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The main goal of this paper is to describe the new version of extended Bessel-Maitland function and discuss its special cases. Then,
using the aforementioned function as their kernels, we develop the generalized fractional integral and differential operators. The
convergence and boundedness of the newly operators and compare them with the existing operators such as the Saigo and
Riemann-Liouville fractional operators are explored. The integral transforms of newly defined and generalized fractional op-
erators in terms of the generalized Fox-Wright function are presented. Additionally, we discuss a few exceptional cases of the

main result.

1. Introduction

Bessel-Maitland function has great importance in the ad-
vanced study of fractional operators. This function has
gained more recognition due to its numerous applications in
different areas of fractional calculus. The development of
double integral involving the Bessel-Maitland function and
established some results in term of Wright functions by
Khan and Nisar [1]. Abouzaid et al. [2] established the
integral representations of Bessel-Maitland function and
also discussed some properties. Khan et al. developed the
Mellin transform of Wright-Bessel function and some other
useful properties regarding integral operators and trans-
formations [3, 4]. The generalization of Bessel-Maitland
functions [5-7] has modified the theory of fractional

operators and gave many significant improved results in the
area of fractional operator theory. Its generalizations and
extensions have great contribution in the mathematical
analysis and field of fractional theory. The rapid de-
velopments of fractional calculus have increased the demand
of generalized fractional operators and various types of
transformations. Due to this, many researchers have been
worked on the multi-index spacial functions and established
generalized version of fractional operators, that deals many
real fractional problem and improved the theory of frac-
tional inequalities. Huang et al. [8] developed the Hermi-
te-Hadamard type inequalities by k-fractional integrals,
which have immense applications in the fields of mathe-
matical analysis. Nisae et al. [9] discussed the some re-
finements of Chebyshev type inequalities in aspects of
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generalized conformable integrals. Yang and Vivas-Cortez
et al. modified some useful inequalities like Hermi-
te-Hadamard and Fej\’er-Hadamard type inequalities and
discussed their immense applications [10, 11]. The integral
relations have been developed of generalized Mittag-Leffler
type functions [12] by the researchers, and investigated
many applications. Haubold and Diethelm have great
contribution in advance theory of special functions and
discuss many applications in fractional theory [13, 14],
which gave to resolved many problems of fractional area in
better way. Many extension of Pochhammer-s symbols, and
extend the theory of fractional operators have been solved
various fractional models [15-17].

Definition 1 (see [18]). The Bessel-Maitland function is
defined for R(B,)> - 1,R («;) =0 «a;, B; € C, as follows:

AL yp—— — W

Snll(an+p+1)

Definition 2 (see [19]). The generalized Bessel-Maitland
function is defined as

« S (g (=9)"
Y q
Tia () = Z(:) nll (an+p, +1) )

where  «a,9,5, € C,
g€ (0,1)UN, and

RPB)> - LR ()20, R (y)>0,

T
o =1 Py = (i%yf”) 3)

Definition 3 (see [20]). The extended Bessel-Maitland
function is given as follows:

e (P)gn (=9)"
Y p — an
]ﬂl’q>8l (s) r;) l"(ocln + B+ 1) (81)pn’

(4)

where «,,9,6,,0, €C, R(B)>-LR(y)>0,R(5,)>0
R(e;)=0,9,p=0, and g<R () + p.

—a—c

s
T'(a)

a,c,d _ 1
(%07 g) (s) = mj

(85c9g) (s) =

N

Definition 9 (see [24]). The integral representation of

gamma function is defined for R (u) >0, as follows:

I'(u) = J:O Vo le V. (11)

(T _ S)a—lT—u—c
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Definition 4 (see [21]). The generalization of generalized
Bessel-Maitland function is given as follows:

ot N (Aul)v n(y) 'l(_s)n
1Y>Polh = ! .
Jvbi (s) = ZO Tan+ B+ D), (5)

where a, Y, B 0,4 €C, R(B)>-1L,R(ay) =0,
R(y)>0, R(6;)>0, R(»,)>0, and p,q,v, 0.

Definition 5 (see [22]). The Bessel-Maitland function of ten
parameters is given as follows:

(o] _s n
glgé’ﬂ; L1 ( ) Z (/’ll)vln(y)qn( ) ) (6)
v v n= Or(“ln+/—’)1+1)(pl)mn(6l)pn
where a,,y,8,,0,p4.p1 €C, R(By)> -1, R(ay) 20,

R(y)>0, R(5,)>0,R (4,)>0, and p,q,v,,m>0.

Definition 6 (see [23]). The Gauss hypergeometric function
defined foralla,b,c,d € C,a+0,-1,-2,-3,...,and |s| < 1is
given below:

Ey (b —dazs) = 5 DD 7)

n=0 (61) I’l'

where (a),, (b), and (-d),, are Pochhammer’s symbols.

Definition 7 (see [24]). Pochhammer’s symbol is defined by
v(v+1)(v+2)---(v+n-1), forn>1,
{ forn=0,v+#0,
(8)

where v € C and n € N, and using gamma function, it can be
written as

), =

T(v+n)

) (9)

), =

Definition 8 (see [23]). The Saigo fractional integral oper-
ators are defined for s>0,a,c,de€ C and R(a)>0, as
follows:

[ ot am{avetn 1o

(10)
2R1<a +¢,—d;a; (1 - %))g(r)d‘r.

Definition 10 (see [25]). The Dirichlet formula is defined by
the following relation:

Ji du jc z(u,v)dv = Ji dv JV z (u, v)du. (12)

u X
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Definition 11 (see [25]). The Riemann-Liouville fractional
integral and differential operators J".Y and J{'Y of order
#; >0 are defined for u,v>0, as follows:

JIY (x) = LJ (x =" 'Y (H)dt, x> u,
L(m) ) u
(13)
1 14
Y (x) = J (t - 0" Y (D)dt, x < v,
L(m) )
(Zj’yj)l,y.l
;41%/1 (S) = Aull//vl
('xi’u}i)l,v1
wherez;,x; € Cand y;,w; € Rand (y;,w;, j=12,...,4;

i=1,2"..,9)%0.

Motivated by interesting researches in field of fractional
calculus and the videly use of Bessel-Maitland function by
the scholars for new extensions, this paper is organized as
follows. In Section 2, extended version of generalized Bes-
sel-Maitland function (EvBMF) and will discuss its special
cases. In Section 3, we will discuss the convergence and
boundedness of fractional integral operator which utilized
EvBMEF as its kernel in the form of theorem. Moreover, we
will discuss the behavior of generalized fractional integral
operators with the EvBMF. In Section 4, we will prove some
results of generalized fractional operators (Saigo and Rie-
mann-Liouville) with the EVBMF and will obtain results in
terms of generalized Fox-Wright function. In Section 5, we
will discuss the Laplace transform and the behavior of
Riemann-Liouville fractional operator with new fractional
integral operator. In Section 6, we will present some in-
teresting applications of the inverse fractional operator. We
will derive some results of inverse fractional operator with
Mittag-Leffler function and Bessel-Maitland function and
will obtain results in terms of Fox-Wright function. Con-
clusions and future research are given in Section 7.

2. Extended Version of Generalized
Bessel-Maitland Function (EvBMF)

In this section, we define the following extended version of
generalized Bessel-Maitland function and discuss its
special cases.

