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We define the concepts of homotopy and fundamental group for geometric spaces as a generalization of metric spaces, digital
spaces, and graphs; then, we compare them with corresponding concepts in these spaces. Also, we state some properties of the
fundamental group of geometric spaces and some theorems to calculate them.

1. Introduction and Preliminaries

“Homotopy equivalence relation” and “fundamental group”
are two famous and helpful concepts in mathematics; these
concepts and related concepts are initially used as a tool to
describe topological spaces via the properties of the fun-
damental groups of them in the category of groups. Many
benefits of this tool have motivated researchers to adapt it to
other spaces, such as metric spaces [1], digital spaces [2-5],
and graphs [6-9].

Since in modeling, a composition of some different
spaces is needed, it will be helpful to adapt these tools for
a space that includes graphs, digital spaces, and metric
spaces. In digital images, there are two different sets of
points, black points and wight points, and each of them can
be considered by its own adjacency relation (see [10]).
However, studying a subject in real life requires more than
two sets and relations for classifications. A good example is
a medical image of the body, which usually includes images
of various components, such as bone, muscle, cartilage, and
blood vessels. A string of colored light bulbs is a simple
example that consists of colored bubbles, LEDs inside the
bubbles, wires, LEDs inside the rope, and so on (Figure 1). A
simple model of a string of colored light bubbles in two
dimension by the geometric space is similar to e in Figure 2.

Another thing that motivates us to study geometric
spaces is that defining a geometric space to model a subject
in real life is more accessible than other spaces. For example,

in the modeling of protein as the most important of cells in
[11], the definition of the relevant topology seems to be not
accurate, and in the continuation of the work, the modeling
was completed with approximate numerical methods.

Freni [12] introduced the concept of “geometric space”
when calculating the alpha relation in hypergroups (which
was first called the “gamma relation” and is the smallest
equivalence relation that makes an abelian group from
a hypergroup). Afterwards, Torabi Ardakani and Pourha-
ghani [13], while extending the concept of the “topological
hypergroup,” added the concept of “good morphism” as
a map between geometric spaces. In this paper, we adapt the
tool of fundamental groups and related concepts for geo-
metric spaces as a generalization of those of metric spaces,
digital spaces, and graphs.

Recall from [12] that a geometric space is a pair (S, B)
such that S is a nonempty set whose elements are called
points and A is a nonempty family of subsets of S whose
elements are called blocks. If C is a subset of S, then it is called
a B-part of Sif BN C + & implies B < C for every B € 9. For
asubset X C§, the intersection of all %-parts of S containing
X is denoted by I' (X). There are five examples of geometric
spaces shown in Figure 2.

In Figure 2, the set of points of geometric space a is the
black circle, and its blocks are four arcs of the black circle
which are featured by colored closed curves. The set of points
of the geometric space b is the brown circle, and its blocks are
five arcs of the brown circle, which are featured by colored
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FIGURE 1: A string of colored light bulbs.
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FIGURE 2: Some examples of geometric spaces: the sets of points of geometric spaces a and b are subsets of R?; the set of points of geometric
space ¢ is a subset of Z%; d is a graph; e is a composition of shapes a,b, c,and d.

closed curves. The set of points of the geometric space ¢ is the
black points as a subset of Z2, and its blocks are featured by
colored closed curves. The graph d is a geometric space,
where the set of its points is the set of vertices of graph d, and
each block of it is the vertices of both sides of the corre-
sponding edge. The shape e is a composition of shapes
a,b,c,and d; its blocks are similar to the blocks of the
corresponding shape in geometric spaces a, b, c,and d.

The n-tuple (B,,B,,...,B,) of blocks of a geometric
space (S, %) is called a polygonal if B,NB,,, + J for each
1 <i <n. By the concept of polygonal, Freni [12] defined the
relation = as follows.

x=yex=y or there exists a
(B, B,,...,B,) such that x € B, and y € B,.

The relation = is an equivalence and coincides with the
transitive closure of the following relation:

polygonal

x ~ y & x = y or there exists B € & such that {x, y} CB.
(1)

Hence, = is equal to U,,;~", where
~"= ~0o~0 o~ [12].x ~"yforx, y € Smeans that
ntimes
there  exist some zy,...,z, ;€S such that
X~Zi~Zy~ i ~ 2y~ Y.

Recall from [13] that a map f: (S}, %B,) — (S,,%,)
between the geometric spaces is called a good morphism if
x ~ y implies that f(x) ~ f(y) for all x,y € S;.

Proposition 1 (see [13]). Let f: (S, AB,) — (S,, B,) be
a good morphism between geometric spaces; then, x = y yields

f(x)= f(y) forall x,y €8§;.

In this paper, we first define the concept of “homotopy”
between good morphisms in geometric spaces and compare it
with the concepts of “discrete homotopy” in metric spaces,
“digital homotopy” in digital spaces, and “graph homotopy”
in graphs; then, we present the concept of the “fundamental
group” of geometric spaces and some properties of it; then, we
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state some theorems and propositions to find the fundamental
groups of some geometric spaces up to isomorphism (The-
orems 40 and 57, Proposition 47, and Corollaries 41, 51, and
62). In the final section, we present the relation between the
discrete fundamental group, digital fundamental group, and
graph homotopy group with the fundamental group of the
corresponding geometric space.

2. Homotopic Geometric Spaces

In this section, we define the concept of homotopy between
some maps in geometric spaces and state some of its
properties. First, we introduce some concepts and proper-
ties, which are necessary to define the homotopy. To have
some examples, we must recall some information from other
objects in mathematics, such as metric spaces, digital spaces,
and graph theory.

For every x in a geometric space (S, %), the =-class of x
is called the connected component of x in S. The geometric
space S is called connected if it has one unique connected
component (see [12]). In other words, a geometric space
(S, 9B) is called connected if and only if for each pair of
different points x,y €S, there exists a polygonal
(B;,...,B,) of Ssuch that x € B, and y € B,. A component
of the geometric space S is the maximal connected subset of
S. Clearly, the connected component containing x is equal to
I'(x) =T ({x}) (see Proposition 2.1 in [9]).

In the following, we recall some concepts of digital
spaces and some properties of them. For more information,
see [14, 15].

Let Z be the set of integers, and let n € N. Two distinct
points x = (x1,%,,...,x,)and y = (¥, ¥, ..., ¥,) in Z" are
called x-adjacent for 1 < x <n if there exist at most x distinct
indices i such that |x; — y;| = 1 and x; = y; for other indices
j. A(n) (n-dimensional) digital image, denoted by (X, x), is
a subset X<Z,, where « is an adjacency relationship on X. A
digital image X<Z" with adjacency relation x is called
k-connected if and only if for every pair of different points
x,y € X, there is a set {zy,...,z,,} of points in X such that
x=z,, y=2,, and z; and z,, are k-adjacent for
i=1,...,m-1. A k-component of a digital image X is
a maximal x-connected subset of X. The function
f: (X,,%) — (X,,k,) between digital images is called
(%,, x,)-continuous if it preserves the adjacency; see [15].

Example 1

(1) Let (X, d) be a metric space, letr € R,andlet /', (X)
be the family of maximal connected subsets UCX
such that d(x,y)<r for all x,yeU; then,
(X, N, (X)) is a geometric space. Clearly, the con-
nected component containing x is equal to I' (x) for
all x e X.

(2) Let (X, k) be a(n) (n-dimensional) digital image, and
let o (X) be the family of subsets ACX such that a
and b are k-adjacent for all a,b € A; then, (X, & (X))
is a geometric space, and the adjacency relation x in
the digital image (X, «) coincides with the relation ~

in the corresponding geometric space (X, & (X)).
Clearly, the x-component of X containing x € X is
equal to I'(x) in the geometric space (X, & (X)).

(3) Let (V,E) be a graph; then, (V,E) is a geometric
space such that the relation “~” in geometric spaces
coincides with adjacency in the graph. Clearly, the
connected component containing x is equal to T (x)
forall x e V.

Clearly, a geometric space (S, %) is a digital image
(S, ~) if SCZ" for some n € N, and it is a graph if each
B € & has two elements.

Definition 2. Let Z be the set of integers. The (standard)
geometric space, denoted by Z, is the geometric space
(Z,%), where & = {{m,m+ 1} |m € Z}.

Recall from metric spaces that a function
f: (X,,d,) — (X,,d,) is called r-Lipschitz for r>0 if
d, (f(x), f(y) <rd, (x,y) for all x,y € X;.

Recall from the graph theory that a map
f: (Vi,E)) — (V,,E;) is «called a graph map if
f:V, — V,isamapand {u, v} € E, yields f (u) = f (v) or
{f (), f (v)} € E,.Letv, € V| and let v, € V; then, a based
graph map f: (V,,E,,v,) — (V,, E,, v,) is a graph map
f: (V,E|) — (V,, E,) such that f(v|) = v,.

According to Example 1, any metric space induces more
than one geometric space and any digital image and any
graph induce a geometric space. In the following proposi-
tion, we consider the relation between Lipschitz functions of
metric spaces, continuous functions of digital images, and
graph maps with good morphisms of corresponding geo-
metric spaces.

Proposition 3

(1) Let v>0 and let f: (X,,d,) — (X,,d,) be an
r-Lipschitz between metric spaces; then, for ry,r, >0
such that r<r,/r,, the induced map f(X,, N,
(X)) — (X2>/Vr2(X2)) defined by f(x)= f(x)
for all x € X, is a good morphism.

(2) The map f: (Xy,%) — (X,,x,) between digital
images is a (k,, k,)-continuous function if and only if
the induced map F: (X, d (X)) — (X,, 4 (X;))
defined by F(x) = f(x) for all x € X, is a good
morphism.

(3) The map f: (V,E,) — (V,, E,) is a graph map if
and only if it is a good morphism.

Proof

(1) Since f(x) = f(x) for all x € X,, f is well defined.
Letx, y € X,,andlet x ~ y; then, there exists a block
N, (x) e N, (X;) such that {x, y}g/!/r1 (x), so
d,(x,y)<r,. Since f is an r-Lipschitz function,
d, (f (%), f(y))<rd,(x,y)<rry<r,; _ therefore,
FO) e, (F(x) €N, (X,); thus, F(x) ~ f (7),
which implies that f is a good morphism.



(2) Since F (x) = f (x), F is well defined if and only if f
is well defined. By Example 1, f preserves the ad-
jacency relation if and only if F preserves the relation
~ in the corresponding geometric spaces, which
completes the proof.

(3) It is straightforward. O

Proposition 4 (see [16]). Let f: (S, %B,) — (S,, B,) and
g: (S,, B,) — (S5, RB3) be good morphisms between geo-
metric spaces; then, go f: (S, B;) — (S3,PB;) is a good
morphism.

