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Streamfow prediction is vital to control the efects of foods and mitigation. Physical prediction model often provides satisfactory
results, but these models require massive computational work and hydrogeomorphological variables to develop a prediction
system. At the same time, data-driven prediction models are quick to apply, easy to handle, and reliable. Tis study investigates
a new hybrid model, the wavelet bootstrap quadratic response surface, for accurate streamfow prediction. Wavelet analysis is
a well-known time-frequency joint analysis technique applied in various felds like biological signals, vibration signals, and
hydrological signals. Te wavelet analysis is used to denoise the time series data. Bootstrap is a nonparametric method for
removing uncertainty that uses an intensive resampling methodology with replacement. Te authors analyzed the results of the
studied models with diferent statistical metrics, and it has been observed that the wavelet bootstrap quadratic response surface
model provides the most efcient results.

1. Introduction

Water is essential for all living things, including plants,
animals, and people. Water is an all-purpose solvent and
a gift from nature to all living things. Te sustainability of
modern ecology, human existence on Earth, and the pro-
vision of food for an expanding population depend heavily
on water availability [1]. Ghafoor and Nawaz [2] explain the
worldwide phenomenon of climate change and its variety of
implications for of various ecologies. For example, variations
in rainfall intensity and duration could cause foods or
droughts, and these catastrophes pose a serious risk to re-
gional and global food security. In the last few decades,
streamfow prediction plays a signifcant part in the hy-
drology feld and the administration of water resources.
Accurate and reliable streamfow estimation provides the
foundation to increase the capability of reservoirs, food
avoidance, water resources, and the design of hydroelectric
projects [3]. Tus, for a short period, streamfow prediction

can be helpful to enhance the management of water supply.
However, accurate and consistent prediction is a tremen-
dous challenge for hydrologists because of the complicated
variability in the river system [4].

In the last two decades, artifcial intelligence (AI)
techniques such as adaptive neuro-fuzzy inference system
(ANFIS), support vector machine (SVM), and neural net-
work (NN), have been employed for river stage prediction.
Tese methods were used because of their skills to model the
nonlinear behavior of time series data [5–12]. A deep
learning model is used to estimate the uncertainty associated
with river fow and determine food prediction [13]. Wavelet
artifcial neural network (WANN) model tested by Shafaei
and Kisi [14] for river fow predictions. Results depict that
the proposed model yields good results than the traditional
artifcial neural network (ANN) and support vector machine
(SVM) models. Delafrouz et al. [15] planned a new hybrid
model by conjunction of phase-space reconstruction (PSR)
and ANN methods for reliable daily streamfow prediction.
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Te developed PSR-ANN model was compared with the
traditional ANN and gene expression programming (GEP)
models. It has been concluded that the proposed model,
PSR-ANN produced the best prediction result. Two AI-
based techniques named WANN and linear genetic pro-
gramming (LGP), were introduced by Danandeh Mehr et al.
[16] for monthly streamfow forecasting. Te results showed
that the LGP model is better than the WANN model for
monthly streamfow prediction. Te SVM model with an
adaptive insensitive factors introduced by Gueo et al. [17] for
monthly streamfow prediction. Te wavelet transform
(WT) technique is practiced to reduce noise from data. Te
phase-space reconstruction technique is applied to de-
termine the structure of the forecasting model. Results
claimed that an improved SVM model with adaptive in-
sensitive factor is suitable for processing complex
hydrology data.