Definition 13. The extended version of Bessel-Maitland
function (EvBMF) is defined for #,,&,,v,, a;, ¢;,p1,81,€ C
and R(a;)=0, R(p))= -1, n,&,v, <p; + 6 +R(ay),
R(n)>0,R()>0,R(v))>0,R(p;)>0,R(5,)>0, and
.9, (1, m, p=0, as follows:

Jo 51710101 (s) = i (111 )yn (51 )qn (1/1 )(ln (-9)"
Pryatump r (“ln + P1 + 1) (pl)mn (61 )pn

(16)

n=0

|'s

and differential operator is defined by

(DEY) (s) =<%) (B17°Y) (s). (14)

Definition 12 (see [26]). The Fox—-Wright function is defined
as

-y i T(z; +y,-n)n ()

=0 [T, T (%; + wyn)

[ce]

If we replace s = 1 in equation (16), then we have

]“1”71’51’1’1471’81 (1) = i (rll)yn(gl)qn(yl)(l”(_ 1)"

. (17)
prradimp 2 T(an+ o +1) (1) (61)pn

Special cases:

(i) If we put g =0 in equation (16), then we have
generalized Bessel-Maitland function (GBMF) of
ten parameters defined by Khan et al. [22]:

apfEvp10; _ 7oniYPn0
]<P1,Y,0,(1>m>l’ (S) - ]€01>Y:(1>m>1’ (S) (18)
(ii) If we replace g = m = 0 and p, = 1 in equation (16),
then we have the Bessel-Maitland function of eight

parameters defined by Ali et al. in [21]:
apf€1,1L.6, _ ponnv0y

]‘/’1)Y)0>(1’0)P (S) N ]‘Pl)%(pp (S) (19)

(iii) If g =m = {; =0 in (16), then we have the Bes-

sel-Maitland function of six parameters defined by
Ghayasuddin and Khan in [20]:

]"‘1)’71’51)V1’P1)51 (S) — ]“1”71’51

91.7:0,00,p opp (20)

(s).

(iv) Ifg=m={, =0and p =6, =1 in equation (16),
then we have Bessel-Maitland function defined in
[19]:

]"‘1>’11s51)”1)ﬂ1>1

91,7,0,0,0,1 (21)

(s) =Ty ().
WMIf g=m={,=y=0 and p=#,=06,=1 in

equation (16), then we have Bessel-Maitland
function in [18]:

]txl,l,fl,vl,pl,l

¢1,0,0,0,0,1 (22)

(s) =Tg! (5).

(vi) If g = 0 and we replace ¢; by ¢, — 1 in equation
(16), then we obtain

]“1”71)51’1’14’1)81

ap1y715P1501
-s)=E"
P1=Ly.gCmp )

opdomp () (23)



where E°0Pu0 (s) is Mittag-Leffler function,

5 ’(pm,
which is ﬁle)i'lnedl7 by Khan and Ahmad [27].
(vil) If =0, p; =m =1 and we replace ¢, by ¢, = 1 in
equation (16), then we have Mittag-Leffler

function:
o 158171,1.6, Q) — 0111501
]%—1)%0,(1»1,9( 5)_E%%Cpp (s). (24)

(vili) If g = 0, &, = p, = m = v, = 1 and we replace ¢, by
¢, — 1 in equation (16), then we get

(=s) = E2001 (), (25)

](xl,nl,l,l,l,ﬁl
P1>Y>P

$1=Ly0.L0,Lp
where E;Tf;}fl (s) is defined in [28].

(ix) Ifg=0,{; = p, =m = p =1 and we replace ¢, by
¢, — 1 in equation (16), then we have Mittag-
Leffler function Eg')' (s) defined by Shukla and
Prajapati in [29]:

30‘1 MEv1P101
91.Y:.¢m, pw;at

where 71, &, v, 00, 01,p1,0,€ C, R(a)) 20, R(gy) = -1
R(1,)>0,R (£)>0,R(v))>0,R(p;)>0,R(J,)>0,
&7 <p; +6; +R (a;), and y,q,{;,m, p=0.

Special cases:
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LI IRIRIN K _ pany
Tyt~ (=5) = Byt (s). (26)

x)If g=0, {{,=py=m=n,=p=75 =1 and we
replace ¢, by ¢, — 1 in equation (16), then we get
Mittag-Leffler function defined by Wiman [30]:

,LELv,11
JErl () = B2 (9). (27)

(xi) If 9, =q=0,9=0,and {, =p,=m=1n =p=
0, =1 in equation (16), then we have

Jartt (=) = B (s), (28)

where E% (s) is the Mittag-Leftler function [31].

Definition 14. The fractional integral operator with EvBMF
as its kernel is defined as follows:

P1Y:q:C1msp

Y) (s) = j (s = )T IE P (o (s — 1)) Y (D)dt, (29)

(i) By applying (29) for g = 0, we have the following
well-known results of [32]:

<3“1>’71’£1)V1)P1’61 Y) (S) — J (S _ t)‘Pl ]‘xl>'71’£1>1’1>/’1’51 (w (S _ t)‘xl )Y(t)dt (30)
a

@1550:¢ 11, p,wsa*

(ii) If we consider w = 0 and replace ¢, by ¢; — 1, then
we get the left-sided Riemann-Liouville fractional
operator.

(iii) If we apply (29) for g =m =0 and p; = 1, then we
obtain the fractional integral operator defined by Ali
et al. in [21].

n

@174 1M, p

Definition 15. The left inverse integral operator having
EvBMF as its kernel is defined as follows:

a8 1Y1P101 _ i o YLP0)
(D(Pp%q,(l»m,p,w;a*Y> (s) = (ds" (jwrﬂx%q,(lmnw;a*Y)) (s)

noes

(31)

- %J (5 = PTG (o (5 ) YY (),

a

where 71, &, v, 00, 01,p1,01,€ C, R(a)) 20, R(gy)= -1
R(n,)>0,R(E)>0,R(r)>0,R(p)>0, R(6,)>0,7,,
Ly <py+ 0, +R (), and y,9,{;,m, p=0.

Remark 1. If we consider w = 0 and replace ¢, by ¢, — 1,
then equation (31) becomes Riemann-Liouville fractional
differential operator.

(IR ASELN

Remark 2. 1f we considerp=q={, =0,%, =-5,,and y =
py =m =1 and replace ¢, by ¢, —1 in equation (31), we
have

ay,1,-1;,1,0,0 _ Y
<Dq)i—l,vll,l,l,(?l,O,w;a*Y) (S) - (Dtxl,gol,w;u*Y) (S)’ (32)

where the inverse operator (chl,(ppw;a*Y) (s) is discussed and
described by Polito and Tomovski in [33].
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3. Convergence and Boundedness of
Generalized Fractional Integral Operator

In this section, we discuss the convergence and boundedness
of fractional integral operator which utilized extended
version of Bessel-Maitland function (EvBMF) as its kernel in

