R, (1), foru e (0,p,]. (91)
point u € Pyn (QL,\Qy) with p, <|lull<p,, and obviously P
the IBVP (5) has at least one positive solution u. O Hence, if u € &, with norm |[lu| = p,, then we can

choose Q; and ), as carried out in the previous theorem
Now, if we use other conditions for f° and f*, we  such that
obtain the following theorem.

|G| 2 llull, forallu e PHnoQ,. (92)

Theorem 23. Assume that (A,) holds. If we have {, X > 0 such In addition, for any ¢ € [0, T], there exists p, >0 so that
that f°> R, and f* <, then for each real number A satisfying

] I ftu)20{¢,(w), forue [y, +00). (93)

o SAS 5 (90) . .
A, N Al ¢ Hence, if u € &, with norm |lu|| = p,, then we have
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|G u| < llull, forallu € 22,n0Q,. (94)

By 20, 21, and Theorem 7, we deduce that %, has a fixed
point u € ;N (Q,/Q;) with p, <|lull <p,, and obviously
the IBVP (5) has at least one positive solution u. O

2.4. Nonexistence of Positive Solutions. In this part, we
present the conditions for the nonexistence of positive so-
lutions for the IBVP (5).

Theorem 24. If f°< + 00 and f®< +oo, then for any
t € [0, T] there exist positive constants K, K5, p,, and p, such
that p, < p, and

gq-1

TR E

A [ )+ TN
rr@ o[ TN
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ft,u)<K;¢,(w), foruel0,p], (95)
and
ft,w)=K,¢,(w), forue [py, +00). (96)
Denote by K= maX{KpK2>ma~xp15ugp2,oggf(f’

u)/(pp (u)}, then

ft,u)<K¢,(u), foranyte [0,T],u € [0,+00]. (97)
Assume conversely that v (t) is a positive solution of the
IBVP (5). Then, since Cyv(t) = v(t) for any ¢ € [0,T], we

have

(y(T) - v/(O))V‘l]

T , s, o1
<[ v Ou([ ¥ OwE-y@F I rular s

pEae

S—71
LT (BT ¢(T)

TN .
[fp(t) +m(v/(T) - y(0)" ]

(98)

T, s o
<[ V0| ¥ O - v Wg, v oyar s

< AK)T vl A,

<lIvl,

which is a contradiction when 0 <A <K " (A;H)P'. Hence,
the IBVP (5) has no positive solutions in this case.

2.5. Hyers-Ulam Stability of Positive Solutions. In the fol-
lowing, we investigate the Hyers-Ullam stability of our
proposed IBVP (5). We give a similar definition of the
Hyers-Ullam stability as that given in [61].

then, there exists

T
u*(t) = J () (t,5) %(F([S)

u(t)—JTw(s)%(t S)(/)q(r(ﬁ)[ v (@D (s) -y lf(r,u(r))dr)ds

[ vowe- (r))ﬁ“f(r,u*(r))dr)ds,

Definition 25. The integral equation (66) is Hyers-Ulam
stable if there exists a positive constant § such that for every
€>0, if

<e, (99)

(100)
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where Proof. Suppose that u(t) is a positive solution of (66) and
o u* (t) is an approximation satisfying (100). Then, by Lemmas
|u(t) " (t)l < de. (101) 3 and 8, we obtain

Theorem 26. With the assumption (A,), the IBVP (5) is
Hyers-Ulam stable.

|u<t>—u*<t>|=|j v (7, s>¢q<r(ﬁ)j V(W -y @) ‘f(r,um)dr)ds

T
_ ! ﬁ 1 *
jow(smt,smq(r(ﬁ)j ¥ @@ E) -y f(ru (r))dr)ds|

A l(p I)QP 2 TN B y-1
lW([Dql[¢(t)+1_1\](‘/’(T) ¥(0)) ]
T, s, 1
[ Vo[ V@O -y@ @) - f e @) oy

AT "p-1)pf? TN 1
T @I (BT g (T)[W IEAA A ]
T , s, .
x jo v (s) jo ¥ (@ W) - v @ (0l [, (7) - u(D)|drds

(y(T) -y (0)""
B+

AT =D u
= T(a)I (BT o(T)

o4 = .

TN »
[fp(t) +m(w(T) -y (0)) ]

Hence, if §=A""(p- 1o 2IIMII/F(OC)F(/3)”’11 3. Numerical Examples
o(T) o (t)+ T N/1= N (y (T)-y (0)" 1 (y(T) - y(0)F"/
(B*+pB), then we deduce that the integral (66) is To demonstrate the practical implications of the key findings

Hyers-Ulam stable. Consequently, the IBVP (5) is derived above, we provide the following numerical
Hyers-Ulam stable. O  examples.

Example 1. Consider the following p-Laplacian y-Caputo
fractional differential equations involving integral boundary
conditions.

