
Research Article
On a New Stochastic Space of Solution for the Volterra-Type
Summable Equations of Fuzzy Functions

Mustafa M. Mohammed and Awad A. Bakery

University of Jeddah, College of Science and Arts at Khulis, Department of Mathematics, Jeddah, Saudi Arabia

Correspondence should be addressed to Mustafa M. Mohammed; mustasta@gmail.com

Received 7 February 2023; Revised 16 August 2023; Accepted 11 October 2023; Published 6 December 2023

Academic Editor: Ammar Alsinai

Copyright © 2023 Mustafa M. Mohammed and Awad A. Bakery. Tis is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Tis article explains the sufcient requirements for a newly constructed stochastic space by Poisson-like matrices and weighted
variable exponent sequence spaces of fuzzy functions, as well as the ideals of their operators, for the Kannan contraction operator
to have a unique fxed point. Moreover, we investigate some examples and the numerous applications of solutions to Volterra-type
summable equations of fuzzy functions.

1. Introduction

Summable equations come up in many situations in the
critical point theory for nonsmooth energy functionals,
mathematical physics, control theory, biomathematics,
diference variational inequalities, fuzzy set theory [1],
probability theory [2], and trafc problems, to mention but
a few. In particular, Volterra-type summable equations are
known to be of great importance in investigating dynamical
systems [3] and stochastic processes [4, 5]. Some instances
are in the felds of granular systems, sweeping processes,
oscillation problems, control problems, decision-making
problems [6], and so on. Te solution of summable equa-
tions is contained in a certain sequence space. So, there is
a great interest in mathematics to construct new sequence
spaces, see [7]. Mursaleen and Noman [8] examined some
new sequence spaces of nonabsolute type related to the
spaces lp and l∞, and Mursaleen and Başar [9] constructed
and investigated the domain of the C1 matrix in some spaces
of double sequences. Mustafa and Bakery [10] introduced
the concept of the private sequence space of fuzzy functions
(pssff). Suppose R is the set of real numbers and N0 is the
set of nonnegative integers. We have constructed the space
(P

qw
F )ς equipped with a defnite function ς by the domain of

Poisson-like operator defned in lF
((qb),(wb)), where the

Poisson-like matrix, P � (cba), is defned as follows:

cba �

μa/a!


b
a�0 μ

a/a!
, 0≤ a≤ b,

0, a> b,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(1)

where μ ∈ (0, 1] and qa, wa ∈ (0,∞), for all a ∈ N0.
For 0< r< 1, Matloka [11] introduced the r-level set of

a fuzzy real number δ as follows:

δr
� m ∈R: δ(m)≥ r{ }. (2)

Let us denote R([0, 1]) to the space of every δr is
normal, compact, fuzzy convex, and upper semicontinuous.
For δ ∈R([0, 1]), one has

δ(m) �
1, m � δ,

0, m≠ δ.
 (3)

If Π: N2
0⟶R, g: N0 × R([0, 1])⟶R([0, 1]),

J: N0⟶R([0, 1]), and r: N0⟶R([0, 1]), for every
J∈ Pqw

F . Consider the following Volterra-type summable
equations of fuzzy functions [12]:

Ja � ra + 
∞

p�0
(a, p)g p, Jp , (4)
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and presume L: (P
qw
F )ς⟶ (P

qw
F )ς, for certain functional ς,

is defned as follows:

L Ja( a∈N0
� ra + 

∞

p�0
(a, p)g p, Jp ⎛⎝ ⎞⎠

a∈N0

. (5)

Mustafa and Bakery [10] investigated the unique solu-
tion of (4) of Kannan-type (5) in the operators’ ideal (or in
short O.I) formed by a weighted binomial matrix in the
variable exponent sequence space of extended s-fuzzy
functions. Bakery and Mohammed [13] explained Kannan
nonexpansive mappings on the variable exponent Cesàro
sequence space of fuzzy functions. We can use the newly
constructed stochastic space to explore more spaces of so-
lutions for the fuzzy fractional evolution equations; see the
following interesting articles: Abuasbeh et al. [14], Niazi et al.
[15], and Iqbal et al.’s [16] studies. In this paper, geometric
and topological properties are used to defne the space of
fuzzy functions ((P

qw
F )ς) and the ideal space of its operators.

Te fxed point for the Kannan contraction operator is
demonstrated, and its prequasi operator ideal is proven to be
confrmed in this space. In the fnal section of this article, we
discuss the various applications of solutions to Volterra-type
summable equations of fuzzy functions and demonstrate the
practical relevance of our fndings.

2. Structures of (P
qw
F )ς and Its O.I

A few topological and geometric characteristics of (P
qw
F )ς

and the corresponding O.I have been examined here.

Notation 1
(1) A and B: infnite-dimensional Banach spaces.
(2) ABB: the space of all bounded linear operators from

A into B.
(3) BA: the space of all bounded linear operators from

A into itself.
(4) AFB: the space of fnite rank linear operators from A

into B.
(5) ARB: the space of approximable operators from A

into B.
(6) AKB: the space of compact operators from A into B.
(7) B: the ideal of bounded operators between any two

Banach spaces.
(8) F : the ideal of fnite rank operators between any two

Banach spaces.
(9) R: the ideal of approximable operators between any

two Banach spaces.

(10) K: the ideal of compact operators between any two
Banach spaces.

(11) ϖF: the space of all sequences of fuzzy reals.
(12) R+N0 : the space of all sequences of positive reals.
(13) HF: the linear space of sequences of fuzzy

functions.
(14) [z]: the integral part of the real number z.
(15) ℵ ≔ max 1, suppwp .
(16) Il: the unit operator on the q-dimensional Hilbert

space ll
2.

(17) el ≔ (0, 0, . . . , 1, 0, 0, · · ·), where 1 and 0 are the
multiplicative and additive identity in R[0, 1],
respectively, while 1 marks at the lth place.

(18) θ ≔ (0, 0, 0, . . .).
(19) F: the space of fnite sequences of fuzzy numbers.
(20) I: the space of all monotonic increasing sequences

of positive reals.
(21) D: the space of all monotonic decreasing sequences

of positive reals.
(22) DF: the space of each monotonic decreasing se-

quence of fuzzy functions.
(23) Γ: the Banach space of one dimension.

Defnition 2. Presume (ql), (wl) ∈R
+N0 .

(P
qw
F )ς ≔ m � (ml) ∈ ϖF: ς(cm)<∞, for some c> 0},

where ς(m) � 
∞
l�0(qlτ(

l
n�0μn/n!mn, 0)/l

n�0μ
n/n!)wl and

τ(a, b) � sup0≤ε≤1 τ(aε, bε).

Lemma 3 (see [17]).

qu + pu



wu ≤ 2ℵ− 1

qu



wu + pu



wu , (6)

where wu > 0 and qu, pu ∈R, for every a ∈ N0.

Theorem 4. Presume (wp) ∈ l∞ ∩R
+N0 , then

P
qw
F( ς � m � mp  ∈ ϖF: ς(ηm)<∞, for every ε> 0 .

(7)

Proof. Since (wp) ∈ l∞ ∩R
+N0 , the proof follows. □

Theorem 5. Presume (wp) ∈ [1,∞)N0 ∩l∞, then (P
qw
F )ς is

a nonabsolute type.

Proof. Evidently, since

ς(1, −1, 0, 0, 0, . . .) � q0( 
w0 +

q1|1 − μ|

1 + μ
 

w1

+
q2|1 − μ|

1 + μ + 1/2μ2
 

w2

+, . . . , ≠ q0( 
w0 + q1( 

w1 +
q2(1 + μ)

1 + μ + 1/2μ2
 

w2

+ . . . � ς(1, 1, 0, 0, 0, . . .).

(8)
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Defnition 6. Presume (qn), (wn) ∈R+N0 and wn ≥ 1, for all
n ∈ N0.

P
qw
F


 ℘ ≔ m � mn(  ∈ ϖF: ℘(ηm)<∞, for some ε> 0 ,

(9)

where ℘(m) � 
∞
l�0(qlτ(

l
n�0 μ

n/n!|mn|, 0)/l
n�0 μ

n/n!)wl .

Theorem 7. Suppose (wa) ∈ (1,∞)N0 ∩l∞ so that
(qb/

b
a�0μa/a!) ∈ l(wb) and (qb(b + 1)/b

a�0μ
a/a!) ∉ l(wb),

then (|P
qw
F |)℘ ⊂≠ (P

qw

F )ς.

Proof. If j∈ (|P
qw
F |)℘, then



∞

b�0

qbτ 
b
a�0 μa/a!ja, 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

≤ 
∞

b�0

qbτ 
b
a�0 μa/a! ja


, 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

<∞. (10)

Ten, j∈ (P
qw
F )ς. By taking i � ((−1)aa!/μa)a∈N0

, then
i∈ (P

qw
F )ς and i ∉ (|P

qw
F |)℘. □

Defnition 8 (see [10]). Te space HF is called a pssff if it
verifes the next conditions.

