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Di�erential-algebraic equations (DAEs) are important tools to model complex problems in various application �elds easily.�ose
DAEs with an index-3, even the linear ones, are known to cause problems when solving them numerically. �e present article
proposes a new algorithm together with its multistage form to e�ciently solve a class of nonlinear implicit Hessenberg index-3
DAEs. �is algorithm is based on the idea of applying the di�erential transform method (DTM) directly to the DAE without
applying the traditional index reduction methods, which can be complex and often result in violations of the DAE constraints.
Also, to deal with the nonlinear terms in the DAE, we approximate them using the Adomian polynomials.�is new idea has given
us a simple and e�cient algorithm, which involves the solution of linear algebraic systems except for the initial recursion terms.
�is algorithm is easy to implement in Maple or Mathematica. Furthermore, to enlarge the interval of convergence of the power
series solution obtained from the DTM, an algorithm for the multistage DTM is also given. Both algorithms are applied to solve
two examples of highly nonlinear implicit index-3 Hessenberg DAEs. Numerical results show that the DTM can determine the
exact solution in convergent power series, while the multistage DTM can compute accurate numerical solutions over
large intervals.

1. Introduction

Di�erential-algebraic equations (DAEs) are systems formed
by di�erential and algebraic equations. Simulations of
models from various �elds such as mechanical systems
[1–3], vehicle industry [4, 5], bio-mechanics [6], machinery
[7], aircraft landing gears [8], towed rockets [9], and un-
manned aerial vehicles (UAVs) [10, 11] often lead to DAEs.
DAEs are classi�ed by a natural number called the index
which has several de�nitions. In this article we use the
di�erential index which is de�ned as the minimum number
of di�erentiations required to transform a DAE to an or-
dinary di�erential equation [12]. Roughly speaking, the
index of a DAE measures the di�culty this DAE can pose. If
the index is greater or equal to two, we say that the DAE is a
higher index DAE. �e solution techniques for higher index
DAEs, even the linear ones, are known to face numerical and
analytical di�culties that are not encountered when solving

ordinary di�erential equations [13–16]. As a consequence,
many numerical methods were developed to solve higher
index DAEs such as range-Kutta [13, 17], projected Taylor
series methods [18], hybrid block algorithms [19], stabili-
zation methods [20–22], augmented Lagrangian method
[23], sequential regularization methods [24], and the dif-
ferential transformmethod (DTM) [25, 26]. For the solution
of DAEs, one can also �nd in the literature the power series
method combined with the Adomian polynomials [27, 28]
and other methods [29–33]. A very popular approach to
treat higher index DAEs is �rst to reduce the index by
di�erentiating the constraints one or more times with re-
spect to time to obtain an ordinary di�erential system or an
index-1 DAE. �en apply numerical integration methods to
the index reduced DAE. However, the main di�culty with
this index reduction technique is that the computed nu-
merical solution of the resulting DAE may no longer ful�ll
the constraints of the original DAE. Solving this index
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reduced system will result in constraints violation in general
and therefore gives a solution with no physical meaning. To
resolve this problem when solving higher index DAEs in
Lagrangian formulation form, some methods such as sta-
bilization or augmented Lagrangian formulations were
proposed to control the constraint violations during the
computation of the numerical solution [20–22]. *e most
usedmethod of stabilization is that of Baumgarte [20], but its
drawback is the way of choosing its feedback parameters.
*e augmented Lagrangian formulation proposed in [23]
has the same problem of the parameter selection. *e
challenge is then to construct efficient numerical methods
that provide accurate solutions for index-3 DAEs while
preserving all the constraints of the original DAE.

In this article, we propose a new efficient algorithm to
solve the following class of nonlinear implicit Hessenberg
index-3 DAEs:

u′ � v,

f v′, v, u, λ(  � 0, t ∈ [0, T],

g(u) � 0,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(1)

where the dash (′) denotes the time derivative, u(t) ∈ Rnu ,
v(t) ∈ Rnu , and λ(t) ∈ Rnλ . *e vector function f is such
that f: Rnu × Rnu × Rnu × Rnλ⟶ Rnu . *e vector function
g: Rnu⟶ Rnλ , (nλ ≤ nu) defines the apparent constraints of
the DAE where G(u) � gu

′(u) ∈ Rnλ×nu denotes the Jacobian
of g.