1/3t(¢p( (7)£3tu)) (t) + A(t3 + 2)(65u B 8143409

1 1u(0) = r;(g)—su(s)ds, (T) = Jl%u(s)ds i (0) = leiosu(s)ds, (103)

7/3 Ve (t)'t o=

where y(t)=t, T=1, y=1, f(t,u(t)) = (£ +2)(65u— g, (s) = g, (s) =199/205, g5(s) =3/205, ¢@(t)=2¢t, and
8449/130sinu), w«=7/3, p=1/3, p=2, e=1/6, x(t) = t(t —1). This implies that
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t(t-1)

D(t,s) =(1-1)g,(s) +tg,(s) + 5 g5 (s)
(104)
_ 19 (1-1) +@t+i(—t+t2).
205 205 410

Then, through straightforward computations, we can
determine that m =1589/1640, M =199/205, p=
5(6 — </180)/36, o =95(6— V/180)/1806, AP = 205/
6T (11/3) = 8.51569, AP = 12624605 (6 — ¥/180)%/
51827526 T (11/3) = 0.0075989,  f°= 3/130<0.03 = (,
foo =130>N =129, f; =1/65, and f*° =195. By using
Theorem 23, it is clear that the inequality
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1/AP'R <1 <1/AP™'¢ implies that the IBVP (103) has at
least one positive solution for each A € (1.02014,3.91434).
Moreover, since 3/130u < f (t,u) < 195u, which implies by
using Theorem 24 that the IBVP (103) has no positive so-
lution for each A e (0,0.000602207). Finally, since as-
sumption (A;) holds for m = 1589/1640 and M = 199/205,
ie, 0<m<|®(t,s)|<M<1 then the IBVP (103) is
Hyers-Ulam stable.

Example 2. Consider the following p-Laplacian y-Caputo
fractional differential equations involving integral boundary
conditions.

[ ¢ 12,2+ C~\5/2,tH+ 8449
D(l)ft 1<¢p< Dgft 1u))(t) +A(t2 + 1)<6Su ~ T30 smu) =0, te][0,1],
1 ('200 5 1 (1200 5
w0 = ti7g5 | sar (1= (s (D) = s | 280s(1 = Ju(9ds (105)
u (0) = ! Jl i25(1 - sz)u(s)ds CDS/Z’tZHu(t)' =0
[(1/2) Jo201 C o =0
where y(t)=t*+1, T=1 y=1/2, f(tu)=
(£ +2)(65u — 8449/130sinu), a=5/2, f=1/2, p=2
e=1/4, g,(s) = g, (s) =200/201, g;(s) = 4/201,
I 2 n 4
9 () = (y(0) - 1//(0))<2(w ) - W© -y (0)) Yy
(106)

X(®) = (y (1) =y (0) (y (1) =y (0) (y (1) =y (1) = £*(£* - 1).

This implies that

_ (e LICHP (O]
D(t,s) = I [(1 (p(T))gl (s) + (P(T)gz(s) + q,(T)gs (s)]

1 0200 200 (2 -1) 200
L f1oy200, 200 £ 71) 200
r(1/2) 201 201 2 201

1 /200, 100 200
=—(—t4+—t2(t2—1)+—(1—t4)>.
Va\201 201 201
(107)

Then, through straightforward computations, we can
determine that m = 175/(201~/7) = 0.49121, M = 200/ (201
V) = 0.561383, p = (3/8)(+/3 —2) = 0.100481, 0 = 175(3/
4 —3+/3/8) (1 — 200/ (201+/7)/402 (1 — 175/ (201/7)) /7=
0.0212749, AP =1/(6 (1-200/(201y7))) = 0.379982,
AP 230625 (3/4-3+/3/8)% (1 — 200/ (201~/7))/969624 (1—
175/(201+/7))*> 7 =0.000171988, f° =1/65<1/64 = ¢,
foo =65>N =64, f, = (1/130), and [ =130. By using
Theorem 23, it is clear that the inequality
1/(A2(P_1)N) <A< 1/(Afp_1)() implies that the IBVP (105) has

at least one positive solution for each A € (90.8492, 168.429).
Moreover, since (1/130)u < f (t,u) <130u, which implies
by using Theorem 24 that the IBVP (105) has no positive so-
lution for each A€ (0, (3/98)(1—200/(201/7)) =
(0,0.0134271). Finally, since assumption (A,) holds for m =
175/ (201+/7 ) and M = 200/ (201/7 ), ie, 0 <m < |® (£, s)| <
M <1 then the IBVP (105) is Hyers-Ulam stable.

4. Conclusion

In conclusion, our study focuses on investigating the sta-
bility and existence of positive solutions for a specific type of
p-Laplacian y-Caputo fractional differential equations with
fractional integral boundary conditions. Through the use of
Green’s function properties and the application of
Guo-Krasnovelsky’s fixed point theorem on cones, we have
established novel existence results, ensuring the presence of
at least one positive solution. Our analysis encompasses
a range of parameter values, providing a comprehensive
understanding of the problem. We have laid a solid foun-
dation for our investigation by utilizing fractional integrals,
differential operators, and fundamental lemmas. Our study
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contributes to the existing knowledge in this field by ex-
ploring both the existence and nonexistence of positive
solutions. We have also examined the Hyers-Ulam stability
of solutions by introducing a defined notion and building
upon previous research. To validate the effectiveness and
accuracy of our approach, we have presented numerical
examples. Overall, our study significantly advances the
understanding of stability and existence of positive solutions
for the considered class of fractional differential equations.
Future research can focus on conducting more extensive
numerical studies to gain further insights into the system’s
behavior and properties under different parameter regimes.
In addition, exploring different choices of (t) and other
parameter values can provide a deeper understanding of the
existence and stability of positive solutions. In summary, our
study makes substantial contributions to the understanding
of eigenvalue problems with the y-Caputo integro-
differential operator, and its insights can be extended to
other investigations in this field. By continuing to conduct
further numerical studies and explore different parameter
choices, researchers can advance our knowledge and un-
cover new aspects of this intriguing problem.
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