Let (S;, ;) be a geometric space for i = 1,...,n; then,
(TTL, S [T, %) is a geometric space, where [],%; =
{TTL,B;|B; € B;,fori=1,...,n} and I'(X) =T([]L,X,) =
[T, T(X;) (see [13]).

Proposition 5. Let F: (S}, %;) x (S,, B,) — (S5, B;) be
a good morphism; then, F,: (S,,%,) — (85, %;) by
F, (y) = F(xy,) is a good morphism for all x, € S, and
F,: (8,8, — (85, %) by F, (x) =F(x,y,) is a good
morphism for all y, € S,.

Proof. Let x; € §,.To show that F, isa good morphism, let
Y1> ¥, € Sy such that y; ~ y,; then, (x, ;) ~ (x;, ¥,). Since
F is a good morphism, F, (y;)=F(x,y)~F
(x1>¥,) = F (y,). Similarly, F,, is a good morphism for all
Y, €85,. O

Proposition 6. Let f: (S;,%B,) — (S5, B;) and g: (S,,
B,) — (84, PB,) be good morphisms between geometric
spaces; then, (f,g): S, xS, — 83 X S, is a good morphism.

Proof. Let (x;,y;) €S, xS, for i=1,2, and let
(x1, 1) ~ (x5, y,); then, x; ~ x, and y, ~ y,. Therefore,
f(x)) ~ f(x,) and g(y,) ~ g(y,) since f and g are good
morphisms; thus, (f(x,),g()) ~ (f(x,),g(y,)); hence,
(£29) e y0) ~ (f29) (6 3). O

Definition 7 (see [16]). Let (S, %) be a geometric space with
& # KCS; then, the geometric space (K, ) is called a geo-
metric subspace if & + €<RB. The induced geometric subspace
of K, denoted by K<S, is the geometric subspace
(K, % (K)), where % (K) = {B € % | BCK}. If there is no
ambiguity, we delete the word “geometric.” The subspace
(2, @) is the induced subspace of &, and we call it the trivial
subspace.

For example, (T'(x), % [x]) is an induced subspace of the
geometric space (S, %) for each x € S, where % |[x] is the
family of blocks of & that are contained in I'(x).

Definition 8. Let m,n € Z such that m<n. A countable
interval [m,n], is the induced geometric subspace of
{m,m+1,...,n}<Z. For conveniently, the countable in-
terval [0,m], is denoted by .7,,,.

Definition 9. Let (S,9%) be a geometric space, and let
x,y €S. A path from x to y in the geometric space S is
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a good morphism f: .#,, — S for some m € Z, such that
f(0) =x and f(m) = y; moreover, f(0) and f(m) are,
respectively, called initial and final points of f. If
f(0) = f(m), then f is called a loop based at f(0). If f is
a constant map, then it is called a trivial loop. Furthermore,
f:F,, — S is called a simple path of length m when
f@@) ~ f(j)ifandonlyif j=i—1orj=i+1.If f isaloop,
then f is called a simple loop.

Proposition 10. Let (S, %) be a geometric space, and let
x, y € 8. There exists a path from x to y if and only if x = y.

Proof. Let x = y; then, there exists a polygonal (B,,...,B,)
of S such that x € B, and y € B,,. Define f: .7,, — S by
f(0)=x, f(n) =y,and f(i) =z;fori=1,...,n— 1, where
z; € B;NB;,, is arbitrary. Clearly, f is a good morphism;
thus, f is a path from x to y. In this case, f is called a path
corresponded to polygonal (B,,...,B,).

Conversely, let f: .7, — Sbe a path from x to y; then,
f is a good morphism; thus, x=f(0)~ f(1)
~ -+ ~ f(m) = y; hence, x = y.

Let f: .#,, — S be a path from x to y in a geometric
space (S,9); then, x=f(0)~ f(1)~ --- ~ f(m) =y;
hence, there exists B; € & such that {f (i - 1), f (i)}<B; for
i=1,...,m; thus, (B,,...,B,,) is a polygonal; this polyg-
onal is called corresponded to path f. O

Lemma 11 (Gluing lemma). Let (S;, B;) be a geometric
space for i=1,2, and let K,,K,<S; such that for each
x,y € K, UK,, if x ~ y, then there exists B € B, such that
{x,y}cBe B(K;) for some i=1,2; then, the map
f: KUK, — (S,,%,) defined by the following:

(x), if x € K,
flx)= { Sl W el )

f(x), if x e K,,
is a good morphism if f;: (K;, B (K;)) — (S,, RB,) is a good
morphism fori =1,2 and f,(x) = f,(x) forallx € K, nK,.

Proof. Let f; be a good morphism fori = 1,2. Since f, (x) =
f,(x)forall x € K, NK,, f is well defined. To show that f is
a good morphism, let x,y € K, UK, and x ~ y. By the
hypotheses, there exists a block Be€ %, such that
{x, y}cB € B (K;) for somei =1,2,s0 f;(x) ~ f;(y). Since
f; is a good morphism, f (x) ~ f(y). O

Definition 12. Let (S;, 3B;) be a geometric space for i = 1,2,
and let f,g: S, — S, be good morphisms. If for some
n € N, there exists a good morphism F: §; x ., — §, such
that F(x,0) = f(x) and F(x,n) = g(x) forall x € S, then f
and g are called homotopic and denoted by F: f=g. The map
F is called a homotopy between f and g. A good morphism f
is called null-homotopic if f is homotopic to a constant map.
Recall from [1] that r-Lipschitz functions f,g:
(X,,d;) — (X,,d,) between metric spaces are called
r-discrete homotopic if there exist m € N and an r-Lipschitz
function F: X, x{0,...,m} — X, such that F(x,0) =
f(x)and F (x,m) = g(x) for all x € X,, where {0,...,m}is
equipped with the metric d(a,b)=la-b| for all
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a,b € {0,...,m} and the Cartesian product X, x {0,...,m}
is equipped with the I'-metric.

Proposition 13. Let r > 0, and let r-Lipschitz functions f, g:
(X,,d,) — (X,,d,) between metric spaces be r-discrete
homotopic; then, the induced good morphisms f,g: (X,, /',
(X)) — (XZ,JV,Z(XZ)) are homotopic for some r,r,>0
such that r <r,/r; + 1.

Proof. Let f and g be r-discrete homotopic; then, there exist
m € N and an r-Lipschitz function F: (X, x{0,...,m}1")
— (X,,d,) such that F(x,0) = f (x) and F (x,m) = g(x)
for all x € X . Clearly, a suitable induced geometric space of
({0,...,m},|-|) is .7,. Define F: (X, M, (X)) X T
— (X, /,, (X,)) by F(x,t) = F(x,t). By Proposition 3,
F is a good morphism and the hypothesis implies that
F(x,0) = f(x) and that F(x,m) = g(x), which completes
the proof.

Recall from [2] that for each a, b € Z with a < b, a digital
interval [a,b], is the digital image ({a,...,b},2). Two
(%,,%,)-continuous functions f, g: (X;,x;) — (X,, «,)
between digital images are called digital (x,, «,)-homotopic if
there exist meN and a function F: (X,%,) X [0,
m]y; — (X,, k,) that satisty the following properties:

(1) F(x,0) = f(x) and F(x,m) = g(x) for all x € X,

(2) The induced function F,: [0,m], — (X,,k,) by
F.(t) = F(x,t) for all t € [0,m], is (2, k,)-contin-
uous for all x € X,

(3) The induced function F,: (X;,x;) — (X,,%,) by
F,(x) = F(x,t) for all x € X, is (ky, ,)-continuous
for all t € [0,m],

In this case, F is called digital (x,, k,)-homotopy. O

Proposition 14. Let f,g: (X,,x) — (X;,x,)  be
(K, ky)-continuous functions between digital images. If the
induced good morphisms f,g: (X, (X)) — (X,,
(X,)) by f(x) = f(x) and G(x) = g(x) for all x € X, are
homotopic, then f and g are digital (x,, x,)-homotopic.

Proof. Let F: (X, (X)) x I, — (X,, 9 (X,)) be the
homotopy map between f and §. Define F: (X,,x;)x
[0,m]; — (X,,K,) by F(x,t) = F(x,t) forall x € X, and
t € [0,m],. By Proposition 5, the induced functions F, and
F, preserve the adjacency relation for all x € X; and
t € [0,m],, which completes the proof.

The inverse of the above proposition is not necessarily
true because for (xi,t,), (x,,t;) € (X;,%;) X [0,m], such
that x, # x, and t, #t,, x; and x, are x,-adjacent, t; and t,
are 2-adjacent, and F(x,,t;) and F(x,,t,) necessarily are
not adjacent. O

Definition 15. Let f,g: S; — S, be good morphisms and
let K<S;; then, f and g are called relative homotopic with
respect to K, denoted by f=yg, if there exists a homotopy
map F: §; x 7, — S, such that F(k,t) = f (k) = g(k) for
all ke K and t € .7,; moreover, F is called relative
homotopy.

Recall from the graph theory that the Cartesian product
(V1,E|) x (V,, E,) is the graph with vertex set V, x V, and
edges {(u,u,), (v, v,)} if either u; = v, and {u,,v,} € E, or
u, =v, and {u;,v,} € E;.

The Cartesian product of graphs necessarily does not
induce the Cartesian product of the induced geometric
spaces, because for (v, t,), (v,,t,) € (V, E;) x I,,, such that
v #Vy, b #EL, {v, v} €E, and {t,t,} € {{i—-Li}li=
1,...,m}, but necessarily {(x;,t,), (x,,t,)} is not an edge.

Recall from [7] that based graph maps f,g:
(V,E,vy) — (V,, E,, v,) are called G-homotopic if there
exist m € N and a graph map F: (V,E,) xI,, — (V,, E;)
such that F (x,0) = f(x) and F(x,m) = g(x) forall x € V,
and F (v,,1) = v, for alli € {0, ..., m}, where I, is the graph
(o,....mL {{i-1,illi=1,...,m}).

Proposition 16. Let f,g: (V,E;,v;) — (V,, E,,v,) be
based graph maps. If the induced good morphisms
f,g: (V,E|) — (V,,E,) defined by f(x)= f(x) and
g(x) = g(x) for all x € V| are relative homotopic with re-
spect to {v,}, then f and g are G-homotopic.

Proof. Let F: (V,E)) x#,, — (V,, E,) be the homotopy
map between f and g. Define F: (V,E;) xI,, — (V,, E,)
by F(x,t) = F(x,t) forall x € V, and t € I,,. Proposition 3
completes the proof. O

Theorem 17. Let S; be a geometric space for i = 1,2,3, let
good morphisms  f,, f,: S; — S, be homotopic under
F: S8 x 7, —S,, and let good morphisms g,,9,: S,
— S; be homotopic under G: S, x F,, —> Ss; then, g, o f,
is homotopic to g, e f,.