*e following initial conditions must be provided to
solve DAE (1) uniquely:

u(0) � α,

v(0) � β.
(2)

It should be noted that the initial conditions α and β
must be chosen consistent, that is to fulfill the following
algebraic system:

g(u) � 0, (3)

G(u)v � 0. (4)

Note here that we do not need to provide an initial
condition for the unknown vector λ(t) as the initial value
λ(0) is already fixed by the initial condition (2) and the
hidden constraints in the DAE (1). *roughout this paper,
we assume the functions f(w, v, u, λ) and g(u) to be ana-
lytical. In addition, the Jacobian matrix
A ≔ fw

′(w, v, u, λ) ∈ Rnu×nu is assumed to be nonsingular on
KerG(u). We assume further that the square matrix
GA− 1B ∈ Rnλ×nλ is nonsingular, where
B ≔ fλ′(w, v, u, λ) ∈ Rnu×nλ , which means that DAE (1) has
index-3. To see this, we differentiate (3) with respect to time
to get equation (4). *en, we differentiate this equation once
with respect to time to get

G(u)v′ + Gu(u)(v, v) � 0. (5)

*e set of equations formed by the second equation of (1)
and (5) is uniquely solvable for the variables v′ and λ since its
Jacobian

A B

G 0
  ∈ R nu+nλ( )× nu+nλ( ), (6)

is nonsingular due to the assumption that the matrix GA− 1B

is nonsingular. *erefore,

v′ � p(v, u, λ), (7)

λ � q(v, u), (8)

where p and q are some functions. Now, differentiating (8)
once with respect to time, we get an ordinary differential
system

λ′ � qv
′(v, u)p(v, u, λ) + qu

′(v, u)v. (9)

*is can be written in the form

λ′ � s(v, u, λ). (10)

Hence, differentiation of three times has led to an or-
dinary differential system for the algebraic variable λ and
thus DAE (1) has an index-3.

In this manuscript, we present a new algorithm together
with its multistage form to efficiently solve the class of
implicit Hessenberg index-3 DAEs (1). *is algorithm is
based on an effective combination of the DTM and the
Adomian polynomials [28, 34–39]. *e main idea in this
paper is to apply the DTM directly to DAE (1) without using
index reduction methods which are complex and compu-
tationally expensive. *ese methods also often result in
constraints violations. Furthermore, to approximate the
nonlinear terms f and g, we expand them in power series
using the Adomian polynomials. *is hybrid technique
provides the exact solution in convergent power series. To
extend the interval of convergence of the DTM solution, a
multistage DTM (MsDTM) algorithm is also given. *e
MsDTM has a simple algorithm, which can be easily coded
in Maple or Mathematica. To demonstrate the effectiveness
and accuracy of the DTM algorithm and that of its multi-
stage form MsDTM, two highly nonlinear implicit index-3
Hessenberg DAEs are solved by coding these algorithms in
Maple 15. *e numerical results show that the DTM pro-
vides the solution in convergent power series while the
MsDTM gives accurate approximate solutions over large
intervals.

*e organisation of this manuscript is as follows: in
Section 2, we review the Adomian polynomials and the DTM
to solve ordinary differential equations. Next, in Section 3,
we present the new proposed algorithms to solve the implicit
Hessenberg index-3 DAE initial-value problem (1) and (2).
*en, in Section 4, two examples of highly nonlinear implicit
index-3 Hessenberg DAEs are solved to illustrate the ac-
curacy of this new method. Finally, a conclusion is given in
Section 5.
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2. Adomian Polynomials and the Differential
Transform Method

In this section, we give a brief review to the Adomian
polynomials [34–39], which are useful in the expansion of
the nonlinear terms f and g of the DAE (1), then we review
the differential transform method. Usually, a nonlinear term
h(u) in a differential equation is decomposed as follows:

h(u) � 
∞

k�0
hk u0, u1, . . . , uk( , (11)

where the Adomian polynomials hk are computed, for all
nonlinearities, from

hk ≔ hk u0, u1, . . . , uk( 

�
1
k!

d
k

dξk
h 
∞

i�0
ξi

ui
⎛⎝ ⎞⎠⎛⎝ ⎞⎠

ξ�0

,

k � 0, 1, 2, . . . .

