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Te algebra of split quaternions is a recently increasing topic in the study of theory and numerical computation in split
quaternionic mechanics. Tis paper, by means of a real representation of a split quaternion matrix, studies the problem of
canonical forms of a split quaternion matrix and derives algebraic techniques for fnding the canonical forms of a split quaternion
matrix. Tis paper also gives two applications for the right eigenvalue and diagonalization in split quaternionic mechanics.

1. Introduction

A split quaternion (or coquaternion), which was found in
1849 by James Cockle, is in the form of

q � q1 + q2i + q3j + q4k, (1a)

i
2

� − 1, j
2

� k
2

� 1, ijk � 1, (1b)

where q1, q2, q3, q4 are real numbers. One can easily get that
ij � − ji � k, jk � − kj � − i, ki � − ik � j. A quaternion, which
was found in 1843 by William Rowan Hamilton, is in the
form of q � q1 + q2i + q3j + q4k, i2 � j2 � k2 � − 1, ijk � − 1,
where q1, q2, q3, q4 are real numbers, and ij � − ji � k, jk �

− kj � i, ki � − ik � j. Let Hs and H denote, respectively, the
split quaternion ring and the quaternion ring. Te ring Hs

and H are two diferent associative and noncommutative
Cliford algebras, and the former ring, which contains zero-
divisors, nilpotent elements, and nontrivial idempotents, is
a noncommutative ring [1–7].

Te split quaternions are used to express Lorentzian ro-
tations, and works on the geometric and mechanical meaning
of split quaternions can be found in [8–17]. Moreover, in the
study of the relation between complexifed classical and non-
Hermitian quantum mechanics, there are fndings that

complexifed mechanical systems can alternatively be thought
of as certain quaternionic and split quaternionic extensions of
the underlying real mechanical systems [12, 18–24]. Tis
identifcation gives rise to the possibility of using algebraic
techniques of split quaternions for dealing with problems in
complexifed classical and quantum mechanics.

It is known that the theory and algebraic technique for
Jordan forms of a matrix play essential roles in the study of
matrix theory and its applications. In [25, 26], the authors
studied the problems of Jordan forms of complex and
quaternion matrices, respectively; for instance, for any n × n

quaternion matrices A, A are uniquely similar to the Jordan
form [26], and the authors gave many applications not only
in the theory study but also in the numerical computation.
Tis paper, by means of a real representation of a split
quaternion matrix, studies the problems of canonical forms
of a split quaternion matrix and derives algebraic techniques
for fnding the canonical forms of a split quaternion matrix.
Tis paper also gives two applications for the right eigen-
value and diagonalization of a split quaternion matrix in
split quaternionic mechanics.

Denote the real number feld and complex number feld,
respectively, by R and C and the split quaternion ring by
Hs � R ⊕ Ri ⊕ Rj ⊕ Rk. A split quaternion λ is called to be
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a right (left) eigenvalue of a split quaternionmatrixA ∈ Hn×n
s if

Aα � αλ(Aα � λα) for nonzero vector α, and α is called to be
an eigenvector corresponding to the eigenvalue λ. For
A ∈ Hn×n

s , A is said to be nonsingular if AB � BA � In for
a matrix B ∈ Hn×n

s . Two matrices A, B ∈ Hn×n
s are said to be

similar ifT− 1AT � B for a nonsingularmatrixT ∈ Hn×n
s . IfA is

similar to B, write A∼B, and if A is permutation similar to B,
write A∼psB. A matrix A ∈ Hn×n

s is called to be diagonalizable if
T− 1AT � J is a diagonal matrix for a nonsingular matrix
T ∈ Hn×n

s .

2. Real Representations of a Split Quaternion

Given A � A1 + A2i + A3j + A4k ∈ Hm×n
s , A1, A2, A3, A4 ∈

Rm×n, a real representation of A was given as [13]

A
R

�
A1 + A3 − A2 + A4

A2 + A4 A1 − A3
  ∈ R2m×2n

, (2)

and the mapping f: A⟶ AR is an isomorphism of ring
Hm×n

s onto ring R2m×2n.
For A, B ∈ Hm×n

s , C ∈ Hn×p
s , r ∈ R, we have the following

results:

(A + B)
R

� A
R

+ B
R
, (AC)

R
� A

R
C

R
, (rA)

R
� rA

R
. (3)

Terefore, the statements above imply that Hm×n
s is

isomorphic to R2m×2n, that is, Hm×n
s � R2m×2n. Terefore,

A ∼ B if and only if AR ∼BR for two matrices A, B ∈ Hn×n
s .