(c1) Presume t ∈ N0, then et∈HF,
(c2) if m � (ml) ∈ ϖF, |r| � (|rl|) ∈HF and |ml|≤ |rl|,
for all l ∈ N0, then |m| ∈HF,
(c3) if (|rp|)∞

p�0 ∈HF, then (|r[p/2]|)
∞
p�0 ∈HF.

Defnition 9 (see [18]). Te sequence (sq(A))∞
q�0, for all

J∈ABB, verifes the following conditions:

(a) ‖J‖ � s0(J)≥ s1(J)≥ s2(J)≥ . . . ≥ 0, for every
J∈ABB,

(b) Suppose A0 and B0 are arbitrary Banach spaces. If
M∈A0

BA, L∈ABB, and J∈BBB0
, then

sq(JLM)≤ ‖J‖sq(L)‖M‖,
(c) sr+n−1(J1 + J2)≤ sr(J1) + sn(J2),
(d) Presume J∈ABB and δ ∈R, then sq(δJ) � |δ|sq(J),
(e) sr(J) � 0, whenever rank(J)≤ r,
(f ) sr≥m(Im) � 0 or sr<m(Im) � 1.

Notations 10 (see [10]).

αr(J) � inf ‖J − M‖: M ∈ ABB and rank(M)≤ r ,

dr(J) � inf
dim(D)≤ r

sup‖m‖≤1 inf
l∈D

‖Jm − l‖,

Bs
HF
≔ A Bs

HF
 

B
 ,whereA Bs

HF
 B ≔ J ∈ ABB: sr(J) 

∞
r�0 ∈HF ,

Bα
HF
≔ A Bα

HF
 

B
 ,whereA Bα

HF
 B ≔ J ∈ ABB: αr(J) 

∞
r�0 ∈HF ,

Bd
HF
≔ A Bd

HF
 

B
 ,whereA Bd

HF
 

B
≔ J ∈ ABB: dr(J) 

∞
r�0 ∈HF ,

Bs
HF

 
c
≔ A Bs

HF
 

c
 

B
 ,where

A Bs
HF

 
c

 
B
≔ J ∈ ABB: cr(J) 

∞
r�0 ∈HF and J − τ cr(J), 0 I

�����

����� � 0 .

(11)

Theorem 11 (see [10]). Te space Bs
HF

is an O.I, if HF is
a pssff.

Defnition 12 (see [19]). A subspace of the pssff is said to be
a premodular pssff (p-m-pssff) if one has a function
ς: HF⟶ [0,∞) which satisfes the following parts:

(d1) If m∈HF, m � θ⇔ ς(|m|) � 0 and ς(m)≥ 0,
(d2) presume m∈HF and δ ∈R, then E0 ≥ 1 with
ς(δm)≤ |δ|E0ς(m),
(d3) there are G0 ≥ 1 such that ς(m + r)≤G0
(ς(m) + ς(r)), for every m, r∈HF,
(d4) if |iq|≤ |jq|, for every q ∈ N0, then ς(|iq|)≤ ς(|jq|),

(d5) one has D0 ≥ 1 under ς(|r|)≤ ς(|r[.]|)≤D0ς(|r|),
(d6) the closure of F � [HF]ς,
(d7) one obtains ι> 0 with ς(m, 0, 0, . . .)

≥ ι|m|ς(1, 0, 0, . . .).

Defnition 13 (see [19]). Te pssff [HF]ς is called a prequasi
normed pssff (p-qN-pssff) if ς holds the parts (d1)-(d3) of
Defnition 12. Te space [HF]ς is called a prequasi Banach
pssff (p-qB-pssff); assume HF is complete under ς.

Theorem 14 (see [10]). Te space [HF]ς is a p-qN-pssff;
assume it is p-m-pssff.
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Theorem 15. (P
qw
F )ς is a p-qB-pssff, if the next parts are

established.

(f1) (wa) ∈ I∩l∞.
(f2) (qb/

b
a�0μa/a!)

∞
b�0
∈ l(wb)∩D.

Proof. First is to show that (P
qw
F )ς is a p-m-pssff.

Te condition (d1): obviously, ς(|m|) � 0⇔m � θ and
ς(m)≥ 0.

Te conditions (c1) and (d3): presuming i, j∈ (P
qw
F )ς,

one has

ς(m + r) � 

∞

b�0

qbτ 
b
a�0μ

a/a! ma + ra( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 2ℵ− 1


∞

b�0

qbτ 
b
a�0μ

a/a!ma, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�0

qbτ 
b
a�0μ

a/a!ra, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎛⎝ ⎞⎠ � 2ℵ− 1
(ς(m) + ς(r))<∞,

(12)

hence m + r∈ (P
qw
F )ς. Te condition (d2): suppose ζ ∈R, j∈ (P

qw
F )ς, and as

(wb) ∈ I∩l∞, then

ς(ζj) � 
∞

b�0

qbτ 
b
a�0μ

a/a!ζja, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ |ζ|wb sup
b



∞

b�0

qbτ 
b
a�0μ

a/a!ja, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤E0|ζ|ς(j)<∞, (13)

where E0 � max 1, supb |ζ|wb− 1 ≥ 1. Hence, ζj∈ (P
qw
F )ς. As (wb) ∈ I∩l∞, hence



∞

m�0

qmτ 
m
a�0μa/a! eb( a, 0 


m
a�0μa/a!

⎛⎝ ⎞⎠

wm

� 
∞

m�b

μa/a!qm


m
a�0μa/a!

 

wm

≤ sup∞m�b

μb

b!
 

wm



∞

m�b

qm


m
a�0μa/a!

 

wm

<∞. (14)

So, eb∈ (P
qw
F )ς. Te conditions (c2) and (d4): presuming |ia|≤ |ja|, for all

a ∈ N0 and |j| ∈ (P
qw
F )ς, one can see that

ς(|i|) � 
∞

m�0

qbτ 
b
a�0μ

a/a! ia


, 0 


m
a�0μa/a!

⎛⎝ ⎞⎠

wm

≤ 
∞

m�0

qbτ 
b
a�0μa/a! ja


, 0 


m
a�0μa/a!

⎛⎝ ⎞⎠

wm

� ς(|j|)<∞, (15)

hence |i| ∈ (P
qw
F )ς.

Te conditions (c3) and (d5): if (|ja|) ∈ (P
qw
F )ς, with

(wb) ∈ I∩l∞ and a + p − 1
a

 qa 

∞

a�0
∈ D, then
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ς j[a/2]


  � 
∞

b�0

qbτ 
b
a�0μa/a! j[a/2]


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

� 
∞

b�0

q2bτ 
2b
a�0μa/a! j[a/2]


, 0 


2b
a�0μa/a!

⎛⎝ ⎞⎠

w2b

+ 
∞

b�0

q2b+1τ 
2b+1
a�0 μa/a! j[a/2]


, 0 


2b+1
a�0 μa/a!

⎛⎝ ⎞⎠

w2b+1

≤ 
∞

b�0

qbτ 
2b
a�0μa/a! j[a/2]


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�0

qbτ 
2b+1
a�0 μa/a! j[a/2]


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 
∞

b�0

qbτ μ2b/(2b)! jb


 + 

b
a�0 μ2a/(2a)! + μ2a+1/(2a + 1)!(  ja


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�0

qbτ 
b
a�0 μ2a/(2a)! + μ2a+1/(2a + 1)!(  ja


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 2ℵ− 1


∞

b�0

qbτ 
b
a�0μ

a/a! ja


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�0

2qbτ 
b
a�0μ

a/a! ja


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎛⎝ ⎞⎠

+ 

∞

b�0

2qbτ 
b
a�0μ

a/a! ja


, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤D0ς(|j|)<∞,

(16)

where D0 ≥ (22ℵ− 1 + 2ℵ− 1 + 2ℵ)≥ 1. Hence,
(|j[a/2]|) ∈ (P

qw
F )ς.

Te condition (d6): the closure of F � P
qw
F .

Te condition (d7): there are 0< ι≤ supl |υ|wl− 1 with
ς(υ, 0, 0, 0, . . .)≥ ι|υ|ς(1, 0, 0, 0, . . .), for all υ≠ 0 and ι> 0, if
υ � 0.

From Teorem 14, the space (P
qw
F )ς is a p-qN-pssff. If

Jm � (Jm
a )
∞
a�0 is a Cauchy sequence in (P

qw
F )ς, hence for all

c ∈ (0, 1), we have m0 ∈ N0 with m, n≥m0, one has

ς J
m

− J
n

  � 
∞

b�0

qbτ 
b
a�0μa/a! Jm

a − Jn
a , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

< c
ℵ

.

(17)

Hence, qbτ(
b
a�0μa/a!(Jm

a − Jn
a), 0)< c, as (R([0, 1]), τ)

is a complete metric space. Terefore, (Jn
a) is a Cauchy

sequence in R([0, 1]), for fxed a ∈ N0. So, it is convergent
to J0a∈R([0, 1]). So, ς(Jm − J0)< cℵ, for each m≥m0.
Clearly, part (d3) that J0∈ (P

qw
F )ς implies that (P

qw
F )ς is

a Banach space.
By Teorems 11 and 15, we obtain the following

theorem. □

Theorem 16. Te space Bs
P
qw
F

is an O.I, when the parts of
Teorem 15 are established.