Theorem 1. Let (:l“‘lzlqillvr‘np I;:ile)(s) be bounded on
L(a,b) with  n,8,v,a0,¢0,p,0,€C, R(ay) =0,
Rp)= -1, R(n)>0,R(&)>0,R(v))>0, R(p,)>0,
R(8,)>0, and y,q,{;,m, p=0,n,,&,v, <p; + 8 + R(ay);

then, the following relation holds:

apfévp0)

the form of theorem. Moreover, we discuss the behavior of | j%,y,q,zl,m,p,w;mY“”b < AllY1l» (33)
generalized fractional integral operators with the EVBMF.
where
& ) @] 1) (row-a))
A= = (-t y B DLl . (34)
n=0 |(pl)mn (81)pn |F(ocln+<p1+1)||9{(oc1)n+9{((p1)+1|
Proof. Let K,, denote the n'" term of (34); then, we have
K”"’ll — ' (;11 )Y”"'Y” (fl )q”+q|| (’)/1)(1”_'_(1“ (Pl)mn I
Kn l | ( )n || (El)qn || (vl)(ln ||(P1)mn+m|
(0)pn || T(ayn+g, +1)
(61)pn+p||r((xln +a +¢ + 1))
PR (), Ro) + 1) (D™ ey )
T(R(a)(m+1)+R(py)+1)]| (-1 |
) (@) (G| (b - ) ()
= 5 Ten asn — oo.
(pur)f ()i 1 (foa )™
b
Hence, |K,,,/K,|]—0 as n-—oo and L(a,b) = = {g(x) lgll, = = J | g(x)|dx < 00]’- (36)
11807 <py + 6, + R (a), which means that the right side ¢
of equation (34) is convergent and finite under the condi- According to equations (16) and (29), we have
tion. The condition of boundedness of the integral operator
(:lzllzlq‘}lyr‘np lff-mY) (s) is discussed in the space of Lebesgue
measure L(a,b) of a continuous function on (a,b), where
b>a:
apELYp150 br (e @1 70H1E1V10150 o
'K:I‘Pp%%(hm’%w%a*Y)”b = J Ju (S - t) 1]4’1)%‘1)(1»”147 (a)(s - t) I)Y(t)dt dS, (37)

a

b (b £ 5

< j L (s =) Joriy 2% (w (s = ) )ds[Y (1)ldr.
a



By putting these values s—t = y=ds=dy for s=t,
y=0,s=0b, y=b—tin equation (37), we obtain

IN

30‘1”11)51,7’14’1,51
@155, 1, p,w;a*

Il

40

Now, let

Ao Jb’“yw)
0

91953111 p

_ < '(ﬂl)yn (El)qn

b[ rb-t
ym (9"1 ) ]“1 MiEv1p101
P1Y>3:8 1M

[
a 0

(7)) ()|

Journal of Mathematics

(w(y)“‘)dy] 1Y (£)ldt,
(38)

oy, 1Ev1p1,0 o
Toryadimp  (@O)7)

dy] Y (¢)|dt,

]“1”71’£1’1’1)P1’51 (w (y)“l )‘dy)

B n=0 |r(“1” Tt 1)“ (Pl)mn" (61)pn

w (- )

(El )qn

boa R (ocl)n+9{ ((pl)
JO ) dy, (39)

(Vl)(ln

<—a)(b - a)m(“l))n

& Tt g+ DI (R (@)n+ R (90) + D] (o)l (0]

So,
” <:0‘1)’11’51)”1)P1>51

b
st Y)vs | A<

‘||Yh, (40)

which completes the proof. O

4. Behavior of Generalized Fractional
Operators with EVBMF

In this section, we prove some results of generalized frac-
tional operators (Saigo and Riemann-Liouville) with the
EvBMF and obtain results in terms of generalized Fox-
Wright function. First, we consider the following two
lemmas.

Lemma 1 (see [34]). For a,b,c, p, € C with
R (a)>0,

(41)
R(p,+c-b)>0,

the following result holds:

%gf’d[ (TPl )]“1)’11*51»”1@1’61 (T8l )] (S) —

917:4.81m.p

(15471 () = w0 L(p)L(py+c-b)
“ I'(p,—b)l(p,+a+c)

(42)

Lemma 2 (see [34]). For a,b,c € C with

R(a)>0,R(p;)<1+min [R(b),R(c)], (43)

the following relation holds:
L(b-—p+ Dl (c—p; +1)
[(1-p)(a+b+c—p +1)
(44)

bie -1 —b-1
(Iz)ogtpl )(u):um

Theorem 2. Let a,c,d,n;,&,v, a0, ¢,,p,0,,€ C with
R () >0,

pr> max [0,R(c-d),R(£)>0,R(a;)> — LR (1),
187 <py + 6, + R(a),
R(n)>0,R(E)>0,R(v)>0,R(p;)>0,R(5,)>0, and
V4> C1»m, p>0; then, the following result holds:

ST (p)L(41)

T (7))L (&)L (v)
(7)) (v 6) (o + 1,8,) (py + 1+d +¢,8,)(1,1)

X6V/5[ .
(p1+ L) (prm) (81, p) (o +1-,8) (py + 1 +a+d,8,) = 5"

(45)
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Proof. Consider the left-sided Saigo fractional integral op-
erator with (EvBMF), and we have

(m yn(El)qn(vl)(ln( = )n ](s)

a.c,d “1’W1»£1’V1’P1v51 ac,d 1
3| g () o - 8 Pp)zll%n+%+1MmMA5hn

e[S (1) (6 () D Jo e

n=0 1—‘(‘Xlrl-l_ ¢t 1)(p1)mn(6 )pn

:{"" (1) (€1)gn (1) (1)
r(a1n+ ¢t 1)(p1)mn(61)pn

By applying Lemma 1, we get

P n 1+0,n—c
%a,c,d (Tpl)]al,nl,fl,vl,pl,él(_rdl)] (S) _ Z (ﬂl)yn(fl)qn(vl)(]n(_ 1) (S)P
0 rradmp S T(gn+e+1)(p1)m (51)pn

T(p; +0n+ 1)l (p, +0n+1+d—c)
I[(py+0n+1-c)l(p,+6n+1+a+d)

& T (1, + yn)T (& +qn)T (v, + ()L (py)T(8,) (=) ()¢

- 2 T(an+ e+ 1)L ()T (E)T ()T (py + mn)L (8, + pn)

I(p; +0n+1)I(py+0n+1+d-c)
F(py+06n+1-c)(py+6n+1l+a+d)

Hence, we obtain the following result:

acd[ (_piy ponEvey (6, _Spl_cr(Pl)r((Sl)
Sor [(T oivations (7 )(S)] TT()T(E)T ()

(1159) (1>9) (71, €1) (o1 + 1,81) (py +1+d ¢, 8,) (1, 1)
34

(@1 + Lay)(pr,m) (8, p)(py +1-6.8,)(py +1+a+d,8,) - st

Corollary 1. If we take q = 0 in equation (48), we have the
following result as in [32]:

a.c a1V SPI_Cr(pl)r(Sl)
% ;,d[ Tpl ] s 1;514;1 T51 (S)] =
0 ( ) gol,y,{l, P ( ) r(l/ll)r(vl)

(11,9) (1, 61) (o1 + L,8y) (py +1+d = ¢, 8,) (L, 1)
X5y

(o1 + L) (p,m) (81, p)(pr +1-6,8,)(py +1+a+d,é)) - st

]%gf’d(‘fpﬁéln (S))

(46)

(47)

(48)

(49)
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Theorem 3. Let #,,&,v,0.,¢5,p1,6,€C, R(ay) =0, R(p;)>0,R(8,)>0, and y,q,(;,m, p=0; then, the fol-

Rp))= -1, R(1)>0,R()>0,R(v)>0, lowing result holds:
S| - @ A (- @) )| - @) = (s @) (w7 - @)), (50)

Proof. Consider the left-sided Riemann-Liouville fractional
integral operator, in which using the power function with
(EvBMEF), we get

NP TSV P0 % _ _ 1 * Al el
[(r A" o ety (@(T—a) )](s a)——r(/1 L (s-7)" (r-a)

< ]71 yn(fl)qn(vl)(ln( ‘LU(T a)al)

>

n=0 “1” + ¢1 + 1)(p1)mn(6 )pn

(s —a)dr
(51)

@' 1)) (e DT s
T n:OF(amwl+1><p1)mn<al)pnj (=0 (T =@ (s - ade

a

(w)" ap1,€1,715P150) ) A-1 ant+@y
=Ty Joratins (1) L (s—1)" (1-a) (s —a)dr.