Moreover, A ∈ Hn×n
s is nonsingular if and only if AR is

nonsingular with (AR)− 1 � (A− 1)R.

Remark 1. For A � A1 + A2i + A3j + A4k ∈ Hm×n
s , A1, A2,

A3, A4 ∈ Rm×n, the real representation of A is not unique.
Te real representation of A can also be of the form

A
R

�
A1 + A4 A2 + A3

− A2 + A3 A1 − A4
  ∈ R2m×2n

. (4)

Similarly, this real representation also gives an iso-
morphism of ring Hm×n

s onto ring R2m×2n.

Proposition 2 (see [26], chapter 6.7). Let A ∈ Hn×n
s . Ten

the complex eigenvalues of the real representation AR given in

(2) appear in conjugate pairs, and AR is similar to the real
block-diagonal matrix, that is,

A
R ∼ 

t

u�1
⊕ J2lu

λu, λu ⊕ 
s

v�1
⊕ Jmv

μv( , (5)

where λu � au + bui, au, bu ∈ R, are imaginary eigenvalues and
μv are real eigenvalues of real representation AR, and 2

t
u�1lu+


s
v�1mv � 2n. Moreover, J2lu

(λu, λu) and Jmv
(μv) are the

matrices of 2lu × 2lu and mv × mv, respectively, as follows.

J2lu
λu, λu  �

Fu I2

Fu ⋱

⋱ I2

Fu

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Jmv
μv(  �

μv 1

μv ⋱

⋱ 1

μv

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(6)

and Fu �
au − bu

bu au

 , Jmv
(μv) is the Jordan block of the ei-

genvalue μv.

3. A Canonical Form of a Split
Quaternion Matrix

Given A ∈ Hn×n
s , let all diferent complex eigenvalues of the

real representation AR be as follows:

λ1, λ1, . . . , λt, λt, μ1, μ2, . . . , μs, (7)

in which λu � au + bui are imaginary, au, bu(> 0), and μv are
real; by Proposition 2, there exists a nonsingular matrix
P ∈ R2n×2n such that P− 1ARP is a real block-diagonal matrix
in (5), in which J2lu

(λu, λu) and Jmv
(μv) are given in (6), and

2
t
u�1lu + 

s
v�1mv � 2n.

For the cases that the real representation AR has
imaginary eigenvalues, let all J2lu

(λu, λu) matrices in (6) be as
follows:

J2l1
λ1, λ1 , J2l2

λ2, λ2 , . . . , J2lt
λt, λt . (8)

Clearly, for the Jordan blocks Jlu
(λu), by defnition (2),

we have

J
R
lu

λu(  �

au 1 − bu

au ⋱ − bu

⋱ 1 ⋱

au − bu

bu au 1

bu au ⋱

⋱ 1

bu au

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2lu×2lu
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∼ps

Fu I2

Fu ⋱

⋱ I2

Fu I2

Fu I2

Fu ⋱

⋱ I2

Fu

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2lu×2lu

� J2lu
λu, λu .

(9)

For the case that the real representation AR has real
eigenvalues, let all the Jordan blocks Jmv

(μv) in (10) be as
follows:

Jm1
μ1( , Jm2

μ2( , . . . , Jms
μs( . (10)

Suppose that an integer mt for some 1≤ t≤ s is even; then
we have

Lmt/2 μt +
k − i
2

  ≡

μt +
k − i
2

i + k

2

μt +
k − i

2
⋱

⋱
i + k

2

μt +
k − i

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

mt/2×mt/2

. (11)

Clearly, by (2), we have

L
R
mt/2 μt +

k − i
2

  �

μt 0 · · · 0 1 0 · · · 0

0 μt · · · 0 0 1 · · · 0

⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮

0 0 · · · μt 0 0 · · · 1

0 1 · · · 0 μt 0 · · · 0

0 0 ⋱ 0 0 μt · · · 0

⋮ ⋮ ⋱ 1 ⋮ ⋮ ⋱ ⋮

0 0 · · · 0 0 0 · · · μt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

mt×mt

∼ps Jmt
μt( . (12)

Suppose that an integer mv for some 1≤ v≤ s is odd;
since 

s
v�1mv � 2(n − 

t
u�1lu), there exists a Jordan block

Jmu
(μu) such that mu is also odd; set

J μu, μv(  �
Jmu

μu(  0

0 Jmv
μv( 

⎡⎣ ⎤⎦

mu+mv

. (13)
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Tere are three cases for two odds mu and mv as follows: Case 1. mu � mv � 1. In this case, we have