Proof. Define H: S, X .Z,,,, — S; by
o F(x,t), if t € [0,m],
H(x,r>={g‘ G
G(f,(x),t-m), ifte[mm+n]g.

By Proposition 4, g, o F is a good morphism, and by
Proposition 6, G(f,(x),t—-m) is a good morphism;
moreover, g,°F(x,m)=g,° f,(x) =G(f,(x),0) for all
x €8, so by Lemma 11, H is a well-defined good mor-

phism. Indeed H(x,0)=g;°F(x,0)=g;°f;(x) and
H(x,m+n)=G(f,(x),n)=g,° f,(x) for al xe§,
which completes the proof. O

Corollary 18. Let S; be a geometric space fori = 1,2, let good
morphisms  f,g: S — S, be  homotopic  under
F: 8§, x %, —S,, and let K<S,; then, flx and glx are
homotopic.

Proof. Leti: K — S, be the inclusion map; then, i is a good
morphism and is homotopic to itself; hence, by Theorem 17,
fei,gei: K— S, are homotopic; thus, f|x and glg are
homotopic.

Proposition 19. The homotopy relation between good
morphisms from a geometric space S, to a geometric space S,
is an equivalence relation.



Proof. Let f,g,h: S, — S, be good morphisms between
geometric spaces.

Reflexivity: clearly, F: S, x.7,, — S, defined by
F(x,t) = f(x) is a good morphism; thus, F: f=f. O

2.1. Symmetry. Let F: §; x .Z,, — S, be a homotopy map
between f and g; then, by Proposition 4, G: S, x ., — S,
defined by G(x,t)=F(x,n—t) is a good morphism;
G(x,0) =F(x,m) =g(x) and G(x,m)=F(x,0)= f(x)
for all x € S;; thus, G: g=f.

2.2. Transitivity. Let f be homotopic to g under
F:$§, x%,, —S,, and let g be homotopic to h under

G: §; x .#, — S,. Define H: §; x .#,,,, — S, by
F(x,t), if t € [0,m],
H(x,t)zi( : 0, mlz (4)
G(x,t—m), ifte [mm+n]g.

We know that F(x,m) = g(x) = G(x,0), so by using
Lemma 11, H is a well-defined good morphism, but
H(x,0)=F(x,0)= f(x) and H(x,m+n)=G(x,n) =
h(x) for all x € S;; thus, H: f=h.

3. Fundamental Group

In this section, we define the concept of “fundamental
group” of a geometric space and state some properties of it.
First, we introduce some concepts and properties, which are
necessary to define it.

Definition 20. Let f: 7, — (S, %B)and g: I, — (5, RB)
be two paths in geometric space (S, %) with f (m) = g(0).
The product f*g: .7,,., — (S, 9%B) is defined as

n

L ifre [0mly
Frg(®) ={f(t) e lomly (5)

gt-m), ifte[mm+n]qg.

Lemma 11 immediately yields the following corollary.

Corollary 21. The product of two paths in a geometric space
is a path.

Proposition 22. The product of paths in a geometric space is
associative.

Proof. Let f: .7, — S, g: F, — S, and h: F; — S be
paths in geometric space S, such that f(m) = g(0) and
g(n) = h(0); then, by the definition of the product of two

paths, fx(gxh) and (f*g)xh are equal to
fxgxh: F,,, .., — S defined by
f), if t € [0,m],,
frg*xh(t) =4 gt —m), if t € [m,m+n]y,
h(t-(m+n)), ifte[m+nm+n+l,.

(6)

To define the homotopy between paths, we need the
following definition. O
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Definition 23. Let f: #,, — S and g: #, — S be two
paths in a geometric space S. The path g is called a trivial
extension of f if n>m and there exist sets of paths
{fl,fz,...,fp} and {gl,gz,...,gq} in S such that p<gq,
f= fl*fz*"'*fp’ and g =g,*gox - *g,, and there
exists a sequence 1<i; <i, < --- <i,<q such that gi, = fi
for 1<j<p and g; is the trivial loop for all
ie {1,...,q}\{i1,...,ip}.

Clearly, any path is a trivial extension of itself. Let
f: F,, — Sbeapath in a geometric space S, and letn € N;
then, g: .#,,,, — S by

f(t), if t € [0, m],
t) =
g¢) {f(m),

forallt € .7

m+n>

(7)

ifte[m+1,m+n],

is a trivial extension of f.

Definition 24. Two paths f: #,, — Sand g: ., — Sin
a geometric space S are called path homotopic and denoted
by f=,g if there exists a trivial extension f : .%, — S of f
and a trivial extension g: ¥, — S of g such that there
exists a relative homotopy map F: .7, x #; — S between
f and g with respect to K = {0, 7}. In this case, F is called
a path homotopy.

Proposition 25. Let f: .7, — S be a path in a geometric
space (S, B) from x to y, and let (B,, ..., B,,) be a polygonal
corresponded to the path f with B,CB;_, (or B;CB,,,, resp.) for
some 1<i<m; then, (B,,...,B,_,B;_,B;...,B,,) (or
(By».--»Bi1, B> Bis1s - - -» Byy), resp.) is a polygonal cor-
responded to the path f.

Proof. Since B;CB;_, (or B;CB;,, resp.), f(i) € B;NB,,<
B, NB;,, (or f(i-1)eB,_ NB,CB;,_|NB;,,, resp.), so
(By»--->Bi_;»Bi_1>Biyy»---»B,,) (or (By,...,B;_;,Bi,1>Bips

...,B,,), resp.) is a polygonal corresponded to the path f. O

Definition 26. Let (B,,...,B,) be a polygonal of geometric
space (S, ). If B,CB;,, and B;,,;CB; forall 1 <i<n -1, then
it is called the reduced polygonal. If all blocks B; of a po-
lygonal (B,,...,B,) with B,CB; , for 1<i<n-—1or B;CB,_,
for 2<i<n are omitted, then its reduced polygonal is
obtained.

Lemma 27. Let f: .#,, — S be a path in a geometric space
(S, %B) from x to y, and let (By,...,B,,) be a polygonal
corresponded to the path f. Let (B;,B;,...,B;) for some
n<m be the reduced polygonal of (B,,...,B,). If
g: J; — Sisapath correspondedto (B;,B, ..., B, ) from
x to y, then f and g are path homotopic.

Proof. If n=m, then we are done. Let n<m. Define
g: 7, — S as follows: g'(0)=x, g (m)=y, and for
1<j<m-1:

g(j+1), if B;cB

j+1°
g ()=19G-D, if BB, (8)
g () otherwise.
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Clearly, g’ is an extension of the path g. Define F: .7, x
J,— S by F(s, 0) f(s) and F(s,1)=g "(s). By the
structure of gand g, g (i) ~ f (i) for0<i<m,soFis agood
morphrsm Indeed f(0)=x=g '(0) and f(m)

g (m), so F is a path homotopy between f and g’; hence,
f=9-

pThe above lemma immediately yields the following
proposition. O

Proposition 28. Let f: .7, — S and g: 5, — S be
paths in a geometric space (S, RB) from x to y. If reduced
polygonals corresponded to f and g are equal, then f and g
are path homotopic.

By Proposition 19, immediately we have the following
proposition.

Proposition 29. The path homotopy relation between paths
in a geometric space is an equivalence relation.

Proposition 30. Let f: %, — S and g: F,— S be
paths in a geometric space (S,9B) from x to y. Let
(By»...,B,) and (B,,...,B;,A,B;,,...,B,) for some
1 <i<m be the reduced polygonals corresponded to paths f
and g, respectively, such that ACB; U B,,; then, f and g are
path homotopic.

Proof. Let f: ., —> Sand g: .%,,,, — S be paths from
x to y corresponded to polygonals (B,,...,B,,) and
(By>...,B;, A By, .. .,B,,), respectively; hence, it follows
that f'(j) € B;nB;, for 1<j<m-1, that g (j)e
B NB g(l)eBﬂA that

j+1
for 1<j<i-1, that

g(1+]ir)l€aﬂBl+1, and that g(])ijlﬂB for
i+2<j<m. Define f: .7, — S by
f(j), if0<j<i,
f=1gG+1, ifj=i+1, 9)
f(-1), ifi+2<j<m.

Since ACB;UB;,), f ! is a well-defined good morphism,
so f is an extension of f. Define F: ., x .5} — S b
F(s, 0) = f (s)and F(s,1)=g "(s). By the structure of f
and g, f (j)~ g(]) for 0<j<m+1, so F is a good
morphlsm, but f (0)=x=g (0) and f m+1)=y-=
g (m+1); thus, f" pg Lemma 27 and Proposition 29
complete the proof. O

Lemma 31. Let (S,9) be a geometric space, and let
f: I — 8,9 F, — S andh: 5, — Sbepaths from x
to y; then, f,g, and h are path homotopic.

Proof. By Proposition 29, it is enough to show that f= g
andf~ h. Clearly,f S, — Sdeﬁnedbyf (0) = f (1) =
f) =xand f (2)= f(1) = yis an extension of f. Define
G F,x I, —S§ by G(s,0) —f (s) and G(s,1) = g(s).
Since g is a good morphism, x ~ g (1) ~ y, so G is a good
morphism; thus, f' =,9g, and hence f=,g.

Clearly, :F3 — § defined by £ o)y=f"Q)=

f(0) =x and f (2) f (3)=f(1) =y is an extension
of f. Define H:.7,x.%, — S by H(s,0)=f (s)

and H(s,1)=h(s). Since h is a good morphlsm
x ~h(1) ~h(2) ~ y,s0 H is a good morphism; thus, f = h
therefore, f=,h. I:I

Proposition 32. Let (S, %B) be a geometric space, and let
B, <RB. Let for each x,y € S with x ~ y, there exists a po-
lygonal (By,...,B,) in 9B, such that x € B;, y € B,, and
n < 3; then, each path in (S, %) is path homotopic to a path in
(S, 9B,) with the same initial and final points.

Proof. Let f: 7, — (S, %) be a path from x to y; then,
there exists a reduced polygonal (B,,...,B,,) in & corre-
sponded to f. Let g: .7, — (S, %) be a path from x to y
corresponded to polygonal (By,...,B,,); then g(i) ~ g(i +
1) for 1 <i<m — 1. We can write the path g = g, x ... *g,,,
where g;: J; — (S, %) defined by g;(0) = g(i — 1) and
g;(1) = g (i) is a path for 1 <i<m. For each 1<i<m, there
are two cases: Case 1: If g(i—1) ~ g(i) in (S, %,;), then
define h;: S, — (5,%,) by h;=g; Case 2: If
g(i—1)~g(i) in (S, 9%,), then, by the hypothesis, there
exists a polygonal (A A ) in 9B, such that
g(z—l)eA g(z)eA andn <3 'so h: I, — (5, %B,)is
defined as a path from x to y corresponded to (4. A )
by Lemma 31, g;=,h; for all 1<i<mj; thus, by Proposmon
10, g=,h, where h h %...%h,, is a path in (S, %,).
Immediately, the above proposition yields the following
corollary. O

Corollary 33. Let (S,9B) be a geometric space, and let
PB B such that B, preserves the connectedness of S (i.e., for
each x,y €S, if x ~ y in (S, B), then x = y in (S,%,)). If
|98, <3, then each path in (S, RB) is homotopic to a path
in (S, %,).

