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For s-convex functions, the Hermite—-Hadamard inequality is already well-known in convex analysis. In this regard, this work
presents new inequalities associated with the left-hand side of the Hermite-Hadamard inequality for s-convexity by utilizing
a novel technique based on Green’s function. Also, Hélder, Young, and power-mean inequalities are used to obtain these new
inequalities. Finally, some applications to special means of real numbers are provided. In conclusion, we think that the
methodology used in this work will encourage more research in this field.

1. Introduction

Convexity is a fundamental idea in both applied and pure
mathematics, acting as a powerful tool for evaluating
functions and sets, proving inequalities, and modeling and
resolving practical issues. In many areas of mathematics and
beyond, this idea is essential for estimating integrals and
setting boundaries. Relevant researchers can access some
articles on convex functions from references [1-9].

Thus, we recall the elementary notation in convex
analysis.

Definition 1. A set F C R is said to be convex function if
(@+(1-0¢ €, (1)
for each @,¢ € ¥ and ( € [0, 1].

Definition 2. The mapping g: F — R is said to be
a convex function if the following inequality holds:

P+ (1-0¢)<{p(@) +(1-p(4), (2)

for all ®,¢ € .7 and { € [0,1]. If (—p) is convex, then g is
said to be concave. In terms of geometry, this indicates that if

B, U, and Z are three separate locations on the graph of ,
with % between &% and Z, then % is on or below the
chord BZ.

In many different fields, convex functions are crucial. For
instance, the concavity of g is described in terms of declining
returns for a production function ¢ =g (L) in economics. If
g is convex, then increasing returns are shown. In addition,
a convex function applied to the expected value of a random
variable is always limited beyond the convex function’s
expected value, according to the theory of probability. It is
possible to derive other inequalities, including the
geometric-arithmetic mean inequality and Holder’s in-
equality, using this conclusion, known as Jensen’s inequality.
The idea of convexity has developed into a rich source of
inspiration and a fascinating topic for scholars because of its
widespread viewpoints, resilience, and plenty of applica-
tions. Mathematicians have developed incredible tools and
numerical methods using the notion of convexity to deal
with and resolve an enormous number of issues that emerge
in the pure and applied sciences. This theory has a long and
important history, and for more than a century, mathe-
matics has focused on and concentrated on it. On the other
hand, there are a lot of new issues in applied mathematics
where the idea of convexity is insufficient to adequately
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characterize them in order to have beneficial consequences.
Because of this, the idea of convexity has been expanded
upon and developed in various research studies; see [10-16].

Utilizing various forms of convexity, some important
inequalities have been observed. s-convexity is one of the
several varieties of convexity. Hudzik and Maligranda in
reference [17] took into account, among other things, the
class of functions that are s-convex in the second sense. The
following is the definition of this class: a function
©: [0,00) — R is s-convex in the second sense if

@+ (1-0p) < (@) +(1-{) p(4) (3)

holds for all @,¢ € [0,00),{ € [0,1] and for some fixed
s € (0,1]. The class of s-convexity is frequently denoted by
the symbol K2. It is obvious that s = 1 converts s-convexity
into the typical convexity of functions defined on [0, co].

The authors of the same paper, namely, [17], demon-
strated that all functions from K?, s € (0, 1), are nonnegative
if p € K2 implies g ([0, 00))<[0, 00).

Example 3. (see [17]). Let s € (0,1) and £,%,y € R. We
define function g: [0,00) — R as follows:

Z, (=0,

@(():{hmy, ¢>0. “

It can be simply confirmed that

(i) f h>0 and 0<y <7, then p € K?
(ii) If A>0 and y <0, then p ¢ K?

Remark 4. Throughout the article, the Hermite-Hadamard
inequality will be denoted by # — 7 inequality.

