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We present the concept of a neutrosophic group without the use of an indeterminate element “I” in this paper. We also present
a similar application to the fundamentals of group theory. We defne and study the so-called level subgroups of a neutrosophic
subgroup in order to characterize neutrosophic subgroups of fnite cyclic groups in a similar way.

1. Introduction

In algebraic structures, groups play a vital role [1, 2] and have
applications in several felds.Te notion of neutrosophic sets
(NS) was frst put forth by Smarandache in [3]. Recently, it
attracted signifcant attention from researchers working in
several felds such as in analysis [4, 5], topology [6], algebraic
structure [7–9], and graph theory [10] as well as applications
ranging from sentiment analysis to medical diagnostics [11].

Smarandache and Kandasamy introduced the idea of
neutrosophic algebraic structures using neutrosophic theory
in [12] by putting an indeterminate element, “I,” into the
algebraic structure. Te concept of the neutrosophic group
was further studied by Agboola et al. [13].

So far, researchers have described the basic algebraic
operations of neutrosophic sets from three distinct view-
points [14]. In [15], Vildan and Halis introduced an ap-
proach to the neutrosophic subgroup according to the
second viewpoint.

In this research, we introduced the neutrosophic group
as the algebraic structure by not inserting an indeterminate
element “I.” Also, this approach corresponds with the frst
viewpoint and represents an extension of the fuzzy sub-
group. Again, this approach represents an extension of the
fuzzy subgroup.

Te work has been conceived in the manner as follows.
In Section 2, some basic concepts are established. Te

novel defnition of a neutrosophic group as an expansion of
the fuzzy group is introduced in Section 3. Moreover, we
obtain a characterization of neutrosophic subgroups of fnite
cyclic groups. In order to do this, we study the “level
subgroups” of a neutrosophic subgroup. In Section 4, the
conclusions and observations are made.

2. Basic Concepts

Here, we go through some of the concepts and results that
we use in the following sections.

Defnition 1 (see [16]). Assume that X is a set. Function
P: X⟶ [0, 1] is a fuzzy subset of X.

Defnition 2 (see [17]). Assume thatG is a group. Ten, P is
called a fuzzy subgroup of G if the following axioms are
satisfed:

(i) P(uv)⩾min(P(u), P(v))

(ii) P(u− 1) ⩾ P(u)

where u, v ∈ G.
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Defnition 3 (see [16]). Let P be a fuzzy subset of X, then we
can defne the level subset of the fuzzy subset P as follows:

Pt � u ∈ X: P(u)≥ t{ }, (1)

where t ∈ [0, 1]. Note that if P is a fuzzy subgroup of G,
then for all u ∈ G and e is an identity of G, we have
P(u)≤P(e).

Defnition 4 (see [3]). A neutrosophic setN on the universe
set N is defned as follows:

N � <u, μ(u), c(u), ζ(u)> : u ∈ N􏼈 􏼉, (2)

with μ, c, ζ: N⟶ [0, 1].
Now, we defne the intersection and union of two

neutrosophic sets according to the frst viewpoint.

Defnition 5 (see [3]). Let N1 and N2 be two neutrosophic
sets on E. Ten,

(1) N1 ∩ 1N2 � <κ, min(μ1(κ), μ2􏼈 (κ)), max(c1(κ),

c2(κ)), max(ζ1 (κ), ζ2(κ))> : κ ∈ E}

(2) N1 ∪ 1N2 � <κ, max(μ1(κ), μ2(κ)), min(c1(κ), c2􏼈

(κ)), min (ζ1(κ), ζ2(κ))> : κ ∈ E}

3. Main Result

First, we present a novel defnition of a neutrosophic group
in this section. In addition, we defne the level set of the
neutrosophic set.

Defnition 6. Presume that G is a group. A neutrosophic
subset M � <κ, μ(κ), c(κ), ζ(κ)> : κ ∈ G􏼈 􏼉 of G is called
a neutrosophic subgroup of G if the following axioms are
satisfed:

(i) μ(κι)⩾ min(μ(κ), μ(ι))
(ii) μ(κ− 1)⩾ μ(κ)

(iii) c(κι)⩽ max(c(κ), c(ι))
(iv) c(κ− 1)⩽ c(κ)

(v) ζ(κι)⩽ max(ζ(κ), ζ(ι))
(vi) ζ(κ− 1)⩽ ζ(κ)

where κ, ι ∈ G.