Theorem 17 (see [10]). If s− type, [HF]ς ≔
j � (sq(V)) ∈RN0 : V∈ABB and ς(j)<∞ . Presume Bs

Eς
is

an O.I, then the next parts are established.

(a) s− type [HF]ς ⊃ F.

(b) When (sq(V1))
∞
q�0 ∈ s− type [HF]ς and

(sq(V2))
∞
q�0 ∈ s− type [HF]ς, then

(sq(V1 + V2))
∞
q�0 ∈ s− type [HF]ς.

(c) Presume ξ ∈R and (sq(V))
∞
q�0 ∈ s− type [HF]ς, then

|ξ|(sq(V))
∞
q�0 ∈ s− type [HF]ς.

(d) Let (sq(A))
∞
q�0 ∈ s− type [HF]ς and sq(B)≤ sq(A),

for every j ∈ N0 and B, A∈ABB, then (sq(B))
∞
q�0 ∈ s−

type [HF]ς. i.e., [HF]ς is a solid space.

Some properties of s− type (P
qw
F )ς are explained in the

next theorem in view of Teorems 16 and 17.

Theorem 18
(a) s− type (P

qw
F )ς ⊃ F.

(b) If (sq(W1))
∞
q�0 ∈ s− type (P

qw
F )ς and (sq(W2))

∞
q�0

∈ s− type (P
qw
F )ς, then (sq(W1 + W2))

∞
q�0 ∈ s− type

(P
qw
F )ς.

(c) Presume ξ ∈R and (sq(W))
∞
q�0 ∈ s− type (P

qw
F )ς,

then |ξ|(sq(W))
∞
q�0 ∈ s− type (P

qw
F )ς.

(d) s− type (P
qw
F )ς is a solid space.

Defnition 19 (see [20]). A subclassV ofB is called anO.I, if
each AVB � V∩ ABB holds the following parts:

(1) IΓ ∈ V.
(2) Te space AVB is linear over R.
(3) Assume W∈A0

BA, X ∈ AVB, and Y∈BBB0
, then

YXW∈A0
VB0

.
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Defnition 20 (see [21]). A functionΥ ∈ [0,∞)V is said to be
a p-qN on the ideal V when the next parts are established.

(1) Presume J∈ABB, Υ(J)≥ 0 and Υ(J) � 0⇔ J � 0,
(2) there are Q≥ 1 with Υ(cJ)≤Q|c|Υ(J), for all J∈AVB

and c ∈R,
(3) one has P≥ 1 such that Υ(J1 + J2)

≤P[Υ(J1) + Υ(J2)], for every J1, J2∈AVB,
(4) there are ε≥ 1 such that if Y∈A0

BA, X∈AVB, and
Z∈BBB0

, then Υ(ZXY)≤ ε ‖Z‖Υ(Y) ‖X‖.

Theorem 21. (see [21]). Every qN on the ideal V is a p-qN.

We have ofered some properties of the ideal generated
by our fuzzy space and extended s− numbers in this part,
presuming that the parts of Teorem 15 are satisfed.

Theorem 22. Te conditions of Teorem 15 are sufcient
only for A[Bα

(P
qw
F

)ς
]B � the closure of AIB.

Proof. Obviously, the closure ofAIB ⊆ A[Bα
(P

qw
F

)ς
]B by the

linearity of (P
qw
F )ς and eb∈ (P

qw
F )ς, for all b ∈ N0. After that,

to show A[Bα
(P

qw
F

)ς
]B ⊆ the closure ofAIB, presume

J∈A[Bα
(P

qw
F

)ς
]B, hence (αb(J))

∞
b�0 ∈ (P

qw
F )ς. As

ς(αb(J))
∞
b�0 <∞, let c ∈ (0, 1), there exists b0 ∈ N0 − 0{ }

such that ς((αm(J))
∞
m�b0

)< c/2ℵ+3δj, for some j≥ 1 and
δ � max 1, 

∞
b�b0

(qb/
b
a�0μa/a!)wb . Since αb(J)∈ DF, hence



2b0

b�b0+1

qbτ 
b
a�0 μ

a/a!α2b0
(J), 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

≤ 

2b0

b�b0+1

qbτ 
b
a�0 μ

a/a!αa(J), 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

≤ 
∞

b�b0

qbτ 
b
a�0 μ

a/a!αa(J), 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

<
c

2ℵ+3δj
.

(18)

Ten, G∈A[I2b0
]B such that rank (G)≤ 2b0 and



3b0

b�2b0+1

qbτ 
b
a�0 μa/a!‖J − G‖, 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

≤ 

2b0

b�b0+1

qbτ 
b
a�0 μa/a!‖J − G‖, 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

<
c

2ℵ+3δj
, (19)

since (wb) ∈ I∩l∞, we get

sup∞b�b0
τwb 

b0

a�0
μa/a!‖J − G‖, 0⎛⎝ ⎞⎠<

c

22ℵ+2δ
. (20)

as one has



b0

b�0

qbτ 
b
a�0 μa/a!‖J − G‖, 0 


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

<
c

2ℵ+3δj
. (21)
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Given inequalities (18)–(21), one obtains

d(J, G) � ς αb(J − G) 
∞
b�0

� 

3b0−1

b�0

qbτ 
b
a�0μa/a!αa(J − G), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�3b0

qbτ 
b
a�0μa/a!αa(J − G), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 

3b0

b�0

qbτ 
b
a�0μa/a!‖J − G‖, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�b0

qb+2b0
τ 

b+2b0
a�0 μa/a!αa(J − G), 0 


b+2b0
a�0 μa/a!

⎛⎝ ⎞⎠

wb+2b0

≤ 

3b0

b�0

qbτ 
b
a�0μ

a/a!‖J − G‖, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 
∞

b�b0

qbτ 
b+2b0
a�0 μa/a!αa(J − G), 0 


b+
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 3 

b0

b�0

qbτ 
b
a�0μ

a/a!‖J − G‖, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+



∞

b�b0

qbτ 
2b0−1
a�0 μa/a!αa(J − G) + 

b+2b0
a�2b0

μa/a!αa(J − G), 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

≤ 3 

b0

b�0

qbτ 
b
a�0μ

a/a!‖J − G‖, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 2ℵ− 1


∞

b�b0

qbτ 
2b0−1
a�0 μa/a!αa(J − G), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+

2ℵ− 1


∞

b�b0

qbτ 
b+2b0
a�2b0

μa/a!αa(J − G), 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

≤ 3 

b0

b�0

qbτ 
b
a�0μ

a/a!‖J − G‖, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 2ℵ− 1


∞

b�b0

qbτ 
2b0−1
a�0 μa/a!αa(J − G), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+

2ℵ− 1


∞

b�b0

qbτ 
b
a�0μ

a+2b0 / a + 2b0( !αa+2b0
(J − G), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 3 

b0

b�0

qbτ 
b
a�0μa/a!‖J − G‖, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 22ℵ− 1 sup∞b�b0
τwb 

b0

a�0
μa/a!‖J − G‖, 0⎛⎝ ⎞⎠ 

∞

b�b0

qb


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+

2ℵ− 1


∞

b�b0

qbτ 
b
a�0μ

a/a!αa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

< c.

(22)
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Next, one concludes a negative example for the problem
in [22] since I2∈A[Bα

(P
qw
F

)ς
]B, where q � (1, 1/2, 1/3, 1/4, . . .)

and w � (0, −1, 2, 2, 2, . . .), but (wb) ∉ I. □

Theorem 23. Te class (Bs
(P

qw
F

)ς
,Υ) is a p-qB ideal, where

Υ(B) � ς((sq(B))
∞
q�0).

Proof. Obviously,Υ is a p-qN onBs
(P

qw
F

)ς
since ς is a p-qN on

(P
qw
F )ς. Presume (Gm)m∈N0

is a Cauchy sequence in
A[Bs

(P
qw
F

)ς
]B. As ABB⊇A[Bs

(P
qw
F

)ς
]B, we get

Υ Gj − Gm  � 
∞

b�0

qbτ 
b
a�0μ

a/a!sa Gj − Gm , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

≥ q0 Gj − Gm

�����

����� 
w0

, (23)

so (Gm)m∈N0
is a Cauchy sequence in ABB. As ABB is

a Banach space, then G∈ABB with limm⟶∞ ‖Gm − G‖ � 0.
As (sb(Gm))

∞
b�0 ∈ (P

qw
F )ς, for all m ∈ N0. From Defnition 12

parts (d2), (d3), and (d5), hence

Υ(G) � 
∞

b�0

qbτ 
b
a�0μ

a/a!sa(G), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 2ℵ− 1


∞

b�0

qbτ 
b
a�0μa/a!s[a/2] G − Gm( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+ 2ℵ− 1


∞

b�0

qbτ 
b
a�0μa/a!s[a/2] Gm( , 0 


b
a�0(a!/)

⎛⎝ ⎞⎠

wb

≤ 2ℵ− 1


∞

b�0

qbτ 
b
a�0μ

a/a! G − Gm

����
����, 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

+ 2ℵ− 1
D0 

∞

b�0

qbτ 
b
a�0μ

a/a!sa Gm( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

<∞.