J μu, μv(  �

μu

μv

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦ �

μR
u , μu � μv,

μu + μv

2
+
μu − μv

2
j 

R

, μu ≠ μv.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(14)

Case 2. mu � 1, mv ≥ 3. In this case, construct the fol-
lowing split quaternion matrix:

M 1+mv( )/2× 1+mv( )/2 μv +
k − i
2

  ≡

μu + μv

2
+
μu − μv

2
j

i + k

2

0 L mv− 1( )/2 μv +
k − i

2
 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (15)

and it is clear to get the following equality:

M 1+mv( )/2× 1+mv( )/2 μv +
k − i

2
  �

μu 0 0 0

0 μvI mv− 1( )/2 0 I mv − 1( )/2

0 1 μv 0

0 J mv − 1( )/2(0) 0 μvI mv − 1( )/2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1+mv( )/2× 1+mv( )/2

∼ps

μu 0 0 0

0 μv 1 0

0 0 μvI mv − 1( )/2 I mv − 1( )/2

0 0 J mv− 1( )/2(0) μvI mv − 1( )/2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ps
μu 0

0 Jmv
μv( 

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

1+mv

� J μu, μv( .

(16)

Case 3. mu ≥ 3, mv ≥ 3. In this case, construct the (mu +

mv)/2 × (mu + mv)/2 split quaternion matrix:
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M mu+mv( )/2× mu+mv( )/2 μu +
k − i

2
, μv +

k − i

2
 

≡

L mu − 1( )/2 μu +
k − i

2
  e mu − 1( )/2

i + k

2
  0

0
μu + μv

2
+
μu − μv

2
j e

T
1

i + k

2
 

0 0 L mv− 1( )/2 μv +
k − i

2
 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

μu +
k − i

2
i + k

2

μu +
k − i

2
⋱

⋱
i + k

2

μu +
k − i

2
i + k

2

μu + μv

2
+
μu − μv

2
j

i + k

2

μv +
k − i

2
i + k

2

μv +
k − i

2
⋱

⋱
i + k

2

μv +
k − i

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(17)

where eT
(mu− 1)/2((i + k)/2) �(0, . . . , 0, (i + k)/2)∈R1×(mu − 1)/2,

eT
1 ((i + k)/2) � ((i + k)/2, 0, . . . , 0) ∈ R1×(mv− 1)/2.

By the fact that L(mv− 1)/2(μv + (k − i)/2) � μvI(mv− 1)/2+

(1/2)J(mv − 1)/2(− 1)i + (1/2)J(mv− 1)/2(1)k, we easily get the
following equality:
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M
R

mu+mv( )/2× mu+mv( )/2 μu +
k − i

2
, μv +

k − i

2
 

�

μuI mu − 1( )/2 0 0 I mu − 1( )/2 0 0

0 μu 0 0 0 0

0 0 μvI mv − 1( )/2 0 0 I mv − 1( )/2

J mu− 1( )/2(0) e mu− 1( )/2 0 μuI mu− 1( )/2 0 0

0 0 e
T
1 0 μv 0

0 0 J mv− 1( )/2(0) 0 0 μvI mv− 1( )/2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ps

μuI mu− 1( )/2 I mu − 1( )/2 0

J mu− 1( )/2(0) μuI mu− 1( )/2 e mu − 1( )/2

0 0 μu

μvI mv− 1( )/2 I mv− 1( )/2 0

J mv− 1( )/2(0) μvI mv− 1( )/2 0

e
T
1 0 μv

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(18)

It is easy to get by direct calculation

μuI mu− 1( )/2 I mu − 1( )/2 0

J mu− 1( )/2(0) μuI mu − 1( )/2 e mu − 1( )/2

0 0 μu

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∼ps Jmu

μu( ,

μvI mv− 1( )/2 I mv − 1( )/2 0

J mv− 1( )/2(0) μvI mv− 1( )/2 0

e
T
1 0 μv

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∼ps Jmv

μv( .