Proposition 7. Te intersection of the fnite set of neu-
trosophic subgroups is a neutrosophic subgroup.

Proof. We only verify (iii) and (iv) axioms in Defnition 6, as
the other axioms are well-known.

(iii) ∩ 1ci􏼂 􏼃(ab) � inf ci(ab)􏼂 􏼃

≤ sup max ci(a), ci(b)( 􏼁􏼂 􏼃

� max supci(a), supci(b)( 􏼁

� max ∩ 1ci􏼂 􏼃(a), ∩ 1ci􏼂 􏼃(b)( 􏼁,

(iv) ∩ 1ci􏼂 􏼃 a
− 1

􏼐 􏼑 � sup ci a
− 1

􏼐 􏼑􏽨 􏽩

≤ sup ci(a)􏼂 􏼃

� ∩ 1ci􏼂 􏼃(a),

(3)

where i � 1, 2, . . . , n. Hence, the proposition is claimed. □

Proposition 8. Let M be a neutrosophic subgroup of G.
Ten,

(i) μ(κ− 1) � μ(κ) and μ(κ)≤ μ(e)

(ii) c(κ− 1) � c(κ) and c(κ)≥ c(e)

(iii) ζ(κ− 1) � ζ(κ) and ζ(κ)≥ ζ(e)

where e is an identity of G.

Proof. We only explain (ii), as the other cases are widely
known. Suppose that κ ∈ G, then

c(κ) � c κ− 1
􏼐 􏼑

− 1
􏼒 􏼓≤ c κ− 1

􏼐 􏼑≤ c(κ). (4)

Terefore, c(κ) � c(κ− 1).
Also, we can prove c(κ)≤ c(e) as follows:

c(e) � c κκ− 1
􏼐 􏼑≤max c(κ), c κ− 1

􏼐 􏼑􏼐 􏼑 � c(κ). (5)
□

Proposition 9. Let M be a neutrosophic subgroup of G.
Ten,

(i) μ(κι− 1) � μ(e)⟹ μ(κ) � μ(ι)
(ii) c(κι− 1) � c(e)⟹ c(κ) � c(ι)
(iii) ζ(κι− 1) � ζ(e)⟹ ζ(κ) � ζ(ι)

where κ, ι ∈ G, and e is an identity of G.

Proof. We only explain (ii), as the other cases are widely
known. Presume that κ, ι ∈ G, then

c(κ) � c κι− 1
􏼐 􏼑ι􏼐 􏼑

≤max c κι− 1
􏼐 􏼑, c(ι)􏼐 􏼑

� c(ι).

(6)

On the other hand,

c(ι) � c ικ− 1
􏼐 􏼑κ􏼐 􏼑

≤max c ικ− 1
􏼐 􏼑, c(κ)􏼐 􏼑

� c(κ).

(7)

Tus, c(κ) � c(ι). □

Proposition 10. M is a neutrosophic subgroup of G if the
following axioms are satisfed:

(i) μ(κι− 1)≥min(μ(κ), μ(ι))
(ii) c(κι− 1)≤max(c(κ), c(ι))
(iii) ζ(κι− 1)≤max(ζ(κ), ζ(ι))

where κ, ι ∈ G.

Proof. Let M be a neutrosophic subgroup of G, then we
have

(i) μ(κι− 1)≥min(μ(κ), μ(ι− 1)) � min(μ(κ), μ(ι))
(ii) c(κι− 1)≤max(c(κ), c(ι− 1)) � max(c(κ), c(ι))

2 Journal of Mathematics



(iii) ζ(κι− 1)≤max(ζ(κ), ζ(ι− 1)) � max(ζ(κ), ζ(ι))

Conversely, assume that the above axioms are true, and
let κ � ι, then we obtain μ(e)≥ μ(κ), c(e)≤ c(κ), and
ζ(e)≤ ζ(κ). Terefore,

μ κ− 1
􏼐 􏼑 � μ κ− 1

e􏼐 􏼑≥min(μ(κ), μ(e)) � μ(κ),

c κ− 1
􏼐 􏼑 � c κ− 1

e􏼐 􏼑≤max(c(κ), c(e)) � c(κ),

ζ κ− 1
􏼐 􏼑 � ζ κ− 1

e􏼐 􏼑≤max(ζ(κ), ζ(e)) � ζ(κ).

