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Coset diagrams [1, 2] are used to demonstrate the graphical representation of the action of the extended modular group PGL (2, Z)
over PL(F,) = F,U{co}. In these sorts of graphs, a closed path of edges and triangles is known as a circuit, and a fragment is
emerged by the connection of two or more circuits. The coset diagram evolves through the joining of these fragments. If one vertex
of the circuit is fixed by (ax)” (ax™!)?2 (ax)" --- (ax™')P* € PSL(2, Z), then this circuit is termed to be a length - k circuit,
denoted by (p;,p,, P55+ +>px)- In this study, we consider two circuits of length —6 as Q, = (a;, &y, a3, &y, &5, &) and Q, =
(B15 B2 B3> Ba> Bs» Bg) with the vertical axis of symmetry that is &, = ag, a3 = a5 and B, = B, S5 = fBs. It is supposed that Q is
a fragment formed by joining Q; and Q, at a certain point. The condition for existence of a fragment is given in [3] in the form of
a polynomial in Z[z]. If we change the pair of vertices and connect them, then the resulting fragment and the fragment QO may
coincide. In this article, we find the total number of distinct fragments by joining all the vertices of Q; with the vertices of Q,
provided the condition B, <5 <, <f; <ay<as<a, <a.

1. Introduction

It is considered that H = {p, +ip,; p1,p, € R, p, >0} is
known as the Lobachevski plane model, the model of the
upper-half plane of hyperbolic plane geometry. Then, the
group of Mobius Transformations M [4], with A — (a1 +
a,)/ (asA + a,) where a;,a,,a;3,a, € R and a,a,— a,a; = +1
is the group of isometries that preserve the orientation in H.
It is isomorphic to the quotient group PSL(2, R), which is
called the projective special linear group. Geometrically, the
group of isometries of H is the action of PSL(2,R) on H [5]
with left action (faithful) as

a, a,
A
as ay
The Mobius transformations of H with coefficients from

the set of integers form a group known as a discrete group
[6], a subgroup of PSL(2,R), symbolically written as

_ahtay (1)

asA+a,

PSL(2,2Z), it is a quotient group of special linear group
SL(2, Z) by its center {I,-I}.

It is eminent that the transformations of linear fractions
a:p— —1/pand x: p — (p — 1)/p are used to generate
PSL(2, Z), so-called the modular group, with presentation

{a,x;a> = x> = 1). (2)

By introducing a new generator z: p — 1/p with a and
x, we obtain a group PGL(2, Z), the extension of PSL(2, Z),
using

a=x"=z2"=(az)’ =(x2)* =1, (3)
as a relation.

The coset diagrams present the action of PGL(2, Z) on
F,U{co}, where F, is a finite field and q shows a prime
power. These graphs have a long and rich history [7, 8]. Small
triangles are proposed for the cycle x°, such that x permutes
the vertices of triangles in the opposite direction of rotation
of clock and an edge is attached to any two vertices that are
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interchanged by a. Heavy dots represent the fixed point of a
and x. Note that, (xz)? = 1 equals zxz = x~1, that means z
reverses the triangle orientation proposed for the cycle x°.
For that reason, the diagram need not be made more in-
tricate by inserting z — edges.

Definition 1. A coset diagram (subdiagram) I'; is said to be
a homomorphic image of the coset diagram (subdiagram) I',
if and only if

(@) [VII< V(T

(ii) Vs e V(T',) with (s)u=s, where u € PSL(2,2),
there exist a vertex ¢ in V (I';) such that (H)u =t

(iii) a-edges map to a-edges
(iv) x-edges mapped to x-edges
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Coset diagrams obtained from the action of PSL(2, Z)
over Q. are infinite graphs, where
Q. ={a, +a,€; aj,a, € Qande € Z* isasquare — free},
whereas coset diagrams for the action of PSL(2,Z) on
PL(F,) presents finite graphs. The number (x; + /€ )/x; is
an expression of the number a, +a,+/€ € Q., where
(%1, x5, (x? — €)/x,) = 1- The finite coset diagrams are ho-
momorphic images of the coset diagrams for (x; + /€ )/x,,
where € = z2mod p for some z € N.

To explain more, the coset diagram in the following
(Figure 1), illustrate the action on PL(F,;) by PGL(2,2)
with permutation representations a, x, and z by (p)a = -1/p,
(p)x = (p—1)/p, and (p)z = 1/p, respectively, as

a: (000), (122), (211), (315), (417), (59), (6 19), (713), (820), (1016), (1221), (1418),
x: (0ool), (21222), (31611), (41815), (51017), (6209), (714 19), (821 13), (4)
z: (000), (212), (38), (46), (514), (710), (918), (1121), (13 16), (1520), (17 19), (1), (22).

For a comprehensive understanding of coset diagrams,
we propose [9-13].

In the study of [3], it has been shown that for a fixed
value of € there are only a finite number of real quadratic
irrational ambiguous numbers of the form « = (x;+ /€ )/x,
and that part of the coset diagram containing ambiguous
numbers forms a circuit and it is the only circuit in the orbit
of a.

In a coset diagram, a closed path of triangles and edges is
called a circuit. A circuit is said to be of length -, denoted by
(P1>P2> P35 > Pi)> if its one vertex is fixed by

(ax)”l(ax_l)p2 (ax)P ---(ax_l)pk € PSL(2, Z). (5)

Alternatively, it means that one vertex of the p, triangles
lie outside of the circuit and one vertex of the p, triangles lies
inside of the circuit and likewise. Since (p;, p,, P53, > pi) is
a cycle, so it does not matter if one vertex of the p, triangles
lie inner of the circuit and one vertex of the p, triangles lies
outer of the circuit and likewise. Note that, k is always even.

The circuit of the type (p1,p2: P35> P> P15 P2 P3o " *»
Prs s P1>Pas P3o 0> Py) 18 termed as a periodic circuit with
the period of length I'.

For more on circuits in coset diagrams, we refer [14].

Consider two nonperiodic and simple circuits
Cy = (ap, 05,05, -+, ) and C, = (B, By, B3+ ++» ) Let s,
and s, be any vertices from C, and C, fixed by the words u, and
u, from PSL(2, Z), respectively. To connect C; and C, at s,
and s,, we arbitrarily choose the circuit C, and apply 4, on's, in
such a way that 4, ends ats,. Appropriately, a fragment Q (say)
emerge, consisting a vertex s = s; = s, fixed by the pair u,, u,.

Let Q" shows itself as the mirror image of Q. Since the
permutation z ensures that the coset diagram is sym-
metric along the vertical axis. This implies Q" will
assuredly occur.

If u=ax™ax™...ax™ (n;=1or—1) is a word then
u* =ax Max ™ ---ax" ™. If the word u fixes the vertex s,
then the vertex s* is fixed by u*.

There are two components involves in the action of
PGL(2,Z) on Fgp U{oo} and they are F, U {oo} and qu\Fq.
Let F, denote itself as the complement F\F,. In what
follows, by Q, we shall mean a nonsimple fragment com-
posed by connecting two nontrivial and nonperiodic cir-
cuits. Coset diagrams corresponding to the actions of
PGL(2,Z) on PL(F,) via a homomorphism «a with pa-
rameter 6 are denoted by D (6,q) [3]. These diagrams are
composed of fragments. There is a question that must re-
volve in minds when a fragment exists in D (6, g). In [3], the
response is found in the following way.