(19)

Terefore,

M
R

mu+mv( )/2× mu+mv( )/2 μu +
k − i

2
, μv +

k − i

2
  ∼ps

Jmu
μu(  0

0 Jmv
μv( 

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦ � J μu, μv( . (20)
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From the aforementioned discussions, we can obtain the
following results:

A
R ∼ 

u

⊕ Jlu
λu( ⊕ 

μp≠μq

⊕
μp + μq

2
+
μp − μq

2
j ⊕ 

v

⊕ μv

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⊕ 
t

mteven

⊕Lmt/2 μt +
k − i

2
 ⊕ 

h
mhodd
mh≥3

⊕M 1+mh( )/2× 1+mh( )/2 μh +
k − i

2
 

⊕ 
r,s

mr,msodd
mr≥3,ms≥3

⊕M mr+ms( )/2× mr+ms( )/2 μr +
k − i

2
, μs +

k − i

2
 

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

R

.

(21)

Theorem 3. Let A ∈ Hn×n
s . Ten A is similar to the following

canonical form:

A ∼ 
u

⊕ Jlu
λu( ⊕ 

μp ≠ μq

⊕
μp + μq

2
+
μp − μq

2
j ⊕ 

v

⊕ μv

⊕ 
t

mteven

⊕Lmt/2 μt +
k − i

2
 ⊕ 

h
mhodd
mh≥3

⊕M 1+mh( )/2× 1+mh( )/2 μh +
k − i

2
 

⊕ 
r,s

mr,msodd

mr≥3,ms≥3

⊕M mr+ms( )/2× mr+ms( )/2 μr +
k − i

2
, μs +

k − i

2
 ,

(22)

in which the split quaternion matrices Lmt/2(μt + (k − i)/2),
M(1+mh)/2×(1+mh)/2(μh + (k − i)/2), and M(mr+ms)/2×(mr+ms)/2
(μr+ (k − i)/2, μs + (k − i)/2) are defned in (11), (15), and
(17), respectively.

Similar to Teorem 3, we can obtain Corollary 4.

Corollary  . Let A ∈ Hn×n
s . Ten A is similar to the upper

bidiagonal matrix, that is,
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A ∼

λ1 σ1
λ2 σ2
⋱ ⋱

⋱ σn− 1

λn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×n

, (23)

in which λ1, λ2, . . . , λn ∈ au + bui, (μp+ μq)/2 + (μp − μq)/
2j, μv, μt + (k − i)/2} are right split quaternion eigenvalues of

the split quaternion matrix A, and σ1, σ2, . . . , σn− 1 ∈
0, 1, (i + k)/2{ }.

Remark 5. For A � A1 + A2i + A3j + A4k ∈ Hm×n
s , A1, A2,

A3, A4 ∈ Rm×n, the canonical form of A is not unique. For
example, if a real representation of A is defned in (4), then it
is easy to get the following result:

A
R ∼ 

u

⊕ Jlu
au − buk( ⊕ 

μp ≠ μq

⊕
μp + μq

2
+
μp − μq

2
i ⊕ 

v

⊕ μv

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⊕ 
t

mteven

⊕ Lmt/2 μt +
k − j

2
 ⊕ 

h
mhodd
mh≥3

⊕M 1+mh( )/2× 1+mh( )/2 μh +
k − j

2
 

⊕ 
r,s

mr,msodd
mr≥3,ms≥3

⊕M mr+ms( )/2× mr+ms( )/2 μr +
k − j

2
, μs +

k − j

2
 

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

R

.

(24)

By Remark 5, similar to Teorem 3, we can obtain
Teorem 6.

Theorem 6. Let A ∈ Hn×n
s , and

A
R ∼ 

u

⊕ J2lu
λu, λu ⊕ 

v

⊕ Jmv
μv( , (25)

in which λu � au + bui are imaginary eigenvalues, μv are real
eigenvalues of real representation AR, and J2lu

(λu, λu) and
Jmv

(μv) are given in (6). Ten A is similar to the following
canonical form:

A ∼ 
u

⊕ Jlu
au − buk( ⊕ 

μp≠μq

⊕
μp + μq

2
+
μp − μq

2
i ⊕ 

v

⊕ μv

⊕ 
t

mteven

⊕ Lmt/2 μt +
k − j

2
 ⊕ 

h
mhodd
mh≥3

⊕M 1+mh( )/2× 1+mh( )/2 μh +
k − j

2
 

⊕ 
r,s

mr,msodd
mr≥3,ms≥3

⊕M mr+ms( )/2× mr+ms( )/2 μr +
k − j

2
, μs +

k − j

2
 ,

(26)
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in which the split quaternion matrices Lmt/2(μt + (k − j)/2),
M(1+mh)/2×(1+mh)/2(μh + (k − j)/2), and M(mr+ms)/2×(mr+ms)/2

(μr + (k − j)/2, μs + (k − j)/2) are defned in (27)–(29),
respectively.