WT is a prevalent technique to remove noise from
nonstationary time series data [18–22]. WANN and wavelet
adaptive neuro-fuzzy inference system (WANFIS) models
were examined by [23] to check the reliability of the pro-
posed models for maximum lead time. It has been revealed
that the WANFIS model is suitable for 1–6-hour prediction
and the WANN model is a reliable model for 8–10-hour
prediction. Results indicated thatWTincreases the efciency
of both models. Drisya et al. [24] compared the feedforward
neural network (FFNN) and WANN model to analyze
streamfow prediction. Te WANN model represents more
high-quality results than the FFNN model for streamfow
prediction. Seo et al. [25] introduced hybrid models: wavelet
packet artifcial neural network (WPANN), wavelet packet-
adaptive neuro-fuzzy inference system (WP-ANFIS), and
wavelet packet-support vector regression (WPSVR) by the
conjunction of wavelet packet decomposition to the tradi-
tional machine learning models like ANN, ANFIS, and
support vector regression (SVR). Te wavelet packet de-
composition (WPD) technique signifcantly increases the
predictive power of the machine learning models. Overall,
the WP-ANFIS model produces reliable results for daily
river stage prediction. Wavelet-based regression models and
wavelet-based NN models are studied by Partal [26] for
monthly streamfow prediction. Te wavelet transformation
has a positive impact on forecasting results when coupled
with regression and NN-based models. Khan et al. [27]
coupled the wavelet technique with autoregressive in-
tegrated moving average (ARIMA) and ANN models for
future drought forecasting. Wavelet bootstraps multiple
linear regression (WBMLR) model proposed by Sehgal et al.
[28] for river stage prediction. Tey showed that the
WBMLR model produced better results than the remaining
models used in the study based on ANN and MLR models.
Two-hybrid models, wavelet neural network (WNN) and
ANN, are attached with block bootstrap sampling (BB)
technique by Kasiviswanathan et al. [29]. Tey concluded
that the WNN-BB model consistently yields more perfor-
mance for food management than the ANN-BB model. RS
method of higher-order polynomial functions is used for
food forecasting. Tey concluded that the RS model with
a ffth-order better forecast river stage [30].

Tis study aims to determine the performance of the
wavelet bootstrap quadratic response surface (WBQRS)
model for daily reservoir infow prediction. In addition, it
compares the performance of the developed model with
some traditional and hybrid models.

2. Methods

2.1. Wavelet Transform. WT can solve these problems by
decomposing one-dimensional signals into two-dimensional
time-frequency domains at a similar time. Moreover,
wavelets have the property of irregularity and are asym-
metric in shape. Due to these properties, the wavelet
technique is useful for analyzing signals having harp changes
and discontinuities [31]. DWT technique provides a time-
scale representation of time-series data and fnds a re-
lationship. Te DWT technique is useful for nonstationary
data to remove noise from data. In addition, the DWT
technique is useful when data constitute jumps or shifts and
produces a very accurate analysis [32].

Time series analysis is solved by applying numerous
techniques, one of which, the most well-known is Fourier
transform (FT). Unfortunately, although, FT breaks
down time-series data into basic sinusoids of various
frequencies while time information is lost during the
process of transformation. Terefore, it is recommended
that FT is not a suitable choice for analyzing signals with
transitory characteristics such as trends, discontinuities,
drift, and breakdown points. On the other hand, WTdeals
with a long interval of time when low-frequency com-
ponents are required, and it deals with a short interval of
time when high-frequency components are the need of
time [33].

WT is obtained through the time-frequency components
of a signal. WT is divided into two main types: discrete
wavelet transforms (DWT) and continuous wavelet trans-
forms (CWTs). Te function of CWT is given by

W(a, τ) � 
+∞

−∞
f(t)ψa,τ(t) dt, (1)

where

ψa,τ(t) �
1
��
a

√ ψ
t − τ

a
 . (2)

Calculating wavelet coefcients at every possible reso-
lution level (scale) creates a massive amount of data.
Terefore, the choice of resolution level based on the dyadic
scale and wavelet analysis obtained through dyadic scale
should be more accurate and efcient. Tis transformation is
called DWT. In equation (1), f(t) is converted into a wavelet
coefcient W(a, τ). Here, τ (real number) is indicated by the
translation parameter, whereas a (real and positive number)
is symbolized by the dilation parameter. Tese two pa-
rameters are dilating and translating the mother wavelet,
ψ(t), respectively. Te DWT was obtained by these two
parameters and dilation parameter a is discretized while the
a � 2− j translation parameter. τ is discretized with τ � K2− j.
In the process of discretization, the wavelet function gets the
form
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ψj,k(t) � 2(j/2)ψ 2j
t − K , (3)

where j and K are the integers represented by scale and
translation factors, respectively [34].