Theorem 1. Given a fragment Q, there is a polynomial f in
Zz] such that

(i) if Q occurs in D(0,q), then f(0) =0
(ii) if £(0) =0 then Q or Q" occurs in D(6,q) or in F_q

How to calculate a polynomial from Q2 The answer is
given in [3].

Let f(6) be a polynomial acquired from the fragment Q,
which is emerged in the connection of two nonperiodic
circuits. Then, there exists a homomorphic image of Q) other
than Q corresponding to each zero of f(6) in the appro-
priate coset diagrams. Thus, we are compromising with the
fragments, which are set up by connecting a pair of non-
periodic circuits.

Remark 1. The direction of the triangles describing the
three-cycles of x completely changed by the action of z (like
as reflection). So if s is a vertex of Q) fixed by the pair u,, u,,
then obviously the pair u}, 15 fixed the vertex s* of Q*. Since
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FIGURE 1: Coset diagram for the action of PGL(2, Z) on PL(F,;).

a vertical axis of symmetry possesses by D (6, q), therefore if
Q founds in D (6, q), then D (6, ) also contains Q. So Q and
Q" have the same existence condition in D (6, q) implying
that, they give a unique polynomial. There are specific
fragments that admit a vertical axis of symmetry. In this case,
the orientation of the mirror image is the same as that of the
fragment. These types of fragments may have fixed points of
z. If u;,u, is a couple of words fixing the vertex s of the
fragment ), then the orientation of ) is same as that of Q™ if
and only if there exists a vertex ¢ in Q which is fixed by
a couple of words uj,u;.

2. Pairs of Connecting Vertices

If a fragment Q) emerged by connecting vertices s; and s;
from C, and C,, respectively; then s; and s; are not the single
pair of joined vertices but there are many (depends upon s;
and s;) pairs of vertices in C; and C,, that are connected.
That is, a finite number of pairs of connected vertices results

the same fragment.

Definition 2. Let s;, s and s, s; be the vertices in C; and C,
such that s;, s, s;, and s; are fixed by w;, uy, uj, and u,
respectively. Let () be the fragment set up in the connection
of s; with s;. Then, the pair of vertices V (s;, s;) is identical to
the pair of vertices V (s, s;) if and only if in the connection of
s; with s; to produce €), s, and s; also, get connected with
each other. If two pairs of vertices V (s;, s;) and V (s, 5;) are
identical, then we write V(si,sj) ~ V(51> 57)-

Let Q be a fragment formed by connecting the vertex s,
fixed by u; in C, with the vertex s, fixed by u, in C, and R
denotes itself as the set of pairs of joining vertices that are
identical to V (s;,s,). Let P be the collection of words such
that for all u € P, the vertices (s;)u and (s,)u lies on C, and
C,, respectively.

The following theorems proved in [15] will help us to
find all the pairs of joining vertices for the fragment acquired
by the connection of C, and C,.

Theorem 2. For any u € P, there is a pair of joining vertices
in R.

Theorem 3. Corresponding to each pair of joining vertices
V(sr-s;) € R, there is a unique word u € P such that
(su =sp (sju=s.

Theorem 4. There is a one-to-one correspondence between R
and P.

3. Counting the Number of Pairs of Connecting
Vertices for a Fragment

Each joining point gives a couple of words, which further
ensures a polynomial. Since a polynomial acquired from
a fragment is unique. Thus, for all pairs of joining vertices for
a fragment, a unique polynomial is evolved. Therefore, all the
pairs of joining vertices for a fragment must be identified.

Let us join the vertices s; and s; of C; and C, fixed by u;
and u;, respectively, to acquire the fragment Q. Let S = |R],
then there are at least S pairs of joining vertices in C; and C,
to obtain Q). Note that, S is not the total number of pairs of
joining vertices in C; and C, to compose Q.

Let s,,s, be any two vertices from the circuit
C= (A, A A5, -+, A) fixed by the words 1, and u, that is
(spu; =s, and (s,)u, =s,. Suppose u; is the word that
maps s, to s, that is (s,)u;'u; = s,. Note that, u; and u;'u,
are the only paths that assign s, to s;. By contraction of
vertices s; and s,, we mean that s; and s, melt together to
become one node s = s; =s, such that (s)u; = (s)uj'u; =s.
As a result of this contraction, a closed path T' is created that
containing the vertex s fixed by u; and u;'u;. This closed
path T is the homomorphic image of the circuit C. Note that,
s; and s, is not the only pair of contraction in C that creates
homomorphic image I'. There are also many pairs of con-
traction other than s; and s, that create the same homo-
morphic image I'. It is therefore necessary to ask how many
distinct homomorphic images are obtained if we contract all
pairs of vertices of the circuit C? The answer to this question
is given in [15]. The process to find the number of pairs of
connecting vertices for a fragment is same as that the
number of pairs of contracting vertices for a homomorphic
image. To know, how many total pairs of joining vertices for
a fragment, one has to be extra careful.

(i) If the orientation of Q is different from Q*, then the
pair of words u}, u} does not fix any vertex in Q
(Remark 1). That is, to produce Q, with the joining of
s; and s, the pair of vertices s, s7 is not connected.
So, there are total 2S pairs of joining vertices for Q
and Q.

(ii) If the orientation of Q) is same as (0¥, then there exists
avertex in () fixed by the pair of words 1}, u* (Remark
1). That is, to produce €2, with the joining of s; and s;,
the pair of vertices s;, s;f is also connected. So, there

are total S pairs of joining vertices for () and Q~.



In the literature, the question that how many pairs of
connecting vertices form the fragment () is answered for the
pairs of circuits of length-2 [15] and contracting vertices
produce the homomorphic image I' is responded for the
circuit of length-4 [11] under certain conditions. We have
solved this problem for the pair of circuits of length 6.

4. Connection of Circuits

Consider two circuits of length-6 as
Q) = (o, 09, a5, 004, 05, ) (Figure 2) and Q, = (1,5,
B3> Ba> Bs» Be) (Figure 3) with the vertical axis of symmetry that
is a, = ag, 03 = a5 and B, = ¢, B3 = B5 and impose a condi-
tion B, <3 <P, <P <a <oz <a,<a.

Let us connect Q, and (), at a certain point and obtained
a fragment Q. Since there are finitely many pairs of con-
necting vertices that build same fragment; therefore, it is not
necessary that if we altered the pair of connecting vertices of
Q, and Q,, we obtain a fragment other than Q. But it is
necessary to inquire that how many distinct fragments are
obtained by joining the circuits Q, and Q, at all pairs of
connecting vertices. In this article, we will not only answer
this question but also identify the pairs of connecting
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vertices of Q; and (), that are important. At those pairs of
connecting vertices that are not stated as important, Q; and
Q, need not to connect because if we join Q, and Q, at such
pairs, we attain fragments that we already obtained by
connecting important pairs. Since «, = a4, a3 = a5 and
B, = Be» B3 = Bs, therefore Q; and Q, have 3(a; + 2a,+
205 + ) and 3(B; + 2B, + 25 + ,) number of vertices,
respectively, implies that there are total 9 (& + 2a, + 205 +
ay) (B, + 2, + 235 + B,) pairs of connecting vertices of Q,
and Q,. We join a vertex of Q; with the vertex of Q, and
compose a fragment.