(8)

Again, we have

μ(κι) � μ κ ι− 1
􏼐 􏼑

− 1
􏼒 􏼓≥min μ(κ), μ ι− 1􏼐 􏼑􏼐 􏼑

≥min(μ(κ), μ(ι)),

c(κι) � c κ ι− 1
􏼐 􏼑

− 1
􏼒 􏼓≤max c(κ), c ι− 1􏼐 􏼑􏼐 􏼑

≤max(c(κ), c(ι)),

ζ(κι) � ζ κ ι− 1
􏼐 􏼑

− 1
􏼒 􏼓≤max ζ(κ), ζ ι− 1􏼐 􏼑􏼐 􏼑

≤max(ζ(κ), ζ(ι)).

(9)

Hence, the proposition is claimed.
Te following result is true as a fuzzy group. □

Proposition 11. Any two neutrosophic subgroups that are
union do not form a neutrosophic subgroup.

We prove Proposition 11 by the following example.

Example 1. We consider the group Z8 � 0, 1, . . . , 7{ } under
addition modulo 8, and letH1 � 0, 1, 7{ } be a subgroup with
μ1(0) � 1, μ1(1) � μ1(7) � 0.9, c1(0) � 0.8, c1(1) � c1
(7) � 0.9, ζ1(0) � 0.7, and ζ1(1) � ζ1(7) � 0.8. Also, let
H2 � 0, 2, 6{ } be a subgroup with μ2(0) � 1, μ2(2) � μ2
(6) � 0.8, c2(0) � 0.7, c2(2) � c2(6) � 0.8, ζ2(0) � 0.7, and
ζ2(2) � ζ2(6) � 0.9. Clearly, (H1, μ1, c1, ζ1) and (H2,

μ2, c2, ζ2) are neutrosophic subgroups but the union of them
is not a neutrosophic subgroup.

Proposition 12. Let Gp be a cyclic group with order p (p is
a prime), then M is a neutrosophic subgroup of Gp if the
following is held: μ(κ) � μ(1)≥ μ(0), c(κ) � c(1)≤ c(0),
and ζ(κ) � ζ(1)≤ ζ(0), for all κ ∈ Gp and κ≠ 0.

Proof. Assume the above conditions are satisfed, then all
axioms in Defnition 6 are verifed, so M is a neutrosophic
subgroup of Gp. Conversely, for any κ≠ 0 and ι≠ 0 in Gp, it
holds that κ � mι and ι � nκ where m, n are integers.
Terefore, we have μ(κ)≥ μ(ι)≥ μ(κ), c(κ)≤ c(ι)≤ c(κ),
and ζ(κ)≤ ζ(ι)≤ ζ(κ). Te proposition is claimed. □

3.1. Level Subgroups. Now, it is useful to defne the termi-
nology level set of the neutrosophic subset.

Defnition 13. Assume that M is a neutrosophic subset of
N. For α ∈ [0, 1], the following set:

Mα � <κ, μ(κ), c(κ), ζ(κ)>, κ ∈ G: μ(κ)􏼈

≥ α, c(κ)≤ α, ζ(κ)≤ α􏼉,
(10)

is labeled as a level subset of M.

Theorem 1 . Presume that G is a group with identity e and
M is a neutrosophic subgroup of G, then the level subsetMα,
for α ∈ [0, 1], α⩽ μ(e), α⩾ c(e), and α⩾ ζ(e), is a subgroup
of G.