(24)

So, (sb(G))
∞
b�0 ∈ (P

qw
F )ς, then G∈A[Bs

(P
qw
F

)ς
]B. □

Theorem 24. If w
(1)
b <w

(2)
b and q

(2)
b ≤ q

(1)
b , for each b ∈ N0,

then

A Bs

P
q(1)w(1)

F( ς
 

B

⊂
≠ A

Bs

P
q(2)w(2)

F( ς
 

B

⊂
≠ A

BB. (25)

Proof. Suppose J∈A[Bs

(P
q(1)w(1)

F
)ς
]B, hence

(sb(J)) ∈ (P
q(1)w(1)

F )ς. One obtains



∞

b�0

q
(2)
b τ 

b
a�0μa/a!sa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

w
(2)

b

< 
∞

b�0

q
(1)
b τ 

b
a�0μ

a/a!sa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

w
(1)

b

<∞, (26)

hence J∈A[Bs

(P
q(2)w(2)

F
)ς
]B. Put (sb(J))

∞
b�0 with

τ(
b
a�0μ

a/a!sa(J), 0) � 
b
a�0μ

a/a!/q(1)
b

�����

[w
(1)
b ]



b + 1, then
J∈ABB with
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∞

b�0

q
(1)
b τ 

b
a�0μ

a/a!sa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

w
(1)

b

� 
∞

b�0

1
b + 1

�∞,



∞

b�0

q
(2)
b τ 

b
a�0μ

a/a!sa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

w
(2)

b

≤ 
∞

b�0

q
(1)
b τ 

b
a�0μ

a/a!sa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

w
(2)

b

� 
∞

b�0

1
b + 1

 
w

(2)

b
/w(1)

b

<∞.

(27)

Hence, J ∉ A[Bs

(P
q(1)w(1)

F
)ς
]B and J∈A[Bs

(P
q(2)w(2)

F
)ς
]B.

Clearly, A[Bs

(P
q(2)w(2)

F
)ς
]B ⊂ ABB. Fix (sb(J))

∞
b�0 with

τ(
b
a�0μa/a!sa(J), 0) � 

b
a�0μa/a!/q(2)

b

�����

[w
(2)
b ]



b + 1. So,
J∈ABB and J ∉ A[Bs

(P
q(2)w(2)

F
)ς
]B.

From Dvoretzky’s theorem [23], one has A/Wb and
Mb ⊆B mapped onto lb

2 through isomorphisms Vb and Qb

such that ‖Vb‖‖V−1
b ‖≤ 2 and ‖Qb‖‖Q−1

b ‖≤ 2, for each b ∈ N0.
If Tb is the quotient operator from A onto A/Wb, Ib is the
identity operator on lb

2 and Jb is the natural embedding

operator from Mb into B. Presume mb is the Bernstein
numbers [24]. □

Theorem 25. Suppose (qb)∞b�0 ∉ l((wb)), then Bα
(P

qw
F

)ς
is

minimum.

Proof. Presuming A[Bα
P

qw

F
]B�ABB, one obtains η> 0 under

Υ(U)≤ η‖U‖, for all U∈ABB and Υ(U) � 
∞
b�0

(qbτ(
b
a�0μ

a/a!αa(U), 0)/b
a�0μ

a/a!)wb . We obtain

1 � ma Iq  � ma QqQ
−1
q IqVqV

−1
q ≤ Qq

�����

�����ma Q
−1
q IqVq  V

−1
q

�����

����� � Qq

�����

�����ma JqQ
−1
q IqVq  V

−1
q

�����

�����

≤ Qq

�����

�����da JqQ
−1
q IqVq  V

−1
q

�����

����� � Qq

�����

�����da JqQ
−1
q IqVqTq  V

−1
q

�����

�����

≤ Qq

�����

�����αa JqQ
−1
q IqVqTq  V

−1
q

�����

�����.

(28)

Fixing 0≤ b≤ q, one gets

qb 

b

a�0
μa/a!≤ qbτ 

b

a�0
Qq

�����

�����μ
a/a!αa JqQ

−1
q IqVqTq  V

−1
q

�����

�����, 0⎛⎝ ⎞⎠⇒,

qb( 
wb ≤ Qq

�����

����� V
−1
q

�����

����� 
wb

qbτ 
b
a�0 μ

a/a!αa JqQ−1
q IqVqTq , 0 


b
a�0 μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

.

(29)

So, for some ξ ≥ 1, then



q

b�0
qb( 

wb ≤ ξ Qq

�����

����� V
−1
q

�����

����� 

q

b�0

qbτ 
b
a�0 μ

a/a!αa JqQ−1
q IqVqTq , 0 


b
a�0 μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

⇒,



q

b�0


b
a�0 μ

a/a!qa


b
a�0 μa/a!

⎛⎝ ⎞⎠

wb

≤ ξ Qq

�����

����� V
−1
q

�����

�����Υ JqQ
−1
q IqVqTq ≤ ξη Qq

�����

����� V
−1
q

�����

����� JqQ
−1
q IqVqTq

�����

�����≤ 4ξη.

(30)

As q⟶∞, one has a contradiction. So, A and B both
cannot be infnite-dimensional whenever
A[Bα

P
qw
F

]B�ABB. □

Theorem 26. Te class Bd
P
qw
F

is minimum, whenever
(qb)∞b�0 ∉ l((wb)).
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Lemma 27 (see [25]). Presume J∈ABB and J ∉ ARB, then
X ∈ BA and Y ∈ BB so that YJXei � ei, for each i ∈ N0.

Theorem 28 (see [25]). If HF is an infnite-dimensional
Banach space, then

IHF
⊂
≠
RHF
⊂
≠
KHF
⊂
≠
BHF

. (31)

Theorem 29. Presume w
(1)
b <w

(2)
b and q

(2)
b ≤ q

(1)
b , for each

b ∈ N0, then

B A Bs

P
q(2)w(2)

F( ς
 

B

, A Bs

P
q(1)w(1)

F( ς
 

B

  � R A Bs

P
q(2)w(2)

F( ς
 

B

, A Bs

P
q(1)w(1)

F( ς
 

B

 . (32)

Proof. If X ∈ B(A[Bs

(P
q(2)w(2)

F
)ς
]B, A[Bs

(P
q(1)w(1)

F
)ς
]B)

andX ∉ R(A[Bs

(P
q(2)w(2)

F
)ς
]B, A[Bs

(P
q(1)w(1)

F
)ς
]B). By Lemma 27,

thenY ∈ B(A[Bs

(P
q(2)w(2)

F
)ς
]B) and Z ∈ B(A[Bs

(P
q(1)w(1)

F
)ς
]B)

such that ZXYIj � Ij. Terefore, for every j ∈ N0, then

Ij

�����

�����
A Bs

P
q(1)w(1)

F
( ς

 
B

� 
∞

b�0

q
(1)
b τ 

b
a�0μ

a/a!sa Ij , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

w
(1)

b

≤ ‖ZXY‖ Ij

�����

�����
A Bs

P
q(2)w(2)

F
( ς

 
B

≤ 
∞

b�0

q
(2)
b τ 

b
a�0μ

a/a!sa Ij , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

w
(2)

b

,

(33)

which contradicts Teorem 24, hence
X ∈ R(A[Bs

(P
q(2)w(2)

F
)ς
]B,A[Bs

(P
q(1)w(1)

F
)ς
]B). □

Corollary 30. Presume w
(1)
b <w

(2)
b and q

(2)
b ≤ q

(1)
b , for each

b ∈ N0, then

B A Bs

P
q(2)w(2)

F( ς
 

B

, A Bs

P
q(1)w(1)

F( ς
 

B

  � K A Bs

P
q(2)w(2)

F( ς
 

B

, A Bs

P
q(1)w(1)

F( ς
 

B

 . (34)

Proof. Obviously, since R ⊂ K. □

Defnition 31 (see [25]). A Banach space HF is defned as
simple if BHF

is a unique nontrivial closed ideal.

Theorem 32. Te class Bs
(P

qw
F

)ς
is simple.

Proof. Suppose K(A[Bs
(P

qw
F

)ς
]B) has H ∉ R(A[Bs

(P
qw
F

)ς
]B).