(12)

Here, uk, k � 0, 1, 2, . . ., are the terms used in the
expansion

u(t) � 
∞

k�0
uk. (13)

Making use of (12), we can compute the first Adomian
polynomials:

h0 � h u0( ,

h1 � u1h
(1)

,

h2 � u2h
(1)

+
u
2
1
2

h
(2)

,

h3 � u3h
(1)

+ u1u2h
(2)

+
u
3
1
3!

h
(3)

,

h4 � u4h
(1)

+
u
2
2
2

+ u1u3 h
(2)

+
u
2
1u2

2
h

(3)
+

u
4
1
4!

h
(4)

,

h5 � u5h
(1)

+ u2u3 + u1u4( h
(2)

+
u1u

2
2

2
+

u
2
1u3

2
 h

(3)
+

u
3
1u2

3!
h

(4)
+

u
5
1
5!

h
(5)

,

(14)

where h(k) ≔ dkh(u0)/duk
0, k � 0, 1, 2, . . .

For a function h(u, v) with two variables, we have the
following first few Adomian polynomials:
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h0 � h u0, v0( ,

h1 � u1h
(1,0)

+ v1h
(0,1)

,

h2 � u2h
(1,0)

+ v2h
(0,1)

+
u
2
1
2

h
(2,0)

+
v
2
1
2

h
(0,2)

+ u1v1h
(1,1)

,

h3 � u3h
(1,0)

+ v3h
(0,1)

+ u1u2h
(2,0)

+ v1v2h
(0,2)

+ u1v2 + u2v1( h
(1,1)

+
u
3
1
6

h
(3,0)

+
v
3
1
6

h
(0,3)

+
u
2
1v1

2
h

(2,1)
+

u1v
2
1

2
h

(1,2)
,

h4 � u4h
(1,0)

+ v4h
(0,1)

+ u1u3 +
u
2
2
2

 h
(2,0)

+ v1v3 +
v
2
2
2

 h
(0,2)

+ u1v3 + u2v2 + u3v1( h
(1,1)

+
u
2
1u2

2
h

(3,0)
+

v
2
1v2
2

h
(0,3)

+ u1u2v1 +
u
2
1v2

2
 h

(2,1)
+ u1v1v2 +

u2v
2
1

2
 h

(1,2)
+

u
4
1
4!

h
(4,0)

+
u
3
1v1

6
h

(3,1)
+

u
2
1v

2
1

4
h

(2,2)
+

u1v
3
1

4
h

(1,3)
+

v
4
1
4!

h
(0,4)

,

(15)

where h(k,l) ≔ zk+lh(u0, v0)/zuk
0zvl

0, k � 0, 1, 2, . . . ,

l � 0, 1, 2, . . .

*edifferential transform of a function u(t) is defined by

uk �
1
k!

dku(t)

dtk
 

t�0
,

k � 0, 1, 2, . . .

(16)

and the inverse differential transform of uk, k � 0, 1, 2, . . . is
given by

u(t) � 
∞

k�0
ukt

k
. (17)

From (16) and (17), we have

u(t) � 
∞

k�0

1
k!

dku(t)

dtk
 

t�0
t
k
. (18)

An approximate solution is given by

u(t) � 
K

k�0
ukt

k
, (19)

where K is the number of terms in the approximation.
If u(t) is expanded as (17), then the nonlinear term h(u)

can be expanded using the Adomian polynomials as [40]

h 
∞

k�0
ukt

k⎛⎝ ⎞⎠ � 
∞

k�0
hk u0, u1, . . . , uk( t

k
, (20)

where now uk, k � 0, 1, 2, . . . are the coefficients of expan-
sion (19). One important property of the Adomian poly-
nomials which we will make use of to develop our algorithms
is the fact that the Adomian polynomials hk, k � 1, 2, 3, . . .

are affine with respect to uk.

3. The New Algorithm

*e numerical solution of index-3 DAEs, including the
linear ones, is known to be hard to obtain. In this section, we
present a new algorithm for solving the class (1) of nonlinear
implicit Hessenberg index-3 DAEs. *e proposed algorithm
is based on an effective combination of the differential
transform method (DTM) with the Adomian polynomials
[34–39].*emain idea of our technique is to apply the DTM
directly to this class of DAEs, where the nonlinear terms are
expanded in power series using the Adomian polynomials
[40].*en, by using the fact that the Adomian polynomial hk

is affine with respect to uk, a linear algebraic recursion
system for the differential transforms of the solution is
obtained. Next, since the DAE (1) is an index-3 DAE, then
the derived algebraic system is shown to have a unique
solution. *e main advantage of our technique is that it does
not need to reduce the index of the DAE (1) before applying
the DTM. *is has given us a simple and efficient algorithm
that can be easily coded in Maple or Mathematica. *e
following new theorems are important for derivation of our
technique.