Proof. Clearly, Mα is nonempty. Suppose that κ, ι ∈Mα,
then μ(κ)⩾ α, μ(ι)⩾ α, c(κ)⩽ α, c(ι)⩽ α, ζ(κ)⩽ α, and
ζ(ι)⩽ α. Since M is a neutrosophic subgroup of G, then the
axioms (i), (iii), and (v) in Defnition 6 are satisfed. Tis
leads to μ(κι)⩾ α, c(κι)⩽ α, and ζ(κι)⩽ α. Hence,<κι, μ(κι),
c(κι), ζ(κι)> ∈Mα. Also, since M is a neutrosophic sub-
group ofG, then the axioms (ii), (iv), and (vi) in Defnition 6
are satisfed, and this leads to μ(κ− 1)⩾ α, c(κ− 1)⩽ α, and
ζ(κ− 1)⩽ α. Tis means <κ− 1, μ(κ− 1), c(κ− 1), ζ(κ− 1)> ∈Mα.
Terefore, Mα is a subgroup of G. □

Example 2. Consider the classical group Z3 � 0, 1, 2{ } under
addition modulo 3. We defne a neutrosophic subgroup M

of Z3 as follows:

M � <0, 1, 0.7, 0.3>,<1, 0.9, 0.8, 0.5>,<2, 0.9, 0.8, 0.7>{ }. (11)

Let α � 0.7, then by Defnition 13, we get a level subset of
M as follows:

Mα � <0, 1, 0.7, 0.3>{ }. (12)

Since 0.7⩽ μ(0) � 1, 0.7⩾ c(0) � 0.7, and 0.7⩾ ζ(0) �

0.3, then Mα is a subgroup of Z3.

Theorem 15. Presume that G is a group with identity e and
M be a neutrosophic subset of G such that Mα is a subgroup
of M for all α ∈ [0, 1], α⩽ μ(e), α ⩾ c(e), and α⩾ ζ(e), then
M is a neutrosophic subgroup of G.

Proof. Suppose that a, b ∈ G with M(a) � α1 and
M(b) � α2. Ten, a ∈Mα1 and b ∈Mα2, i.e., μ(a)≥ α1,
ζ(a)≤ α1, c(a)≤ α1, μ(b)≥ α2, ζ(b)≤ α2, and c(b)≤ α2. Let
us assume α1 < α2. Ten, it follows Mα2 ⊆Mα1. So, b ∈Mα1.
Tus, a, b ∈Mα1, and since Mα1 is a subgroup of G, by
hypothesis, ab ∈Mα1. Tus, μ(ab)⩾ α1 � min(μ(a), μ(b)),
c(ab) ⩽ α1 � max(c(a), c(b)), and ζ(ab)⩽ α1 � max(ζ(a),

ζ(b)). Ten, suppose that a ∈ G and let M(a) � α. Ten,
a ∈Mα. Since Mα is a subgroup, a− 1 ∈Mα. Terefore,
μ(a− 1)⩾ α, c(a− 1)⩽ α, and ζ(a− 1)⩽ α and hence
μ(a− 1)⩾ μ(a), c(a− 1)⩽ c(a), and ζ(a− 1)⩽ ζ(a). Tere-
fore, M is a fuzzy subgroup of G. □

Example 3. Again, consider the classical group Z3 � 0, 1, 2{ }

under addition modulo 3 and let M be a subset of Z3 as
follows:
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M � <0, 0.9, 0.1, 0.2>,<1, 0.8, 0.4, 0.3>,<2, 0.9, 0.6, 0.5>{ }.

(13)

Let α � 0.4, then by Defnition 13, we get a level subset of
M as follows:

Mα � <0, 1, 0.7, 0.3>{ }. (14)

It is easy to check that Mα is a subgroup of M. Also, we
fnd 0.4⩽ μ(0) � 0.9,0.4⩾ c(0) � 0.1, and 0.4⩾ ζ(0) � 0.2.
Tus, from Teorem 15, we fnd M is a neutrosophic
subgroup of Z3.

Defnition 16. Presume that G is a group and M is a neu-
trosophic subgroup of G. Ten, the subgroups Mα with
α ∈ [0, 1] and α⩽ μ(e), α⩾ c(e) and α⩾ ζ(e) are called level
subgroups of Mα.

Te number of subgroups of G must also be fnite when
G is a fnite group. A neutrosophic subgroup M appears to
have an infnite number of level subgroups. However, not all
of these level subgroups are distinct because they are all in
fact subgroups of G. Tis property is characterized by the
subsequent theorem.

Theorem 17. Assume that G is a group and M be a neu-
trosophic subgroup of G. Ten, the two level subgroups Mα1
andMα2 with α1 < α2 ofM are equal if there is no a ∈ G such
that α1 < μ(a)< α2, α2 > α1 > c(a), and α2 > α1 > ζ(a).