Recently, there are many studies on s-convexity in the
literature. A few new general # — # type inequalities for
s-convex mappings were developed in [18] by Yildiz et al.
The Holder inequality, the power-mean integral inequality,
and certain extensions connected to these inequalities were
utilized to establish these inequalities. In addition, they
compared some inequalities. In [19], a new definition for
s-convex functions is given and some properties of this
definition are investigated. In addition, extended versions of
the previously well-known conclusions for harmonically
convex functions, such as # — %, various # — & re-
finements, and Ostrowski-type inequalities, are developed.
In [20], the expression “extended s -convex functions” was
introduced by the authors, who also developed some in-
equalities of the # — # type for extended s-convex func-
tions. The authors then used these newly discovered integral
inequalities to deduce certain specific mean inequalities. In
reference [21], the authors established an equation for
a function whose third derivative is integrable, developed
some novel integral inequalities of the # — 7 type for
extended s-convex mappings using the Holder inequality,
and then used these integral inequalities to produce in-
equalities for various kinds of special means. In reference
[22], the authors established some new inequalities of the
K — X type for extended s-convex mappings and obtained
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new inequalities with respect to A and y using Lemma 2.1.
Finally, utilizing the s-convexity for the Raina function,
different inequalities are obtained with fractional integral
operators in reference [23].

Convex mappings and sets have been improved and ex-
panded in many disciplines of mathematics due to their ro-
bustness (as was described above); in particular, the convexity
theory has been used to prove a number of inequalities that are
prevalent in the literature. In the practical literature on
mathematical inequalities, the # — 7 type integral inequality
is, to the best of our knowledge, a well-known, important, and
incredibly helpful inequality. There are several classical in-
equalities that are closely associated with the classical # — #
type integral inequality, such as Simpson, Opial, Hardy,
Holder, Ostrowski, Minkowski, arithmetic-geometric, Young,
and Gagliardo-Nirenberg inequalities. These inequalities are of
pivotal significance. Following is a statement of this double
inequality: assume that g is a convex mapping on [®, ¢] C R,
where @ # ¢. Therefore,

O+¢ ¢ (@) + ()
so( . )sgb_—mj@madfsf. )

The reader who is interested can refer to references
[24-27] for a number of recent findings pertaining to % —
Z inequality.

In [28], the researchers proved a different form of % —
Z inequality which holds for s-convex mappings in the
second sense.

Theorem 5. Suppose that : [0,00) — [0,00) is an
s-convex function in the second sense, where s € [0, 1), and let
@, ¢ € [0,00), @< ¢. If p € L[®, P, then the following in-
equalities hold:

o1 [@+¢ 1 (¢ P (@) +p(¢)
2 P(T)Smh@“}d“T' (6)

In the second inequality in [29], the constant a = 1/(s +
1) is the best possibility.
The famous Young inequality is defined as follows:

1 1
A0 <—f + =07, 7
¢ » q¢ (7)

where ® and ¢ are nonnegative numbers, p>1, and
(1/p) + (1/q) = 1, in [30].
The reversed version of inequality (7) reads

m¢>lap+l¢q m¢>00<p<11+1—1 (8)
roq T Pq
The definition of the Holder inequality is as follows.
Let p>1 and (1/p)+ (1/q) = 1. If p and « are real

functions defined on [®, ¢] such that |g|? and |«|? are in-
tegrable functions on [®, ¢], then

¢ ¢ ap) /g (1/p)
J-@ g (x)x (x)|dx < <JO |p(x)|de> <Ja |K(x)|qu> .

(9)
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The well-known Holder inequality, one of the most
significant inequalities in analysis, was demonstrated in this
way using inequality (7). It makes a significant contribution
to many fields of applied and pure mathematics and is es-
sential in helping to solve several issues in the social, cultural,
and natural sciences.

The most popular form of Young’s inequality, which is
frequently used to demonstrate the well-known inequality
for L, functions, is as follows:

¢ <@+ (1-0)¢, (10)

where @,¢>0and 0<{<1.