From Figures 2 and 3, for each I, € {1,2,3,4,5,6};
=123 = 123, Bsiy = 1,23,y — 1

. 6 ifk=0,6
jp=1.23pf, ~1 and k= {k(m0d6) otherwise” "*
have

2-1
() a5, | is mirror image of the vertex af»i

3oy, iy -1

2-4, !
. . . . .
(ii) ﬁwlr(]‘r” is the mirror image of the vertex f§;

(iii) The vertex aé‘iz 41 1s fixed by the word

(ax™ 1)i2 (ax) ™2 (ax™ ") ™2 (ax) 2 (ax~ ') 22 (ax) 2 (ax” 1)“"_i2 (6)

(iv) The vertex xl;jz is fixed by the word

(@ {2 a2 o

We take + at the place of +ifl, is odd and-if [, is even.
Before proving the results, we define some symbolic
notations in the following:

I, €{1,2,3,4,5,6}: I, € {2,3}: [ € {1,4},

. 0if oy +f; = 0(mod2),
Yy =
lif oy, + B, = 1(mod?2),
. 0if o, + B, = 0(mod?2),
Z0
lif oy + B, = 1(mod2),
0if o, = 0(mod?2),
I 3
Y5 =9
lif oy, = 1(mod?2),

0if f; = 0(mod2),
Y =

Lif 8; = 1(mod?2),

0if 8, = 0(mod2),
V)=

1if B, = 1(mod?2),

k,=0,1,2,--+, 8, 1,
k,=1,2,3,--, 8, -1,
ky=0,1,2,, B, - 1,
ky=1,2,3,--,B5 -1,
ks =0,1,2,--+, B — 1,

k6= 1,2)...,/35_1)
k=Bt LB +2, — 1,
k(&ll) 2/53+1,/33+2,”-,0611—1,

k(9,12)=/31+1’ﬁ1+2""’“12_1’
kiog) =B+ LBy +2,-,0 =1,
1
a, + P -y
k(11,l3)=/31+1’ﬁ1+2>"'> > > >
1
o, +Bi-v;

k(12,13) =B+ Lpy 2,
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6
l3
o —
L 1,2,3,...,%% iko:[;l(le:/j;),
(135) =
1,2,3,--,04, =1  otherwise,

k14:1,2,3,...’/’%,

k15:1,2,3,...,M)
2

k(16,lz) = 1,2,3,---,0(12 -1,

k17= 1:2)3)"'>ﬁ4_1)

k(ls,ll) = 1,2,3,---,0{11 -1,

ko =1,2,3,--,B, 1.
(8)

Note. All lemma’s presented in the following, we take
—ve sign at the place of +, if /;,1, and I, are even, and +ve
otherwise.
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Lemma 11 If we join xéﬁ , the vertex from Q,, with the
vertices a. rom Q,, then for a fix 1,, there occurs
number O?I:i;'stfinct fmjgments ];nd 3f(ik1 n1L2) pairs of coﬁ%
necting vertices generate each (same) fragment. Furthermore,
a total of 3 (B3 + 3p,) pairs of connecting vertices produces all
B, fragments and their mirror images.

Proof. For a fix I, let us join x} » the vertex from Q,, V\lfith
the vertices ay, ,, from (2, and attain a set of fragments Fy’ =
{F%kl,ll); k;=0,1,2,---,p, - 1} (Figure 4), where the word

(ax_l)ﬁ2 (ax)’ (ax” l)ﬁ4 (ax)ﬁ-‘(ax_ ! )/36 (ax)P, 9)

ﬁxin(;g the vertex xéﬁl and the vertex al;kl . is fixed by the
wor

(ax_ l)kl (ax)%if’(ax_l)ml‘H (ax)““ﬁ(ax_ l)alliz (ax)a“i(ax_ l)allfkl. (10)

Then, the set

-1 -1 -1\! -1\! -1\2
e,x,x ,a,ax,ax ,(ax a,ax ax, (ax

Dy =
e (ax_ 1)k1 a, (ax_l)klax, (cwc_l)k'+1

(11)

contains words such that if u is any word from le implies
(al;klﬂ)u and (x_l,ﬁl)u lies on O, and Q,, respectively. Thus,
the fragment r}kl,ll) has |Dll1 | = 3(k; + 2) pairs of connecting
vertices in Q; and Q,. In other words, for each u € Dlll, the

connection of (al;k1 ,puand (xé/61 )u give the same fragment

Fl
(kph)*
Now, we prove that all the elements in F 111 are distinct and

. . . . . 1 1
no one is the mirror image of itself. For this, letI'(,,,, yand I'(,,; |
) 1 .
be any two fragments from Fy. Then, I, is set up by
. 1 1 1 . 1 1
connectingas,,,; and x35 and T, ) is setup by a,,,; and x35 .
IfV (a} ., x35) ~V (@l X35 ), then there exists an element
1 1 1 1 1
u € Dy such that (as,,,,)u = a,,,; and (x35 Ju = x35 . e € D

1

is the only word such that (x35 )e = x3; but (@, De+al, ..

Thus, V (a}, .., X35 ) is disequivalent to G X35 ), that is
by joining a2, with X35 to produce I, ), X35 is not
connected with aé‘nﬂ. Now, if V (aé}mﬂ, xﬁﬁl) ~ V(al;nil, xégl )
then there exists an element u € Dll1 such that (al;m U=
" and (x35 Ju = x3; . But there does not such an element
exist in le. Thus, V(al;m e xéﬁl) is disequivalent to
V(aélnil,xégl), that is by joining % ., with X35 to produce

*

. a1
Tl 1)y x} 5, is not connected with a3, Hence, all the elements

in Fll1 are distinct. Since, Fll1 = {I‘}kl)ll); k,=0,1,2,---,3, - 1}
implying that |F111| = f,.

If V(al31m+l’ x;ﬁl) ~ V(al31r:1<+l’
element u € le such that (al;m LU= aé‘nf . and
(x§/31 Yu = xéé‘l. But there does not such an element exist in

xéé‘l), then there exists an

I, I 1 . . . 1) * 1%
Dy. Thus, V(a3,,,1, X35 ) is disequivalent to V (a3,,,;» X34 ),

that is by joining a’ ., with X35 to produce T(,,; ), X35 is

not connected with aélr: 11~ Therefore, T is orientally

m,l,)
different from its mirror image 1“1("*1’11). Alternatively, the

vertical axis of symmetry does not possess by any of the
elements in Fll‘. Hence, there are total

B-1 Br-1
2 ) || =63 (k +2)=3(8+3B,), (12)
k=1 k=1

. . . ol
pairs of connecting vertices to produce fragments in F}' and
their mirror images. O

Lemma 2. If we join x> > the vertex from (,, with the
vertices al;k o1 from Q, then for a fix 1), there occurs f3; — 1
number ojldistinct fragments and 3 (k, +2) pairs of con-
necting vertices generate each (same) fragment. Furthermore,
a total of 3 (B2 + 3B, — 4) pairs of connecting vertices produces

all B, — 1 fragments and their mirror images. (Figure 5).

We can prove Lem}na 2ina similarlway as Lemma 1 tl)y
replacing f;, {52, ki, Fi', T 1y and DY by By, By, ky, Fy,
2, ,\, and D}, respectively.

(k) 2

Lemma 3. If we join xgﬁ , the vertex from Q,, with the
vertices al3]k3+1 from Q, then for a fix 1, there occurs f3,
number of distinct fragments and 3 (ks +2) pairs of con-

necting vertices generate each (same) fragment. Furthermore,
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FiGure 5: Fragments I'y ;).

a total of 3 (5 + 3p,) pairs of connecting vertices produces all
B, fragments and their mirror images (Figure 6).