Definition 34. Let f: #,, — S and g: F, — S be two
paths in geometric space S, such that f(m) = g(0). The
operation * between two path homotopy classes [f], and
[g], is defined as [f],x[gl, = [f*gl,, where fxg is the
product of f and g.

Lemma 35. Let F: S, x .%,, — S, be a homotopy map
between two good morphisms f, g: S; — S, andn € N; then

G: S\ X I ey — S, by
F(x,t), ifte [0,m],,
G(x,1) ={ ‘ (10)
F(x,m), ifte[m+1,m+n],,

for all x € S, is a homotopy map between f and g. If F is
a relative homotopy with respect to K<S,, then G is too.

Proof. To show that G is a homotopy between f and g, first,
we show that G is a well-defined good morphism. We can
write G as
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(13)

1), if ,m]z, ' .
oot :{F(x B, ifte[0,ml, () H(s’t):{ F (s1), if s € [0,m],

F(x,m), ifte [mm+nly, G’(s—m,t), if s € [mym+nly,

for all x € S;, so by Lemma 11, G is a well-defined good
morphism. Indeed G(x,0) = F(x,0) = f(x) and
G(x,m+n) = F(x,m) = g(x); thus, G: f=g.

for all t € .7}, where l—max{m n}, F:9, x5 —S,
and G': .F, x .7, — § are, respectively, deﬁned by

Let F be a relative homotopy with respect to KCS,; then, F (5.0), itselo, " ,
for all k € K, ) 7
F (s,t) = 1
Gk t)_{F(k,t)=f(k):g(k), if t € [0,m], F(s,m’>, foe [m,,l] ’
T Fem)=g(k) = f(k), ifte[m+lm+nly, . z (14)
(12) , G(s,t) ifse [0, n’]z,
which completes the proof. O G (s1) =1 F(s n’) £ e [n’ l]
bl bY Z.

Proposition 36. The operation * between path homotopy

classes in a geometric space is well defined. By Lemma 35, F and G are path homotopy between

f1, f, and gy, g,, respectively. By Lemma 11, H is a well-

Proof. Let f,,f,: F,, — S be path homotopic under defined good morphism. Indeed
F: F, x5, —S, and let g,,9,: F,— S be path
homotopic under G: 7, x.f, — S, such that
fi1(m) = f,(m) = g,(0) = g, (0). Define H: .7,,,, x 7, by

F (s,0) = , if s € [0,m],
Heo = WOTHO etz g
G (s—-m,0)=g,(s), ifse[mm+n],,
, (15)
F ,l = 5 f € 0; >
Hep=q ' WO7LO el
G (s—-m))=g,(s), if se [mm+n],,
which completes the proof. O  Inverse. Let f:.%,, — S be a path from x to y. Let
fi I, —S be the path defined by f(t) = f (m —t); then
Theorem 37. Let S be a geometric space; then, the operation [f]p f]p and [f] * [f] ley ],

« »

has the following properties.

Proof. Associativity. Clearly, by the definition of operation
Associativity. Let f, g, and h be paths in the geometric space S. “x” and Proposition 22, [f]p*([g]p*[h]p) and
If [f1y* ([g),*1h],) is defined, then (If1,x[a),)x[h], is  ([f],*[g],)x[hl, are equal to [fxg=hl,
defined, and they are equall.

Right and Left Identity. Since [ex]p* [f]p = [ex*f]p and

Right and Left Identity. Let f be a path from x to y; then,  e.xf is an extension of f, ecxf=,f; thus,
[ex]p*[f]P = [f] and [f] [e ] = [f]p, where e, is [ex]p*[f]p = [f]p. Similarly, [f]p*[ey]p: [f]p.

a trivial loop at x.

~

Inverse. Define F: .%,,, x J,, — S by

f(s) ifse[0,m-t]z7,

F(s, t)= f(m—t):ef(mit) ifsem-t,m+tlz,

f(s—m):f(Zm—s) ifse[m+t 2mlz;
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By Lemma 11, F is a good morphism. Since F(s,0) =
f*7 (s) and F (s,m) = e (g (s) = e, (s), s0 f*7: e,. Indeed
F(0,t) =x=F(2m,t); hence, fxf=,e.. Similarly,
Flp*1f1, = L], 0

Definition 38. Let (S;, 9%3;) be a geometric space, and let
x; €8, fori=1,2. Let (K, %) be a(n) (induced) geometric
subspace of S; such that x; € K. The triple (S;, 3%, x,) is
called a pointed geometric space. The triple (K,%,x;) is
called a(n) (induced) pointed geometric subspace. A map
f: (S, By, %)) — (S,, B,,x,) is called a pointed good
morphism if f: (S, B,) — (S,, B,) is a good morphism
and f(x;) = x,.

Immediately, by Theorem 37, we have the following
corollary.

Corollary 39. Let (S, %, x) be a pointed geometric space, and
let , (S, B, x) (if there is no ambiguity m, (S, x)) be the family of
all path classes of all loops in S based at x; then, 7, (S, B, x) with
operation % is a group, which is called the fundamental group or
first homotopy group of the geometric space S.

Example 2. Let (S',d) be a metric space, where
St ={(x,,x,) € R*|x} +x% =1} is the unit circle and
d(x, y) is the length of the shortest arc connecting x to y.
We calculate the fundamental group of induced geometric
space (S', /5, (SY)) for multivalued radius r > 0. In general,
there are two cases: Case I: the fundamental group is a trivial
group and Case II: the fundamental group is isomorphic to
(Z,+).

Case I Let n/3<r<mn/2, let B =N, (S"), and let
B, =1{A}, A,, A3}, where A; is the arc clockwisely from
a; to a; (which is presented in Figure 3 by colored close
curve) for i = 1,2,3. By Corollary 33, it is enough to
calculate the fundamental group of (S', %,).

Define f: ., — (S',%,) by f(0)= f(3) =N and
f (i) = x;, wherex; € A;nA;,, fori=1,2,s0 f isaloop
at N and (A, A,, A;) is the reduced polygonal cor-
responded to f. Define F: .%; x ., — S! by

N,
1),

for all s € #5. Since N ~ x, N ~ x,, and x; ~ x,, F is
a good morphism, but F(s,0)=¢ey(s) and
F(s,t) = f(s) for all s € .75; thus, eN:pf. Since every
nonconstant simple loop at N in (S!, %,) has the re-
duced polygonal (A, A,, A;) (or (A;, A, A,) resp.),
then, by Proposition 28, every nonconstant simple loop
at N in (S', 9,) is in the path homotopy class [f], (or
[f]P); hence, 7, (S!, N) is a trivial group.

ift =0,

16
ift =1, (16)

F(s,t) :{

p (

By a similar argument, 7, (S', N) is a trivial group when
r>m/3.

Case II. Let n/4<r<mu/3, let B =N, ("), and let
B\ = {B,, B,, B;, B,}, where B; is the arc clockwisely
from b; to b; (which is presented in Figure 3 by colored
close curve) fori =1,2,3,4. Foreach x, y € S, if x ~ y,
then d(x, y)<2r, so there are two cases. Case I:
there exists 1<i<4 such that {x, y}cB,. Case 2:
there exists 1<i<4 such that {x, y}cB;UB;, where
j=i+1 mod 4; thus, by Proposition 32, it is enough
to find the fundamental group of (S', %).

Define g: .7, — (S, %)) by g(0)=g(4) =N and
g (i) = x;, where x; € B;nB;,, fori=1,2,3,s0 gisaloop at
N and (By,B,,B;,B,) is the reduced polygonal corre-
sponded to g. Since every nonconstant simple loop at N in
(S',A)) has the reduced polygonal (B,,B,,B;,B,) (or
(B4, Bs, B,, B) resp.), by Proposition 28, every non-
constant simple loop at N in (S', %)) is in the path
homotopy class [g]P (or [y]p resp.). Indeed there is not
homotopy map between g and e, so [g]p * [eN]p; thus, the
fundamental group of (S, /) 1§ generated by [g],; hence,
7, (S, N) = (Z,+) as groups.

By a similar argument, (SL,N) = (Z,+) as groups
when r = /4.
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FIGURE 3: Example 2.

Let r<m/n—1 where n>5, let B = N5, (SY), and let
B =1{C,,C,,...,C,}, where C,; is the arc clockwisely from
¢; to ¢ (which is presented in above figure by colored close
curve) for i = 1,2,...,n. Now, we rewrite the argument of
the case /4 <r <n/3 for r <m/n — 1. Similarly, it is enough
to calculate the fundamental group of (S',%}). Let
h: 7, — (S, B) by h(0)=h(n)=N and h(i) = x,
where x; e C;NC;,, fori=1,...,n-1,s0 his aloop at N
and (C;,C,,...,C,) is the reduced polygonal corresponded
to C. Since every nonconstant simple loop at N in
(S', B)) has the reduced polygonal (C,,C,,...,C,) (or
(C,C,_1>-..,C,) resp.), by Proposition 28, every non-
constant simple loop at N in (S', %)) is in the path
homotopy class [h] (or [h] resp.). Indeed there is not
homotopy map between h and €, 80 [h] # [en],s » thus, the
fundamental group of (S', B ) 1s generated by [h],; hence
7, (S, N) = (Z,+) as groups.

Let (S, %) be a geometric space, and let x, y € S. If a is
a path in § from x to y, then we identify
a my (S,x) — m, (S, y) by &([f]p) = [&*f*(x]P for all
[f]p €, (S, x).

Theorem 40. Let (S,9B) be a geometric space, and let
x, y € S such that x = y; then m, (S, x) = m, (S, y) as groups.

Proof. Since x = y, by Proposition 10, there exists a path «
in § from x to y. Define a: m (S,x) — m,(S,y) by
&([f]p) = [&*f*(x]p for all [f]p € 7, (S, x). By Corollary
21, a* f*a is a path in S. Clearly, the initial and final points
of it are y, so [a*f*a]P € m, (S, y); thus, @ is well defined.