2. Preliminaries

This paper uses a relatively new approach based on Green’s
function to illustrate the # — % inequalities for s-convex
functions. First, we will start by giving the definition of
Green’s function.

Let ® < ¢ and the following four new Green’s functions
defined on [®, ¢] x [@, ¢] are defined by Mehmood et al. in
[31] as follows:

1\ H) = DL <4,
A—¢, @<pu<i,
G, (L) =
p—¢, A<u<dg,
(11)
A-®, @<pu<i,
?3()L,y)={
p—-o, A<u<dg,
d—u, O<u<i,
?4(/\,#):{
p-1, A<u<¢.

In [31], the authors developed the following Lemma,
which we will utilize to demonstrate our main conclusions.

Lemma 6. Let @ <¢ and p: [@,¢] — R be a twice dif-
ferentiable function and G, (x = 1,2,3,4) be the new Green’s
functions defined by (12). Then,

[
o) = (@) +(E - D) (§) + j %, (& ' (wdp,

[}
0(©) = p(d) + (¢ - ' (@) + j , (& W’ (Wdu,

(12)

¢
P (&) =p(d)+ (- @) (¢) + (- )" (@) + Jm G5 (S wp" (wdu,

[
0®) = (@) +($- D) (@) - (- O () + j ., (& p" (W)du.

Proof By using the procedures of integration by parts in
f(D? (&, )" (w)du, the above equation may be easily
computed. The specifics of proof are thus left to readers who
are interested. Likewise, a similar method can be used in
other equations. O

Remark 7. Throughout this study, € = &, will be used.
There are many studies on Green’s function in the lit-
erature. In these studies, different inequalities were obtained
by using different methods as well as Green’s function. For
example, in [32], by utilizing Green’s function, Jensen’s
inequality, convexity, and monotone functions, the authors
developed the left Riemann-Liouville fractional # — # type
inequalities as well as the extended # — # type inequalities.
In [33], the # — & inequalities have again been established
using Green’s function and convexity. In [34], the authors
revisited the # — # inequalities for the Riemann-Liouville
fractional operators with the help of Green’s function, and
finally, in [35], Li et al. established # — 7 inequalities for
the left generalized fractional integral via Green’s function.
The aim of this study is to obtain new integral in-
equalities with the use of Green’s function for functions
whose g-th power is s-convex and s-concave. In other words,
it is to develop a new method using Green’s function. In

addition to the definition of Green’s function, Young,
Holder, and power-mean inequalities were used to obtain
these new identities. As a consequence, these inequalities are
associated with the left-hand side of # — # inequality.
Finally, new propositions are given for special means.

3. Main Results

Theorem 8. Let p: [@,¢] — R be a twice differentiable
and IgJ |beas— convex function in the second sense on [®, ¢]
that satisfy the relation given in (13). If p € L[®, ¢], then the
following inequality holds:

D+ ¢ 1

P( ; ) L e
_@-0 27 -(s+3) , ,
2 (s+1)(s+2)(s+3){|@ (‘D)'JF'K’ (¢)|}

(13)
for some fixed s € (0,1].

Proof. Substituting & = (@ + ¢/2) in (12), we have



¢ n
o(°52) =@ +(*5%)¢ @+ [ (23 )

Integrating both sides of identity (13) with respect to £
and multiplying by (1/¢ — @), we obtain

p-@ ¢-@

Subtracting (15) from (14), we have

o(%52) 515 oou
J ( )80 (M)d#—ﬁj’z JZZ(&#)W" (Wdp de
-,

¢ "
(‘D +$ ) %j f(&y)d&]p (W)

(0]

Now, from the property of integral and definition
Green’s function, we obtain

o°52)- 515 o
_ J:+¢/2

" J:+¢/2

_ JZ+¢/2

¢
g
Q+p/2

1
C 2(¢-®)

?(Q;(p,#) ¢1®j g (&, #)df]@ (w)du

2

?(‘D“‘S #) i j ?(E,#)df]p" ()