We can prove Lemma 3 in a similar Jway as Lemma 1 by
replacmg B> By ki, Fl, F(k ) , and D by B5, By Kks3» F3,

I‘(k 1> and D3, respectively.

Lemma 4. If we join x}‘l; the vertex from Q,, with the
I

vertices ay ., from Q,, then for a fix 1, there occurs 5 — 1

number of distinct fragments and 3 (k, +2) pairs of con-

necting vertices generate each (same) fragment. Furthermore,

a total of 3(B5 + 35 — 4) pairs of connecting vertices produces

all B; — 1 fragment and their mirror images (Figure 7).
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We can prove Lemma 4 in a similar way as Lemma 1 by
replacing B, 3, k; Fll" r%kl,ll)’ and le by By B3> ks Fil’
It ), and D}, respectively.

(ki) 4

Lemma 5. If we join xgﬁ, the vertex from Q,, with the
vertices aj, ., from Q, then for a fix I, there occurs g
number of distinct fragments and 3 (ks +2) pairs of

connecting vertices generate each (same) fragment. Further-
more, a total of 3(B; +3PBs) pairs of connecting vertices
produces all B¢ fragments and their mirror images (Figure 8).

We can prove Lem%na 5ina similarlway as Lemma 1 l?y
replacing f3;, Pz, k,, F}, r%kl’ll)’ and D} by fs, B¢ ks, Fd,
I, 1) and Dy, respectively.
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Lemma 6. If we join xgﬂ , the vertex from Q,, with the

vertices a;k o1 Jrom Q, then for a fix 1, there occurs 5 — 1
number ofdzstznct fragments and 3 (kg +2) pairs of con-
necting vertices generate each (same) fragment. Furthermore,
a total of 3 (B2 + 3B — 4) pairs of connecting vertices produces
all Bs — 1 fragments and their mirror images (Figure 9).

We can prove Lemma 6 in a similar way as Lemma 1 by
replacmg Bi ﬁz, ki, Fl, T(k 1,)> and D by Bs> Bs» ks> F6,
F(k 4> and Dg, respectively.

Lemma 7. If wejoin x3l3 , the vertex from Q,, with the vertices
CET— from Q,, then for a fix I, there occurs oy — f, — 1
number of distinct fragments and 3 (3, + 2) pairs of connectmg

(axi l)k(”l) (ax)a“—is(axf

Then, the set

Lo_
D7

1>allj (ax)all_

vertices generate each (same) fragment. Furthermore, a total of
6 (B, +2)(ay — B, — 1) pairs of connecting vertices produces all
- B, — 1 fragments and their mirror images.

Proof. For a fix I}, let us join x3ﬁ , the vertex from Q),, with

the vertices a, | from Q, and attain a set of fragments
I

ll
F _{r(k71)l)7 (71)—ﬁ2+1ﬁ2+2 —1} (Flg-
ure 10), where the word
(axil)ﬁ2 (ax)Ps (axi l)l64 (ax)Ps (axil)ﬁ6 (ax)P (13)

fixing the vertex xw and the vertex a3k
word

| is fixed by the

+3

+1

1\, a a, _k
(ax 1) D22 (gx) Tzt 1) Ui o

(14)

(axi

-1 -1 -1\! -1\! -1\2
e,x,x ,a,ax,ax ,(ax a,ax ax, (ax

(15)

- (ax_ ! )ﬁza, (ax_l)ﬁzax, (ax_l)ﬁ2+1

contains words such that if u is any word from Dl71 implies
1 1 . .

(a3‘k(”l) wu and (x5 )u lies on O, and €, respectively.

! .

i) has |D7| =3 (B, + 2) pairs of

connecting vertices in Q; and Q,. In other words, for each

Thus, the fragment T,

1 . I 1 .
u € D7, the connection of (a;kml)ﬂ)u and (x3/51)u give the
7
same fragment I'(;; ;).

Now, we prove that all the elements in Fl71 are distinct
and no one is the mirror image of itself. For this, let I‘l(m,ll)
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and T{,,; , be any two fragments from FY . Then, [, s setup
by connecting a;, ., and x3 and I, ) is set up by aj ., and
x3g . If V(aé‘mﬂ,x;ﬁl)
ue Dl71 such  that
(xéﬂl)u = x_l,ﬁl. ec Dl71 is the only word such that (x;ﬁl)e =

V(a3n+1,x;ﬁl), then there exists an
element (aé‘m U= al;n .1 and
X35 but (b e#al . ThusV(al ., X35 ) is disequivalent
toV(d},,, X35 ) that is by joining al ., with X35, to produce
1. Now, if

7 1 : i 1
F(m,ll), Xag 18 not connected with a3, ;.

V(a?m+1>x§/31) V(a3n+1,x§ﬂ*l), then there exists an element
u € D} such that (a} . )u=al’, and (x35 Ju = x3; . But
in Dl;. Thus,
V(al;mﬂ,xéﬁl) is disequivalent to V(al;nil,xéﬁ*l), that is by

there does not such an element exist

o e s ll . 1 7 1% =
joining az,,, ., with x35 to produce I, ; ), x;5 is not connected

: I = .ol .. . 1
with a3, ;. Hence, all elements in F; are distinct. Since, F} =

{r(k(ml)a =B+ LB +2,-

|F | = (Xl ‘82 - 1.
If V(a3m+1,x3/3 ) ~ V(a3m+1,x3l§*) then therf exists an
element u € Dl such  that (a3m+1)u aj.., and

(xéﬁ Ju = x3ﬁ But there does not such an element exist in

a - 1} implying that

D Thus, V(a3m+1,x3l3 ) is disequivalent to V(a3m+l,x3ﬁ )
that is by joining aémﬂ with x3/31 to produce F(m’ll), x3ﬂ1 is

. Iy * 7 . .
not connected with aj,,,,. Therefore, I',,, ) is orientally
different from its mirror image I‘Zr’;’ll). Alternatively, the
vertical axis of symmetry does not possess by any of the

elements in Fl71. Hence, there are total
TN
2|F71||D71':6(/52+2)(“11—/32—1)’ (16)

. . . ol
pairs of connecting vertices to produce fragments in F- and
their mirror images. O

. . 4 . .
Lemma 8. If we join x3; , the vertex from (,, with the vertices

ll
ST from Q,, then for a fix I, there occurs oy —f5—1

number of distinct fragments and 3 (35 + 2) pairs of connecting
vertices generate each (same) fragment. Furthermore, a total of
6 (5 +2) (ay, — B3 — 1) pairs of connecting vertices produces all

— B5 — 1 fragments and their mirror images (Figure 11).

We can prove Lemma 8 in a similar way as Lemma 7 by

. 1 1
replacing By, By, k71, Fis T 1> and DI by By, B, kg,

I 18 I .
Fg, F(k(&ll),l), and Dy, respectively.

(ax_ l)k(“"3) (ax)%i(ax_ 1)%3;4 (ax)"

Then, the set

11

Lemma 9. If we join xgﬁ , the vertex from Q,, with the
1 2
vertices a;k(%)ﬂ from Q, then for a fix 1,, there occurs a —

Bi — 1 number of distinct fragments and 3 (B, + 2) pairs of
connecting vertices generate each (same) fragment. Further-
more, a total of 6(B; +2)(ay, — p; — 1) pairs of connecting
vertices produces all oy — 3, — 1 fragments and their mirror
images (Figure 12).