By Lemma 27, then there are P, J ∈ BH ∉ R(A[Bs
(P

qw
F

)ς
]B)

such that JHPIj � Ij. So,
I

A[Bs
(P

qw

F
)ς

]B
∈ KP, J ∈ BH ∉ R(A[Bs

(P
qw
F

)ς
]B). Hence,

B(A[Bs
(P

qw
F

)ς
]B) � K(A[Bs

(P
qw
F

)ς
]B). Terefore, Bs

(P
qw

F
)ς

is
a simple Banach space. □

Theorem 33. Presume infb (qb)wb > 0, then
A[(Bs

(P
qw
F

)ς
)c]B�A[Bs

(P
qw
F

)ς
]B.

Proof. If J∈A[(Bs
(P

qw
F

)ς
)c]B, then (cb(J))

∞
b�0 ∈ (P

qw
F )ς and

‖J − τ(cb(J), 0)I‖ � 0, for each b ∈ N0. We obtain
J � τ(cb(J), 0)I, for all b ∈ N0, so

τ sb(J), 0  � τ sb τ cb(J), 0 I , 0  � τ cb(J), 0 , (35)

for all b ∈ N0. Hence, (sb(J))
∞
b�0 ∈ (P

qw
F )ς, so J∈A[Bs

(P
qw
F

)ς
]B.

After that, assume J∈A[Bs
(P

qw
F

)ς
]B. Ten,

(sb(J))
∞
b�0 ∈ (P

qw
F )ς. So, one gets



∞

b�0

qbτ 
b
a�0μa/a!sa(J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≥ inf
b

qb( 
wb 

∞

b�0
τ sb(J), 0  

wb
.

(36)

Hence, limb⟶∞sb(J) � 0. Assume ‖J − τ(sb(J), 0)I‖− 1

exists, for all b ∈ N0. Hence, ‖J − τ(sb(J), 0)I‖− 1 bounded
and exists, for each b ∈ N0. Hence,
limb⟶∞‖J − τ(sb(J), 0)I‖− 1 � ‖J‖− 1 bounded and exists.
From (Bs

(P
qw
F

)ς
,Υ) which is a prequasi ideal, one has

I � JJ
− 1∈A Bs

P
qw
F( )ς

 
B
⇒ sb(I) 

∞
b�0 ∈ P

qw
F ⇒ lim

b⟶∞
sb(I) � 0.

(37)

One has a contradiction, as limb⟶∞sb(I) � 1. So,
‖J − τ(sb(J), 0)I‖ � 0, for every b ∈ N0. Hence,
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‖J − τ(cb(J), 0)I‖ � 0, for all b ∈ N0. So,
J∈A[(Bs

(P
qw
F

)ς
)c]B. □

3. Kannan’s Contraction Fixed Points

Supposing that the parts of Teorem 15 are established, the
existence of a fxed point of the Kannan contraction operator
acting on this new space and its associated p-q ideal are
presented with some numerical examples to show our
results.

Te Banach fxed point theorem, as presented in ref-
erence [26], provided mathematicians with a means to ex-
tend the applicability of contraction operators by
generalization, for instances, the Kannan contraction op-
erator [27], Kannan operators in modular vector spaces [28],
and Kannan p-qN contraction operator [29].

Defnition 34 (see [13]). A p-qN-pssff ς on HF holds the
Fatou property (or in short FPr); presume for every

i(a) ⊆ [HF]ς such that lima⟶∞ ς(i(a) − i) � 0 and
j∈ [HF]ς, then ς(j − i)≤ supqinfa≥q ς(j − i(a)).

We will use the following notations:

ς1(j) � 
∞

b�0

qbτ 
b
a�0μa/a!ja, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

,

ς2(j) � 
∞

b�0

qbτ 
b
a�0μ

a/a!ja, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

,

(38)

for all j∈ Pqw
F .

Theorem 35. Te function ς1 holds the FPr.

Proof. Presume j(d) ⊆ (P
qw
F )ς1 so that

limd⟶∞ς1(j(d) − j) � 0. Clearly, j∈ (P
qw
F )ς1. For each

i∈ (P
qw
F )ς1, hence

ς1(i − j) � 
∞

b�0

qbτ 
b
a�0μa/a! ia − ja( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

≤ 
∞

b�0

qbτ 
b
a�0μ

a/a! ia − j(d)
a , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1/ℵ

+ 
∞

b�0

qbτ 
b
a�0μ

a/a! j(d)
a − ja , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1/ℵ

≤ sup
q

inf
d≥ q

ς1 i − j
(d)

 .

(39)

□
Theorem 36. If w0 > 1, then ς2 does not hold the FPr. Proof. Suppose j(d) ⊆ (P

qw
F )ς2 so that

limb⟶∞ς2(j(d) − j) � 0. Obviously, j∈ (P
qw
F )ς2. For every

i∈ (P
qw
F )ς2, one obtains

ς2(i − j) � 
∞

b�0

qbτ 
b
a�0μa/a! ia − ja( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 2ℵ− 1


∞

b�0

qbτ 
b
a�0μ

a/a! ia − j(d)
a , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

+ 
∞

b�0

qbτ 
b
a�0μ

a/a! j(d)
a − ja , 0 


b
a�0μa/a!

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠

wb

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤ 2ℵ− 1 sup
q

inf
d≥q

ς2 i − j
(d)

 .

(40)
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So, ς2 does not verify the FPr. □

Defnition 37 (see [29]). A mapping G: [HF]ς⟶ [HF]ς is
said to be a Kannan ς-contraction, if there is ε ∈ 0, [1/2) with
ς(Gj − Gk)≤ ε(ς(Gj − j) + ς(Gk − k)), for every
j, k∈ [HF]ς. Presume G(j) � j, then j∈ [HF]ς is named
a fxed point of G.

Theorem 38. Te space G has a unique fxed point, whenever
G: (P

qw
F )ς1⟶ (P

qw
F )ς1 is the Kannan ς1-contraction operator.

Proof. Presume k∈ Pqw
F , hence Gbk∈ Pqw

F . As G is a Kannan
ς1-contraction, one gets

ς1 G
b+1

k − G
b
k ≤ ε ς1 G

b+1
k − G

b
k  + ς1 G

b
k − G

b− 1
k  ⇒,

ς1 G
b+1

k − G
b
k ≤

ε
1 − ε

ς1 G
b
k − G

b− 1
k ≤

ε
1 − ε

 
2
ς1 G

b− 1
k − G

b− 2
k ≤ , . . . , ,

≤
ε

1 − ε
 

b

ς1(Gk − k).

(41)

Hence, for all a, b ∈ N0 so that a> b, then

ς1 G
b
k − G

a
k ≤ ε ς1 G

b
k − G

b− 1
k  + ς1 G

a
k − G

a− 1
k  

≤ ε
ε

1 − ε
 

b− 1
+

ε
1 − ε

 
a− 1

 ς1(Gk − k).

(42)

So, Gbk  is a Cauchy sequence in (P
qw
F )ς1, as (P

qw
F )ς1 is

a p-qB space. Hence, q∈ (P
qw
F )ς1 with limb⟶∞ Gbk � q to

show that G(q) � q. Since ς1 verifes the FPr, one obtains

ς1(Gq − q)≤ sup ς1 G
b+1

k − G
b
k ≤ sup

i

ε
1 − ε

 
b

ς1(Gk − k) � 0,

(43)

hence G(q) � q. So, q is a fxed point of G. To show the
uniqueness of the fxed point, let one has two diferent fxed
points i, q∈ (P

qw
F )ς1 of G. So,

ς1(i − q)≤ ς1(Gi − Gq)≤ ε ς1(Gi − i) + ς1(Gq − q)(  � 0.

(44)

Terefore, i � q. □

Corollary 39. If G: (P
qw
F )ς1⟶ (P

qw
F )ς1 is Kannan ς1-con-

traction, then G has a unique fxed point q such that
ς1(Gbk − q)≤ ε(ε/1 − ε)b− 1ς1(Gk − k).

Proof. Given Teorem 38, we obtain a unique fxed point q

of G. Hence,

ς1 G
b
k − q  � ς1 G

b
k − Gq ≤ ε ς1 G

b
k − G

b− 1
k  + ς1(Gq − q)  � ε

ε
1 − ε

 
b− 1

ς1(Gk − k). (45)

□
Defnition 40 (see [13]). Presume [HF]ς is a p-qN-pssff,
G: [HF]ς⟶ [HF]ς, and j∈ [HF]ς.Teoperator G is called
ς-sequentially continuous (or in short ς-s.c) at j, if and only
if, when limi⟶∞ ς(gi − j) � 0, then limi⟶∞ ς
(Ggi − Gj) � 0.

Theorem 41. Presume w0 > 1 and G: (P
qw
F )ς2⟶ (P

qw
F )ς2.

Te vector k∈ (P
qw
F )ς2 is the unique fxed point of G, whenever

the following parts are established:

(g1) G is Kannan ς2-contraction,
(g2) G is ς2- s.c at k∈ (P

qw
F )ς2,

(g3) one has u∈ (P
qw
F )ς2 such that Gqu{ } has Gqi u{ }

which converges to k.

Proof. Let k be not a fxed point of G, then Gk≠ k. From
parts (g2) and (g3), we get

lim
qi⟶∞

ς2 G
qi u − k  � 0,

lim
qi⟶∞

ς2 G
qi+1u − Gk  � 0.