(@- #)——“ (@- s>df+j ((D—#)dep"(H)d#

(£5) oo i o

@+¢p/2 5 ¢ 5
j (- @) (u)dwj (¢ - g (u)dﬂ]-
@ D+¢/2

Using the properties of absolute value and triangle in-
equality for integrals in (17), then we have

¢ ¢ "
#j o (E)dE = mwn(‘b )p )+ jwjmf(f,mp (W dE.
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(14)

(15)

(16)

(17)
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lp(w;wp) 1

2(</> (D)

w(f)df‘

Let y=Cv+ (1 -{)¢ and dy = (® — ¢)d{ in inequality
(18), then we clearly see that

\p(aTﬂb) ¢ lav

1
2(¢ @)

(5 £|

1
[j Co-ale v+ (=00l (1)

1 n
+j1 (1-0(¢-0)|p ((v+(1 —c>¢>|dc].
2

Since I[QHI is s-convex functions in the second sense on
[®, ¢], we can write inequality (19) as follows:

D+ ¢ 1
lp( 2 ) $-®
1

- @) [J ({
fra-ofe

2

(p-@) 2" —(s+3)
T2 s+ D(s+2)(s+3)

@(f)dfl

+(1-

@l

+(1-

i«

{le' @] +[" @]}
(20)

which is the desired inequality. O

Remark 9. 1If we choose s =1 in inequality (20), we obtain
the following result presented in [36] (Corollary 11, in-
equality (2.9)).

D+ ¢ 1
|@< 2 > ¢~ wJ bl

(21)

(-ar e @)+l 0}

(18)

(ﬂ - )|’ ()|du + jgﬁ (¢-pllo’ (wdul.

2

Theorem 10. Let ¢ [@, 9] — R be a twice differentiable
and Ip ' be a s - convex function in the second sense on
[@,¢]. If p € L[®, ¢, then the inequality

o(%5%) -5 oo

<<¢-a>2{ ! +;P@”<w>r+|p"<¢>ru
-2 p2p+1)4f g s+1

(22)

holds for some fixed se (0,1] and p,q>1 such that
(I/p)+ (1/q) = 1.

Proof. Utilizing the definition of Green’s function, we have
identity (17). From the properties of absolute value and
triangle inequality for integrals in (17), we obtain inequality
(18). By the change of variable in (18), we have

D+ ¢ 1
’p< 2 ) $-0

S(qb—a))2
2

(E)dé”

1/2) )
|0’ cora-oplac @3

1 n
o a-ofe’cera- 0¢>1dc].
1/2)
Using the Young inequality in (23), we get
D+ ¢ 1
‘p< 2 ) p-0

S(qs—oa)z
2

<£>d£‘

(1/2)
HRRCSs j o' @+ (- gt

l ! _n\2p l 1 " B q
+PJ(1/2>(1 g d“qj(m)'p (@+1-09)| d(]'

(24)

By using the s-convexity of |p'|? in (24), we have
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|p(®;¢) L Lo

¢-
(¢ - @) 1 1 J(” (ol 7 q
< - @ 1- d
< 2 p(2p+1)22p+1+q o { p ( )' +( ]’ ¢
) ) (25)
PN q
— 1+ lp (@ 1- d
p(2p + 1)2%F*! ’ qJ(l/Z){C o )| + } {]
($-0) 1l @ e @
2 pQp+14f g s+1 '
This completes the proof. O Theorem 13. Let @ [@, 9] — R be a twice differentiable

and |p'|1 be a s — convex function in the second sense on
Corollary 11. Let all the assumptions of Theorem 10 be (@ @] If g € L[, ¢, then we have the following inequality:

satisfied and since 0 < (1/p (2p + 1)4P) < (1/12), for p> 1, we @ 1
obtain ‘@( ;—¢> é— (DJ 0 (§)dE
D+¢ 1
P( 5 >_¢® p(f)df‘