To show that @ is a group homomorphism, let
[f]p, (9], € m (S, x); then, by Theorem 37 and the concept
of trivial extension of a path, we have

a([f1,)*a(lg],) = [@x fxa] ,x

= [@x fraxaxgxa], (17)

[@gxal,

= [@x fxgral, = &([f*g],)-

To show that & is an 1somorph1sm let 8= a. Deﬁne
B:m (S.y) — m(S,x) by P(lgl,) = [Brhxpl,
g*al, forall [g], € m, (S, y); then, B is a well- deﬁned group
homomorphism, by the similar argument of &. By Theorem
37 and the concept of trivial extension of a path, we have

a(B([g],)) = [@x (axg*@*al, =[g],» (18)

for all (9], € m (S, ). Similarly, B(&( [f]P)) = [f]P’ for all
[f1, € m; (S, x); thus, B is an inverse of @, which completes
the proof. O

Corollary 41. If S is a connected geometric space, then
7, (S, x) = 7, (S, y) as groups, for each x,y € S.

Proposition 42. Let (S, %) be a geometric space, and let
x, y € S. Ifa and 3 are two homotopic paths from x to y, then
a=p

Proof. We must show thata(f) = ﬁ(f) or R*f*oh B*f*ﬁ
for all [f] € m, (S, x). It is enough to show that 1f (x—Pﬁ
then = f and Sra=, fp.

Let a=,f under F:.J, x5, — S  Define
G J,xS,— S by G(s,t)=F(m~-s,t). Since F is
a good morphism, G is too, but

G(s,0) = F(m—s5,0) = a(m —s) = &(s),
G(s,n) = F(m—s,n) = f(m—s) = B(s), 1)
for all s € ., and
G(0,t) = F(m,t) = a(m) =@(0) = y =_B(0), (0
G(m,t) = F(0,t) = a(0) = a(m) = x = f(m),
for all t € .7,; thus, G: a=,B.
[f*%lic-e [a], = [Bl, f*(x] (flp*lal, = [f],* ﬁ]pa

Theorem 43. Let (S, B) be a connected geometric space, and
let x, y € S. The group m, (S, x) is a commutative group if and
only if @ = B for all paths « and f in S from x to y.
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Proof. Let m,(S,x) be a commutative group, let
[f]p € m, (S, x), and let a and f3 be paths in S from x to y.

Since [a*B] p €T (S,x), the commutativity of (S, x)
yields  [f1,x[axBl, = [axBl,*[f],, so [fraxpl,=
[“*B*ﬂ;ﬁ thus, [&*f*a*ﬁ*ﬁ]p = [&*(x*ﬁ*f*ﬁ]p; then, by
Theorem 37, [axf*a], = [B*f*ﬁ]p; hence, a([f],) =
Bf1,).

Conversely, consider 8 in S from x to y, and let
[f1p> [g], € my (S, x); then, f*aisapathinS§from x to y, so
by the hypothesis, f+a=a; thus, m([g]‘o) =a([gl,)
therefore, [m*g*f*cx]p = [a* f*a],. Since fra=axf,
[a*&*?*g*f*cx*&] = [axax fxaxa],, so by Theorem 37,
(F+g+f1, = gl thus, [f+Fxg=f], = [f+gl,s hence, by
Theorem 37, [g* f], = [f*gl,. O

Theorem 44. Let h: (S}, By, x,) — (S, RB,,x,) be
a pointed good morphism between pointed geometric spaces;
then, h,: m (S;,%;) — m,(S,,x,) defined by h, ([f]p) =
[he f] for all [f], € m; (Sy,x,) is a group homomorphism.

Proof. Let f: .#,, — S, be a loop in S, at x,. By Propo-
sition 4, themap ho f: .#,, — S, is a good morphism, so it
is a path in S,, but h° f(0) = ho f (m) = x,; then, ho f is
aloopin S, at x,; thus, by Theorem 17, [he f], € 7, (S5, x,);
hence, h, is well defined.

To show that h, is a good homomorphism, let
[f1p> [g], € 71 (Sy, xy); then,

h([f1p10g1,) = ho ([f*1g],) = [h° fxheg), o
= h.([f1,)*h.(1g)p).

where «; is the group operation of 7, (S;, x;) fori =1,2. O

Theorem 45. Let h: (S;,%B,,x,) — (S, B,,x,) and
k: (S5, B,,x,) — (S5, B, x5) be pointed good morphisms
between geometric spaces; then, (koh), =k, o h,; moreover,
if idg: (S, B,x) — (S, B, x) is the identity map in the
geometric space S, then (idg), = id

7, (S,%)°

Proof. Let [f] € my (S, x,); then,

(keh).([f1,) =lkoho f1, =[ke (ke )], o
k.([he f1,) = koo b, (Lf1)
Let h = idg: (S, B, x) — (S, %, x) be the identity map;
then,
(ids).([f1,) = lids® £1, = /1, (23)
for all [f]p € m; (S, x); thus, (idy), = idﬂ1 (5.5 O

Corollary 46. Let h: (S, %B,,x;) — (S,,B,,x,) be
a bijective pointed good morphism between geometric
spaces such that the inverse map h': (S, B, x,)
— (S}, B,,x,) is a pointed good morphism; then, h, is
a group isomorphism.

11

Proof. By Theorem 44, h, is a group homomorphism. By

-1 . -1 _ .
The.orem 45, h'* oh, = 1.dﬂl s, and b oh =id, (g
h, is a group isomorphism.

X, SO

Proposition 47. Let (S, %B) be a geometric space, and let
x € §; then, m, (I'(x), x) = 7, (S, x) as groups.

Proof. Leti: (I'(x), B[x]) — (S, B) be the inclusion map;
then, i is a good morphism; thus, by Theorem 44,
i, m (F(x),x) — m (S, x) is a group homomorphism. To
show that i, is one-to-one, let [f]P € m; (T (x), x) such that
i, ([f]p) = i*([ex]P); then, [iof]p = [ex]p, so there exists
a homotopy map F: .#,, x .7, — S in the geometric space
Ssuch that F: ie f= [e,],. Since F is a good morphism and
I, % I, 1s a connected subset of Z x Z, by Proposition 1,
F(f,x%, is a connected subset of S, but
F(0,0)= f(0)=x €T (x); thus, F(J5,, xJ5,)<T(x);
therefore, F is a homotopy map between i f and e, in the
subspace T'(x); hence, i, is one-to-one.

To show that i, is onto, let [g]p € (S, x); then,
g F,—S is a loop in S at x. By Proposition 1,
g(F )l (x);  thus, [g]P € m (I'(x),x);  therefore,
i, ([gl,) = [gl,. O

3.1. Deformation Retracts. In this section, we introduce the
concept of “deformation retract,” some of its properties, and
some related concepts.

Definition 48. Let (S, %) be a geometric space, let K<S, and
leti: K — S be the inclusion map. A retraction of S onto K
is a good morphism r: S — K such that 7| =idg (ie,
roi = idg). In this case, r is called a retract of S. A retract r is
called a deformation retract if idg=i°r. In this case, K is
called a deformation retraction of S. A retract r is called
a strong deformation retract if idg=gior. In this case, K is
called a strong deformation retraction of S.

Proposition 49. Let (S, %) be a geometric space, and let
K<S be a retraction of S with retract map r: S — K; then,
the group homomorphism r: m, (S, x) — m; (K, x) is onto
and the group homomorphism i,: m, (K, x) — m,(S, x) is
one-to-one, where i: K — S is the inclusion map and x € K.

Proof. Let r: S — K be a retract of S. Since reoi = 1d by
Theorem 45, r,oi, = (rei), = (idg), =id; (k) X but
id; (k. is a group 1somorphlsm thus, r, is onto, and i, is
one-to-one. O

Theorem 50. Let h,k: (S;,x;) — (S,,x,) be two pointed
good morphisms between pointed geometric spaces such that
h= {x, }k then, the induced group homomorphisms
h, k. m (S, %) — m,(S,,x,) are equal.

Proof. Let [f], € m, (S, x,). Since h=, 1k, by Theorem 17,

he f=ke° f, but f is a loop at x, and ho o f(0)=h(x))=
x, =k(x;) =keo f(0); thus, ho f~ ko f, and hence
h(Lf1,) = Uro f1, = [k f1, = k, (1f1,). O
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Corollary 51. Let K<S be a strong deformation retract of
geometric space (S, B); then, m, (S, x) = m, (K, x) as groups,
for all x € K.

Proof. Let it K — s be the inclusion map, and let
r: § — K be a strong retract map of S; then, r oi = idg and
i°r=gidy, so by Theorem 45, i, or, = (idy), = id, (5 for
allx € K. Sinceid, () isa group isomorphism, r, is one-to-
one; thus, by Proposition 49, r,: m, (S,x) — m, (K, x) is
a group isomorphism.

In Corollary 51, if K is a singleton, then 7, (S, x) is
a trivial group. O

a(s)=a(n-s) ifse[0,n-t]z,
F(n,t)=H (x,t) ifse[n-tn]z,
G(s t)= F(n,t)=H(x,t) ifse[nn+tlz,
F(s-n-tt) ifse[n+t2n+tlz,
{ a(s-2n) ifse[2n+t3n]z;

Clearly, G is well defined, and by Lemma 11, G is a good
morphism, but G(s,0) = (a*xh° fxa)(s) and G(s,n) =
(ko ef(n)*k ° ef(,,)*k o f)(s) =ko (ef(n)*ef(n)*f) (s). Since
erm*esm*f is a trivial extension of f, by Theorem 17,
ko (efuy*xeriy*fl=pke f3 thus, axhe fxa=ke f, but
G(0, t) = oc(O) = oc(n) =H(x,n) = k(x) = G(3n,t), which
completes the proof.

In Theorem 52, if h(x) = k(x), then a: 7, — S, is
aloopin S, at h(x) and @: 7, (S,, h(x)) — 7, (S,, h(x)) by
a([gl,) = [axgral, = [alx[gl,*lad,  for
(9], € m,(S,, h(x)) is a group automorphism; moreover, if
h=yk, then « is the trivial loop at x, so & = id,, (s, ¢ (x)y thus,
h, = k,, similar to Theorem 50.

Using Theorem 52, immediately, we have the following
corollary. O

Corollary 53. Let h,k: (S}, #,) — (S,, %B,) be homotopic
good morphisms between geometric spaces, and let x, € S,. If
h,: m (S;, %) — 7, (S,, h(x,)) is a one-to-one (onto, or
trivial, resp.) group homomorphism, then k,: m, (S;,x;) —

7, (S5, k(%)) is a one-to-one (onto, or trivial resp.) group
homomorphism.

Corollary 54. Leth: (S;, %, x;) — (S,, $B,, x,) be a null-
homotopic pointed good morphism between geometric spaces;
then, h,: m (S, %)) — m,(S,,x,) is a trivial group
homomorphism.