Proof. Suppose thatMα1 andMα2 are equal, then a ∈ Gwith
α1 < μ(a)< α2, α1 > c(a), c(a)< α2, α1 > ζ(a), and ζ(a)< α2.
Tus, Mα1 ⊂Mα2, where a ∈Mα1 but a ∉Mα2 which gives
a contradiction. In the other direction, assume that there are
no a ∈ G with α1 < μ(a)< α2, α1 > c(a), c(a)< α2, α1 > ζ(a),
and ζ(a)< α2. Since α1 < α2, we have Mα2 ⊆Mα1. Let
a ∈Mα1, then α1 ≤ μ(a), α1 ≥ c(a), and α1 ≥ ζ(a) which
gives α2 ≤ μ(a), α2 ≥ c(a), and α2 ≥ ζ(a), where μ(a), c(a),

and ζ(a) do not lie between α1 and α2. Terefore, a ∈Mα2.
So, we have Mα1 ⊆Mα2. Tus, Mα2 � Mα1. □

Example 4. Let M � <0, 1, 0.3, 0.3>,<1, 0.9, 0.5, 0.5>,{

<2, 0.6, 0.2, 0.1>} over Z3. Consider α1 � 0.5 and α2 � 0.6.
Since α1 < α2 and there are no a ∈ Z3 with α1 < μ(a)< α2,
α1 > c(a), c(a)< α2, α1 > ζ(a), and ζ(a)< α2, thus we get
Mα1 � Mα2 � M.

Theorem 18. Let H be any subgroup of G which can be
realized as a level subgroup of some neutrosophic subgroup
of G.

Proof. Suppose that H � <κ, μ(κ), c(κ), ζ(κ)> : κ ∈ G􏼈 􏼉 is
a neutrosophic subset of G defned as follows:

μ(κ) �
α, if κ ∈H,

0, if κ ∉H,
􏼨

c(κ) �
0, if κ ∈H,

α, if κ ∉H,
􏼨

ζ(κ) �
0, if κ ∈H,

α, if κ ∉H,
􏼨

(15)

where 0< α< 1. Now, we will prove thatH is a neutrosophic
subgroup ofG. Assume that κ, ι ∈ G. According to the above
defnition of H, we have some cases which are discussed as
follows:

Case 1: Let κ, ι ∈H, then κι ∈H. So, μ(κ) � μ(ι) � α
and μ(κι) � α. Tus, (i) and (ii) in Defnition 6 are
verifed. Again, c(κ) � c(ι) � 0, c(κι) � 0,
ζ(κ) � ζ(ι) � 0, and ζ(κι) � 0. Terefore, (iii), (iv), (v),
and (vi) in Defnition 6 are satisfed.
Case 2: Let κ ∈H and ι ∉H, then κι ∉H. So, μ(κ) � α,
μ(ι) � 0, and μ(κι) � 0.Tus, (i) and (ii) in Defnition 6
are satisfed. Again, c(κ) � 0, c(ι) � α, c(κι) � α,
ζ(κ) � 0, ζ(ι) � α, and ζ(κι) � α. Terefore, (iii), (iv),
(v), and (vi) in Defnition 6 are satisfed.
Case 3: Let κ, ι ∉H, then κι may or may not be in H.
Now, in any case we fnd that all axioms of Defnition 6
are held.

According to the above cases, we fnd that H is a neu-
trosophic subgroup of G. □

Remark 19. Te level subgroups of a neutrosophic groupM
form a string as a result of Teorem 17. But,
μ(κ)≤ μ(e), c(κ)≥ c(e), and ζ(κ)≥ ζ(e), κ ∈ G. Tus, the
smallest level subgroup is Mα0 � (e), where
μ(κ) � c(κ) � ζ(κ) � α0. Also, we have the following string:

(e) � Mα0 ⊂Mα1 ⊂Mα2 ⊂ · · · ⊂Mαr
� G, (16)

where α0 > α1 > · · ·>αr. Tis string of level subgroups is
denoted byC(M). Consequently, not all subgroups ofG are
level subgroups of a particular neutrosophic subgroup, as all
subgroups of G, generally speaking, do not form a string.
Tus, an important problem is to fnd a neutrosophic
subgroup ofG that can accommodate as many subgroups of
G in C(M) as possible.