(¢ — @) o' (®)|q +(2 =) (¢)|q ()
(26) - 2p+ 1)4erl (s+ 1)25*1

_$-0* (9-a) o' @[ +e" @)
NEETI 2q s+1 '

. [(zsﬂ D)l @[ +e” (sb)l“}“"” }

(s+ 1)2st!
Corollary 12. Ifwe choose s = 1 in inequality (22), we get (28)
@+ 1 >1and (1/p)+ (1/q) = 1.
o(25%) - 515 eoa for p>1and (/p)+ (V/a)

Proof. By using the same procedure in Theorem 8, we have

(¢ -y { L [lr@" @) +[¢” <¢>|q] } inequality (19) as follows
< +—
g

2 2p + 1)4f 2 D+¢ 1 ’
P p( : ) pard WG
" q UNENT
$-0° (4-2’[le @[ +|p @) CoR [0
=T g { 2 ' S(¢2a>) jo Clo Ga+a-0¢)ldc  (29)

(27) 1
+ij (1-0%p @+ —C)¢)|d(].
For s-convex maps, the following theorem provides

a new upper bound for the left-hand side of # -7 Utilizing the Hélder inequality for p>1 and (1/p) +
inequality. (1/g) = 1 in (29), we get

2 p-a

— o) (1/2) /p) 7 - (112) (1/9)
< (¢ 2(3) [(JO (ZPd(> (J |@ o+ - C)¢)| d() (30)

1 (1/p) (1/p)
+<j (1- ()Zpdc) (J o' (C@+(1-0)9)] d() ]
(1/2)

‘p(‘b . ¢) | p(f)df‘
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Because Ipﬁlq is s-convex, we have
D+ ¢ 1

d

‘p( _ ) - Qj o (O

(¢ - @) " (CO)|q + (2 =) (¢)|q (1/g)
B @2p+ 1)4p+1 (s + 1)2s*1

n n (1/ )
@ -Dlp" @[ +[p" @[]
+ .
(s+1)2s*!
(31)
Hence, the proof is done. O

Corollary 14. Assume that Theorem 13’s assumptions are all
true and since 0< (1/(2p + 1)4P*1) < (1/48), for p>1, we
obtain

l“(®;¢) ¢1®

2 1 s+
9@ “lp @[+ -

(E)df‘

(32)

lp” (¢)|q (1/q)
18 (s+ D2 ]

(s + 1)25+1

{(zs+1 e @[ +|¢’ <¢)|q]“’q)}

D+ ¢ 1
{(o5) Lo

Corollary 15. Assume that Theorem 13’s assumptions are all
true. Then,

D+¢ 1
p( 2 >_¢—®
1 1

— 2 - — ) )
< (¢48(D) <(S " i)zﬁl)q [(zsﬂ _ 1)61 + 1]{'@ ((D)| +|p (¢)|},

(33)

@(E)di‘

Proof. Using the fact, we get
! ! !
T T
Y (e +8;) < Yni+ Y6 (34)
=1 =1 j=1
For 0<7<1,%;,% ...,%420 and §,,0,,...,6;20 in

(32), we obtain inequality (33). O

Corollary 16. Let us choose s = 1 in inequality (28). Then, we
obtain

(- { [lp” @)+ 3[¢” <¢)|‘1]“’q) . [3|p” @[ +¢’ <¢>|‘1} " }

T (2p+1)4t! 8

8 (35)

48 8

Theorem 17. Let p: [®,¢] — R be a twice differentiable
and 1" be a s — convex function in the second sense on
(@, ¢]. If p € L[®, ] and q> 1, then we obtain the following
inequality:

_4-’ { [lp” @[ +3lp" 4)

8

q]“@ NG <¢>|q]“’q) }
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Q+¢ 1
‘@( 2 ) PR p(f)df‘