We can prove Lemma 9 in a similar way as Lemma 7 by
. ! !
replacing I}, By, By, k71, F7» r?kml»’l)’ and D7 by L, ,, By

l 9 1 .
k) Fs» r(k(g,zz)»lz)’ and Dy, respectively.

Lemma 10. If we join xgﬁ3, the vertex from Q,, with the
vertices al32k(10,12)+1 from Q, then for a fix I,, there occurs oy —
Bs — 1 number of distinct fragments and 3 (B, + 2) pairs of
connecting vertices generate each (same) fragment. Further-
more, a total of 6(By+2)(ay, — By — 1) pairs of connecting
vertices produces all oy — 3, — 1 fragments and their mirror
images (Figure 13).

We can prove Lemma 10 in a similar way as Lemma 7 by

. ! !
replacing 1, B1, B, kirap Fé> U, 10 and DY by L, s, By
I 0 I .

ko1, Fios Fl(k(]ollz)’lz), and D}, respectively.

Lemma 11. If we join xgﬁz, the vertex from Q,, with the

A
vertices a3k(m%)+1from Q,, then for a fix I, there occurs (o, —

B - 1,{/113)/2 number of distinct fragments and 3 (B, + 2) pairs
of connecting vertices generate each (same) fragment. Fur-

thermore, a total 3 (B, +2)(ay, — By — 1) pairs of connecting
vertices produces all (ay, — B, — 1//113)/2 fragments and their

mirror images.

Proof. For a fix I;, let us join xgﬁz, the vertex from Q,, with
the vertices a- from ), and attain a set of fragments
3k (11,)+1 1

L _ ]y1l . —
Fy = {r(k(ll,,3>,l3)7k(11,l3) =P+ LB +2,0, (o,

+B; - wlf)/Z} (Figure 14), where the word
(cixfl)ﬁ1 (ax)Ps (axi l)ﬁ5 (ax)m(axfl)ﬁ3 (ax)P, (17)

fixing the vertex xw and the vertex ask | is fixed by the
word
“—”(ax_1)%i(ax)%i(ax_l)al3_k(“"3). (18)
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. e, X, X 1, a,ax,ax 1, (ax_l)la, (ax_ ! )lax, (ax_ 1)2
3 = .
. (ax7 1)[31“, (axfl)ﬁlax’ (ax—l)ﬁﬁ'l
(19)

contains words such that if u is any word from Dl31 implies

(a l3k )u and (x3ﬁ Ju lies on Q, and Q, respectively.

Thus, the fragment F(km)’}))l}) has |D11| = 3(B, +2) pairs of
connecting vertices in Q; and €,. In other words, for each

! . 1, 2 .
u € D7,, the connection of (a;km’wl)u and (x3; Ju give the

same fragment Ty ).
lll *3

Now, we prove that (i) for o, + f; = 1(mod 2), all the
elements in F fl are distinct and no one is the mirror image of
itself and (ii) for o, + B; = 0(mod 2), all the elements in F11
are distinct and F%l(% 18y, 18 the only fragment which is
orientally the same as its mirror image. For this, let I',,; |
and 1"1(}1)13) be any two fragments from Flfl. Then, l"l(in)k) is set
up by connecting al;m .1 and xgﬂz and 1"1(;’13) is set up by al;n "
and x3; . IV (a3, xgﬁz) ~V (3. X35 ), then there exists
such that (al33m+1)u = al;n“ and

[
(x35,)u = x35 . e € DY) is the only word such that (x3; )e =

an element u e Dfl

_Jru
Fiy = {r( Ky 13)

implying that

B Th T (21)

Also, a; + /2> 0o + B, — 1/2 implies no fragment
in F7}, is the mirror image of itself. Hence, there are

2|y || D +2)(a, - By - 1). (22)

l3 —
F”_{lek(m l) k() =B+ LB +2,-

implying that

_(xls_/sl. (24)
2

ls
'Fll

For m = (o, +B,)/2, we have
. . 11 .
o, + p,—m= (ocl3 +B)/2 € k(11’13) implies l"((%%)/z)l ) Is

the mirror image of itself. Hence, there are

(111)—[;1+lﬂ1"'2

Journal of Mathematics

! ! 1 L
X35, but (a3, )e#as,,,. Thus, V(as,,;x3) is dis-
equivalentto V (al;n XS s,)> that is by joining al;m .1 with xgﬁz

11 2 . 1 s
to produce I'(,,; ), X35 is not connected with az,,,. Now, if
~ V(aé"nil,xggz) then there exist an element
ueDY such that (a2, )u=as", and (x3p ) = x35 .

(ax YWraeD? is the

2 2
V(@341 x3ﬁ2)

only word such that

I, -
(x3[g )Y(ax HPia = x2 3%, but (a3,.,) (ax YPa =
al;(% +g,-my+1- 1his implies that for n=a +p, -m,

V(a3m+1,x3ﬁ ) is equivalent to V(a3n+1,x3g ), that is by
joining aém 41 With x3ﬂ2 to produce T{},; ), x3ﬁ2 is connected
with a2 . So, the fragments T}, and T(},; ) are the mirror
images of each other if and only if n = & + 8, —m and the
fragment 1"1(,1%13) is the mirror image of itself if and only if
m = a; +f; —m, that is m = oy + f3,/2. Now,
1) if a, + By is odd, then
Vm e Iy AN +fy—-m> (g +f—1)/2 im-
plying that 1“(%3 -mly) F? 11- This indicates that no

fragment in Flfl is the mirror image of others. Hence,
all the elements in Flfl are distinct. Since

Lot ﬂzl - } (20)

palrs of connecting vertices to produce fragments in
F 131 and their mirror images.

(2) If a;, + B, is even, then Vm € k(n,l})/{(ocl3 +B1)/2},
o, + p—m¢ k(11,13) implying that

hlx,} ipomly F?,. This indicates that no fragment in

Flfl is the mirror image of others. Hence, all the
elements in Flf1 are distinct. Since

1

o + By -y
3 23
5 } (23)

oI 1)t

. . . -
pairs of connecting vertices to produce fragments in F; and
their mirror images. O

ls
+|D11

+2)(a, - B - 1), (25)

Lemma 12. If we join xgﬁs, the vertex from Q,, with the

A
vertices a3k(12‘h)+1from Q,, then for a fix I, there occurs (o, —
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Bi— /2 number of distinct fragments and 3 (B, + 2) pairs
of connectzng vertices generate each (same) fragment. Fur-

thermore, a total of 3(B, +2)(ey, —f,—1) pairs of con-
necting vertices produces all (o, — B, - 1(/123 )/2 fragments and

their mirror images (Figure 15).

We can prove Lemma 12 in a similar way as Lemma 11
Lol 5
by replacmg B> Bas 1//1 sk Fi r(k(uy,s),g)’ and Dy, by B,
I ! .
B3> 1//2 sk Fio r(kuz,z;»lz)’ and D7,, respectively

Lemma 13. If we join x3 , the vertex from Q,, with the

vertices al33k<13,13>+1 from Q,, then for a fix l5, there occurs
(172) (e, = D (B = 1) if B; = 0(mod 2)

{ 1/2)[(g, =D (B - D +1- ll/lz.s] if §; = 1(mod 2)°

number of distinct fragments and 6 pairs of connecting

—1\k + - : + - + + -
(ax 1) (””3)(ax)%;5(ax 1)ml’;"(ax)%—‘}(ax 1)0"“;2(ax)%;l(ax

Then, the set

Dl13 —{e X, X l,a,ax, axil}, (28)

contains words such that if u is any word from Dl3 implies
(a3k +1)u and (x3k Ju lies on Q, and Q,, respectively.