Putting the values t-a/s—a=u=>dr= (s-a)dy,
T=u(s-—a)+a, for T=a,u=0andforr=s,u=1 in
equation (51), we have

A _ 1\ apf8101501 Y4 _ (w) a8 vLP0
Bor| (1-a) Lpp%(pm,P (w(7 a)1>](s a) = r(,{) P1YaCmp 1)

Jl (s—(s—a)u—a)" ' (u(s—a)™ (s—a)(s —a)du
0

_Gsma (W) ™ ()" JEbT e (1) (5 gysn 1 (s=(s—au—a)* 'u ™" dy
- r\) P1y:aCmp 0

_ @M byt 1) gy [ (1 -
- Ir'(A) @11 mp .

_ (s— @) M1 (o) JEA (1) (s a)alnr(/l)r (yqn+¢, +1)

INO)) Pr7a8mp F((xln +o, +A+1)
—(s— a)<p1+/\+1 T(ayn+g +1) i qn Vl)( n(w(1-a)" )
1—‘(‘Xln-'_gol+A+1 n=0 a1n+¢1+1)(pl)mn(6 )pn
1A ap18vp10 a
=(s—a) +1]¢1ff\,%q>ffm,1) (w(r-a)®),
(52)
which is the required result. O  Corollary 2. If we take q = 0 in equation (50), we get the

result as described in [32]:

A \®1 THMYP0 % ) = (o — YOI pauYLp0 %
Bo| (- P T (- ) )| (5 - ) = (5= @) I (0 (- ). (53)
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5. Laplace Transform of EVBMF and Behavior of
Riemann-Liouville Fractional Operator

In this section, we discuss the Laplace transform and the
behavior of Riemann-Liouville fractional operator with
EvBMEF.

Theorem 4. Let 1#,,&,v,a,,¢,,p,6,,€C, R(a))=0,
R(p)= - 1R(5)>0,R(§)>0,R(v)>0,
R(p;)>0,R(5,)>0, y,9,{;,m, p=0, and s>0; then, the
following relation holds:

o0
g[:oﬁ;ﬂpflﬂ/l)[’l»&] Y] j e—st
0

5
Q 3“1=’11 £1v1p101
©1,:0,¢ ) m, pw;0*

SR (p)N(s)
T ()T ()T (n)

(11>9), Gia), (01,¢1), (1L 1) (54)

X5Y3 ova |
(prom). (01,): (91 + L) (%)

Proof. Consider the well-known Laplace transform opera-
tor, and we have

t
“ (£ )P S (g (r a)“l)”Y(u)d”]dt
0

P1Ysg61m, p.0; 0" P1Y4Cmp
(55)
= t o v w(t-a)™)"
_ J efst [J (t—u)‘pl Z (ﬂl)yn(fl)qn( 1)(1;1( ( ) ) Y(u)du]dt
0 0 2 T(uyn+ge + 1)(Pl)mn(81)pn
Changing order of integration and applying Dirichlet
formula, we get
oo 0 © v -w)" ((r —u)™"
_ J efst‘[ (t—u)"’l Z (nl)yn(fl)qn( 1)(111( ) (( ) )th(u)du
0 u 7m0 T(on+e+ 1)(p1)mn(61)pn
(56)
. L (v n( w) 00 00 (f _ )01t
Z (1) (E1)ga (1), J J ( u) dtY ()
I‘(Ocn-*—gol—i—l)(pl)mn(a )pn u 6
Putting t —u = 7 implies dt = dr. Now for limits of
integration t = u, 7 = 0 and ift = 0o, T = 00 in equation (56),
we obtain
S (1) (E)gn (M) (-w)" o
Q 30‘1)’71)51)1’1’/71)51 +Y:| —_ ym qn in J Y (u duj Tocln+(ple—s(r+u)d_[du
ratnreo | = 2 Fam g0+ Do) GIplo T @),
® 2 (60)gn (V1) n (F0)" (oY o0
_ Z (}71))/ ( l)q ( 1)(1 J (Szl) duJ- 2991 = ST 4y
n=0 F(“ln+¢1+1)(pl)mn(6l)pn 0o € 0
_ i (ﬂl)yn (El)qn (‘Vl)(ln(_w)n F(ocln + ¢1)
n=0 r(aln + (Pl + 1) (Pl)mn(é\l)pn Sa1n+<pl+1 (57)
5_¢1_IF(P1)F(51) w L(m +ym)L (& +qn)l (v + (in) (= 6"S_gol)nr("‘ln +¢1)

YO =TT @) &

_s TNy
(ﬂl)r(gl)r(vl)

[(ayn+ ¢, + 1) (py + mn)L (8, + pn)

(11> 9)s (€1.q), (7, €1)s (e, 1), (L,1)

(prsm), (81 ), (91 + L) ‘(%)
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which is the required result. O

Journal of Mathematics

Corollary 3. If we put q = 0 in equation (41), we have the
following result of [32]:

Q 3“1>’11)1’1»P1’81 Y| = S_%_lr(pl)r(al)

@1.Y:01m,pw;0*

X 4Y;

Theorem 5. Let 1,,&,,v,,00,¢,,p,0,,A € C, R(a;) =0,
Rp)=-1R () >0,R()>0,R(v;)>0,R(p,) >0,
R (8,)>0, and y,q,(,,m, p>0; then, the following relation

T ()T (7)

(1>9) (n1,¢1)s (1,1) (58)

(prsm), (81, p): (91 + L) ‘(9 |

Proof. Consider the left-sided Riemann-Liouville integral
operator involving new fractional integral operator (29), and
we have

holds:
A —apnnELyLp;s0 _ a1,11,81,710150
(go* jsolpyjqf p';wl%wl;o*Y) (s) = (34)11 +i>%lq»<l prln)z;»w%O*Y) (s).
(59)
%A :ul,r/l,fl,vl,pl,é‘l Y (S) _ 1 § (S _ u)/\—l “ (M _ T)‘ﬂ1]“1)’ll>£1>”1’l’1’51 (w(u _ T)‘Xl )Y(T)dT du
0" = g1.p,3.4,m, p.0;0* rN)Jo o Pry@8mp
Lo s (60)
— _ -1 _ A\ v Hp0) _ A\
-t [ ] = o (o - 0 )du Y (9d
Putting u— 7=t implies u =t + 7,du = dt. Now for
limits of integration, if u = s, then t = s — 7 and u = 7; then,
t =0, so we get
%:A 30‘1”71»51’714’1’51 Y (5) — 1 N (S —t— T))‘_lt(Pl]al’nl’gl’vl’pl’él (a)(t)‘xl)th(T)dT
0" = 91.7:9.C1m, piwi0* T JoJo Pry:@:1mp
N 1 ST (61)
— 4 MLl apnpEYpo) @
B Jo T'(d) .[0 (s—t-m7t T orpadmp («(®)™)de Y (r)dr.
By using (14) in equation (61), we have
A e svnpoy — : A @1 7oM1E1Y1P101 a
Bo Ly g mpaor ¥ ) ()= | | Bor (0700 mp™ (@O )| (s = )Y (1)dr. (62)
Applying Theorem 3 in (62), we obtain
MEv1p1:01 o
]0‘1”]1 Y1 (w(s—‘r)l)
A mapnEvnpno) > — * T grradimp
=y Y ) (s) = j Y (1)dr
(%0 @155G:¢ 1511, P30 0 (S _ T)_“l_‘/’l_l (63)

(2

a1 vP0
@1+4,9,0,¢,m, pw; 0

Y) (5).
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Corollary 4. If we take q = 0 in equation (63), we have the
result as in [32]:

ayYP1501
(%QJ e Y)(s)

91,75¢1,m, p,w;0*

Theorem 6. Let 1#,,&,v,0,,¢1,p1,01,€C, R(a)) =0,
Rpy)= -1, R(n;)>0,R()>0,R(v)>0,
R(p;)>0,R(5,)>0, and y,q,(;,m, p=0; then, the fol-
lowing relation holds:

A aptévp0 _ aptévp0
SDO*(j(pl,y,q)Cl,m,p,w;O*Y (s) = jgvr/\,y,q,(l,m,p,w:O*Y (s).