(¢ @) /1\-Wa |p”(®)|q o5t _ 2 (1)
16 <3> (5+3)2°  (s+ 1)(s+2)(s+3)25 o @) (36)

22 _75-14 v a | (@ e
|
+|:(s+1)(s+2)(s+3)25|p @ +tornz| |

Proof. Similarly, from the property of the Green function Using the s-convexity and power-mean inequality in
and inequality (19), we get (37), we obtain
D+¢ 1 (¢
P( 5 ) —(p_—ojop(f)dfl
- @) (1/2) "
B 5 ) jo Pl C@+1-0p)ld¢  (37)

+j1 (1—02|p"<<*w+<1—0¢>|dc].
12)

o(%5%) 5o eou

c(p-or [(j;” czdc)lw(jom 2l G0+ (1-09) d() v

+<j1m) (- cfdc)l_wq)(j;/z) (-0l o+ (1~ ¢>¢)|qdc)wq)]

L) W[(Jf’”f{f -0l o)
+<j; (-0l }d() q)]

—2)? (1/q) q st _ 2 _ 7 (1/9)
_(4-@) <3> “ip @[, 2 (¢>|]

"@ -

16 (s+3)25 (s+l)(s+2)(s+3)25|

2 e . PN R )
+[ i ST (®)|q+|p (¢)I} }

(s+ 1) (s+2)(s+3)2s!l (s+3)28

which is our required inequality. O

Corollary 18. If we choose s = 1 in ineqiality (36), we have
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Q+¢ 1 D+¢ 1
o(%5%) 525 ) ou o(%32) - 55 [ e
’ " 1/p
_@-@* 1y [T @l sle" @) (- w)( 1 > { ~<w+3¢>| ‘,,<3@+¢>|}
¢16 <3> {P 8 .3 24| S \pet) P ITE T
(40)
+[5|p”(m)|‘l I’ (¢)|“] (/) } for p>1and (1/p) + (1/g) = 1.
24 8 '

Proof. By using the same procedure in Theorem 13 and the

Holder inequality for p > 1and (1/p) + (1/q) = 1in (29), we
obtain

(39)

Theorem 19. Let p: [@,¢] — R be a twice differentiable
and |p"|1 be a s — concave function in the second sense on
(@, ¢]. If p € L@, ¢p], then we have the following inequality:

D+ 1
“"( 2 ) =L
— @) 1/2) apycan ., Wa)
=0 j erac) ([ e wor - opf'a ()
2 0 0

1 (1/p) (1/g)
"(Ll/z)(l—()zpd(> <J |p @ +(1-09)| d() ]

Because | |7 is s-concave, using inequality (6), we have
@ +3¢\|!
4
and

;
O
1 " " 9 - 8 2 1
[l Gor-0pacs2lo (3®+¢> L @) P
{ .

Corollary 20. If we take s = 1 in inequality (40), we have
D+¢ 1
@ (%50 [ewa

(1/2)
[l v - 0pfacs2 o

(e
)

4
@+¢ 1 (45)
o(%5%) -5 ta ) etoa

Theorem 21. Let : [®,¢] — R be a twice differentiable
() PR ) e z

4
_(¢-0y
From (41)-(43), we get -

and |p ' be a s — concave function in the second sense on
2 \2p+1 4 4 (@, ¢]. If p € L@, ¢], then the inequality
(44)

which completes the proof. O

f(557) -5 oo

(¢ — @) 1 2N (] of@+3¢\|! o)
5 e 7 1 (5)
2 pQp+D4f g 4

W3 g
o ()

i
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holds for some fixed se€ (0,1] and p,q>1 such that
(1/p)+ (1/q) = L.

Proof. Let p > 1. Similarly, using inequality (19) and Young
inequality, we obtain

D+ ¢ 1
o(%50)-5l.roed

L (¢ - @)
2

1 (1/2) 2p 1 a2, ., q
L), e[ e s a-opf'ac

l ' _7\2p l 1 " B q
oy @m0 [ el G0 v (- 00) d(].