Thus, the fragment I'{; (Keraiypkrads) has |D13| = 6 pairs of con-

nectlng vertices in Q; and Q,. In other words, for each

. l" 1 .
ue D13, the connection of (a3k( Ju and (x3k14)” gives

1331

13
the same fragment 1"(kw3 Koals)®

Now, we prove that (i) for 3, = 0(mod 2), all the ele-
ments in Flf3 are distinct and no one is the mirror image of
itself and (ii) for 3, = 1(mod 2), Fl(fnl,/sllz,g) is the mirror

13 :
image of '3 iy By2s) for all m, € k(13,l3) and r(%/lﬁ]/%la) is

(o,

the mirror image of itself. Let, I'{ yand T ) be any

(my,my,l3)

two fragments from F% 3. Then, T{? ) is set up by con-

(my,my,ly

necting a3m 41 and x3m and F(n iyl 18 set up by “;3n1+1 and

x5, . If V(a3m E x3m ) ~ V(a3,1 +1> X3,))> then, there exists

1,

1 !
3 3 — 3
an element u e D13 such that (a3, ,)u=aj,,, and

(%3 0t = X3, . ax € D}, is the only word such that

12,3, (- y5)2, ifky, =%<k15

1 3
1,2,3,..., (o, - 1),

15

vertices generates each (same) fragment. Furthermore, a total
of 6(ay, — 1) (B; — 1) pairs of connecting vertices produces all

these fragments and their mirror images.

Proof. For a fix I, let us join x., , the vertex from Q,, with
3 3k, 2

the vertices a?k from Q, and attain a set of fragments

(343)*1
Lo _ 13 .
F13 - {r(k(13,13)’k14»l3)’
I
_ ) L23 — b2
kasa, = 1,2,3, -, — 1
3

ki, =1,2,3,---, (B; — v;)/2} (Figure 16), where the word

ifky =pi/2(k;s = ﬁ4/2

otherwise

(ax)ﬁl_k“(ax_ 1)’82 (ax)Ps (ax_l)l34 (ax)ﬁs(ax_ ) (ax)ks.
(26)
fixing the vertex x3k and the vertex a3k | is fixed by the
word
1)0‘13*]‘(13,13). (27)

1 I I
(xémz)ax = xé(mzﬂ) but (a3, .,)ax #as, ,,. Thus, V (a3, .,
x3,, ) is disequivalent to V(aéﬁ, +1> X3,), that is by joining

I 13 1
as,, 41 with x3m to produce I' X3, is not connected

(my,my,l3)°
with a3n 4
Ifv Zagmlﬂ, xémz) Vv (a3n1+1, x4, then there exists an
element wu € le3 such that (a3, ,)u = al;nl . and

(X3, )0 = X5v 0 € DY, is the only word such that (X3,)a =

1% Iy L P .
X308 -my and (as, . )a = 3 (o, )41 This implies that
forn1 =aq - and ny =, —my, V(a3m e

x3m ) ~ V(a3n]+1, x}, ), that is by joining a3, w1th x3m to
produce F(m ) X3, 8et also connected with a3n e So,
the fragments r (mym, 1) and r (n,n,,1,) are the mirror image of
each other if and oniy ifn, = o, —m and n, = B; —m, and
the fragment F(m sy 18 the mirror image of itself if and
only if m; = oy —m, “and m, = B, —my, that is m; = o /2
and m, = 3,/2. Now,
(1) If B, is odd, then for all m, ¢ ki By —my> (B -
1)/2 gives r1(3¢13—m1ﬁ1—m2,l3) ¢ F5. This indicates, no
fragment in F}; is the mirror image of others. Hence,

all the elements in Flf3 are distinct. Since,

),

sk =123, (B - vy1)/2,

otherwise;

(29)
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implying that

(e, = 1) (B = 1) =5 (o

'F13

1)(ﬁ1 - 1)-

(30)

Also, B,/2> (f; — 1)/2 implies no fragment in F13 is
the mirror image of itself. Hence, there are

1
2| Dl (31)

Fl33 = 6(“13 - 1) (B - 1),

I
£

I 13 2
F3 = I_‘ =
13 (k(m3 Kook ) (1313)

1,2,3,--, 0y, - 1
implying that

Iy
[y

= (e«

Now,

(@) If o is odd, then & /2 ¢ k(y3;, implying that
I‘lal 12,8,/205) ¢ F13 So, no one is the mirror image of
itself. Hence, there are

Fl133| = 6(0‘13 - 1) (B,

oot

- 1), (34)

palrs of connecting vertices to produce fragments in
F 1‘3 and their mirror images.

(b) If oy, is even, then a;/2 € k3, implying that
F(al g2l € F? 13 is orientally the same as its mirror
image. Hence, there are

2| D} 1) +|Dl

! I
3 <|F13

. . . R
pairs of connecting vertices to produce fragments in F; and
their mirror images. O

= 6("‘13 - 1)(ﬁ1 - 1)’

(35)

Lemma 14. If we join x;*kw, the vertex from Q,, with the
from Q,, then for a fix I, there occurs
if 3, = 0(mod 2)

if B, = 1(mod 2)’

vertices al;kw +1
{ (1/2)(0(13 -D(B,-1)
(1/2)[ (e, = 1) (B4 = 1) + 1 - y5]

3‘1)(/31‘2_1/’1)"'%(“1

17

pailirs of connecting vertices to produce fragments in
F}; and their mirror images.

(2)If B, 1is even, then only for
B —m, = 31/2 € ky, gives, for all "y € ks
o, —my ¢ k3, implying that r(a -, Bu/2.05)

m, = f3,/2,
2{061/12}

Hence, all the elements in F}; are dlstmct Slnce,

, ﬂl( Bs
ifkyy == k=5 _
2 2 ;k14=1,2,3,---,ﬁ‘2—‘”1, (32)
otherwise
1
~v5) =5 [(a,-) B -D+1-v3], (33)

number of distinct fragments and 6 pairs of connecting
vertices generates each (same) fragment. Furthermore, a total
of 6(ay, = 1) (B4 — 1) pairs of connecting vertices produces all
these fragments and their mirror images (Figure 17).