Mallat [35] introduced two flters that isolate the signal
into two diferent scales: the high-pass flter and low-pass
flter. A high pass flter (wavelet function) represents high
frequency and low scale. Wavelet functions are rapidly
changing signal features, and these functions are acquired by
correlating the original signal with the compressed signal.
Other names of high-pass flter (wavelet function) include
running diferences, detail, and fuctuation. Low-pass flter
(scaling function) constitutes low frequency and high scale.
Scaling function is also known as an approximation or trend.
Figure 1 represents the scaling function and wavelet function
of symlet wavelet with vanishing moment 15.

2.2. MLR Model. In regression analysis, intercept and re-
gression coefcients are estimated by employing the method
of minimizing the sum of squared residuals.TeMLRmodel
is used in hydrological modeling for several decades. Tiwari
and Chatterjee [36] and Kisi [37] introduced recent appli-
cations in the hydrological literature.

Y � β° + β1x1 + β2x2 + ε. (4)

Te response variable Y is a column vector of order n× 1.
Te predictor variable represented by X is an n× 2

matrix.
Regression coefcients β correspond to a 2×1 column

vector.
Te error term u is an n× 1 column vector.

2.3.BootstrapTechnique. Tebootstrap technique resamples
the original data set with replacements and trains the model
on each resampled data point instead of the original data.
Te bootstrapping technique applied to develop a single
realization of a distribution to generate a set of bootstrap
samples. Tese bootstrap samples furnish a better un-
derstanding of the average and variability of the original
unknown distribution [36]. Suppose ordinary bootstrap
proof is inconsistent with a wider confdence interval. So,
there is no need to use the m� n bootstrap sample size. For
consistency, the m-out-of-n bootstrap technique is useful in
such a situation and proves bootstrap to be consistent [38].

Tree steps are involved in applying the bootstrap:
sampling for estimation of bootstrap samples with re-
placement, determining the bootstrap distribution, and fnal
application of the bootstrap distribution. Te bootstrap
distribution of statistics is indicated as the sampling dis-
tribution of statistics based on the resampling technique.Te
main advantage of bootstrap sampling has the simplicity of
performing the complex calculation of mean, standard error,
and confdence interval. Terefore, the bootstrap technique
could be successfully applied compared to other resampling
techniques like Jackknife in estimating unsmoothed pa-
rameters and estimating the variance of nonlinear statistics.
Te vital point to be remembered here is that the parametric

bootstrap is used when we have information about the
normal distribution. On the other hand, when the distri-
bution is non-normal, it cannot fulfll the assumption of
normality. In such a situation, we use a nonparametric
bootstrap sample [39].

Let ε denoted by a set of the random sample that is
independently and identically (iid) distributed with sample
size n. Tese samples are drawn from an unknown proba-
bility distribution F(Xi ∼ iidF) while (1/n) assumed to be
observed value. Bootstrap samples generated from observed
values and empirical distribution F

⌢
(bootstrap population)

developed using uniform sampling with replacement of
observed time series data. X � (x1, x2, x3, . . . , xn) be
a sample taking probability (1/n) on each xi value. Te set of
a bootstrap sample can be indicated as X1, X2, X3, . . . , Xn,
where B is the total number of bootstrap samples.

2.4. Response SurfaceMethod. Response surface modeling is
a procedure to mimic the system of responses because of
changes in predictors [40]. RS modeling is a helpful tech-
nique to deal with natural events in the feld of hydrology. A
mathematical equation can express the relationship between
regressors and the response variable.