Ten, we construct a fnite group that is a direct product
of prime cyclic groups.

Theorem 20. Assuming that G is a fnite group with the
property that G � Cp1

× Cp2
× · · · × Cpk

, where Cpj
and j �

1, 2, . . . , k are prime cyclic groups with pj order, then there
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exists a neutrosophic subgroup M such that C(M) is
a maximal string of length k + 1.

Proof. By using induction on k, we prove this theorem. Let
k � 1, then G � Cp1

, and then there exists a neutrosophic
subgroup M of G with M(e) � α0 and M(a) � α1 for all
a≠ e ∈ G and α0 > α1. Ten, Mα0 � (e) and Mα1 � G; thus,
Mα0 ⊂Mα1 is a maximal string with length 2. So, for k � 1,
the theorem is valid. Assuming the theory is correct for the
integers ≤k − 1 with k> 1, we now prove it for k. Since
G � H × Cpk

, H � Cp1
× Cp2

× · · · × Cpk− 1
. What follows is

a defnition of the neutrosophic set M by M(e) � α0,
M(Cp1

− (e)) � α1, and M(Cp1
× Cp2

− Cp1
) � α2, · · · ,M

(Cp1
× Cp2

× · · · × Cpk− 1
× Cpk

− Cpk− 1
) � αk, where

α0 > α1> · · ·>αk. Here, we will show thatM is a neutrosophic
subgroup of G. Presume that a, b ∈ G. Let a, b ∈H, then
ab ∈H, and by induction, all axioms in Defnition 6 are
satisfed. Again, presume that a ∈H and b ∉H, then
M(ab) � αk, μ(a)≥ αk− 1, c(a)≤ αk− 1, ζ(a) ≤ αk− 1, and
M(b) � αk. Terefore, all axioms in Defnition 6 are satis-
fed. Finally, let a, b ∉H. Ten, it is easy for us to confrm
that M is a neutrosophic subgroup. Now, Mα0 � (e),
Mα1 � Cp1

, Mα2 � Cp1
× Cp1

, · · ·Mαk
� H × Cpk

. Tus,
Mα0 ⊂Mα1 ⊂ · · · ⊂Mαk

is C(M) which is a maximal and
has a length of k + 1. □

3.2. Characterization of Neutrosophic Subgroup. In this
subsection, we introduce the characterization of the neu-
trosophic subgroup of fnite cyclic groups. In the following,
we assume that G is a cyclic p-group with |G| � pn and p is
a prime number.

Theorem 21. Let M be a neutrosophic subgroup of G, then
we get the following:

(i) If |κ|≥ |ι|, then μ(κ)≤ μ(ι), c(κ)≥ c(ι), and ζ(κ)≥
ζ(ι)

(ii) If |κ| � |ι|, then μ(κ) � μ(ι), c(κ) � c(ι), and ζ(κ) �

ζ(ι)

for all κ, ι ∈ G.

Proof. Let |G| � pn. By using induction on n, if n � 1, then
|G| � p, and by Proposition 8, the theorem is claimed. Te
theorem is valid for all integers less than and equal to n − 1
and n> 1. Presume that H is a subgroup of G and
|H| � pn− 1. Assume that κ, ι ∈H, then the result follows by
induction. Assume κ ∈H and ι ∈H; this leads to ∣κ ∣ � pn

and ∣ι ∣ � pr with r< n − 1. Terefore,G � <κ> and y � κm

for some integral number m.Tus,

μ(ι) � μ(κ)≥ μ(κ),

c(ι) � c(κ)≤ c(κ),

ζ(κ) � ζ(κ)≤ ζ(κ).

(17)

Finally, let κ, ι ∉H, then ∣κ ∣ � ∣ ι ∣ � pn. Again, we fnd
G � <κ> � <ι>. So, κ � ιm and ι � κn for some integral
numbers m and n. Tus,

μ(κ) � μ ιm( 􏼁≥ μ(ι),

μ(ι) � μ κn
( 􏼁≥ μ(κ),

c(κ) � c ιm( 􏼁≤ c(ι),

c(ι) � c κn
( 􏼁≤ c(κ),

ζ(κ) � ζ ιm( 􏼁≤ ζ(ι),

ζ(ι) � ζ κn
( 􏼁≤ ζ(κ).