Theorem 1. Consider the fully implicit ordinary differential
system f(u′, u) � 0, with the initial condition u(0) � u0
where the Jacobian fu′(u′, u) is nonsingular. Assume that the
function f is analytical. /en, the differential transform of u′
is given by the recursion formula (k + 1)fu′(u1, u0)uk+1 �

−fk(u1, . . . , kuk, 0, u0, . . . , uk), k � 1, 2, 3, . . ., with
u1 � u′(0) computed from f(u′(0), u0) � 0. Here
fk � fk(u1, . . . , kuk, (k + 1)uk+1, u0, . . . , uk), k � 1, 2, 3, . . .

is the vector of k-th two variable Adomian polynomials of the
components of the vector function f.

Proof. Assume that the solution u(t) can be expanded as
follows:
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u(t) � 
∞

k�0
ukt

k
. (21)

*en, we expand the nonlinear term f(u′, u) in terms of
the Adomian polynomials as follows:

f 
∞

k�0
(k + 1)uk+1t

k
, 
∞

k�0
ukt

k⎛⎝ ⎞⎠ � 
∞

k�0
fkt

k
� 0. (22)

*is gives

fk u1, . . . , kuk, (k + 1)uk+1, u0, . . . , uk(  � 0,

k � 1, 2, 3, . . .
(23)

Or,

(k + 1)fu′ u1, u0( uk+1 + fk u1, . . . , kuk, 0, u0, . . . , uk( , k � 1, 2, 3, . . . (24)

*is leads to the following recursion formula to compute
the differential transform of the derivative of u:

(k + 1)fu′ u1, u0( uk+1 � −fk u1, . . . , kuk, 0, u0, . . . , uk( ,

k � 1, 2, 3, . . .

(25)

Note here that the right hand side of the above formula
does not depend on uk+1, k � 1, 2, 3, . . .

In a similar manner, one can show the following
theorem. □

Theorem 2. Consider the algebraic system g(u) � 0 where
we assume that the function g is analytical. /en, the dif-
ferential transform of u satisfies the following recursion for-
mula gu(u0)uk � −gk(u0, . . . , uk−1, 0), k � 1, 2, 3, . . . Here,
gk � gk(u0, . . . , uk−1, uk), k � 1, 2, 3, . . . is the vector of k-th
Adomian polynomials of the components of the vector
function g.

To derive our algorithm, we start by writing the second
equation of DAE (1) as follows:

v′ � w, (26)

and

f(w, v, u, λ) � 0. (27)

*en, we expand w(t), u(t), v(t), and λ(t) in terms of
their differential transforms as follows:

w(t) � 
∞

k�0
wkt

k
,

u(t) � 
∞

k�0
ukt

k
,

v(t) � 
∞

k�0
vkt

k
,

λ(t) � 
∞

k�0
λkt

k
,

(28)

where the unknown vectors wk ∈ Rnu , uk ∈ Rnu , vk ∈ Rnu

and λk ∈ Rnλ , k � 0, 1, 2, . . ., will be determined later by our
algorithm. *en, we expand the nonlinear term
f(w, v, u, λ) of (27) in terms of the Adomian polynomials
as follows:

f 
∞

k�0
wkt

k
, 
∞

k�0
vkt

k
, 
∞

k�0
ukt

k
, 
∞

k�0
λkt

k⎛⎝ ⎞⎠ � 
∞

k�0
fkt

k
, (29)

where fk � fk(w0, . . . , wk, v0, . . . , vk, u0, . . . , uk, λ0, . . . , λk),

k � 0, 1, 2, . . . denotes the vector of the Adomian polyno-
mials of the components of f. From the first equation of
DAE (1) and equation (26), we obtain the following re-
cursions for the differential transforms of the solution
components u(t), v(t), and w(t):

vk−1 � kuk,

k � 1, 2, 3, . . . ,
(30)

wk−1 � kvk,

k � 1, 2, 3, . . . ,
(31)

from which, we have

k(k − 1)uk � wk−2,

k � 2, 3, 4, . . .
(32)

Now, since fk � 0, then using *eorem 1, we obtain

A0wk + B0λk � −rk,

k � 1, 2, 3, . . . ,
(33)

where rk � fk(w0, . . . , wk−1, 0, v0, . . . , vk, u0, . . . , uk, λ0,
. . . , λk−1, 0), A0 � fw