Y � f x1, x2, x3, . . . , xn(  + ε. (5)

In equation (5), the response variable is expressed by Y, f
represents the response function, x1, x2, . . . , xn are re-
gressors, and ε denoted by the error term.

Te mathematical equation expresses a linear relation-
ship between regressors and the response variables.

Y � β° + β1x1 + β2x2 + β12x1x2 + ε. (6)

FORS model involves the cross-product terms.
Te mathematical equation of QRS model is

Y � β° + β1x1 + β2x2 + β12x1x2 + β11x
2
1 + β22x

2
2 + ε. (7)

QRS model comprises additional second-order terms in
comparison with the FORS model.

2.5. Performance Indices. Te statistical indicators to com-
pare the performance of the developed models are RMSE,
MAE, NSE, and CP.

RMSE �

�������������


n
i�1 Oi − Pi( 

2

n



,

MAE �
1
n



n

i�1
Oi − Pi


⎛⎝ ⎞⎠,

NSE � 1 −


n
i�1 Oi − Pi( 

2


n
i�1 Oi − O( 

2,

CP � 1 −


n
i�2 Pi − Oi( 

2


N−1
i�1 Oi+1 − Oi( 

2,

(8)
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where Oi is represented by the observed fow, Pi is the
predicted fow, and the size of the data set indicates n. RMSE
determines the variation in error under the independence of
sample size. It determines the discrepancy between observed
and predicted streamfow values. Te value of RMSE lies
between zero and 1. Te average absolute error is called the
MAE. It shows how close the forecast value is to the observed
value [41]. NSE is applied in the hydrologic feld to appraise
the predictive power. Te range of NSE is from −∞ to 1. As
the value of NSE is close to 1, it means that the model ft
is good.

3. Study Area and Data Set

River Chenab is structured by joining the Chandra and
Bhaga rivers at Tandi in Himachal Pradesh state, India.
Ten, it enters into the plains downward from the uplands
to the vast alluvial lowlands of Punjab and Pakistan. Te
Chenab river basin is positioned in eastern Punjab and
fows through the southwestern direction in Punjab
province. Marala, Khanki, and Qadrabad gauging stations
play an important role in the river canal link system in
Punjab and Pakistan. Marala gauging station was built in
district Sialkot in 1968 and had a length of
1.366 kilometers. It is situated between 32∘40′24″ N to
74∘27′50″ E and has a discharge capacity of 1.1 million
cusec water. Khanki gauging station is situated on the
river Chenab when it enters in Gujranwala district. It was
constructed in 1982 and had a maximum discharge ca-
pacity of 0.8 million cusecs. Te next gauging station on
river Chenab is Qadrabad at district Mandi Bahauddin.
Te total length of the Chenab river basin is around
974 km, and several irrigation canals are fed by it. Table 1
indicates the summary statistics of the three selected
gauging stations for the analysis of this study while
Figure 2 represents the Chenab river basin with its ad-
joining rivers. Where for simplicity, authors use abbre-
viations of gauging stations Marala �Mar, Khanki �Kha,
Qadrabad �Qad, Trimmu �Tri, and Punjab �Punj.

Data used for this study are the daily water discharge
of Chenab river basin from three gauging stations during
2005–2010 (1 July–30 September). Te data constitutes

into two parts. Te frst part consists of training data from
2005–2009 while the testing data constitute of the
2010 year.

4. Model Development

Te prime step in hydrological modeling is selecting ap-
propriate input variables for the models [29, 42]. However,
there is no exact method for the selection of the input
variables of prediction models. Terefore, diferent re-
searchers use diferent techniques for the selection of sig-
nifcant variables. In the present study, the correlation
technique is applied for the selection of input variables and
considers the geographic location of gauging stations. Fig-
ure 1 represents the Chenab river basin with its adjoining
rivers.