We can prove Lemma 14 in the same way as Lemma 13

Lemma 15. If we join xékz, the vertex from Q,, with the
vertices al32k(16,z2) )
1) (B, — 1) number of distinct fragments and 6 pairs of
connecting vertices generates each (same) fragment. Fur-
thermore, a total of 12(ay, — 1) (B, — 1) pairs of connecting
vertices produces all these fragments and their mirror
images.

from Q, then for a fix 1, there occurs (o, —

Proof. For a fix I, let us join x%kz, the vertex from Q,, with
the vertices al;k

!
F - {F(k obti Kty = 1,23,
B, — 1} (Figure 18), where the word

(ax)ﬁl*kz(cwcfl)ﬁ2 (ax)P (axi l)ﬂ" (ax)ﬁs(axfl)ﬁ" (ax)©
(36)
| is fixed by the

. from Q;, and attain a set of fragments

_1; k2: 1,2,---,

fixing the vertex x3k and the vertex a3k
word
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(ax_ l)k(“”'Z) (ax)%i(ax_ 1)%;4 (ax)%i(ax_

Then, the set
leS = {e, XX 1, a,ax,ax 1}, (38)

contams words such that if u is any word from D - implies
(a3 3k . Lpu and (x3k Ju lies on Q; and Q,, respectlvely

Thus, the fragment I (K rgiykary) has |D15| = 6 pairs of con-

necting vertices in Q; and Q,. In other words, for each

1, . I 1 .
u € DY, the connection of (a3k(16’12)+1)u and (x3k2)u gives the

same fragment F(k Jordy):
Now, we prove tflat all the elements in F 25 are distinct

and no one is the mirror image of itself. Let T, (o, m, 1, and

15 ris :
', 1) be any two fragments from F15- Then, I'¢,, ., 1) 18

set up by connecting al;m 41 and xém and r}f‘p”zlz) is set up by
!
~V(as, 1> x3,), then

L 1
a3n1+1 and x}n If V(a3m +1° xSm )

! 15
F2 =4T ,k =1’2’3"">06
15 { (k(m,zz),kz,lz) (16,[2) :

Implying that [F%| = (o, =
Now, if V (a3, .15 x3m )~

1)( 1_1)

V(ag,m 1 x3m ), then, there

X L, I *
exists an element u € D15 such that (a3, ,)u = a3m 4 and

(3, 0 = 3,

1
(x3m )a x3(ﬁ -m, but (a3m +1)a¢a3m +1° Thus, V(a32m1+1’

aeDf5 is the only word such that

x3m ) is dis- equlvalent to V(a3m D x3m ), that is by joining

I, 1
a3,y 41 With x3m to produce I'(; X3y, is not connected

(m,my,l,)°

with a3m1 .- Therefore, T1? (m,.m,.1,) is orientally different from

15 *

its mirror image I';;, " 5

. Alternatively, the vertical axis of

symmetry does not possess by any of the elements in Flf5.
Hence there are total

2|le5 F§25| =12(0, — 1) (B, - 1), (40)

. . . ol
pairs of connecting vertices to produce fragments in F{s and
their mirror images.

.o . 4 .
Lemma 116. If we join x3 , the vertex from Q,, with the
; 2
vertices a3k“612)+1
1) (B, — 1) number of distinct fragments and 6 pairs of
connecting vertices generates each (same) fragment. Fur-
thermore, a total of 12(ay, — 1)(B, — 1) pairs of connecting

vertices produces all these fragments and their mirror images
(Figure 19).

from Q,, then for a fix1,, there occurs (o —

We can prove Lemma 16 in a similar way as Lemma 15
. ! ! !
by replacing k,, B, F{s, 1ﬂl(lsc(k,,,,z),kz,lz)’ and Dy; by ky7, B4, Fies

16 ) i
r(k(ls,lz))kwlz)’ and DY, respectively.

19
1)“‘2;2 (ax)™2:! (ax_ 1)m’fk(“””. (37)
. ] I 1
there exists an element u € D; such that (a?fml U= A3 11

and (x;,, )u = x3, . ax € D% is the only word such that

! ! !
(xém )ax = x;(m +1) but (a32m +1)ax # a32n +1° Thus’ V(a32m +1°
x3m ) is disequivalent to V(a3n1 1 x3n ), that is by joining

A
a3, 41 with x3m to produce I'; x3n is not connected

(my,my,l,)°
with a3nl+1. Now, IfV(a3ml+1, x3m2) V(a3n b X3 ,)» then
there exists an element u € les such that (a_,,m1 LU= al;n 1

1%

and (x%mz)u =X3,. A€ les is the only word such that

1 1, * 1
(X3,)a = X35,y UL (a3, ,1)a#az, . Thus, V (a3, .,
x3m ) is dis- equlvalent to V(a3,1 1 x3,1 ), that is by joining

L 1s
a3, 41 With x3 to produce F x3,, is not connected

(my,my,l,)°

with al;n’: +1- Hence, all the fragments in Flfs are distinct. Since

2—1;k2=1,2,.--,[31—1}. (39)

Lemma 17. If we join x%k , the vertex from Q,, with the

I
vertices ag, +1from Q,, thenfor a fix 1y, there occurs (o —

DB, -1) number of distinct fragments and 6 pairs of
connecting vertices generates each (same) fragment. Fur-
thermore, a total of 12 (o —1)(B, — 1) pairs of connecting
vertices produces all these fragments and their mirror images
(Figure 20).

We can prove Lemma 17 in a similar way as Lemma 15
. 1 15 1
by replacing ky, k 16,,), B1> Lo» s, r(k(my,z),kz,lz)’ and DY by ko,

I
k(18,11)’ By 1y Fion Tk

! .
(k(ls,ll)>k19)ll)’ and D117, respectlvely.
Lemma 18. If we join x§k4, the vertex from Q,, with the

.o
vertices a3k(]8]1)+1from Q,, then for a fix 1, there occurs (o —

D(B;-1) number of distinct fragments and 6 pairs of
connecting vertices generates each (same) fragment. Fur-
thermore, a total of 12 (e —1)(B5 — 1) pairs of connecting

vertices produces all these fragments and their mirror images
(Figure 21).

We can prove Lemma 18 in a similar way as Lemma 15
. ! 1
by replacing k,, k(161,), B1> Lo Fis» F}lims,zz)ykz,lz)’ and DY by k,,

] I .
ks Bs> Lis Fis l"l(i(l&ll))kpll), and Dy, respectively.

Lemma 19. For a fix 1,, there are 6(B, + 35 +2) pairs of
connecting vertices for the fragment 1"1119 and its mirror image

. . . 1 . l
by joining x34 , the vertex from Q,, with the vertex ass ,, from
Q,.
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Proof. For a fix [}, let us join x3ﬁ , the vertex from Q,, with  fixing the vertex x3ﬁ and the vertex a3{g . is fixed by the
the vertices as; , from Q, and attain a fragments I ’ word
(Figure 22), where the word

(ax—l) P (ax)ﬁz(ax—l) 4 (ax)ﬂs (ax—l)ﬁs (ax)ﬁl, (41)

(ax—l)ﬁz (ax)rxz];s(axfl)%ﬂ (ax)%i(wf 1)0‘11+2 (ax) o s (ax7 1)0¢z;ﬂz' (42)

Then, the set

e o oY (0 Yo o o e
Dl = (ax—l)ﬁz, (ax l)ﬁza, (axil)ﬁzax, (ax” 1)ﬂ2+1’ (ax—l)ﬁz (ax)'a, (ax—l)ﬁz (ax)’, ) (43)
R e A e )

co?tains words such that if u is any word from le9 implies wue€ Dlllg, the connection of (al;ﬁzﬁ)u and (x;ﬁl)u give the
(a;ﬁ ,)uand (xéﬁ Ju lies on Q, and Q,, respectively. Thus, same fragment 1"1113 .

the fragment rl9 has |D19| =3(B, + 85 +2) pairs of con- Now, we show that the fragment 1",119 is orientally dif-
necting vertices in Q; and Q,. In other words, for each ferent ~ from its  mirror  image rlllg*- If
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F1GURE 22: Fragment 1"1119.