′(w0, v0, u0, λ0) ∈ Rnu×nu , and
B0 � fλ′(w0, v0, u0, λ0) ∈ Rnu×nλ . Note here that rk depends
only on the recursion terms w0, . . . , wk−1, v0, . . . , vk,

u0, . . . , uk and λ0, . . . , λk−1. System (33) represents a set of nu

linear algebraic equations with (nu + nλ) variables. To solve
it, we need to complete it by another nλ linear algebraic
equations. To do this, we approximate the nonlinear term
g(u) of equation (1) using the Adomian polynomials as
follows:
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g 

∞

k�0
ukt⎛⎝ ⎞⎠ � 

∞

k�0
gkt

k
, (34)

where gk ≔ gk(u0, . . . , uk), k � 0, 1, 2, . . ., denotes the vec-
tor of the Adomian polynomials of the components of the
vector g.

Next substituting the expansion of g from (34) in the last
equation of DAE (1), we deduce that

gk � 0,

k � 0, 1, 2, . . . ,
(35)

which leads, using *eorem 2, to the following algebraic
linear system for the unknown vector uk:

G0uk � −sk,

k � 1, 2, 3, . . . ,
(36)

where sk � gk(u0, . . . , uk−1, 0) and G0 � gu
′(u0) ∈ Rnλ×nu . It

should be noted here that sk depends only on the recursion
terms u0, . . . , uk−1. Before solving the linear algebraic system
formed by (33) and (36), we first calculate the initial re-
cursion terms u0 and v0 from the initial conditions u0 � u(0)

and v0 � v(0). Furthermore, setting k � 1 in (30), we obtain
u1 � v0. Now, we need to determine the consistent initial
value λ(0) � λ0. Using the second equation of DAE (1) and
equations (30) and (34) for k � 2, we obtain the (nu + nλ) ×

(nu + nλ) algebraic system for the unknown vectors w0 and
λ0:

f w0, v0, u0, λ0(  � 0,

G0w0 � −2s2.
 (37)

*is algebraic system is nonlinear when f is nonlinear
with respect to the unknown vectors w0 and/or λ0. Since the
DAE (1) is index-3, then the square matrix G0A

−1
0 B0 ∈ Rnλ×nλ

is nonsingular. *erefore, the Jacobian (38) of system (37) is
nonsingular, and hence, system (37) is uniquely solvable for
w0 and λ0:

A0 B0

G0 0
  ∈ R nu+nλ( )× nu+nλ( ). (38)

Once the unknown w0 is determined, we can then find
the values of u2 � 0.5w0 and v1 � w0 by setting k � 2 in
equations (30) and (31), respectively.

Next, we need to determine the unknown vectors uk and
λk−2 for k≥ 3. Using (32), system (33) leads to

k(k − 1)A0uk + B0λk−2 � −rk−2, k≥ 3. (39)

Finally, we can determine the unknown vectors uk and
λk−2 by solving the linear algebraic system formed by (36)
and (39), for k≥ 3. *is linear algebraic system is uniquely
solvable since its coefficient matrix

k(k − 1)A0 B0

G0 0
  ∈ R nu+nλ( )× nu+nλ( ), (40)

is nonsingular due to the fact that the matrix
G0A

−1
0 B0 ∈ Rnλ×nλ is nonsingular. To solve the system

formed by the (36) and (39), we multiply system (39) from
the left by the matrix G0A

−1
0 and then use system (35) to

obtain the following linear algebraic system for the unknown
vector λk−2:

G0A
−1
0 B0 λk−2 � −G0A

−1
0 rk−2 + k(k − 1)sk, k≥ 3. (41)

From system (41), we determine the unknown vector
λk−2 uniquely for k≥ 3. Substituting the expression of λk−2
obtained from (41) into system (39), we can calculate the
unknown vector uk, for k≥ 3 as follows:

k(k − 1)A0uk � −rk−2 + B0 G0A
−1
0 B0 

− 1
G0A

−1
0 rk−2 − k(k − 1)sk , k≥ 3. (42)

Once we have computed the unknown uk, we use system
(28) to find the unknown vector vk, for k � 2, 3, 4, . . . Finally,
we obtain an approximate solution for the implicit Hessenberg
index-3 DAE initial-value problems (1) and (2) as follows:

u(t) � 
K

k�0
t
k
uk,

v(t) � 
K−1

k�0
t
k
vk,

λ(t) � 
K−2

k�0
t
kλk,

(43)

where K is the order of approximation. *is completes the
solution process.