Proof. Since h is null-homotopic, h=c, under homotopy
map H:§ x5, —S,, where c,:(5,%B,x)—
(S,, %B,, x,) is the constant map at x,. Define a: 5, — S,
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Theorem 52. Let (S;, %;) be a geometric space for i = 1,2,
and let h,k: (S;,%B,) — (S,,%B,) be two homotopic good
morphisms under homotopy map H: S, x ., — S,. Let
x €8, and let a: F, — S, defined by a(t) = H(x,t) be
a path in S, from h(x) to k(x); then, the group homomor-
phisms aoh,, k,: m (S}, x) — m,(S,,k(x)) are equal.

Proof. Let [f]P e (S;,x). We must show that
&Oh*([f]p) = k*([f]p), or identically &*hof*oczpkOf.
Define F: .7, x .7, — S, by F(s,t) = H(f (s),t) for all
(s,t) € F, x.F,,. By Propositions 4 and 6, G is a good
morphism, but F(s,0)=H(f(s),0)=hof(s) and
F(s,n)=H(f(s),n)=ko f(s), so F: ho f=ko f. Define
F: J,,x%,— S, by

= H(xy,t), so a is a path from h(x;)=x, to

by «a(t)
¢y, (x) = x,. By Theorem 52, @°h, = (c,)),; then, for all

[f]p € my (81, %)),

[@xho fxa], —ocoh*([f]P)=(Cx2)*([f]p)

(24)

= [C"z of]p = [exz]p'
Hence, by Theorem 37, [hof]p = [oc*exz*R]P = [exz]P,
which completes the proof. O

3.2. Homotopy Type. In this section, we define the concept of
“homotopy type” and present some of its properties.

Definition 55. A good morphism f: S — S, between
two geometric spaces is called a homotopy equivalence if
there exists a good morphism g: S, — S; such that
feog= 1d and go f=idg, whereidg: §; — §; is the identity
map fo? i = 1,2; moreover, gis called a homotopy inverse
of f.If f: §, — S, is a homotopy equivalence, then S,
and S, are called homotopic equivalent and denoted by
f: 8,=S,. Two spaces that are homotopy equivalent are
called to have the same homotopy type.

Theorem 56. The homotopy equivalence relation between
geometric spaces is an equivalence relation.

Proof. Reflexivity. Since id: (S, %) — (S, %) is a good
morphism for all geometric space S and id cid=id, $=S. O



Journal of Mathematics

3.2.1. Symmetry. If f: S, — S, is a homotopy equivalence
between two geometric spaces S; and S,, then there exists
a good morphism g: S, — §; such that fog=idg and
ge° f=idg , so g is a homotopy equivalence between S, and §,.

3.2.2. Transitivity. If S; is a geometric space for i = 1,2,3,
fi1:§,=S,,and f,: S,=S;, then there exist good morphisms
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g1: S, — §; and g,: S5 — S, such that g;o f;=idg for
i=12, fiog,=idg, and f, °92:isd- By Proposition 4, f =
frof1:8, —S; and g=g,09,: S; — S, are good

morphisms, and

gof=(91°92)° (f2ef1)=gi° (g2°f2)°f1:91°idsz°f1 =91°f1:idsla
feg=(fr0f1)o(g1°9,) = f2e (f1°91)°92:fz°idsz°g2 =fz°9z:ids3a

hence f: §,=S;.

Theorem 57. Let f: S; — S, be a good morphism, and let
xeS. If f is a homotopy equivalence map, then
fom (S, x) — m (S, f(x)) is a group isomorphism.

Proof. By Theorem 44, f, is a group homomorphism. Since
f is a homotopy equivalence map, there exists a good
morphism g: S, —'S; and  homotopy  maps
F:8$,x5%,—S, and G:S§,xJ,— S, such that
F: g° f=idg and f ° g=idg . Define a: .7, — S, by a(¢) =
F(x,t) for all t € .7,; then, « is a path in S; from x to
g°f(x), so by Theorems 45 and 52, g,°f, =
(g°f). =ac (idg ), = @ but by the proof of Theorem 40, &
is a group isomorphism; thus, f, is one-to-one. By a similar
argument, f,°g, is a group isomorphism, so f, is onto,
which completes the proof.

According to Theorem 57, if two geometric spaces have
the same homotopy type, then the fundamental groups of
them are isomorphic in the group theory. O

3.3. Contractible Space. In this section, we define the concept
of “Contractible” and present some of its properties.

Definition 58. A geometric space (S, %) is called con-
tractible if the identity map idg: S — S is null-homotopic.

Theorem 59. Geometric space S, is contractible if and only if
each good morphism f: (S, %B,) — (S, B,) is null-
homotopic for all geometric space (S,, %,).

Proof. Let (S,, 3B,) be contractible; then, there exists y € S,
such that idg,=c , so by Theorem 17, idg ° f=e, °f = c,; thus,
f is a null-homotopic map. Conversely, let each good mor-
phism f: (S, %B,) — (S,, B,) be null-homotopic for all
geometric space (S;,%B,); then, the good morphism
idg,: S, — S, is null-homotopic; thus, S, is contractible. [

Theorem 60. Each contractible geometric space is connected.
Proof. Let (S, B) be a contractible geometric space; then, for

some x € S, idg=c, under homotopy map F: .#,, — S. For
each y € §, clearly, a: F,, — S defined by «, (t)=F(y,t)

(25)

is a path from y to x; thus, for each y,z € S, a,"@, is a path
from y to z; hence, S is connected. O

Theorem 61. Geometric space (S, RB) is contractible if and
only if S and {x} have the same homotopy type for some x € S.

Proof. Let (S, B) be contractible; then, there exists y € S such
that idg=c,. Define f: {x} — Sby f(x) =y and g: § —
{x} by g(s) =x for all s€S. Clearly, f and g are good
morphisms, but ge° f(x) = g(y) =x=id,(x) and feg
(s) =y for all se€S§; thus, ge° f=idy,; and feg=c,, re-
spectively, but by Theorem 56, id,;=id;,;, and since S is
contractible, e,~idg; hence, S and {x} have the same
homotopy type.

Conversely, S and {x} have the same homotopy type;
then, there exist good morphisms f: {x} — S and
g: S — {x} such that g° f=id;,, and f°g=id, but clearly,
g=c, and f°g(s)=f(x) for all S¢S hence,
eff(n) = f°g=idg; thus, S is contractible. O

Corollary 62. Let (S, %) be a contractible geometric space;
then, m, (S, x) is the trivial group for all x € S.

Proof. By Theorem 61, S and {x} have the same homotopy
type for some xe€S; then, by Theorem 57,
m (S, x) = my ({x}, x) = {[ex]p}. Theorems 40 and 60 and
Proposition 10 complete the proof.

The converse of Theorem 60 necessarily is not true; see
Example 3. O

Example 3. Consider the geometric space ({x,y,z,t},
{x, yh{x. th{y, 2z} {z, t}}). Since T'(x) ={x, y,z,t}, this
geometric space is connected. Define f: ., — {x, y,z,t}
by f(0) = f(4) =x, f(1) = y, f(2) = z,and f (3) = t; then,
f isaloop in the geometric space {x, y, z, t} at x. Clearly, the
fundamental group 7, ({x, y, 2,t}, x) is generated by [f],;
thus, m, ({x,y,2,t},x) = (Z,+) as groups; therefore, by
Corollary 62, this geometric space is not contractible.

Definition 63. A connected geometric space (S, %) is called
simply connected it m, (S, x) is the trivial group for all x € S.

By Corollary 62, each contractible geometric space is
simply connected. To examine the simply connection of
a geometric space, according to Theorem 40, it is enough to
examine it for some x € S.
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Theorem 64. A geometric space (S, B) is simply connected if
and only if any two paths having the same initial and final
points are path homotopic.

Proof. Letx € §,letm, (S,x) = {[ex]p}, andlet f: .#,, — S
and g: .#,, — S be two paths in S from x to y; then, f*gis
aloop in S at x; therefore, [f*g] em (Sx) = {[ex]p}; thus,
f*g=, ¢ hence, by Theorem 37, f=,g

Conversely, let x € S and (f1, e 711 (S x); then, by the
hypothesis, f=,e,, so [f], = thus, m,(S,x) =
{le],}- O

4. The Relation between the Fundamental
Group of Geometric Space with the
Fundamental Group of Other Spaces

In this section, we try to find the relation between the
discrete fundamental group, digital fundamental group, and
graph homotopy group with the fundamental group of
corresponding geometric space. First, we prove a helpful
lemma in general.

Lemma 65. Let A be a nonempty set with an operation ° on
A. Let p; be an equivalence relation on A. Assume that [a]; is
an equivalence class of relation p; for alla € A and i = 1,2.
Let (A/p;, °) be a group, for i=1,2, where [a];°[b]; =
[a°bl;, foralla,b e Aandi=1,2.If [a],Clal, foralla € A,
then there exists a surjective homomorphism from (A/p,, °)
to (A/p,, °).

Proof. Define ¢ (A/py, o) — (Alp,, o) by ¢(laly) = [al,
foralla € A. Since [a],<[al,, forall a € A, ¢ is well defined.
To prove that ¢ is a group homomorphism, leta,b € A, then
¢ (lal,°[b],)) = ¢([a°b])) = [a°b], = [a],° [b],.Since p; is
an equivalence relation on A, the set {[a];la € A} is a par-
tition for set A, for i = 1,2. So, for each [a], € A/p,, we have
lag]; € Alp, such that ¢ ([ay];) = [al, because {[a],|a € A}
is a partition of A; thus, ¢ is surjective.

Clearly, the homomorphism ¢ in the above lemma is
one-to-one if and only if p; = p,. O

4.1. Graph Homotopy Groups. In this section, we discuss
about the relation between graph homotopy groups with the
fundamental group of geometric space. First, we recall the
concept of graph homotopy groups and some related
concepts and properties in graph. For more information,
see [7].

Let m € N and I,, be the graph ({0,...,m}, {{i — 1,3}|
i=1,...,m}). The distinguished base point and the boundary
of the 1-cube I,, of graph I,,, respectively, are & = 0 and

= {0, m}. The extens10n off I,,{0,m}) — (V,E,v,)
to " graph map f : (1,10, p}) — (V,E,v,) for m<p is
f (i) = f@) fori=0, 1 .om andf (i) = v, for i>m [7].
Clearly, the extension of a graph map is a special case of
trivial extension of a path in the induced geometric space.
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The family of homotopy classes of graph maps
f: (I,,0l,) — (V,E,v,) is denoted by AS(V,E,v,)
where n> 1. The multiplication [ f]; * [g]lg on AT (V, E, v,)

is defined as the G-homotopy class of the map
h: (1,,,,01,,) — (V,E,v,) by
£, ifi<m,
h(i) = (26)
gli—-m), ifi>m.

Obviously, the multiplication on A (V, E, v,) coincides
with the product of two homotopy classes of induced paths
in the corresponding geometric space.

Proposition 66. Let (V,E) be a graph with v, € V; then,
there is an onto group homomorphism from m, (V,E,v,) to
A (V,E, v).