(47)

D+¢ 1
o(25%) - 51 ] eoa

S(</>—<1>)2
2

o
p2p+1)4f g

which concludes all of the proof. O

D+ ¢ 1
’K’( 2 >¢—
S(cp—@)2
2

@(E)dé”

And since 0< (1/p(2p + 1)47) < (1/12), for p > 1, then

D+¢ 1
020) ol
_9-0” (¢-o) { p~<w+ 3¢) ! +|p~<3®+¢) q}'
24 2q 4 4

(50)

4. Applications for Special Means
Now, let us look at the means for the random real numbers
0, and 0, (0, #0,).

(1) Arithmetic mean:

o, +0
d(0y,0,) = 2

,0,,0, € R, (51)

(e

Corollary 22. In Theorem 21, if we take s = 1, we obtain

1 +l l @+ 3¢
p2p+14f g © 4
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Since Ipﬁlq is s-concave functions, from inequality (6),

we can write inequalities (42) and (43). Therefore, we have

(48)

T 0 (30 +
¥ ()

1)

(49)

1l

1 30+ ¢
F ()

(2) Logarithmic mean:

0, -0y

Z(0y,0,) = 0,#0,0,,0, € R".

In|oy| - In|o,|
(52)

(3) Generalized log — mean:

O.n+1 _

" o.;z+1 (1/n)
N
Z,(01,0,) = {m] ne Z\{-1,0},0,,0, € R".

(53)

Now, we provide some applications to special means of
real numbers based on the Section 3 results.

Proposition 23. Let 0<®< ¢ and s € (0,1]. Then, we have
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22 _(s+3) (54)

|4° @) - 73(@, ) < 572

Proof. The assumption follows from (13) applied to the
s-convex function g: [0,1] — [0,1], (&) = & O

Proposition 24. Let 0<®d < ¢ and s € (0, 1]. Then, we have
|14S ((D) ¢) - 3§ ((D> ¢)|

_lsGs=1i(¢- o
= (s+1)25*1

I(qu(s—Z) + (25+1 _ 1)|¢|q(s—2) (1/@)
(2p + 1)4P*! ]

. (25+1 _ 1)|®|q(s—2) +|¢|q(s—2) (1/@)
(s + 1)2st! ’

(55)

Proof. The assumption follows from (28) applied to the
s-convex function g: [0,1] — [0,1], p (&) = & U

5. Results and Discussion

If we use Green’s functions &,, &5, and &, for various
convexities, we may obtain the same conclusions as in this
article. The # — # inequality for s-convex functions, as well
as the # — & inequality for fractional operators, preinvex,
co-ordinate convex functions, and so on, may all be studied
using Green’s function or any other new Green’s function.
Readers who are interested in an exercise can utilize the
other three Green’s functions to produce the results that
correspond to them.

6. Conclusion

Producing novel and special integral inequalities is the
primary motivation for inequality theory, one of the most
crucial areas of mathematical analysis. Researchers some-
times utilize novel function classes, sometimes new integral
operators, and sometimes try to obtain modifications of
a few well-known inequalities in different spaces for this aim.
Especially in the last decade, many methods have been
developed with different results, and many remarkable re-
finements, extensions, and generalizations have been ob-
tained. Using these different methods, many different types
of inequalities, lemmas, and different identities can be found
in articles, and relevant researchers can access these studies
in the literature. One of these important methods is the well-
known Green’s function.

In this study, a new method was developed using Green’s
function to prove the new results obtained. In addition,
conclusions pertaining to the left-hand side of # — # were
obtained for derivatives of the g-th power of s-convex
functions. Using the identity (2.11) (in [37]) and different
types of convexity, researchers can derive both # — # type
and different type well-known inequalities. In this sense, we

s—2 s—2
G DGy o e

hope that this study will inspire researchers to obtain further
results.
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