V(aélﬁzﬂ),x;ﬁ ) ~ V(aw 1) x ) then there exists an ele-
ue D that (‘13;; U= al;ﬂ "

(x;ﬁ Ju = x3ﬁ But there does not such an element exist in

ment such and

5. Thus, V(a3ﬂ +1’x3/3 ) is disequivalent to V(a3ﬁ e x3ﬂ* ),
that is by joining aéﬁ 1 with x3/5 to produce l"l , xap is not

connected with a3ﬁ 1~ Therefore, Fll19 is orientally different

from its mirror image Flg *. Hence, there are total
Z’D | =3(B,+B5 +2),

pairs of connecting vertices to produce fragment I‘lll9 and its
mirror images. U

(44)

Lemma 20. For a fix l;, there are 6 (B, + ¢ +2) pairs of
connecting vertices for the fragment 1“1210 and its mirror image

by joining x3 , the vertex from Q,, with the vertex aw 1 from
Q, (Figure 23)

We can prove Lemma 20 in a similar way as Lemma 19

by replacing f;, B, B3, I‘1 »and D19 by B5, B1> Bes rl »and Dzo’
respectively.

Lemma 21. For a fix l,, there are 6 (B, + s +2) pairs of
connecting verticesfor the fragment T and its mirror image
by joining x3',3 , the vertex from Q,, Wlt}’l the vertex ‘113/5 L1 from
Q, (Figure 24)

We can prove Lemma 21 in a similar way as Lemma 19
by replacing B, B,. 3. I} 1, ’,and D19 by B3, s Bs» rl ,and sz
respectively.

Now, to prove our main result, we define some symbolic
notations as follows:

S, ={(E,E,E,0), (E,E, O, E), (O,0,0,0), (E,O,E, E), (O,E,E, E)},

Sz ={(E) E) O) O)) (O> O) E) E)’ (E) O) O> E)’ (O’ E’ E’ O)}’

(45)

S3 ={(O> O, E, O)) (O> O, Oa E)> (E> Oa Os O)> (Oa Es O’ O)})
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where E and O stand for even and odd positive integers,

Journal of Mathematics

Theorem 5. If we connect the circuit Q; with the circuit Q,

respectively. at all pairs of vertices then the total number of distinct
Let fragments  are  (1/2)[(a; + 2, + 205 + ) (B; + 23, +
(8, if (&), B, 4 84) = (E,E,E, E), 2B+ By) + Ol
4, if (a, By a4 Bs) € S5 Proof. Let us collect all the pairs of connecting vertices of Q;
@=1 3, if (apBpayps) €S, (46) and O, mentioned in Lemma 1 to Lemma 21 in the form of
) set S as
2, if (e B ag By) €S,
| 0, otherwise.
I 1 I 2 I, 3 I, 4 X 5
A3k+10 %38, o\ Faky 10 X3, > \ Faky+10 %38, o\ Pk, 410 %38, )2\ Bakg+1 X3p;
a X0 a X ah X a> X
3ket 1 X3 o\ Pak 00 X3py P\ @k g, 00 X3p, )\ Dk gy 010 K36,
I 3 1 2 1 3 1 1
S = <a32k(w,12)+1 > x3ﬂ3 )’ <a33k(u)l3)+l’ x3ﬁ2 )’ (a;k(12,13)+1, x3ﬁ3 )’ <a33k(13’13)+1 > x3k14> (47)
Iy 4 I, 1 I, 4 I 2
A3k (13141 X3k1s o\ F3k 1yt 12 F3ks 2\ Bk 50,y+1° X3K17 o\ Fak (141 X3k
al x a! x5 al x2 al x2
3k (1) +1? X3k, P\ P3py1 X3py )\ Fapeo X3p, P\ g X3,
Let F be the set of fragments obtained by joining each
element of set S, then
| NG L SNNG NS L INS IS LS o I8 I ,
()2 G2 22 (k> (5050 () (k)" ()
~ rlo s T s Tt s ,
F= (k(lo,lz)Jz) (k(ll,l3)’13) (k(1z,13)’13) (k(13,13)’k14,ls) (k(13,13)’k15=13) (k(16.12)>k2»lz) (48)
ris TV T8 719, 720 2!
(k(16,12)>k17»12) (k(ls,ll)»kwvll) (k(ls,ll)’k4’ll> h h h
This implies
o 2 2 2 2 2
D [3(B5+3By) +3(B + 3By —4) +3(B5 +3By) + 3(B5 + 35 — 4) + 3(Bg + 3Bs)
I,=1
2
+3(B2 +3Bs —4) +6(B, +2)(a, =B, = 1) + 6(By +2)(ay, — B3 — 1) + 12(ag, — 1) (B, — 1)
*’12("511 - 1)(ﬁ3 —1)+6(By+ B3 +2) +6(By + s +2) +6(By +Bs +2)]
IS = (49)

+ 23_: [6(ﬁ1 + 2)(“12 B - 1) +6(By + 2)("‘12 —Bi- 1) + 12(“12 - 1) (B -1)
*’12("512 - 1)(ﬁ4 -1+ z [3 (B + 2)(“13 - B - 1) +3(By + 2)(0‘13 -Bi- 1)

L=1,4

+ 6(0‘13 - 1) (Bi—-1)+ 6(0‘13 - 1)(ﬁ4 = 1)] = 9(a; + 20, + 205 + ay) (B, + 2B, + 25 + By),
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shows that each pair of vertices in Q; x Q, is connected,
where O, x ), is the Cartesian product of the vertices of Q,
and Q,.

Z [ﬁz + (B -1+ B+ (B —1)+Ps+(Bs— 1) "’("‘l1 -B- 1) "'("‘l1 B - 1)
I=1

e 12a,~ 1) (B 1) + 12(y — 1) (B - )] +li (= By~ 1) (o~ s~ 1)

|F = +12(ay, = 1) (B = 1) +12(e, - 1) (B, = 1)] + >

=14

1

5(% —1)(B 1) ifB, =1(mod 2)

i,

L,=14

NS

[(o) + 20, + 205 + ay) (By + 2B, + 25 + B,) + @]

N =

The value of |F| gives the total number of distinct
fragments produced in the connection of Q; and Q, at all
pairs of vertices. The value of |S| promised that the set F
contains all fragments obtained by the connection of (3, and
Q,. A unique polynomial is obtained by a fragment, so there
are  (1/2)[(a; + 20 + 205 + ) (B + 20, + 285 + ) + O]
polynomials obtained in the connection of Q; and Q,. O

5. Conclusion

Since there are total 9 («; + 2o, + 2003 + o) (B, + 2, + 25 +
B,) pairs of vertices in Q; x Q,. To find all the fragments, we
do not need to connect each pair of Q; x Q,. We have to join
only those pairs of vertices, which are in the set S and they
are

1
5 [ (g +2a; + 205 + oy (By + 2B, + 25+ By) + O],
(51)

in numbers because if we connect the pair which do not
belong to set S, we will attain a fragment, which has al-
ready been acquired earlier by connecting the elements of
set ?.

Data Availability

No data were used to support this study.

(o, = 1) (B, = 1)+ 1-y5] if p; =0(mod 2)

25
Now,
o, =B - l/’113 N L ll/lf
2 2
%(% -1)(B,-1) ifB, =1(mod 2)
+
(e, - 1) (B - 1)+ 1-yk] if B, = 0(mod 2)
(50)
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