(46)

As G is Kannan ς2-contraction, then

0< ς2(Gk − k) � ς2 Gk − G
qi+1u  + G

qi u − k  + G
qi+1u − G

qi u  

≤ 22ℵ− 2ς2 G
qi+1u − Gk  + 22ℵ− 2ς2 G

qi u − k  + 2ℵ− 1ε
ε

1 − ε
 

qi− 1
ς2(Gu − u).

(47)
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By qi⟶∞, there is a contradiction. Ten, k is a fxed
point of G. For the uniqueness of k, if one gets two diferent
fxed points k, r∈ (P

qw
F )ς2 of G. So,

ς2(k − r)≤ ς2(Gk − Gr)≤ ε ς2(Gk − k) + ς2(Gr − r)  � 0.

(48)

Hence, k � r. □

Example 1. Consider A: (PF((1/a + 5)∞a�0,

(2a + 3/a + 2)∞a�0))ς1⟶ (PF((1/a + 5)∞a�0, (2a + 3/a+

2)∞a�0))ς1 and

A(h) �
h

4
, ς1(h) ∈ [0,1),

h

5
, ς1(h) ∈ [1,∞). (49)

If h, r∈ (PF((1/a + 5)∞a�0, (2a + 3/a + 2)∞a�0))ς1. Assume
ς1(h), ς1(r) ∈ [0,1), then

ς1(Ah − Ar) � ς1
h

4
−

r

4
)≤

1
��
274

√ ς1
3h

4
  + ς1

3r

4
   �

1
��
274

√ ς1(Ah − h) + ς1(Ar − r) . (50)

Presume ς1(h), ς1(r) ∈ [1,∞), then

ς1(Ah − Ar) � ς1
h

5
−

r

5
)≤

1
��
644

√ ς1
4h

5
  + ς1

4r

5
   �

1
��
644

√ ς1(Ah − h) + ς1(Ar − r) . (51)

Suppose ς1(h) ∈ [0,1) and ς1(r) ∈ [1,∞), hence

ς1(Ah − Ar) � ς1
h

4
−

r

5
)≤

1
��
274

√ ς1
3h

4
  +

1
��
644

√ ς1
4r

5
 ≤

1
��
274

√ ς1
3h

4
  + ς1

4r

5
   �

1
��
274

√ ς1(Ah − h) + ς1(Ar − r) . (52)

So, A is Kannan ς1-contraction, as ς1 verifes the FPr. By
Teorem 38, A has a unique fxed point θ. Presume
h(b) ⊆ (PF((1/a + 5)∞a�0, (2a + 3/a + 2)∞a�0))ς1 such that
limb⟶∞ς1(h(b) − h(0)) � 0, where h(0)∈ (PF((1/a + 5)∞a�0,

(2a + 3/a + 2)∞a�0))ς1 so that ς1(h(0)) � 1. As ς1 is continuous,
one has

lim
b⟶∞

ς1 Ah
(b)

− Ah
(0)

  � lim
b⟶∞

ς1
h

(b)

4
−

h
(0)

5
⎛⎝ ⎞⎠ � ς1

h
(0)

20
⎛⎝ ⎞⎠> 0. (53)

So, A is not ς1-s.c at h(0), which explains that A is not
continuous at h(0).

Consider h, r∈ (PF((1/a + 5)∞a�0, (2a + 3/a + 2)∞a�0))ς2. If
ς2(h), ς2(r) ∈ [0,1), then

ς2(Ah − Ar) � ς2
h

4
−

r

4
)≤

2
��
27

√ ς2
3h

4
  + ς2

3r

4
   �

2
��
27

√ ς2(Ah − h) + ς2(Ar − r) . (54)

If ς2(h), ς2(r) ∈ [1,∞), hence

ς2(Ah − Ar) � ς2
h

5
−

r

5
)≤

1
4

ς2
4h

5
  + ς2

4r

5
   �

1
4

ς2(Ah − h) + ς2(Ar − r) . (55)
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Suppose ς2(h) ∈ [0,1) and ς2(r) ∈ [1,∞), then

ς2(Ah − Ar) � ς2
h

4
−

r

5
 ≤

2
��
27

√ ς2
3h

4
  +

1
4
ς2

4r

5
 ≤

2
��
27

√ ς2
3h

4
  + ς2

4r

5
  

�
2
��
27

√ ς2(Ah − h) + ς2(Ar − r) .

(56)

So, A is Kannan ς2-contraction and

Tq(h) �
h/4q

, ς2(h) ∈ [0,1),

h/5q
, ς2(h) ∈ [1,∞).



Evidently, A is ς2-s.c at θ and Tqh  has a Tqj h  which
converges to θ. From Teorem 41, the vector θ is the only
fxed point of A.

Example 2. Consider A: (PF((1/a + 5)a� 0∞, (2a + 3/a
+ 2)∞a�0))ς2⟶ (PF((1/a + 5)∞a�0, (2a + 3/a + 2)∞a�0))ς2 and

A(h) �

1
4

e1 + h , h0(t) ∈ 0,
1
3

 ,

1
3

e1, h0(t) �
1
3
,

1
4

e1, h0(t) ∈
1
3
, 1 .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(57)

As h0, r0∈ [0, 1/3), then

ς2(Ah − Ar) � ς2
1
4

h0 − r0, h1 − r1, h2 − r2, . . .  ≤
2
��
27

√ ς2
3h

4
  + ς2

3r

4
  

≤
2
��
27

√ ς2(Ah − h) + ς2(Ar − r) .

(58)

If h0, r0∈ (1/3, 1], then for every ε> 0, we obtain

ς2(Ah − Ar) � 0≤ ε ς2(Ah − h) + ς2(Ar − r) . (59)

Suppose h0∈ [0, 1/3) and r0∈ (1/3, 1], then

ς2(Ah − Ar) � ς2
h

4
)≤

1
��
27

√ ς2
3h

4
  �

1
��
27

√ ς2(Ah − h)≤
1
��
27

√ ς2(Ah − h) + ς2(Ar − r) . (60)

Hence, A is Kannan ς2-contraction. Obviously, A is ς2-
s.c at 1/3e1 and one has h∈ (PF((1/a
+5)∞a�0, (2a + 3/a + 2)∞a�0))ς2 such that h0∈ [0, 1/3) with
Tqh  � 

q
a�11/4ae1 + 1/4qh  has a Tqj h  � 

qj

a�11/4ae1

+1/4qj h} which converges to 1/3e1. According to Teorem

41, A has a unique fxed point 1/3e1. Note that A is not
continuous at 1/3e1.

Presume h, r∈ (PF((1/a + 5)∞a�0, (2a + 3/a + 2)∞a�0))ς1.
When h0, r0∈ [0, 1/3), then

ς1(Ah − Ar) � ς1
1
4

h0 − r0, h1 − r1, h2 − r2, . . .  ≤
1
��
274

√ ς1
3h

4
  + ς1

3r

4
  

≤
1
��
274

√ ς1(Ah − h) + ς1(Ar − r) .

(61)

Suppose h0, r0∈ (1/3, 1], then for all ε> 0, one can see

ς1(Ah − Ar) � 0≤ ε ς1(Ah − h) + ς1(Ar − r) . (62)
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If h0∈ [0, 1/3) and r0∈ (1/3, 1], then

ς1(Ah − Ar) � ς1
h

4
)≤

1
��
274

√ ς1
3h

4
  �

1
��
274

√ ς1(Ah − h)≤
1
��
274

√ ς1(Ah − h) + ς1(Ar − r) . (63)

So, A is Kannan ς1-contraction. Since ς1 satisfes the FPr.
In view of Teorem 38, A has a unique fxed point 1/3e1.

We will use in this part Υ(W) � ς((sb(W))
∞
b�0) � [

∞
b�0

(qbτ(
b
a�0μ

a/a!sa(W), 0)/b
a�0μ

a/a!)wb ]1/ℵ, for all
W∈A[Bs

(P
qw
F

)ς
]B.

Defnition 42 (see [10]). A function Υ on Bs
HF

verifes the
FPr if for every Wq 

q∈N0
⊆ A[Bs

(P
qw

F
)ς
]B such that

limq⟶∞Υ(Wq − W) � 0 and all J∈A[Bs
(P

qw
F

)ς
]B, then

Υ(J − W)≤ supninfq≥n Υ(J − Wq).

Theorem 43. Te function Υ does not hold the FPr.

Proof. Presume Jq 
q∈N0
⊆ A[Bs

(P
qw
F

)ς
]B such that

limq⟶∞Υ(Jq − J) � 0. Evidently, J∈A[Bs
(P

qw
F

)ς
]B. Hence, for

each G∈A[Bs
(P

qw
F

)ς
]B, then

Υ(G − J) � 
∞

b�0

qbτ 
b
a�0μ

a/a!sa(G − J), 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

≤ 
∞

b�0

qbτ 
b
a�0μ

a/a!s[a/2] G − Ji( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

+ 
∞

b�0

qbτ 
b
a�0μ

a/a!s[a/2] J − Ji( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

≤ 22ℵ− 1
+ 2ℵ− 1

+ 2ℵ 
1/ℵ

sup
q

inf
i≥ q



∞

b�0

qbτ 
b
a�0μ

a/a!sa G − Ji( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

.