Lmt/2 μt +
k − j

2
  �

μt +
k − j

2
j + k

2

μt +
k − j

2
⋱

⋱
j + k

2

μt +
k − j

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

mt/2×mt/2

, (27)

M 1+mh( )/2× 1+mh( )/2 μh +
k − j

2
  ≡

μh + μv

2
+
μh − μv

2
i

j + k

2

0 L mv− 1( )/2 μv +
k − j

2
 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (28)

· M mr+ms( )/2× mr+ms( )/2 μr +
k − j

2
, μs +

k − j

2
 

≡

L mr − 1( )/2 μr +
k − j

2
  e mr− 1( )/2

j + k

2
  0

0
μr + μs

2
+
μr − μs

2
i e

T
1

j + k

2
 

0 0 L ms− 1( )/2 μs +
k − j

2
 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(29)

Corollary 7. Let A ∈ Hn×n
s . Ten A is similar to the upper

bidiagonal matrix, that is,

A ∼

η1 τ1
η2 τ2
⋱ ⋱

⋱ τn− 1

ηn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×n

, (30)

in which η1, η2, . . . , ηn ∈ au − bui, (μp + μq)/2+

(μp − μq)/2i, μv, μt + (k − j)/2} are right split quaternion
eigenvalues of A, and τ1, τ2, . . . , τn− 1 ∈ 0, 1, (j + k)/2 .

From the statements above, we know that the proofs of
Teorems 3 and 6 are constructive; they give two algebraic
techniques for fnding canonical forms by means of real
representation of a split quaternion matrix.

4. Applications

Tis section, by means of canonical forms of a split qua-
ternion matrix, gives two applications for the eigenvalue and
diagonalization of a split quaternion matrix.

If x− 1px � q for a nonsingular split quaternion x, the two
split quaternions p and q are called similar, which can be
written as p ∼ q. Denote by [q] the equivalence class that
contains q. Te split quaternion q is called to be a principal
element of [q].

By Teorem 3, we get the following result.

Theorem 8. Let A ∈ Hn×n
s , all diferent complex eigenvalues

of the real representation AR be given in (7). Ten there exist
four possible diferent kinds of principal eigenvalues of A as
follows:

λu � au + bui,
μp + μq

2
+
μp − μq

2
j, μv, μt +

k − i

2
, (31)
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in which μv, μv, μp, μq, μp ≠ μq, and μt are real eigenvalues of
AR and λu � au + bui are imaginary eigenvalues of AR with
real au, bu(> 0).

Moreover, all possible right eigenvalues of A are the
following equivalence classes with principal element λu �

au + bui, (μp + μq)/2 + (μp − μq)/2j, μv and μt + (k − i)/2,
respectively.


λu

λu , 
μp,μq

μp + μq

2
+
μp − μq

2
j , 

μv

μv , 
μt

μt +
k − i

2
 .

(32)

Remark 9. For A ∈ Hn×n
s , Teorem 8 not only derives all

possible right eigenvalues of A but also suggests a technique
for fnding the eigenvalues by means of real representation
of A.

By the fact that Hn×n
s is isomorphic to R2n×2n, for

A, B ∈ Hn×n
s , we know that A ∼ B if and only if AR ∼ BR. In

addition, if A ∈ Hn×n
s is diagonalizable, then by Teorem 3,

we get the following result:

A ∼ J � 
u

⊕ λu ⊕ 
μp ≠ μq

⊕
μp + μq

2
+
μp − μq

2
j ⊕ 

v

⊕ μv ⊕ 
t

⊕ μt −
1
2

i +
1
2

k , (33)

and by (2) and (3), we have

A
R ∼ps 

u

⊕ λR
u ⊕ 

μp ≠ μq

⊕
μp + μq

2
+
μp − μq

2
j 

R

⊕ 
v

⊕ μR
v ⊕ 

t

⊕ μt −
1
2

i +
1
2

k 
R

∼s 
u

⊕
au − bu

bu au

⎡⎢⎣ ⎤⎥⎦⊕ 
μp≠μq

⊕
μp 0

0 μq

⎡⎢⎢⎣ ⎤⎥⎥⎦⊕ 
v

⊕
μv 0

0 μv

⎡⎢⎣ ⎤⎥⎦⊕ 
t

⊕
μt 1

0 μt

⎡⎢⎣ ⎤⎥⎦

∼s 
u

⊕
λu 0

0 λu

⎡⎢⎣ ⎤⎥⎦⊕ 
μp≠μq

⊕
μp 0

0 μq

⎡⎢⎢⎣ ⎤⎥⎥⎦⊕ 
v

⊕
μv 0

0 μv

⎡⎢⎣ ⎤⎥⎦⊕ 
t

⊕
μt 1

0 μt

⎡⎢⎣ ⎤⎥⎦,

(34)