(65)

11

— (:1061,111>V1>p1,51 Y) (S) (64)

@1+A,9,¢1,m, p,w;0*

Proof. Consider the left-sided Riemann-Liouville differen-
tial operator and new fractional integral operator (29), and
we have

@/\ jal’nl’gl’vl’f)lx(sl Y (S) _; i " (S_u)m—/l—l
0"\ T 91pgCim. pwi0* T T(m-2)\ds 0
(66)
u
) e - 0" Y s
By applying Dirichlet formula in equation (66), we get
m
A M1 1v15P150 1 d [ -A-1
o (20 - () 1] - e
(67)
,,,,, s
Ja S (4 (1~ 1) )du Y (1)d.
Substituting u — 7 = timpliesdt = du,u = 7,t = 0,u = 5,
and t = s — 1; then, we obtain
1 d m oo e r (_T)9’1]“1)’11>52)”1>P1r51 (w(t)"ﬁ)
A o800 _ P1>Y:95615M.P
()0 = rn (a) L] o
(68)
,,,,, 5
Ay 1 e GO )
= — — dt Y (7)dr.
o\ds/ T(m-21)Jo (s—t-1) "
By using equation (14) in equation (68), we have
\ f 5 s d m \ (_T)‘Pl
D +<3“"’71’ LYPL0 J() s =J — | G Y (7)dr. 69
0 1148 LM p;0 (s) o\ds %0 ]0‘1)’11’51)”1>Pp51 (w(t)‘xl_w(.[ _ a)"‘l) (s—1) (@) (69)

@174, p
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By using equation (16) in (69), we get

J
A o pEvp0; — * S
(go*jwp%qLW»P,w%O*Y) () = Jo (ds)

Using (16) in (70) and then taking one time derivative,
we obtain

A —anELvLen0
(s, ) o

m aptpdvp01
m=2+,,y,4:¢1,m,p

Journal of Mathematics

(“’(H)m)m)df. (70)

(s— T)/F mmh

00 (W])yn (Sl)qn (vl)(ln (—w (S - T)"‘l )n Y(T)dT

_ s i " M Aty
B JO <d5> = ' Z T(an+ ¢, +m—/1+1)(P1)mn(51)pn

n=0

- (_(U)n (ocln t¢, +tm-— /\) % (nl)yn (gl)qn (vl)(ln(_‘rial )n

= F(yn+ +m-1+1)

ds

%,171,E171501,0
311’71 1Y1P101

(w(s— T)“‘)

(Pl)mn(sl)pn (71)

d s aynt+@+m—-A-1
x j (s = D) omA-1y (1 dr
0

Y (7)dr.

—1
NS J m-A+gi-Lyadimp
ds 0 (S— T)—m—(p,+/1+l

Now, taking the (m — 1) derivative of equation (71), we
have

oS LYHPLO, _ _ -\
) (w(s-0)")

s
N ]q)lf/\,y,q,fl m,

Y (7)dr

(@é :1“1»’71’513’1@1’51 Y) (S) — J

91,954:¢ 11, p,w;0* 0

— aptEvHP0,
0,-1,7,,¢,,m, p,w;0*

which completes the proof. O

Corollary 5. If we put q =0 in equation (65), we get the
result discussed in [32].

g/\ (:“1>’71>7’1>P1»51
0+

— @tV
(pl,y,(l,m,p,w;O*Y) (s) = <:1q)17/1,y,(1 ,m,p,w;O*Y> (9)-

(73)

(A+61)_ )

appEYpL0) t X
917,81, pw;0*

(s)=s

¢t

(s—)t " (72)

(~w(s - )™ )Y) (s),

Theorem 7. Let 1, A, x, &1, v, a1, 91, p1,01,€ C, R(ay) 20,
Rp))> -1, R (7)>0,R(§)>0,R(7)>0,
R(p;)>0,R(5,)>0, and y,q,(;,m, p=0; then, the fol-
lowing relation holds:

A+6;

T(p )L (8,)T (A +8,/x)
I'(7)T (§)T ()

(nv) ) (v, ¢) (L D)

(74)

L A+48 a |
(¢1+ - 1+1,al)(pl,m)<p,61)—wsl
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Proof. Consider the new fractional integral operator (29)

and we have
(A+4) S A+d,
mrrtmpanrt ¥ O = [ =it =) X dr
A+ 6 )
_ JS (s — )(Pl Z (nl)yn( )qn(vl)(ln ( —w(s - T)a] )nT X B dr (75)
0 nor(“n+(P1+1)(Pl)mn(8 )pn
A+6;
-1

’71 yn(fl)qn( 1)(1 n_an+e, s _I N+, X
nzr(awlﬂ)(pl)mn(@ PR L(l s) r dr.

By putting the values of 7/s = u, dr = sdu and if 7 =
u=0,7=s5u=1, we get

do)_, ()6 ()
o4 v B = M1 )yn\S1)gn\"1 {n
= L€V ¥ X (S) — Vi q 1 (_w)nsa1n+<pl
v s 2 T+, 1) (o0 00,
. A+6, )
J (1 —w)™ (su) X sdu
0
: A+6,; A+9,;
00 v o+, s
_ Z (ﬂl)yn( l)qn( 1)(1;1 ( ) X J (1 _u)alnﬂplu X du
n=0 r(aln Tet 1)(Pl)mn(8l)pn 0
\ L (ny, +yn)L (& + qn) (v, + {m)T (p))T (8)) o
=25 (~0)
2 T(n)T (&) (v)L (py +mn)T (8 + pr)T (ayn + ¢ +1)
(76)
A+
N 1F(oc1n+(p1 + DT (A +6,/y)

an X
xsos T(on+e +A+08,/x-1)

"’IMJ"S‘/XI‘(p WL (8)T(A+68,/x) ()" ()" & Ty +yn)T (& + gn)T (v; + {n)T (yn+ ¢, + 1)
T(ayn+g@, +A+68,/x+ 1) (p, + mn)L(p +8;n)

T (o + @y + 1)L (1)T (&)L ()

A+6;
o L(p)T(8)T (A +81/y) &+ T(y +ym)L (& +gm)T (v + i) (-ws™)"
L' ()T (§)T () L(py +mn)l(p+8m)L(an+ A+ 38, /x+1+¢,)

(nv) ) (v, ) (L D)

A+6,
X4
(o1 +A+ 8/ +Lay)(py,m)(p,0,) — ws

_ Ty De)r(6)r( +4,/x)
L ()T (&)1 ()

which is the required result. O  Corollary 6. If we take q = 0 in equation (74), we have the
following result as in [32]:
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A+6;

(Pl+
(3"‘1"11)"’14’1’51

@151, pw;0*

M1 ) (s) =

X3V A+0
(‘Pl + !

6. Inverse Operators with Some
Special Functions

Here, we discuss some applications of the inverse fractional
operator. We derive some results of inverse fractional op-
erator with Mittag-Leffler function and Bessel-Maitland
function and obtain results in terms of Fox-Wright
function.