*e above process of the DTM for solving the DAE
initial-value problems (1) and (2) is given by Algorithm 1.

We can extend the interval of convergence of the so-
lution by using a multistage DTM (MsDTM).*e procedure
of the MsDTM is described in Algorithm 2.

4. Numerical Examples

In this section, two examples of highly nonlinear implicit
DAEs (1) and (2) are solved to demonstrate the effectiveness
and accuracy of the presented technique. *e imple-
mentation of our algorithms was performed inMaple 15. For
each example, we first apply the algorithm of the standard
DTM given in Section 3 to compute the solution in power
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series. *en, we apply the multistage DTM algorithm given
in Section 3 to compute a numerical solution over large
intervals.

Example 1. In this first example, we consider the DAE (1)
with the vector function f given by

f v′, v, u, λ(  �
1 + 4 cos u1 1 + cos u1

1 + cos u1 1 − cos u1
 

v
′3
1 + v1′ + u

3
1 + u1

v
′3
2 + v2′ + u

3
2 + u2

⎛⎝ ⎞⎠ −
v
3
1 − v2 − λ3 − 2λ  cos u1 + cos u1 + u2( ( 

v
3
1 − v2 − λ3 − 2λ cos u1 + u2( 

⎛⎝ ⎞⎠, (44)

and where the function g defining the constraint is given by

g(u) � sinu1 + sin u1 + u2( , (45)

where u � (u1, u2)
T ∈ R2, v � (v1, v2)

T ∈ R2, and λ ∈ R.
*e Jacobian of g is G(u) � gu

′(u) � (cos u1 + cos(u1 +

u2), cos(u1 + u2)). We can easily check that the exact so-
lution of the DAE of this example is u(t) � (sint, −2sint)T,
v(t) � (cos t, −2 cos t)T, and λ(t) � cos t. *is exact solu-
tion is obtained from the initial conditions

u(0) � (0, 0)
T
,

v(0) � (1, −2)
T

.
(46)

It is easy to check that the above initial conditions are
consistent, since they fulfill g(u(0)) � 0 and gu

′(u(0))v(0) �

0. *e DAE corresponding to this example has an index-3,
hence difficult to treat even numerically. To compute the
solution in power series, we apply the algorithm of the
standard DTM given in Section 3. *is DTM algorithm was
coded in Maple 15. By choosing the order of approximation
K � 10, our DTM algorithm has computed the following
power series approximations:

u(t) � t

1

−2
⎛⎝ ⎞⎠ − t

3

1
6
;

−1
3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ t

5

1
120

−1
60

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− t

7

1
5040

−1
2520

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ t

9

1
362880

−1
181440

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

v(t) �

1

−2
⎛⎝ ⎞⎠ − t

2

1
2

−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + t
4

1
24

−1
12

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− t

6

1
720

−1
360

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ t

8

1
40320

−1
20160

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

λ(t) � 1 −
1
2

 t
2

+
1
24

 t
4

−
1
720

 t
6

+
1

40320
 t

8
.

(47)

One can easily check that the above approximations
represent the first terms of the Maclauran power series of the
exact solution. Note here that all our computations were
performed exactly using Maple. To compute accurate nu-
merical solutions over large internals and extend the interval
of convergence of the solution, we apply the multistage DTM
(MsDTM) algorithm given in Section 3. For this, we used an
order of approximation K � 10 and subdivided the solution
interval [0, T] � [0, 10] into N � 100 subintervals. Starting
the recursion with u0 � u(0) � (0, 0)T and
v0 � v(0) � (1, −2)T, we obtained the numerical results
shown in Figures 1–6. Each of Figures 1–5 show the nu-
merical solution (solid line), the exact solution (dashed line),

and the corresponding absolute error. From the graphs (a), we
can see that the numerical solution approximates well the
exact solution. In each graph (b) of Figures 1–5, we can see the
corresponding absolute error. *ese graphs show that the
errors of approximation using the MsDTM are less than 4 ×

10− 12. *e drift errors in the position and the velocity con-
straints g(u) � 0 and gu