Proof. Let f: .%,, — (V,E) be a loop at v, in geometric
space (V,E), so f: (I,,,{0,m}) — (V,E,v,) is a graph
map by f = f. Let [f], € m (V, E, v,), then, by Proposition
16, [f] C[f]G, where [f]; € A (V,E,v,). Since the mul-
tlphcatlon “x” on A%(V,E,v,) c01nc1des with the product
“x7 on m (V E,vy), by Lemma 65,

¢: 1, (V,E, vy) —>A (V,E,vy) byq)([f ) = [flg, for all
[ f ] € m, (V, E,v,), is an onto group homomorphlsm

The following examples show that m, (V,E,v,) and
AS (V,E, v,) sometimes are isomorphic and sometimes are

not isomorphic. O
Example 4
(1) Let (V,E) = ({vg, v, var v3 1 {{ve vi 1> {vo, v3

{vi,v,},{v2,v3}}) be a graph; then, the induced
geometric space is equal to (V, E) (Figure 4). With
respect to Example (1) in page 120 and Proposition
5.10 in [7], A? (V,E,v,) is a trivial group. By Ex-
ample 3, 7, (V, E,vy) = (Z,+) as groups.

(2) Let  (VLE) = (v visvavi b {{vovih {vo, vahs
{vi, v}, {vs, vi} {v3, v4}}) be a graph; then, the in-
duced geometric space is equal to (V', E') (Figure 4).
With respect to Example (3) in page 120 and
Proposition 5.10 in [7], AG (V,E, vo) = (Z,+).

By a similar argument about the fundamental group of
geometric space (V,E,vy) in Example 3, we have
u (V' E, Vo) = (Z,+) as groups.

Let (V,E) be a graph with v, eV, and Ilet
f,g: (1,,,{0,m}) — (V, E,v,) be G-homotopic under G-
homotopy map F:I,xI,— (V,E). If {F(t,s),F
(t+1,s+1DL{F(t+1,s),F(t,s+1)} € E,foreveryseI,,_,
and every t € I,_,, then the induced map of F in corre-
sponding geometric space is a homotopy map; thus, the
homomorphism of Proposition 66 is an isomorphism.

4.2. Digital Fundamental Group. In this section, we consider
the relation between the digital fundamental group and the
fundamental group of geometric space. First, we recall the
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concept of digital fundamental group and some related
concepts and properties in digital space. For more in-
formation, see [2, 10, 17, 18].

Recall from [2] that a pointed digital image is (X, «, x;)
where (X, x) is a digital image and x € X. A pointed digital
continuous  function  f: (X, x,,x) — (3%, y9) s
a (;cx,xy)-continuous function f: (X,x,) — (y, Ky) such
that f(xg) = yo. Let f,g: (X,x,,x9) — (y,%,,y,) be
pointed (x,, k,)-continuous function. A (x,, «,,)-homotopy
function H: (X,x,) x [0,m], — (Y, Ky), between f and
g, is called a pointed digital homotopy if H (x,,t) = y, for

€ [0,m]5 [2].

A digital k-path in a digital image (X,x) is a (2,x)-
continuous function f: [0,m], — X. It is called a digital
k-loop if f(0) = f (m); in this case, f(0) is called the base
point of the loop f.If f is a constant function, it is called
a trivial loop [2].

Recall from [2, 18]
g: [0,m,]; — X be two paths such that f (m — 1)
then the product of f and g is the
(f-9): [0,m +m,], — X with

(F-9)(t) = { f@, o tteloml (27)

g(t-my), ifte[m,m +my],

Let f and f be x-loops in (X, x,x,). f is called trivial
extension of f if there exist sets of x-paths { fiooonf k} and
{Fl,...,Fl} in X such that k<[, f = f,-. fk, and f =
F,-....F;and there are indices 1 <7, < --- <i; <[ such that
F, = fJ for 1< j<kandF; 1satr1v1alloop1fz ¢ {ip, .. ik
Two k-loops f and g are pointed digital homotopic if there
exist trivial extensions f and g of f and g, respectively,
with the same cardinality in their domains and a pointed
digital homotopy between f' and g'. The homotopy class of
k-loop f: [0,m], — (X, x, x,) is denoted by [ f], and the
family of all homotopy classes of x-loops in (X, x,x,) is
denoted by IIf (X, p). The set IT{ (X, p) is a group with
product operation [f]y - [glx = [f.g], is a group which is
called the digital fundamental group [2].

that f: [0,m;], — X and

=9(0),
path

Let (X,x,x,) be a pointed digital image, then, by Ex-
ample 1, the corresponding geometric space of it is
(X, o (X),x,). By Proposition 3, the digital x-path in
(X, x, x,) coincides with a path in the corresponding geo-
metric space (X, & (X)). Clearly, the product of two digital
x-paths coincides with the product of two induced paths in
corresponding geometric space. Obviously, the trivial ex-
tension of a digital x-loop coincides with the trivial extension
of a loop in geometric space. Now, we can identify the
relation between the digital fundamental group and the
fundamental group of corresponding geometric space.

Proposition 67. Let (X,«,x,) be a pointed digital image;
then, there is an onto group homomorphism from
m (X, A (X), x,) to I (X, x;).

Proof. Let f:.7,, — (X, (X)) be a loop at x, in geo-
metric space (X 9 (X)), so f: [0,m], — X is a digital
k-loop by f = f Let [f] em (X, &f(X) X,), then, by
Proposition 14, [f] C[f]x> where [flx € IT{ (X, x;). Since
the multiplication e on IIf (X, x,) coincides with the
product “x” on m; (X, & (X), xO) by Lemma 65, ¢: m, (X,
A (X),xp) — i (X, xy) by @([f]y) =[flx, for all
[f]p e m (X, 9 (X),x,), is an onto group homomorphism.

The following examples show that 7, (X, & (X), x,) and
IT} (X, x,,) sometimes are isomorphic and sometimes are not
isomorphic. O

Example 5

(1) Consider the pointed digital image (I,,0), then its
corresponding geometric space is (.#,,0) (Figure 5).
By Example 5.4 in [10] and Theorem 4.16 in [2],
[12(I1,,0) is a trivial group. Consider
F: #,x F, — &, with F(5,0) =s = idjz(s) and
F(s,1) =1=¢(s), for s € .F,. Clearly, F is a good
morphism, so F is a homotopy map between id
and e;; thus, .7, is contractible; therefore, by Cor-
ollary 62, m, (#,,0) is a trivial group.
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(2) Let a,b,c,d be (0,0), (1,1), (2,0), (1,-1), re-
spectively. Let ({a,b,c,d},8, (0,0)) be a pointed
digital image; then, the corresponding geometric
space is ({a,b,c,d}, %, (0,0)), where & = {{a,b},
{b,c}, {c,d}, {a,d}} (Figure 5). With respect to The-
orem 4.16 in page 6 in [2], I ({a, b, c,d}, (0,0)) is
a trivial group. By Example 3, m,({a,b,c, d},
A, (0,0)) = (Z,+).

Let (X,x,x,) be a pointed digital image, and let
f,g: 10,m], — (X, x) be digital homotopic x-loops at x,
under digital homotopy map F: [0,m], x [0,n],%
I, — (X,x). If F(t,s) and F(t+1,s+1), and F(t +1,s)
and F(t,s + 1) are x-adjacent, for each s € [0,m — 1], and
each t € [0,n— 1], then the induced map of F in corre-
sponding geometric space is a homotopy map; thus, the
homomorphism of Proposition 67 is an isomorphism.

4.3. Discrete Fundamental Group. In this section, we discuss
about the relation between the discrete fundamental group of
metric space with the fundamental group of geometric space.
First, we recall the concept of discrete fundamental group
(fundamental group at scale ) and some related concepts and
properties in metric space. For more information, see [1].
Let (X, d) be a metric space and x, y, p € X, and letr >0,
recall from [1] that an r-path from x to y is a finite sequence of
points x,x,---x,x,,, such that x,=x, x,,, =y, and
d(x;x;,1) <r,fori=1,...,n Anr-path from x to y is called
an r-loop based on p if x = y = p. The family of r-loops based
on p is denoted by &, (X, p). The concatenation of two
r-paths (xyx;...x,) and (yoy;...y,) is defined as

(01 %) (Yoy1 - V) = (XoX1 - X VoY1 -+ - V)
(28)

€, (X, p) is a monoid under concatenation of r-loops [1].

Recall from [1] that the r-homotopy equivalence on
€,(X,p) is an equivalence relation which is defined as
follows:

(1) Each r-loop (xyx,---x,) is r-homotopy equivalent
to (x¢xy---X,X,,,), where x,,, = p. It allows to
increase the length of the sequence (xyx,---x,) by
adding p to the end of the sequence.

(2) Two r-loops (xgxy ... x,%,.1) and (¥o¥; - Y Vns1)
are r-homotopy equivalent if there is an r-homotopy

grid:
Xo X1 0 Xy Xpp
1 1 11
20 21 " 2y Zpi
N (29)
t t t
2y 2 . Zn Zn+l

Yo V1 ot Yu Yun

where

(a) each row is an r-loop based on p

(b) each column is an r-path
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Let A}, (X, x) be a family of r-homotopy equivalence
class of &, (X, p); then, A, (X, p) with the operation of
concatenation is a group which is called the fundamental
group at scale r. A metric space (X, d) is called connected at
scaler >0ifforall x, y € X, there are xg, X, ..., X, X,;; € X
such that x,=x, x,.,=y and d(x,x;,)<r, for
i=1,...,n If (X,d) is connected at scale r, then the
fundamental group A, , (X, x) does not depend on x. So, it is
denoted by A, (X) [1].

Proposition 68. Let (X,d) be a metric space and r>0.
(xgxy -+ x,%,,1) isanr-path ifand only if f: F,., — X by
f)=x;, for ie S, is a path in the geometric
space (X, N, (X)).

Proof. With respect to the definition of the geometric space
(X, #, (X)) in Example 1, d (x, y) <rif and only if x ~ y in
geometric space (X, (X)), for all x, y € X, which com-
pletes the proof.

Obviously, the concatenation of two r-paths in a metric
space (X, d) coincides with the product of two induced paths in
the corresponding geometric space (X, #, (X)). Increasing the
length of an r-loop in €, (X, p) by repeating the base point at
the end of the sequence of the r-loop, in the definition of
r-homotopy equivalence, is a particular case of trivial extension
of the induced loop in the corresponding geometric space. [

Proposition 69. Let (X,d) be a metric space and p € X. Let
r>0 and (xgx,---x,), (Yo¥1-* ¥Vn) € €, (X, p); these two
r-loops are r-homotopy equivalent if and only if the induced
loops in the corresponding geometric space (X, NV, (X)) are
path homotopic.