Correlations of gauging stations are shown in Table 2 to
select the relevant input variables for streamfow prediction.
Pearson correlation coefcient applies to calculate correla-
tion among gauging stations (variables) on complete data to
select suitable input variables. Its mathematical form is given
as

r �
n XY −  X  Y

������������������������������

n  X
2

−  X( 
2

n  Y
2

−  Y( 
2

  

 . (9)

Table 2 clearly shows that the Mar gauging station
strongly correlates with Kha and Qad gauging station, but it
has a week correlation with Tri and Punj gauging stations.
Kha gauging station has a strong correlation with Mar and
Qad gauging stations. Tri and Punj have a strong correlation
with each other. If we look at the geographic location of the
Chenab river basin, it is observed that the Jehlum river joins
river Chenab at Tri Gauging station. Terefore, Qad gauging

Table 1: Summary of gauging stations of the Chenab river basin.

Location Marala Khanki Qadrabad
Latitude (N) 32.78° 32.40° 32.32°
Longitude (E) 73.88° 73.98° 73.70°
Altitude (m) 234 214 210
Te area above sea level (m) 250 250 250

1

Scaling function

0.5

0

0 10 20

(a)

Wavelet function

1

0.5

–0.5

–1

0

0 10 20

(b)

Figure 1: (a) Represents the scaling function of symlet wavelet with vanishing moment 15; (b) denotes the wavelet function of symlet
wavelet with vanishing moment 15.
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station is our forecast site and is used as a response variable,
while Mar and Kha used it as predictors.

Te main idea behind the correlation analysis is to
determine the relationship between two variables. “Corre-
lation analysis is the study of the relationship between
variables” [43] p. 375). Te correlation coefcient between
Mar and Kha is 0.8690 (Table 2), which is the sign of high
multicollinearity among both predictors. Te principal
component analysis technique was applied to remove the
multicollinearity problem. By using this operation on the
predictors, principal components are formed. Tese com-
ponents are orthogonal among each other and have an
independent linear relationship. Results obtained from these
components produced principal component scores. Prin-
ciple scores are applied as input to the predictors to elim-
inate multicollinearity among predictors [44].

DWTmethod is applied to decompose the data of river
streamfow into wavelet components. Choice of the mother
wavelet is another important step to perform wavelet
analysis because the results obtained from time-series data
greatly depend upon selecting the mother wavelet. Mahes-
waran and Khosa [45] explain that the choice of a suitable
mother wavelet is based on the properties and application of
the wavelet function, that is, the vanishing moments and

region of support. Te support region of the wavelet
function explains the characteristics of localization and
vanishing moments dealing with the polynomial behavior of
time series data [46]. Four diferent wavelet families with
diferent vanishing moments are tested on a traditional
FORS-based model for 1-d ahead prediction to select the
best one wavelet function. Te wavelet families to be tested
are Haar, symlets (sym2, sym6, sym12, sym15, and sym20),
coifets (coif1, coif2, and coif4), and Daubechies (db4, db12,
db15, and db20). Te symlet mother wavelet function with
vanishing moment 15 is selected to decompose the time
series data because its performance is good on all perfor-
mance indices compared to other mother wavelet functions,
as represented in Table 3.

Te best performance in the wavelet domain is also based
on selecting the optimal level of decomposition. However,
the decomposition level of WTcan be determined using the
mathematical formula as given in the following [47, 48]:

L � int[log(N)]. (10)

In this empirical formula, L indicates the length of data;
it is the function to convert the decimal parts to an integer,
and N represents the total length of data. Tree levels of
decomposition are chosen by using the empirical formula of
the equation. First, the data decomposes into three wavelet
components: detail (D1, D2, and D3) and approximation
(A3).Ten, the efective wavelet components (D3 and A3) are
chosen to provide input to the wavelet-based models. Fig-
ure 3 indicates the time series data with wavelet de-
composition at level third.