(64)

Terefore, Υ does not hold the FPr. □

Defnition 44 (see [29]). A mapping
L: A[[Bs]HF

]B⟶ A[[Bs]HF
]B is named a Kannan Υ-con-

traction; assume we have ε ∈ [0,1/2) with
Υ(LJ − LG)≤ ε(Υ(LJ − J) + Υ(LG − G)), for all
J, G∈A[[Bs]HF

]B.

Defnition 45 (see [10]). Presume L: A[[Bs]HF
]B⟶ A

[[Bs]HF
]B and T∈A[[Bs]HF

]B. Te operator L is said to be Υ-
s.c at T, if and only if, when limq⟶∞Υ(Uq − T) � 0, then
limq⟶∞Υ(LUq − LT) � 0.

Theorem 46. If L: A[Bs
(P

qw

F
)ς
]B⟶ A[Bs

(P
qw

F
)ς
]B. Te oper-

ator U∈A[Bs
(P

qw

F
)ς
]B is the unique fxed point of L, if the

following parts are confrmed:

(h1) L is Kannan Υ-contraction,
(h2) L is Υ-s.c at A∈A[Bs

(P
qw

F
)ς
]B,

(h2) there is T∈A[Bs
(P

qw

F
)ς
]B such that LmT{ } has Lmi T{ }

which converges to U.

Proof. Let U be not a fxed point of L, then one gets LU≠U.
From the parts (h2) and (h3), one gets

lim
qb⟶∞
Υ L

qb T − U(  � 0 and lim
qb⟶∞
Υ L

qb+1
T − GU  � 0.

(65)

As L is Kannan Υ-contraction operator, then

0<Υ(LU − U) � Υ LU − G
qb+1

T  + L
qb T − U(  + L

qb+1
T − G

qb T  

≤ 22ℵ− 1
+ 2ℵ− 1

+ 2ℵ 
1/ℵ
Υ L

qb+1
T − GU  + 22ℵ− 1

+ 2ℵ− 1
+ 2ℵ 

2/ℵ
Υ L

qb T − U( 

+ 22ℵ− 1
+ 2ℵ− 1

+ 2ℵ 
2/ℵ

ε
ε

1 − ε
 

qb− 1
Υ(LT − T).

(66)
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We get a contradiction as qb⟶∞. Ten, U is a fxed
point of L. For the uniqueness of the fxed point U, assume
one gets two diferent fxed points U, V∈A[Bs

(P
qw

F
)ς
]B of L. So,

Υ(U − V)≤Υ(LU − GV)≤ ε(Υ(LU − U) + Υ(LV − V)) � 0.

(67)

Terefore, U � V. □

Example 3. Consider

L: A Bs
PF (1/b+4)∞b�0 ,(2b+3/b+2)∞b�0( )( )ς

 
B
⟶ A Bs

PF (1/b+4)∞b�0 ,(2b+3/b+2)∞b�0( )( )ς
 

B
,

L(K) �

K

6
, Υ(K) ∈ [0,1),

K

7
, Υ(K) ∈ [1,∞).

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(68)

Presume K1, K2 ∈ Bs
(PF((1/b+4)∞b�0 ,(2b+3/b+2)∞b�0))ς

. If
Υ(K1),Υ(K2) ∈ [0,1), then

Υ LK1 − LK2(  � Υ
K1

6
−

K2

6
 ≤

�
2

√

���
1254

√ Υ
5K1

6
  + Υ

5K2

6
  

�

�
2

√

���
1254

√ Υ LK1 − K1(  + Υ LK2 − K2( ( .

(69)

If Υ(K1),Υ(K2) ∈ [1,∞), then

Υ LK1 − LK2(  � Υ
K1

7
−

K2

7
 ≤

�
2

√

���
2164

√ Υ
6K1

7
  + Υ

6K2

7
  

�

�
2

√

���
2164

√ Υ LK1 − K1(  + Υ LK2 − K2( ( .

(70)

Suppose Υ(K1) ∈ [0,1) and Υ(K2) ∈ [1,∞), one can see

Υ LK1 − LK2(  � Υ
K1

6
−

K2

7
 ≤

�
2

√

���
1254

√ Υ
5K1

6
  +

�
2

√

���
2164

√ Υ
6K2

7
 

≤
�
2

√

���
1254

√ Υ LK1 − K1(  + Υ LK2 − K2( ( .

(71)

Hence, L is Kannan Υ-contraction and

Lq(K) �
K/6q

, Υ(K) ∈ [0,1),

K/7q
, Υ(K) ∈ [1,∞).



Clearly, L is Υ-s.c at the zero operator Θ and MqK{ } has
a Mqj K{ } which converges to Θ. FromTeorem 46, Θ is the
unique fxed point of L.
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Presume K(d) ⊆Bs
(PF((1/b+4)∞b�0 ,(2b+3/b+2)∞b�0))ς

with
limd⟶∞Υ(K(d) − K(0)) � 0, where

K(0) ∈ Bs
(PF((1/b+4)∞b�0 ,(2b+3/b+2)∞b�0))ς

with Υ(K(0)) � 1. As
Υ is continuous, then

lim
d⟶∞
Υ LK

(d)
− LK

(0)
  � lim

d⟶∞
Υ

K
(0)

6
−

K
(0)

7
  � Υ

K
(0)

42
 > 0. (72)

So, L is not Υ-s.c at K(0). Hence, L is not continuous
at K(0).

4. Applications

In this section, a solution in (P
qw
F )ς1 to (1) is examined such

that the parts of Teorem 15 are established.

Theorem 47. System (1) holds one and only solution in
(P

qw
F )ς1, if η: N0⟶R([0, 1]), there is ε ∈R such that

supb |ε|wb/ℵ ∈ [0,1/2) and for each b ∈ N0, then



b

a�0


p∈N0

Π(a, p) g p, Jp  − g p, ηp  ⎛⎝ ⎞⎠
μa

a!




,

≤ |ε| 

b

a�0
ra − Ja + 

∞

p�0
Π(a, p)g p, Jp ⎛⎝ ⎞⎠

μa

a!




+|ε| 

b

a�0
ra − ηa + 

∞

p�0
Π(a, p)g p, ηp ⎛⎝ ⎞⎠

μa

a!




.

(73)

Proof. Suppose L: (P
qw
F )ς1⟶ (P

qw
F )ς1 is defned by equa-

tion (2). By Teorem 38 and

ς1(LJ − Lη) � 

∞

b�0

qbτ 
b
a�0μ

a/a! LJa − Lηa( , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

� 
∞

b�0

qbτ 
b
a�0 p∈N0

Π(a, p) g p, Jp  − g p, ηp   μa/a!, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

≤ sup
b

|ε|wb/ℵ 

∞

b�0

qbτ 
b
a�0 ra − Ja + 

∞
p�0Π(a, p)g p, Jp  μa/a!, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

+

sup
b

|ε|wb/ℵ 

∞

b�0

qbτ 
b
a�0 ra − ηa + 

∞
p�0Π(a, p)g p, ηp  μa/a!, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

� sup
b

|ε|wb/ℵ ς1(LJ − J) + ς1(Lη − η)( .

(74)

Tis completes the proofs. □

Example 4. Consider (PF((1/b + 1)∞b�0, (2b+ 3/b + 2)∞b�0))ς1.
Suppose the following nonlinear uncertainty equation of

fuzzy functions:

ja � cos(2a + 1) + 
∞

q�0
2a+q j

r
a−2

j
d
a−1 + q

2
+ 1

, (75)

with r, d> 0 and j−2(t), j−1(t)> 0, for all t ∈R, and if
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L: PF (1/b + 1)
∞
b�0, (2b + 3/b + 2)

∞
b�0( ( ς1⟶ PF (1/b + 1)

∞
b�0, (2b + 3/b + 2)

∞
b�0( ( ς1 (76)

is defned as

L ja( 
∞
a�0 � cos(2a + 1) + 

∞

q�0
2a+q jr

a−2

jd
a−1 + q2 + 1

)

∞

a�0

.⎛⎝

(77)

Obviously, one obtains ε ∈R such that
supb |ε|2b+3/2b+4 ∈ [0,1/2) and for every b ∈ N0, then



b

a�0


∞

q�0
2a j

r
a−2

j
d
a−1 + q

2
+ 1

2q
− 2q

( ⎛⎝ ⎞⎠
μa

a!




,

≤ |ε| 

b

a�0
cos(2a + 1) − ja + 

∞

q�0
2a+q j

r
a−2

j
d
a−1 + q

2
+ 1

⎛⎝ ⎞⎠
μa

a!