[ €Y p10)

V10,60 A
P1Y:gLpmpwiat Eyien (1= 0)

(T a)Pl 9,066

Journal of Mathematics

T(p)T(8,)T (A +61/x)

T ()T (%)
(1>7) (7> ¢) (1L, 1) (77)

1, ) ) (0.3 -

Theorem 8. Let #y,9,& @5, 0,&, v, 00,91, p1,0,, € C with
min {R (9), R (), R (@), R ()} >0 and R (a;) =0,
R(p)=> -1, R (17,) >0, R (&) >0R (p)), R(v) >0,
R (4;)>0,R(8,)>0, and v,¢,x,®>0 and y,q,{;,m, p=0;
then, the following result holds:

O = G T )T I () 2

(15, 7) (§1,9) (v, ¢1) (1, 1)

T ()T ()T (p,)L(8)) i I (p, + Am)T (v + ¢m)T (u; + vym)T (v + gm) ((s — a)_¢‘+p1+)‘m)

I'(9m+ @,)T (¢ + xkm)I (¢ + mm) (78)

X4V’3\‘ . ]
(p1m) (81, p) (h =@y + 1+ py + Amy o) | = w (s —a)™

Proof. Consider inverse fractional integral operator (31)
with generalized Mittag-Leftler function defined in (23);
then, the following result holds:

@y 1181715P1,0) p1— 1 h1>7V10:6@; _ d
[gf/’l)/q(lrnpwa*(‘[ a) Engsn (r a) (s) = (S)

P11 1msp

s 0
J (S _ T)h_ 1 ]al"ll)’fl)vl’Pp‘sl (w (S T)“l) (T a)Pl 1 Z
“ m= 0

= (171 )yn (fl)qn (vl){ln(_w (s T)al)

‘ul)vm (vl)cm(‘r a)

d
(O + 1) (Qan O

— i " * _ h ¢1
(d) Jots= 2 Fans hegnt DG

= (A“l)vm (vl)cm(T a))tm
* Z0 r(Sm + C‘)l) (Q)Km

(T_a)Pl_l
(79)

(Aul )um (vl )cm

A TRININCIN
_<—h ]1’71 1Y1P1 1(1)(0))"2
m

h=¢1,y:a:¢1.m.p

a

N
J (S _ T)h— @ +an (T _ a)pl— 1+/\de.

=0 r(‘gm + C')l) (Q)Km (8)
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Substituting u=s-1/s—a implies u(s—a)=s-r,
—dr=(s—a)du,and T=a,u=1, T =s,u =0 in (79), and
we have

h
aptpE YL p ,uvvc@ 2 _ d “J%fﬂ',p,
[ e e 0o = (4 )t o er

(80)

© (/’41 vm (Vl )cm h— @, +a,n+p,+Am ! h+a,n— ¢, pr+Am—1
Z (s—a) u (1-u) du.
o L9 +@1) (@) ()m 0

From (80), we get

EY1P1 s V06D A
[0 (- ar B -0

_ dh a1,1156157150150) (ﬂl)vm(vl)qm
_<Q)]h_¢"y’q’(‘ M) (@) Z T(9m+ @) (0)m (€) m (81)

h gy +aymip L (B +ayn— @ + 1)T (p; + Am)
T(h+an-¢,+1+p, +Am)’

x(s —a)

Now on back substitution, we obtain

_ ( d" ) i (1) (D) gn (M) g (= @) (s = @) PPy (0) oL (P + Am)
ds” mn=0 (P1)n (04 )pnr (h+an—g, +1+p +Am)  T(9m+@;)(0)gn (&)

_ i (’71 )yn (El )qn (vl)(ln (_w)“(dh/dsh) (S - a)h7 preamp i (Aul)vm (vl)qmr (pl + Am)
m,n=0 (Pl)mn(61)pnr(h+“1n_(l)l +1 +P1 +/1m) r(9m+®1)(g)xm (8)

_ i (rll)yn (51 )qn (vl)fln(_w)n (‘S - a)7¢1+“1n+pl+Am (."ll)vm (vl)cmr (pl + A1/”)
m=0 (Pl)mn(al)pnr (h+an—g +1+p +Am) T (Im+@;)(0)n(e)

T (o)L ()L (py)L (1)
L (17,)T (§)T (v)T ()T (1) (82)

a)ocln— @1 +p+Am

i L (uy + vm)L (v, + gm)L (py + Am)L (1, + yn)T (§, + gn)T (v, + §ym) (-w)" (s
I(p; +mn)L (8, + pn)L (h+ayn— ¢, + 1+ p; + Am)T (9m + @,)T (0 + km)T (& + mm)

m,n=0

T (o)L ()T (p,)T(,) i T(p; + Am)T (v; + sm)T (u, + vym)T (v + cm)(( af(”“rpl”m)
(nl)F(El)F(vl)F(v)F(yl ot I (9m +@,)T (¢ + km)I (¢ + m)

(1> 7) (€@) (v, ¢1) (1L 1)
X4Y3 ,
(pm) (6, p)(h—9, +1+p +Am )| - w(s—a)™
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which completes the proof. O  Corollary 7. If we replace ¢, with —¢, in Theorem 8, we get

T (o)L (&) (Pl)r (5 )((s _ a)<p1+p1+/\m)
T ()T (€))L ()L (0)T ()

T (p; + Am)T (v, + ¢m)T (4, + vym)T (v + ¢m)
X Z I (9m + @,)T (o + xkm)T (e + mm) (83)

apEYp10) p1— 1 op»7150,6,@;
Lo vatompaar (F= @) Egg r o (7= )]()

(n7) ) (v, 6) (L D)

4¥3
\‘(pl,m)(él,p)(h+<p1 +1+4p +Am, )| - w(s—a)®

Theorem 9. Let #,,&,v,00,0,p1,0,€C, R()20,  R(5)>0,R&)>0,R(v)>0,R(p;)>0,R(5,)>0, and
Rp)= -1, Y, q, 1, m, p=0; then, the following result holds:

[@“1#71)51#1%’1 (1)” ] (T)]“M’( )](S): F(Pl)r(al)

Prabmpwa L ()T ()T ()
 § e o) o o
et T (p, + mn)I (8, + pn) mll (aym + 3, + 1) (84)
{: (V’ ‘1) (m’ _/1) :|
X2V :
(¢, + L) (n+h—g +m+1,-1)—s*

Proof. Consider inverse fractional integral operator with the
product of two Bessel-Maitland functions; then, the fol-
lowing result holds:

[t 7y @) | @

:<d_h) J; (s— )9 i 1)y (1) g (M) (@ (s = D))"

dsh n=0 F(ocln+h—g01 + 1)(p1)mn(81)pn

N T_l(_T)m = (Wl)qw(_l)w‘rilw
Z m'r( %

dr
am+p+1) 2 ol(qw+p; +1)
(85)
dh) N IRIR) S h— T\l ¢1tan
= — ] BIEYP10) (I)J (—1)m+w5 ?1*“1"(1 __>
(dsh h=¢1.7:4.41m.p Om;:() s
n
(w) (’71)‘10’ L=l g

[(ayw+ B+ DI (aym + B + 1)mlow!

h m+w h @ +an B
= d_ a1”71)€1>V1)P1,51 (1) z (w) nl)qw( 1) o JS r 1+m—/\w<1 _ I)h %HXlndT.
ds" Ti-giivadimp it o T + By + 1T (aym + By + 1)mlw! s
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Putting the values u = 7/s,d7 =sdu, 7=0,u =0, and
T=s,u=1, we have

n _ymte h—ga +an
= d_ “1)’/1,51)”1))"1) 1( )Z (w) (nl)qw( 1) -
ds" Tho vatimp [(yw+fy + 1) (aym+ By + 1)mlow!