4.1. Wavelet-Based Model Development. DWT technique
coupled with the RS-based model (FORS and QRS) to
produce new hybrid models: WFORS and WQRS. Te al-
gorithm ofWFORS andWQRSmodels consists of two steps.

(1) At the frst step, we decompose the original
streamfow data into wavelet components and use

Figure 2: Chenab river basin and its adjoining river map.

Table 2: Linear correlation analysis among variables.

Combinations Correlations
Mar and Kha 0.8690
Mar and Qad 0.7780
Mar and Tri 0.4980
Mar and Punj 0.4040
Kha and Qad 0.9370
Kha and Tri 0.4910
Kha and Punj 0.3830
Qad and Tri 0.4700
Qad and Punj 0.3470
Tri and Punj 0.8360

Journal of Mathematics 5



the DWT technique after selecting the optimal
decomposition level.

(2) In the second phase, the efective discrete wavelet
component provides input to the FORS and QRS
models.

4.2. Wavelet-Bootstrap-Based Model Development. Finally,
we develop new hybrid models using wavelet and bootstrap
methods on the FORS model to establish the WBFORS
model. Tese two methods are coupled with the QRS model
to develop the WBQRS model. To develop the wavelet-
bootstrap-based models, we operate the bootstrap technique
on the efective wavelet components and provide this
bootstrap resampled data to the FORS and QRS models.
Flowchart in Figure 4 shows the process of the hybrid
models.

Figure 4 shows the algorithm of the developed models in
this study. Tis article studies the relationship between Qad
gauging station (predicting variable, Y), Mar gauging sta-
tion, and Kha gauging station (predictors: X1 and X2). For
that matter, the traditional models employed by using the
least square method are

Y � β° + β1x1 + β2x2 + ε, (MLR),

Y � β° + β1x1 + β2x2 + β12x1x2 + ε, (FORS),

Y � β° + β1x1 + β2x2 + β12x1x2 + β11x
2
1 + β22x

2
2 + ε, (QRS),

(11)

Authors collect data on the monsoon season for the river
Chenab (1 July–30 September) for all fve gauging stations in
Pakistan. Ten, the correlation technique is applied to select
suitable input variables. So, after applying the correlation
technique, the selected variables are Mar, Kha, and Qad.

Detail Components: D1, D2 and D3
Approximation Components: A3
HF: High-pass flter
LF: Low-pass flter

2: Even indexed element (down sampling)

HF LF

HF LF

HF LF

Time Series Data

2 2

2 2

22

D1

D2

D3 A3

Figure 3: Shows time series data with wavelet components (D1, D2, and D3) and approximation component (A3).

Table 3: Performance of various WFORS models with diferent mother wavelet functions.

Wavelet Vanishing moment NSE RMSE (m3/s) MAE (m3/s) CP
Haar 1 0.9560 0.3850 0.2688 0.9596
Coif1 1 0.9283 0.4600 0.2627 0.9288
Coif2 2 0.9582 0.3261 0.2127 0.9389
Coif4 4 0.9634 0.2764 0.1818 0.9314
Db4 4 0.9476 0.3770 0.2519 0.9418
Db10 10 0.9469 0.3225 0.2172 0.9275
Db12 12 0.9641 0.2700 0.1926 0.9514
Db15 15 0.9617 0.2726 0.2114 0.9616
Db20 20 0.9578 0.3250 0.2291 0.9465
Sym2 2 0.9764 0.2533 0.1903 0.9725
Sym6 6 0.9770 0.2516 0.1767 0.9612
Sym12 12 0.9687 0.2576 0.1520 0.9378
Sym15 15 0.9776 0.2250 0.1469 0.9521
Sym20 20 0.9681 0.2390 0.1538 0.9467
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According to its geographical location, the Qad gauging
station is the response variable and the remaining two
gauging stations (Mar and Kha) are the independent vari-
ables. Next, the performance of all studied models (Figure 4)
is checked on the performance indices: RMSE, MAE, CP,
and NSE. Finally, the results are presented based on the
testing data set in Table 4. Ten in the second step, the
authors applied the wavelet technique to the time series data
by using symlet mother wavelet function with vanishing
moment ffteen and at level third. Next, data from efective