+,

|ε| 
b

a�0
cos(2a + 1) − ηa + 

∞

q�0
2a+q ηr

a−2

ηd
a−1 + q

2
+ 1

⎛⎝ ⎞⎠
μa

a!




.

(78)

From Teorem 47, system (8) has a unique solution in
(PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς1.

Theorem 48. Consider L: (P
qw
F )ς2⟶ (P

qw
F )ς2 is defned by

(2) and w0 > 1. System (1) holds one and only solution
l∈ (P

qw
F )ς2, if the following parts are established:

(1) Suppose v: N0⟶R([0, 1]) and
k: N0⟶R([0, 1]), if there is ε ∈R with
2ℵ− 1 supb |ε|wb ∈ [0,1/2) and for each b ∈ N0, then



b

a�0


p∈N0

Π(a, p) g p, jp  − g p, kp  ⎛⎝ ⎞⎠
μa

a!




,

≤ |ε| 
b

a�0
va − ja + 

∞

p�0
Π(a, p)g p, jp ⎛⎝ ⎞⎠

μa

a!




+|ε| 

b

a�0
va − ka + 

∞

p�0
Π(a, p)g p, kp ⎛⎝ ⎞⎠

μa

a!




.

(79)

(2) L is ς2- s.c at l∈ (P
qw
F )ς2, (3) one has i∈ (P

qw
F )ς2 such that Wqi  has Wqj i  con-

verging to l.
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Proof. From Teorem 41 and

ς2(Lj − Lk) � 
∞

b�0

qbτ 
b
a�0μ

a/a! Lja − Lka , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

� 
∞

b�0

qbτ 
b
a�0 p∈N0

Π(a, p) g p, jp  − g p, kp   μa/a!, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

≤ 2ℵ− 1 sup
b

|ε|wb 

∞

b�0

qbτ 
b
a�0 va − ja + 

∞
p�0Π(a, p)g p, jp  μa/a!, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

+

2ℵ− 1 sup
b

|ε|wb 

∞

b�0

qbτ 
b
a�0 va − ka + 

∞
p�0Π(a, p)g p, kp  μa/a!, 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

� 2ℵ− 1 sup
b

|ε|wb ς2(Lj − j) + ς2(Lk − k) .

(80)

Tis completes the proofs. □

Example 5. Let (PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς2.
Consider the Volterra-type summable equations (8).
Suppose L: (PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς2⟶

(PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς2 is defned by (9).

When L is ς2-s.c at l∈ (PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς2
and one has

i∈ (PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς2 such that Lqi 

has Lqj i  converging to l. Clearly, there is ε ∈R such that
2ℵ− 1 supb |ε|2b+3/b+2 ∈ [0,1/2) and for all b ∈ N0, then



b

a�0


∞

q�0
2a j

b
a−2

j
d
a−1 + q

2
+ 1

2q
− 2q

( ⎛⎝ ⎞⎠
μa

a!




,

≤ |ε| 

b

a�0
cos(2a + 1) − ja + 

∞

q�0
2a+m j

b
a−2

j
d
a−1 + q

2
+ 1

⎛⎝ ⎞⎠
μa

a!




+,

|ε| 
b

a�0
cos(2a + 1) − ka + 

∞

q�0
2a+m k

b
a−2

k
d
a−1 + q

2
+ 1

)
μa

a!
|.⎛⎝



(81)

By Teorem 49, the nonlinear uncertainty equation of
fuzzy functions (8) has a unique solution
l∈ (PF((1/b + 1)∞b�0, (2b + 3/b + 2)∞b�0))ς2.

In this section, we propose a solution to system (10) at
K∈A[Bs

(P
qw
F

)ς
]B. Supposing that the parts of Teorem 15 are

established and Υ(K) � [
∞
b�0(qbτ(

b
a�0μ

a/a!sa(K),

0)/b
a�0μa/a!)wb ]1/ℵ, for each K∈A[Bs

(P
qw
F

)ς
]B. Consider the

following nonlinear uncertainty equation of fuzzy functions:

sa(K) � sa(J) + 
∞

q�0
Π(a, q)f q, sq(K) , (82)

and if L: A[Bs
(P

qw
F

)ς
]B⟶ A[Bs

(P
qw
F

)ς
]B is defned as

L(K) � sa(J) + 
∞

q�0
Π(a, q)f q, sq(K) ⎛⎝ ⎞⎠I. (83)

Theorem 49. System (10) holds one and only one solution
G∈A[Bs

(P
qw

F
)ς
]B, if the following parts are confrmed:

(1) Π: N2
0⟶R, f: N0 × R([0, 1])⟶R([0, 1]),

J∈ABB, U∈ABB, and for every b ∈ N0, one has ε such
that supb εwb/ℵ ∈ [0,0.5) and
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q∈N0

Π(a, q) f q, sq(K)  − f q, sq(U)  




,

≤ ε sa(J) − sa(K) + 
q∈N0

Π(a, q)f q, sq(K) 




+ sa(J) − sa(U) + 

q∈N0

Π(a, q)f q, sq(U) 





⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦.

(84)

(2) L is Υ-s.c at an element G∈A[Bs
(P

qw
F

)ς
]B.

(3) Tere is Q∈A[Bs
(P

qw
F

)ς
]B such that LaQ{ } has a Lai Q{ }

converging to G.

Proof. Consider L: A[Bs
(P

qw
F

)ς
]B⟶ A[Bs

(P
qw
F

)ς
]B as defned

by (11). From Teorem 46 and

Υ(LK − LU) � 
∞

b�0

qbτ 
b
a�0μa/a! sa(K) − sa(U) , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

� 
∞

b�0

qbτ 
b
a�0μ

a/a!q∈N0
Π(a, q) f q, sq(K)  − f q, sq(U)  , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

≤ sup
a

εta/ℵ 

∞

b�0

qbτ 
b
a�0μ

a/a! sa(J) − sa(K) + q∈N0
Π(a, q)f q, sq(K)  , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

+

sup
b

εwb/ℵ 

∞

b�0

qbτ 
b
a�0μ

a/a! sa(J) − sa(U) + q∈N0
Π(a, q)f q, sq(U)  , 0 


b
a�0μa/a!

⎛⎝ ⎞⎠

wb

⎡⎢⎢⎣ ⎤⎥⎥⎦

1/ℵ

� sup
b

εwb/ℵ(Υ(LK − K) + Υ(LU − U)).

(85)

Tis fnishes the proof. □

Example 6. Let A[Bs
(PF((1/l!),(2l+3/l+2)))ς

]B, where
Υ(G) �

����

∞
b�0


((τ(

b
a�0μa/a!sz(G), 0))/(b!

b
a�0μa/

a!))2b+3/b+2, for all G∈A[Bs
(PF((1/l!),(2l+3/l+2)))ς

]B.
Consider the following nonlinear uncertainty equation

of fuzzy functions:

sz(G) � sin z + 
∞

m�0

cos 3m
2

 tanh(mz)sinhb
sz−2(G)




secd
sz−1(G)


 + ln(m + z + 1) + 1

,

(86)

where b, d> 0 and z≥ 2 and if
W: A[Bs

(PF((1/l!),(2l+3/l+2)))ς
]B⟶ A[Bs

(PF((1/l!),(2l+3/l+2)))ς
]B is

defned as

W(G) � sin z + 
∞

m�0

cos 3m
2

 tanh(mz)sinhb
sz−2(G)




secd
sz−1(G)


 + ln(m + z + 1) + 1

⎛⎝ ⎞⎠I.

(87)

Supposing that W is Υ-s.c at a point
D∈A[Bs

(PF((1/l!),(2l+3/l+2)))ς
]B and one has

B∈A[Bs
(PF((1/l!),(2l+3/l+2)))ς

]B with WaB{ } has a Wai B{ } con-
verging to D. By Teorem 49 and



∞

m�0

tanh(mz)sinhb
sz−2(G)




secd
sz−1(G)


 + ln(m + z + 1) + 1

cos 3m
2

  − cos 3m
2

  




,

≤
1
25

sin z − sz(G) + 
∞

m�0

cos 3m
2

 tanh(mz)sinhb
sz−2(G)




secd
sz−1(G)


 + ln(m + z + 1) + 1




, +

1
25

sin z − sz(T) + 
∞

m�0

cos 3m
2

 tanh(mz)sinhb
sz−2(T)




secd
sz−1(T)


 + ln(m + z + 1) + 1




.

(88)

Tis completes the proof.
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5. Conclusion

We explained a few topological and geometric properties of
(P

qw
F )ς of the class Bs

(P
qw
F

)ς
and of the class (Bs

(P
qw
F

)ς
)λ in this

article. Te Kannan contraction operator on these spaces is
analyzed, and the possibility of a fxed point is considered.
We ran many numerical experiments to ensure our theories
were correct. Fuzzy functions with nonlinear uncertainty
equation implementations are also investigated. Tis novel
fuzzy function space is used to investigate the fxed points of
all contraction operators, providing a new universal solution
space for a wide variety of stochastic nonlinear dynamical
systems.
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