1
J ( _ M)h_ @ +an (us)m—/\w— lsdu

1)m+w h—¢,+a;n+m—Aw 1

“1)’71’51)”1))01) 1( )i ((U) (’71 qw(

(1 _ u)h— gol+oc1num—)tw—1du
Th-grvadimp I(yw+fy + 1) (ym+ By + Dmlw! ) o

h=gry.a$mp a1w+ﬁ1 + DI (aym+ By + 1)mlew! T(h—¢ +an+1+m-Lw)

el (_1)m+w h—¢,+m-Aw

F(h-¢, +an+1)l(m-AIw)
I(w +ﬁ1 + D)l (aym+ B+ 1)mlw! T(h-¢, +an+1+m-L\w)

0
“1”71)£1’V1’P1v 1 ( ) Z ’11 )qw

Jh” P15 1mp

( dh > “1”71)51”’14’1) 1 ( ) Z nl)qw (Xln( 1)m+w hrgrme r(h -—¢, tan+ l)l"(m - /\w)

- (’11 )yn (fl)qn (vl)fln
m,n,w=0 r(“ln +h- ¢+ 1) (pl)mn(al)pn

(86)
(=0)" (1) g8 (D™ ()" T (-, +an+ DI (m-Aw) T (p,)T())
T(qw+pf+ D)l (agm+fy + Dmlo! T(h—g, +ayn+1+m—2Aw) T(n,)L ()T ()

_ i T(n +yn)L (&) +qn)T (v, + ) (1) s 77 (- 1)“s ™ (—w)"
oo T (p, + mn)I (8, + pn) m!T (aym + B, + 1)

I'(m-Aw)T (v, +qw)
w'l"(oclw +B+ Dl (n+h—g@ +m-Aw+1)

_ T(e)r(e) [ Tl +yn)L(E +gn)T (v +4n) (=5)" (-ws™)"s™"
T (1)L (§)T () 0 I'(py + mn)'(8, + pn) m!T (aym + B + 1)

{ (v, q) (m, =) }
X 2¥s ;
B+ La)(an+h—g +m+1,-1)—s*

which is the required result. O  Corollary 8. If we replace ¢, by —¢, in Theorem 9, we have
the result obtained by left inverse operator:

s (o L(p)r(3,)
[, o () 9] - ol B

y i T (n, + yn)T (& + gqn)T (v, + {|n) y (=)™ (ws™)"s”
T (p, + mn)[' (8, + pn) m!l"(oclm +p +1) (87)

m,n=0
(Y’ CI) (m) _A)
\ .

21//2[
B+ L) (yn+h+¢, +m+1,-A)—s
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Theorem 10. Let #,,&,v,, a1, ¢91,p1,0;,€ C, R(ay) =0, R(1)>0,R()>0,R(v)>0,R(p;)>0,R(5,)>0, and

Rp)= -1, Y4, 1, m, p=0; then, the following relation holds:
o /B, 00
a0 T R . — ((xl/ﬁl + El)m (_ﬂl)m
Pryampw0t 2 (ﬁ & ’11»[;17 )] (s) m;:() ml(oyn—¢; + 1+ a/B)),,
N (88)
" Ly
% (=ws™)"T (p)T (8)T (a1/B1) T (n, +yn)L (& +gn)T (v, + {in) s o B, * m.
T (17,)T (&)L () T (p; +mn)L(8; + pn)T (ayn — ¢y + ay/f; +m)
Proof. Consider fractional integral operator with Gauss
hypergeometric function; then, the following result holds:
o /B,
apnEvepnd T % R
[gwwq,(lmﬂw;o* T 2R1<E +& _’71’%’ T)] (s)
: £ (g0 (s = D) 51
s & v —w(s-1)")
:<d_h> J (S _ T)h’% Z (rll)yn( 1gn\"1){in ‘[ﬁl Z allﬁl + El ( ﬂl)medT (89)
ds 0 =0 [(an+¢,+1) (Pl)mn(51)pn = (@1/By ) m
_ d et (a/Bi + &) (= ’71)m h-g,+ayn 1 h=giron 7?:_ 1+ md
R wr 3 S <[, (=) v
Substituting u=1ls implies dr = sdu,
7=0,u=0,and7 =s,u =1 in equation (89), and we have
o /By
ap et T % J%,
[szppm,(w)?,w;o* T 2R1<E +&n _WI’E’ T>] ()
d 1 v15p10 (/Bi +81)m (11 g+ h- g, + %1+m_1
— "‘1’ 1S 1Y1P1:01 m m h—¢,+an ¢ tan
_(g) h-g, yqilmp(l)( w)’ Z (ay/By),m! ) j (1-w (us)™ sdu
h— +m % +m-—1
d Dt 7158171,0150 al/ﬁl +£l)m(_r]l)m o VHF J h—g@,+an ﬁ B
| = LIS HY1P101 1- 176
(dsh) " q)'yq('m‘u(l)( @’ z (ay/Bray/By),m! 1 (1= () du

(04
= (d—h> > (nl)yn(fl)qn(vl)(m(_ @) (@1 /By + &) (111) "o H " ﬁ_i o
dsh m,n=0 r(“ln +h- ¢+ 1) (Pl)mn(al)pn ((xl/ﬁl)mm!

Xr(h_¢1+“ln+l)r(al/ﬁl +m) (90)
T(h-¢, +an+1+a/B +m)

_ i T(n, +yn)L (& +gn)T (v, + ()T (p))T(8,) (=) (/B + &), (=11) <dh>sh_¢l+aln+ﬁ_i+ m
=0 T (17,)T (§)T ()T (py +mn)L (8, + pn) (a1/By),im! ds"
T (/B +m)
><1“(0c1n+h—<p1 +1+ /B +m)
= i (/B + &) (M) (c0s™)T (py)T (8T (@1 /B))
=0 ml(an =@y +1+a,/py), T ()T (§)T (v)

L, +yn)L (& +gn)T (v, +{in) -%*Eﬂn
I(py +mn)T (8, + pn)T (a0 = g) + /By +m) ’
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Corollary 9. If we replace ¢, by —¢, in Theorem 10, we have
the following new result:
a /B, o]
appévpnd F % ! (‘xl/ﬁl + El)m (_nl)m
T Ry Lo =
Popglompelt g 2 1(/31 +oemh B T)] ) m;() ml(ayn+ @) +1+a,/p,),
X (1)
n o+ —L
y (—ws™)"T (py )T ()T (e /Bs) T (1, +yn)L (& +qn)T (v, + {in) s ) m

T (7))L (§)T ()

7. Conclusions

In our present investigation, the extended version of Bes-
sel-Maitland function (EvBMF), generalized fractional in-
tegral, and differential operators having EVBMF as their
kernel have been established. Further, we discussed the
convergent and bounded behavior of generalized fractional
operator and also established its relation with other frac-
tional operators. Moreover, we discussed the integral
transforms of generalized fractional operator and also de-
veloped some applications. These extensions and general-
izations have great contribution in the field of fractional
operators and series type special functions.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

All authors contributed equally and significantly in writing
this paper. All authors have read and approved the final
manuscript.

Acknowledgments

The authors extend their appreciation to the Deanship of
Scientific Research at King Khalid University for funding
this work through the Large Groups under grant no. RGP.2/
120/44.

References

[1] W. A. Khan and K. S. Nisar, “Unified integral operator in-
volving generalized Bessel-Maitland function,” 2017, https://
arxiv.org/abs/1704.09000.