′(u)v � 0 are found to be 10− 14 and
4 × 10− 15, as shown in Figure 6.*ese numerical results show
that DAE constraints are satisfied with a high accuracy and
that the MsDTM computes accurate numerical solutions over
large intervals while satisfying all the DAE constraints. To
increase the accuracy in the approximate MsDTM solution,
one can increase the approximation orderK or the number N

of subdivisions of the solution interval [0, T].
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Figure 1: *e approximate solution component u1 (a) and the absolute error eu1
(b).
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Example 2. In this example, we consider the DAE (1) with
the vector function f given by

f v′, v, u, λ(  �
tan v1′ + 2u2 − u1 v

2
1 + v

2
2  + 8u1λ  + 2 v1′ + 2u2 − u1 v

2
1 + v

2
2  + 8u1λ 

tan v2′ − 2u1 − u2 v
2
1 + v

2
2  + 8u2λ  + 3 v2′ − 2u1 − u2 v

2
1 + v

2
2  + 8u2λ 

⎛⎝ ⎞⎠, (48)

and the function g defining the constraint is given by

g(u) � u
2
1 + u

2
2 − 1, (49)

where u � (u1, u2)
T ∈ R2, v � (v1, v2)

T ∈ R2, and λ ∈ R.
*e Jacobian of g is G(u) � gu

′(u) � (2u1, 2u2). We can
easily check that the exact solution of the DAE for this
Example 2 is u(t) � (cos(t2), sin(t2))T, v(t) � (−2t sin

0
2 4 6 8 10

t

1. × 10-14

pc

(a)

2 4 6 8 10
t–4. × 10-15

2. × 10-15

νc

(b)

Figure 6: *e error in the position constraint g(u) � 0 (a) and the error in the velocity constraint gu
′(u)v � 0 (b).
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(t2), 2t cos(t2))T, and λ(t) � t2. *is exact solution is ob-
tained from the initial conditions

u(0) � (1, 0)
T
,

v(0) � (0, 0)
T
.

(50)

We can easily check that the above initial conditions are
consistent, since they satisfy g(u(0)) � 0 and

gu
′(u(0))v(0) � 0. *e DAE corresponding to this example

has an index-3, hence difficult to treat even numerically. To
compute the solution in power series, we apply the algorithm
of the standard DTM given in Section 3. By choosing the
order of approximation K � 10, our DTM algorithm has
computed the following power series approximations:

u(t) �
1

0
⎛⎝ ⎞⎠ + t

2
0

1
⎛⎝ ⎞⎠ − t

4

1
2

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ − t
6

0

1
6

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + t

8

1
24

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + t
10

0

1
120

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

v(t) � t

0

2
⎛⎝ ⎞⎠ − t

3
2

0
⎛⎝ ⎞⎠ − t

5
0

1
⎛⎝ ⎞⎠ + t

7

1
3

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + t
9
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

λ(t) � t
2
.

(51)
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One can easily check that the above approximations
represent the first terms of the Maclauran power series of the
exact solution. Note here that all our computations were
performed exactly using Maple. To compute accurate nu-
merical solutions over large internals and extend the interval
of convergence of the solution, we apply the multistage DTM
(MsDTM) algorithm given in Section 3. For this, we used an
order of approximation K � 12 and subdivided the solution
interval [0, T] � [0, 5] into N � 300 subintervals. Starting the
recursion with u0 � u(0) � (1, 0)T and v0 � v(0) � (0, 0)T,
we obtained the numerical results shown in Figures 7–12.
Each of Figures 7 to 11 show the numerical solution (solid
line), the exact solution (dashed line), and the corresponding
absolute error. From the graphs (a), we can see that the
numerical solution approximates well the exact solution. In
each graph (b) of Figures 7 to 11, we can see the corre-
sponding absolute error. *ese graphs show that the errors of

approximation using the MsDTM are less than 10− 11. *e
drift errors in the position and the velocity constraints g(u) �

0 and gu
′(u)v � 0 are found to be 6 × 10− 13 and 3 × 10− 12, as

shown in Figure 12. *ese numerical results show that DAE
constraints are satisfied with a high accuracy and that the
MsDTM computes accurate numerical solutions over large
intervals while satisfying all the DAE constraints. To increase
the accuracy in the approximate MsDTM solution, one can
increase the approximation order K or the number N of
subdivisions of the solution interval [0, T].