wavelet components A3 and D3 are applied to get WFORS
and WQRS models. After that, the bootstrap technique was
applied to the DWCs to get WBFORS and WBQRS models.
Te bootstrap technique removes uncertainty from data
because hydrological data have nonstationary trends. When
authors hybrid the bootstrapping technique with the wavelet
method, the model gets outstanding prediction results, as
represented in Table 4. For attaining model consistency and
removing the efect of randomness, the authors use the m-
out-of-n technique. In this method, m represents the

Daily discharge time series

Bootstrap
resampling of
input variables

taking all DWC’s

DWT of
input signal
using Symlet

wavelet

FORS model
develop

Input from stations

MLR model
develop

WFORS
model

develop

WBQRS
model

develop

DWC’s are
obtained

QRS model
develop

WQRS
model

develop

WBFORS
model

develop

Figure 4: Te fowchart illustrates the proposed model development.

Table 4: Statistical indicator for MLR, FORS, QRS, WFORS, WQRS, WBFORS, and WBQRS models.

Models Days RMSE (m3/s) MAE (m3/s) NSE CP

MLR
1 day 0.4010 0.2082 0.8426 0.7398
2 day 0.4010 0.2064 0.8429 0.7399
3 day 0.4010 0.2059 0.8430 0.7402

FORS
1 day 0.3780 0.1941 0.8621 0.7719
2 day 0.3770 0.1923 0.8622 0.7719
3 day 0.3770 0.1922 0.8622 0.7719

WFORS
1 day 0.2250 0.1470 0.9761 0.9521
2 day 0.2230 0.1437 0.9779 0.9526
3 day 0.2220 0.1415 0.9782 0.9529

WBFORS
1 day 0.0686 0.0466 0.9711 0.9816
2 day 0.0313 0.0234 0.9925 0.9977
3 day 0.0115 0.0086 0.9965 0.9984

QRS
1 day 0.3390 0.1952 0.8913 0.8201
2 day 0.3390 0.1942 0.8913 0.8202
3 day 0.3390 0.1936 0.8914 0.8202

WQRS
1 day 0.2170 0.1354 0.9796 0.9563
2 day 0.2160 0.1328 0.9799 0.9565
3 day 0.2150 0.1316 0.9800 0.9567

WBQRS
1 day 0.0356 0.0283 0.9877 0.9957
2 day 0.0165 0.0106 0.9965 0.9974
3 day 0.0147 0.0108 0.9954 0.9970

Journal of Mathematics 7



bootstrap sample size, and n is the number of repetitions. So,
carefully selecting the bootstrap sample size and the number
of bootstrap repetitions to ensure the model gets consistent
results. Te m-out-of-n bootstrap technique is useful for
consistency and proves bootstrap models get consistent
results with repetition [38].

5. Results and Discussion

To determine the predictive ability of the determined
models, the performance indices to be used are RMSE, MAE,
NSE, and CP.Te performance of the MLR, FORS, WFORS,
WBFORS, QRS, WQRS, andWBQRS models is presented in
Table 4. In general, the QRS model attains the optimum
performance in this study for river infow prediction than
other traditional models, MLR and FORS.