Proof. Let f,g: F, — (X, 4, (X)) by f(i)=x; and
g(i) =y, for ie.#, be the induced loops of r-loops
(xgxy -+-x,) and (yoy; --- ¥,), respectively.

Let r-loops (x¢x,---x,) and (y,¥;---¥,) be r-homo-
topy equivalent, then, by definition of r-homotopy equiv-
alence, there is a grid

Xo X1 Xn
1 1 1
Zy 2 Zy
: N (30)
t ot t
Zy 2 2y
Yo V1 o0 Ya

such that each row is an r-loop based at p, and each column
is an r-path; moreover, x,=y,=p and z,=p for
j=1,...,t. Define F:J,xJ5,,, — (X,/,(X)) by
F(i,0) =x;, F(i,t +1) = y; and F (i, §) :z{ forie 7, and
j=1,...,t. By Proposition 68, each row and each column of
the above grid are a path in geometric space (X, /4, (X)), so
F is a good morphism, and hence F is a path homotopy map
between the loops f and g.

Conversely, let the induced loops f and g be path
homotopic; then, there exists a homotopy map F: .7, X
T — (X, /(X)) with F(,0) = f(i), F(i,t+1)=
g(y), for i e #, and F(0,j)=F(n,j) =p, for je 7.
Define grid
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FIGURE 6: Example 6.

F(0,0)  F(0,1) F(0,n)
Z= : : : . (3D
F(t+1,0) F(t+1,1) --- F(t+1,n)
By Proposition 5, F; (j) = F (i, j) and F; (i) = F(i, j) are
good morphisms fori € £, and j € .#,,;, so by Proposition

68, each row of grid Z is an r-loop at p and each column of Z
is an r-path, which completes the proof. O

Lemma 70. Let (X,d) be a metric space and r>0; then,
r-loops (xgx,---x,) and (xyxyx, ---x,) are r-homotopic.

Proof. By definition, (xyx,x,---x,_x,X,) is r-homotopy
equivalent to (xyx,x,---x,_;X,). Consider

Xo Xo X1 Xp 00 Xy Xy Xy
Xo X1 X1 Xp s Xy Xy Xy
Xo X1 Xp Xy 00 Xy g Xpg Xy (32)
Xo X1 Xp X3 0 Xy X Xy
Xo X1 Xp X3 00 Xy Xy Xy

Clearly, each row is an r-loop, and each column is an
r-path;  thus, r-loops  (xyxox;x,---x,;x,) and
(xgx1%, -+ x,_;1x,%,) are r-homotopy equivalent. Since
r-homotopy is an equivalence relation, it is transitive, which
completes the proof. O

Lemma 71. Let (X,d) be a metric space and r>0; then,
r-loop (x¢x,---x,_,x,) is r-homotopy equivalent to r-loop
(%% -+ X; EXip e Xpp1%).

Proof. By a similar argument of the proof of Lemma 70, the
r-loop (x¢x, ---x,_,x,) is r-homotopy equivalent to r-loop
(xg%xq +++ XX X1 -+ X,_1%,). Repeating this argument
completes the proof.

In the following, we compare the r-homotopy equiva-
lence class of an r-loop in metric space with the homotopy
equivalence class of the induced loop in the corresponding

geometric space. O

Proposition 72. Let (X, d) be a metric space and r > 0. Let
a= (xox;---x,) and b= (yoy,-* ¥,u) be r-loops, where
m>n. Let f and g be induced loops of a and b, respectively, in
geometric space (X, NV, (X)). If g is a trivial extension of f,
then a and b are r-homotopy equivalent.

Proof. By definition of trivial extension, there exist sets

{fp e ,fp} and {gl, . .,gq} of paths in geometric space
(X, /(X)) and there exists a sequence 1<i;<i,
< .-+ <i,<q such that 9i, = fjfor 1<j<pand g; is the
trivial loop for all ie{l,. ..,q}\{il,...,ip}. Since
f:F,— (X, /(X)) and g: F,, — (X, N, (X)) are
defined by f (s) = x, and g (t) = y, respectively, for s € .7,
andt e .7, Vi, =X, for 1<j<pand y, is equal to y,_; or
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v, for all ie {1,...,q}\{i1,...,ip}; thus, the proof is
completed by Lemma 70 and 71.
By Proposition 72 and Proposition 69, we have the

following corollary. O

Corollary 73. Let (X,d) be a metric space and p € X. Let
r>0 and (xyx,---x,) € €,(X, p); then, the r-homotopy
equivalence class of (xyx,---x,) is equal to the path
homotopy class of the induced loop in geometric
space (X, V. (X)).

Now, we can identify the relation between the discrete
fundamental group of metric space and the fundamental
group of corresponding geometric space.

Proposition 74. Let (X, d) be a metric space with p € X and
1> 0; then, there is a group isomorphism from A, (X, p) to
7-[1 (X» ‘/Vr (X)» P)

Proof. If (xyx,---x,) € €,(X, p), then f: 7, — (X, N,
(X)) by f (i) = x;, for i € .7, is the induced loop of r-loop
(xgx, -+ x,). Since the concatenation of two r-paths in
a metric space (X,d) coincides with the product of two in-
duced paths in the corresponding geometric space (X, ./,
(X)), by Corollary 73 and Lemma 65, ¢: A, (X, p) —
m (X, N, (X), p) by o ([(xx; ---x,)],) = [f]p, for all (xqx,
---x,) € €,(X, p), is an onto group homomorphism. How-
ever, [(xgx,---x,)], = [fl,, for all (xyx,---x,) € €,(X, p),
so the kernel of ¢ is empty; thus, ¢ is an isomorphism.

In the following examples, we compare the discrete
fundamental group of Hawaiian earring and the funda-
mental group of geometric space of Hawaiian earring. O

Example 6. Conciser to the well-known Hawaiian earring
H = U, C, in Euclidean metric space (R?, d), where

2 2
C,= {(x>y)e|]222|x2+(y+l> =<l> } forn e N.

n n
(33)

By Proposition 74, the discrete fundamental group of H
is isomorphic to fundamental group of corresponding
geometric space of H. In the following, we calculate the
fundamental group of induced geometric space
(H, ¥, (H))atN: = (0,0) for multivalued radius » > 0 and
the fundamental group of an arbitrary geometric space of H.

Case 1. Let B,=HnND, eV, where D,:={(x,y)
eR?x®+ (y+r)<r?; then B, e, (H) and
U2,,C.CB,.

(1) Let r>1, then HCB,, (a in Figure 6); thus, by
Proposition 28, each loop at N on C,, is homotopic to
ey, where n>r; thus, m (H,/, (H),N) is
a trivial group.

(2) Let 1/2<r <1, then UR,C,CB,; thus, by a similar
argument of case r =1, each loop at N on C, is
homotopic to ey, where n>2 (b in Figure 6). Let
(N, x,,%,,...,x5) be a regular inscribed hexagonal
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in the circle C, (b1). Since d (x;,0) = 1<2r, x; ~ O,
fori=1,...,5, where O is the center of C;; thus, the
loop f: N~x;~ -+ ~x;~N is homotopic to
g:N~O~ ... ~O~N which is a trivial exten-
sion of loop g: N ~ O ~ N. However, g is a loop on
C,; thus, g is homotopic to ey; therefore,
m, (H,/,,(H),N) is a trivial group.

(3) Let r<1/2, then U, C,CB,; thus, by a similar
argument of case r =1, each loop at N on C, is

homotopic to ey, where n>1/r (c in Figure 6).

Let a,=(0,2/n) for neN. If d: =d(a,a, )=
2/(n-1)-2/n=2/n(n-1)<r<2r for some n, then
a, ~ a,_,.In the following, we show that aloop at N on C,, is
homotopic to a loop at N on C,_; when d, <r; then, by
transitivity of homotopy relation, all the loops at N on C,
and on C,_; are homotopic.

Let (N, x;,x,,...,Xs5) be a regular inscribed hexagonal
in the circle C,_;, and let y; € C, be in the intersection of C,,
and line O, _,x;, for i = 1,...5, where O,_, is the center of
C,_, (Figure 6). Clearly, x; ~ y;, for i = 1,...,5. Now, we
define a path from x; to x;,,. Select x}j, ..., x € C,_;, for
i=1,...,6 and k>n/2, such that d (x;;, x;j,,) = Vk(n—1).

Let y,{j € C, be in the intersection of C,, and line O,,_; x, for
i=1,...,6and j=1,...,k (d in Figure 6). Clearly, x; ~ ;
fori=1,...,5and x;; ~ y;;fori=1,...,6and j=1,...,k.
Let B; be the disc with radius d,, and center x; and B; j be the
3
L,...,k. Clearly, x,fj = y,{j, fori=1,...,6and j=1,...,k

Since 2k/n(n—1) > 1/n - 1,the discs B,_;, B}, . . ., B, B;
cover the arc of C,_, from x; to x;,,, fori=1,...,4. Since
d, <r, for each B;, there exists a block A; € ./, (H) such
that B;NHCA,, fori = 1,..., 5. Similarly, there exists a block
A} € Ny, (H) such that Bj;nHCA), for i=1,...,6 and
j=1,...,k thus, (A_,A},...,A;;,A;) is a polygonal
corresponded to paths f;: x;,_; ~ xj; ~ -++ ~ xj; ~x; and
git Vii~ Vi ~ -+ ~ Y ~ ypfori=2,...,5; therefore, by
Proposition 28, the paths f; and g; are path homotopic, for
i=2,...,5. By a similar argument, paths f;: N ~

disc with radius d,, and center x;;, fori=1,...,6 and j =

. ~x! ~ dg:N~y . ~ ~ o~
Xy~ ot Y X~ Xp and gg: Yu~ o~ Y~ Yy are
. ! !
homotoplcl and f6: X5~ Xg~ - ~Xg~N and
Gt V5~ Ve1 ~ *++ ~ Yex ~ N are homotopic; hence, by

transitivity of the homotopy equivalence relation, loops
f=f1x--%fsand g = g,*--- g, are homotopic.

We can continue some way like above to find other
homotopicloopsat N on C,, and C,_;, for n € N, but it is not
our issue. For some enough little r < 1/3, there exists m € N
such that the loops at N on C,, and C,,,; are not homotopic,
forn =1,...,m,and theloops at N on C, are not homotopic
to ey, for n>m. By a similar argument of fundamental group
of H in algebraic topology and Example 2 Case II,
m (H, N, (H),N) is isomorphic to free product of
m-copies of (Z,+).

Case 2. Now, we define a geometric space on H which is
different from (H, /', (H)). Let (H,3%) be a geometric
space where B = U, yAB,, and B, contains four arcs of
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circle C,, like that e in Figure 6, for all n € N. By Case II in
Example 2 and a similar argument of fundamental group of
H in algebraic topology, 7, (H, 4, (H), N) is isomorphic to
free product of infinite copies of (Z,+).
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