(18)

Hence, we have μ(κ) � μ(ι), c(κ) � c(ι), and
ζ(κ) � ζ(ι). □

Remark 22. In general, the above theorem is invalid as in the
case fuzzy subgroup of cyclic p-group of order pn (see [17]).

In the following, we characterize each neutrosophic
subgroup of a fnite cyclic group. Also, we suppose that G is
a fnite cyclic group.

Theorem 23. Any neutrosophic subset ofG is a neutrosophic
subgroup if and only if there is a maximal string of subgroups
(e) ⊂ C0 ⊂ C1 ⊂ C2 ⊂ · · · ⊂ Ck ⊂ G with M(e) � α0, M

(C1 − C0) � α1, . . . ,M(Ck − Ck− 1) � αk, where αi � M(a)

for some a ∈ G and i � 0, 1 · · · , k.

Proof. Suppose that (e) ⊂ C0 ⊂ C1 ⊂ C2 ⊂ · · · ⊂ Ck ⊂ G is
a maximal string of subgroups with M(e) � α0,
M(C1 − C0) � α1, . . . ,M(Ck − Ck− 1) � αk. Now, we prove
that M is a neutrosophic subgroup of G. Let a, b ∈ G and
a, b ∈ Ci and a, b ∉ Ci− 1, then we have M(a) � M(b) � αi

(i.e., μ(a) � c(a) � ζ(a) � αi) and either ab ∈ Ci or Ci− 1.
Tus, the axioms of Defnition 6 are held. Assume that
a ∈ Ci but a ∉ Ci− 1, b ∈ Cj but b ∉ Cj− 1, and when i> j, we
have M(a) � αi and M(b) � αj. Tus, the axioms of Def-
inition 6 are held. After discussing the above cases, we have
M as a neutrosophic subgroup of G. Conversely, let M be
a neutrosophic subgroup of G, then we have
Mα0,Mα1, . . . ,Mαk

are only level subgroups of M where
αi � M(a) for some a ∈ G, i � 0, 1 · · · , k, and
α0 > α1> . . .>αk. Moreover, the level subgroups from a string
Mα0 ⊂Mα1 ⊂ . . . ⊂Mαk

with Mα0 � (e) and Mαk
� G. Let

C(M) be a maximal, then we takeCi � Mαj
. IfC(M) is not
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maximal, we expand C(M) by inserting subgroups of G.
Tis string is defned as C0 ⊂ C1 ⊂ C2 ⊂ · · · ⊂ Cl ⊂ G,
where C0 � (e) � Mα0 and Cl � G � Mαk

. Now, M(C0) �

α0 and for all Ci between C0 � M0 and Cj � Mα1, we have
M(Ci − Ci− 1) � α1, and also for all Cr between Mαr

and
Mαr+1

, we have M(Cr − Cr− 1) � αr. Similarly,
M(Cl − Cl− 1) � αk. Tus, the theorem is claimed. □

4. Conclusions

Temathematical branches have recently found it useful and
important to study neutrosophic sets. Te defnition of
a neutrosophic group has been modifed by the authors of
this study as an extension of a fuzzy group. Tis notion has
also been studied in a framework comparable to the basic
theory of groups. Moreover, the notion of a level subgroup is
used to characterize a neutrosophic subgroup of cyclic
groups.

In future works, we will strive to defne and explore
neutrosophic subring and subfeld according to the frst
viewpoint, following the footsteps of the current publication.
Furthermore, we strive to continue researching neu-
trosophic groups and their applications in information
technology and decision support systems, such as relational
database systems, semantic web services, fnancial data set
identifcation, new economic growth and decline analysis,
and so on.

Data Availability

No data were used to support the fndings of this study.

Conflicts of Interest

Te authors declare no that there are conficts of interest.

Acknowledgments

Te authors extend their appreciation to the deanship of
scientifc research at King Khalid University for funding this
work through a large group research project under grant no.
RGP2/25/44.