Tis study compares the wavelet-based RS models:
WFORS and WQRS with the traditional models: QRS, FORS,
andMLR. It has been observed fromTable 3 that the predictive
efciency of the wavelet-based models (WFORS and WQRS)
is much better than the traditional models MLR, FORS, and
QRS concerning statistical techniques: RMSE, MAE, NSE, and
CP in Chenab river basin.Te results ofMLR, FORS, andQRS
models are poor compared to theWFORS andWQRSmodels.
Te reason behind the week performance of the MLR, FORS,
and QRS models is that these models use raw streamfow data
for modeling. In contrast, such raw streamfow data comprises
various frequency components. River streamfow data do not
present actual characteristics of the time series data when it
utilizes one resolution component for prediction purposes
[14]. Terefore, wavelet-based models (WFORS and WQRS)
use diferent frequency resolution levels for streamfow data.
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Figure 5: Scatter diagram represents the observed discharge on the horizontal axis means the data recorded on the Qad gauging station
(represented by Y in the model). On the vertical coordinate, predicted discharge means the data obtained after ftting the MLR model.
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Wavelet transform is the most suitable choice for reservoir
infow prediction rather than the traditional models. On the
basis of performance indices (RMSE, MAE, NSE, and CP),
the WQRS (RMSE � 0.217m3/s, MAE � 0.1354m3/s,
NSE� 0.9796, CP� 0.9563) andWFORS (RMSE� 0.2250m3/s,
MAE� 0.1470m3/s, NSE� 0.9761, CP� 0.9521) models has
much better results for 1-d ahead prediction of testing
data set than the traditional models MLR
(RMSE � 0.4010 m3/s, MAE � 0.2082 m3/s, NSE � 0.8426,

CP� 0.7398), FORS (RMSE� 0.3780m3/s, MAE� 0.1941m3/s,
NSE� 0.8621, CP� 0.7719), and QRS (RMSE� 0.3390m3/s,
MAE� 0.1952m3/s, NSE� 0.8913, CP� 0.8201).

Values of the performance indices RMSE and MAE are
higher for models MLR, FORS, QRS, WFORS, and WQRS
than the models WBFORS and WBQRS, while the values of
performance indices NSE and CP are closer to the one for
WBFORS and WBQRS models compared to the remaining
models for 1–3 ahead prediction. Tus, this study reveals
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Figure 6: Represents scatter diagram of the observed reservoir fow against the predicted reservoir fow of FORS and WFORS models.
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that both models: WBFORS and WBQRS yield better per-
formance in terms of prediction, but the performance of the
WBQRS model is excellent.

Scatter plots for 1 d and 3d ahead prediction of MLR,
FORS, WFORS, WBFORS, QRS, WQRS, and WBQRS model

are presented in Figures 5–8, respectively. According to the
NSE criterion, the WBQRS model shows that the straight line
is good and in better agreement with the observed streamfow.
Terefore, theWBQRSmodel indicates good predictive power
with 1–3 days ahead prediction compared to the other models.
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Figure 7: Represents scatter diagram of the observed reservoir fow against the predicted reservoir fow of QRS and WQRS models.
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6. Conclusion

Streamfow prediction plays a vital role in hydrology for
assessing water patterns. Tis study explains the water
fow prediction using wavelet and bootstrap techniques in
the RS model. In this paper, the authors introduce a new
hybrid model, WBQRS, for reservoir infow prediction. To
check the validity, the proposed WBQRS model was
compared with the MLR, FORS, QRS, WFORS, WQRS,
and WBFORS models on diferent statistical criteria:
RMSE, MAE, NSE, and CP. Te observed data is
decomposed into diferent frequency components by
applying the DWT technique at level third. Te mother
wavelet function used in this whole scenario is symlet with
vanishing moment 15 (sym15). In comparison with other

models, WBQRSmodel depicts the best prediction results with
diferent performance indices for 1-d ahead predictions are
RMSE� 0.0356m3/s, MAE� 0.0283m3/s, NSE� 0.9877, and
CP� 0.9957. Te results depict that the WBQRS model is
a better choice for prediction than the remaining models in
the study. In all cases, the models show reliable prediction for
1-3-day prediction. Tis study will be helpful for authorities to
make an early prediction about foods and activate the food
warning response system. Tis research depicts that the
WBQRS model is the most suitable choice for short-term
streamfow prediction.

Data Availability

Data are available upon request in the article.
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