[2] M. S. Abouzaid, A. H. Abusufian, and K. S. Nisar, “Some
unified integrals associated with generalized Bessel-Maitland
function,” 2016, https://arxiv.org/abs/1605.09200.

[3] W. A.Khan, K. S. Nisar, and J. Choi, “An integral formula of
the Mellin transform type involving the extended

L (p; + mn)L (8, + pn)T (ayn + ¢y + oy /B, +m)

Wright-Bessel function,” Far East Journal of Mathematical
Sciences, vol. 102, no. 11, pp. 2903-2912, 2017.

[4] M. Ali, W. A. Khan, and I. A. Khan, “Study on double integral
operator associated with generalized Bessel-Maitland func-
tion,” Palestine J. Math, vol. 9, no. 2, pp. 991-998, 2020.

[5] K. Tilahun, H. Tadessee, and D. L. Suthar, “The extended
Bessel-Maitland function and integral operators associated
with fractional calculus,” Journal of Mathematics, vol. 2020,
Article ID 7582063, 8 pages, 2020.

[6] D. L Suthar, A. M Khan, A. Alaria, S. D Purohit, and J. Singh,
“Extended Bessel-Maitland function and its properties per-
taining to integral transforms and fractional calculus,” AIMS
Mathematics, vol. 5, no. 2, pp. 1400-1410, 2020.

[7] R. M. Pandey, A. Chandola, and R. Agarwal, “On bessel-
maitland function and m-parameter mittag-leffler function
associated with fractional calculus operators and its appli-
cations,” Applied Mathematics, vol. 17, no. 1, pp. 79-93, 2023.

[8] C.]J. Huang, G. Rahman, K. S. Nisar, A. Ghaffar, and F. Qj,
“Some Inequalities of Hermite-Hadamard type for k-
fractional conformable integrals,” Australian Journal of
Mathematical Analysis and Applications, vol. 16, no. 1, pp. 1-9,
2019.

[9] K. S. Nisar, G. Rahman, and K. Mehrez, “Chebyshev type
inequalities via generalized fractional conformable integrals,”
Journal of Inequalities and Applications, vol. 2019, no. 1,
pp. 245-249, 2019.

[10] X. Z. Yang, G. Farid, W. Nazeer, Y. M. Chu, and C. F. Dong,
“Fractional generalized Hadamard and Fejér-Hadamard in-
equalities for m-convex function,” AIMS Math, vol. 5, no. 6,
pp. 6325-6340, 2020.

[11] M. Vivas-Cortez, M. A. Ali, A. Kashuri, H. Budak, and
A. Vlora, “Generalizations of fractional Hermite-Hadamard-
Mercer like inequalities for convex functions,” AIMS Math-
ematics, vol. 6, no. 9, pp. 9397-9421, 2021.

[12] T. R. Prabhakar, “A singular integral equation with a gener-
alized Mittag-Leffler function in the kernel,” The Yokohama
Mathematical Journal, vol. 19, no. 1, pp. 7-15, 1971.

[13] H.J. Haubold, Special Functions: Fractional Calculus and the
Pathway for Entropy, MDPI, Basel, Switzerland, 2018.

[14] K. Diethelm, The Analysis of Fractional Differential Equations:
An Application-Oriented Exposition Using Differential Oper-
ators of Caputo Type, Springer, Berlin, Heidelberg, 2010.

[15] T.Sandev and T. Tomovski, Fractional Equations and Models,
Springer, Cham, Switzerland, 2019.

[16] G. V. Milovanovic, “Some orthogonal polynomials on the
finite interval and Gaussian quadrature rules for fractional
Riemann-Liouville integrals,” Mathematical Methods in the
Applied Sciences, vol. 44, no. 1, pp. 493-516, 2021.


https://arxiv.org/abs/1704.09000
https://arxiv.org/abs/1704.09000
https://arxiv.org/abs/1605.09200

20

[17] M. Masjed-Jamei and G. V. Milovanovic, “An extension of
Pochhammer’s symbol and its application to hypergeometric
functions, II,” Filomat, vol. 32, no. 19, pp. 6505-6517, 2018.

[18] O. L. Merichev, Handbook of Integral Transforms and Higher
Transcendental Functions, California, CA, USA, 1983.

[19] M. Singh, M. Ahmad Khan, A. Hakim Khan, and A. H. Khan,

“On some properties of a generalization of Bessel-Maitland

function,” International Journal of Mathematics Trends and

Technology, vol. 14, no. 1, pp. 46-54, 2014.

M. Ghayasuddin, W. A. Khan, and S. Araci, “A new extension

of Bessel-Maitland function and its properties,” Matematicki

Vesnik, vol. 70, no. 4, pp. 292-302, 2018.

[21] R. S. Ali, S. Mubeen, I. Nayab, S. Araci, G. Rahman, and
K. S. Nisar, “Some fractional operators with the generalized
bessel-maitland function,” Discrete Dynamics in Nature and
Society, vol. 2020, Article ID 1378457, 15 pages, 2020.

[22] W. A. Khan, I. A. Khan, and M. Ahmad, “On certain integral
transforms involving generalized Bessel-Maitland function,”
J. Appl. & Pure Math.vol. 2, no. 1-2, pp. 63-78, 2020.

[23] M. Saigo, “A Remark on Integral Operators Involving the
Gauss Hypergeometric Functions,” Kyushu Univ, vol. 11,
pp. 135-143, 1978.

[24] A. Petojevic, “A note about the Pochhammer symbol,” Math.
Morav.vol. 12, no. 12-1, pp. 37-42, 2008.

[25] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional
Integrals and Derivatives: Theory and Applications, Gordon
and Breach Science, Philadelphia, PE, USA, 1993.

[26] S. Ahmed, “On the generalized fractional integrals of the
generalized Mittag-Leffler function,” SpringerPlus, vol. 3,
no. 1, pp. 198-205, 2014.

[27] M. A. Khan and S. Ahmed, “On some properties of the
generalized Mittag-Leffler function,” SpringerPlus, vol. 2,
no. 1, pp. 337-339, 2013.

[28] T. O. Salim and A. W. Faraj, “A generalization of Mit-
tag-Leffler function and integral operator associated with
fractional calculus,” J. Fract. Calc. Appl.vol. 3, no. 5, pp. 1-13,
2012.

[29] A. K. Shukla and J. C. Prajapati, “On a generalization of
Mittag-Leffler function and its properties,” Journal of
Mathematical Analysis and Applications, vol. 336, no. 2,
pp. 797-811, 2007.

[30] A. Wiman, “Uber den Fundamentalsatz in der Teorie der
Funktionen Ea(x),” Acta Mathematica, vol. 29, no. 0,
pp. 191-201, 1905.

[31] G. M. Mittag-Leffler, “Sur la nouvelle fonction,” CR Acad. Sci.
Paris, vol. 137, no. 2, pp. 554-558, 1903.

[32] R.S. Alj, S. Batool, S. Mubeen et al., “On generalized fractional
integral operator associated with generalized Bessel-Maitland
function,” AIMS Mathematics, vol. 7, no. 2, pp. 3027-3046,
2022.

[33] F. Polito and Z. Tomovski, “Some properties of Prabhakar-
type fractional calculus operators,” 2015, https://arxiv.org/
abs/1508.03224.

[34] A. A. Kilbas and N. Sebastian, “Generalized fractional in-
tegration of Bessel function of the first kind,” Integral
Transforms and Special Functions, vol. 19, no. 12, pp. 869-883,
2008.

[20

Journal of Mathematics


https://arxiv.org/abs/1508.03224
https://arxiv.org/abs/1508.03224