References

[1] D. S. Dummit and R. M. Foote, Abstract Algebra, Wiley,
Hoboken, NJ, USA, 2004.

[2] I. N. Herstein, Topics in Algebra, John Wiley & Sons,
Hoboken, NJ, USA, 2006.

[3] F. Smarandache, Neutrosophy, Neutrosophic Probability, Set
and Logic, American Rescue Press, Rehoboth, DE, USA, 1998.

[4] S. Biswas, S. Moi, and S. P. Sarkar, “Neutrosophic Riemann
integration and its properties,” Soft Computing, vol. 25, no. 22,
pp. 13987–13999, 2021.

[5] S. Omran and A. Elrawy, “Continuous and bounded operators
on neutrosophic normed spaces,” Neutrosophic Sets and
Systems, vol. 46, pp. 276–289, 2021.

[6] W. Al-Omeri, “Neutrosophic crisp sets via neutrosophic crisp
topological spaces NCTS,” 2016, https://www.researchgate.
net/publication/315492783_Neutrosophic_crisp_Sets_via_
Neutrosophic_crisp_Topological_Spaces_NCTS.

[7] A. A. A. Agboola and S. A. Akinleye, “Neutrosophic vector
spaces,” Neutrosophic Sets and Systems, vol. 4, pp. 9–18, 2014.

[8] A. Elrawy, “Te neutrosophic vector spaces-another ap-
proach,” Neutrosophic Sets & Systems, vol. 51, pp. 484–494,
2022.

[9] M. A. Saleem, M. Abdalla, and A. Elrawy, “On a matrix over
NC and multiset NC semigroups,” Journal of Mathematics,
vol. 2022, Article ID 8095073, 6 pages, 2022.

[10] S. Siddique, U. Ahmad, and M. Akram, “A study on gener-
alized graphs representations of complex neutrosophic in-
formation,” Journal of Applied Mathematics and Computing,
vol. 65, no. 1-2, pp. 481–514, 2021.

[11] T. Bera and N. K. Mahapatra, “On neutrosophic soft linear
spaces,” Fuzzy Information and Engineering, vol. 9, no. 3,
pp. 299–324, 2017.

[12] W. V. Kandasamy and F. Smarandache, Basic neutrosophic
algebraic structures and their application to fuzzy and neu-
trosophic models, Infnite Study, Flagstaf, AZ, USA, 2004.

[13] Y. T. Oyebo, “Neutrosophic groups and subgroups,” 2012, https://
www.researchgate.net/publication/268292065_Neutrosophic_
groups_and_subgroups.

[14] X. Zhang, C. Bo, F. Smarandache, and J. Dai, “New inclusion
relation of neutrosophic sets with applications and related
lattice structure,” International Journal of Machine Learning
and Cybernetics, vol. 9, no. 10, pp. 1753–1763, 2018.

[15] V. Cetkin and H. Aygün, “An approach to neutrosophic
subgroup and its fundamental properties,” Journal of In-
telligent and Fuzzy Systems, vol. 29, no. 5, pp. 1941–1947, 2015.

[16] L. A. Zadeh, “Fuzzy sets,” in Fuzzy Sets, Fuzzy Logic, and
Fuzzy Systems: Selected Papers, A. Z. Lotf, Ed., World Sci-
entifc, Singapore, pp. 394–432, 1996.

[17] P. S. Das, “Fuzzy groups and level subgroups,” Journal of
Mathematical Analysis and Applications, vol. 84, no. 1,
pp. 264–269, 1981.

6 Journal of Mathematics

https://www.researchgate.net/publication/315492783_Neutrosophic_crisp_Sets_via_Neutrosophic_crisp_Topological_Spaces_NCTS
https://www.researchgate.net/publication/315492783_Neutrosophic_crisp_Sets_via_Neutrosophic_crisp_Topological_Spaces_NCTS
https://www.researchgate.net/publication/315492783_Neutrosophic_crisp_Sets_via_Neutrosophic_crisp_Topological_Spaces_NCTS
https://www.researchgate.net/publication/268292065_Neutrosophic_groups_and_subgroups
https://www.researchgate.net/publication/268292065_Neutrosophic_groups_and_subgroups
https://www.researchgate.net/publication/268292065_Neutrosophic_groups_and_subgroups