5. Conclusion

Differential-algebraic equations (DAEs) are systems of
differential and algebraic equations. Index-3 DAEs are
known to be hard to treat even by using numerical methods.
In this manuscript, we have proposed a new efficient al-
gorithm that combines the differential transform method

input
read K;
read nu, nλ, f ∈ Rnu and g ∈ Rnλ ;
read u(0) ∈ Rnu and v(0) ∈ Rnu

output
the approximate solution: u(t), v(t), λ(t);
while 0≤ k≤K do

compute fk, gk

end
initialization
u0 ≔ u(0), v0 ≔ v(0), u1 ≔ v0;
Compute A0 � fw

′(w0, v0, u0, λ0), B0 � fλ′(w0, v0, u0, λ0), G0 � gu
′(u0);

Solve the algebraic system f(w0, v0, u0, λ0) � 0 and G0w0 � −2g2 for w0 and λ0;
u2 ≔ 0.5w0, v1 � 2u0;
H ≔ G0A

−1
0 B0;

while 3≤ k≤K do
Solve Hλk−2 � k(k − 1)sk − G0A

−1
0 rk−2 for λk−2;

Solve k(k − 1)A0uk ≔ − rk−2 − B0λk−2 for uk;
vk−1 ≔ kuk;

end
u(t) ≔ 

K
k�0 tkuk, v(t) ≔ 

K−1
k�0 tkvk, and λ(t) ≔ 

K−2
k�0 tkλk.

ALGORITHM 1: DTM algorithm.

(1) Choose the number N of subdivisions and the order of approximation K.
(2) Subdivide the interval [0, T] into N equal subintervals [ti−1, ti], i � 1, . . . , N of size h � (T/N) where ti � ih.
(3) Let i � 1, apply the DTM to the DAE (1) on [0, t1] using u1

0 � u(0) and v10 � v(0) to obtain the approximate solution u1(t) �


K
k�0 u1

ktk, v1(t) � 
K−1
k�0 v1ktk, and λ1(t) � 

K−2
k�0 λ

1
ktk, 0≤ t≤ t1.

(4) From i � 2 until N, apply the DTM to DAE (1) on [ti−1, ti] using ui
0 � ui− 1(ti−1) and vi

0 � vi− 1(ti−1) to obtain the approximate
solutions ui(t) � 

K
k�0 ui

k(t − ti− 1)
k, vi(t) � 

K−1
k�0 vi

k(t − ti− 1)
k, and λi(t) � 

K−2
k�0 λ

i
k(t − ti− 1)

k, ti−1 ≤ t≤ ti.
(5) Repeat step 4.
(6) An approximate solution to the DAE initial-value problems (1) and (2) on [0, T] is given by

u(t) �

u
1
(t), 0≤ t≤ t1

u
2
(t), t1 ≤ t≤ t2
⋮
u

N
(t), tN−1 ≤ t≤T

, v(t) �

v
1
(t), 0≤ t≤ t1

v
2
(t), t1 ≤ t≤ t2
⋮
v

N
(t), tN−1 ≤ t≤T

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

and λ(t) �

λ1(t), 0≤ t≤ t1
λ2(t), t1 ≤ t≤ t2
⋮
λN

(t), tN−1 ≤ t≤T.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

ALGORITHM 2: MsDTM algorithm.
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(DTM) with the Adomian polynomials to solve the non-
linear implicit Hessenberg index-3 DAEs (1). *e main
advantage of this algorithm is that it is simple and does not
require the use of the usual index reduction techniques,
which are complex and often lead to DAEs constraints vi-
olations.*e second advantage of this algorithm is that it can
be easily coded in Maple or Mathematica. To illustrate the
effectiveness and accuracy of our technique, two highly
nonlinear implicit Hessenberg index-3 DAEs are solved by
the DTM and the MsDTM. Numerical results show that the
DTM algorithm has computed the exact solutions in a power
series forms. To extend the interval of convergence of the
DTM solution, we have developed a multistage DTM
(MsDTM) version of the DTM algorithm. *is DTM
multistage algorithm is useful in particular when simulating
engineering problems over large intervals. *e numerical
results show that the MsDTM has successfully handled this
class of nonlinear implicit index-3 DAEs over large time
intervals without violating the original DAE constraints.*e
MsDTM provides more accurate numerical solutions if
more terms are included in the series or if more interval
subdivisions are used. Our algorithms can be easily modified
to solve other implicit nonlinear Hessenberg DAEs. Future
work will be the design of efficient algorithms to solve more
general higher index DAEs.
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