and the characteristic polynomial of AR is

fAR (x) � 
u

x
2

+ pux + qu 
mu


r

x
2

+ crx + dr 
nr


v

x − μv( 
2hv 

t

x − μt( 
2gt , (35)

where p2
u < 4qu, c2r ≥ 4dr, and pu, qu, cr, dr, μv, μt are real

numbers.Terefore, A ∈ Hn×n
s is diagonalizable if and only if

AR satisfes (34) and (35).
From the aforementioned discussions, we can obtain the

following results.

Theorem 10. Let A ∈ Hn×n
s . Ten A is diagonalizable if and

only if the characteristic polynomial of AR has the following
form:

fAR (x) � 
u

x
2

+ pux + qu 
mu


r

x
2

+ crx + dr 
nr


v

x − μv( 
2hv 

t

x − μt( 
2gt , (36)
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where p2
u < 4qu, c2r ≥ 4dr, and pu, qu, cr, dr, μt are real num-

bers, and for any eigenvalue μ of AR,

rank μI2n − A
R

  � 2n − s,

or 2n −
1
2

 s,

(37)

where s is the multiplicity of the eigenvalue μ in which case the
diagonal matrix J is as follows:

J � 
u

⊕ λu ⊕ 
μp≠μq

⊕
μp + μq

2
+
μp − μq

2
j ⊕ 

v

⊕ μv ⊕ 
t

⊕ μt −
1
2

i +
1
2

k . (38)

Remark 11. Teorem 10 derives an algebraic technique for
fnding the diagonal split quaternion matrix J in (33) by
means of real representation AR of a split quaternion matrix

A. Moreover, if A is diagonalizable, then AR can be di-
agonalizable by statement (34).

Example 1. Let

A �

− 2 + i − j − k 1 + i + 3j − k 2 − i − 4j + 2k − 3 + i + 2j − 2k

− 1 − 2j 3 + j − 2 + i − i − j

1 − i + 3j + k − 3 − i − j + k 5 + 2i − j − 2k − 2 − 2i + 2j + 2k

1 − i + 3j + k − 3 − i − j + k 3 + i − j − 2k − i + 2j + 2k

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

− 2 1 2 − 3

− 1 3 − 2 0

1 − 3 5 − 2

1 − 3 3 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

1 1 − 1 1

0 0 1 − 1

− 1 − 1 2 − 2

− 1 − 1 1 − 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

i +

− 1 3 − 4 2

− 2 1 0 − 1

3 − 1 − 1 2

3 − 1 − 1 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

j +

− 1 − 1 2 − 2

0 0 0 0

1 1 − 2 2

1 1 − 2 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

k.

(39)

By (2), we have

AR
�

− 3 4 − 2 − 1 − 2 − 2 3 − 3

− 3 4 − 2 − 1 0 0 − 1 1

4 − 4 4 0 2 2 − 4 4

4 − 4 2 2 2 2 − 3 3

0 0 1 − 1 − 1 − 2 6 − 5

0 0 1 − 1 1 2 − 2 1

0 0 0 0 − 2 − 2 6 − 4

0 0 − 1 1 − 2 − 2 4 − 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (40)

and by direct calculation, we get

fAR(x) � x
2

− 4x + 5  x
2

− 6x + 8 (x − 1)
2
x
2
, (41)

and the eigenvalues of AR are as follows:

λ1 � 2 + i, λ2 � 2 − i, μ1 � 4, μ2 � 2,

μ3 � 1, μ4 � 1, μ5 � 0, μ6 � 0.
(42)

(1) By Teorem 8, the principal eigenvalues of the split
quaternion matrix A are

]1 � 2 + i, ]2 � 3 + j, ]3 � 1, ]4 �
k − i

2
, (43)

and all right eigenvalues of A are p− 1]sp for any
nonsingular split quaternion p, s � 1, 2, 3, 4.

(2) For eigenvalues λ of real representation matrix AR, it
is easy to get that rank(λI8 − AR) � 8 − s for λ � λ1,
λ2, μ1, μ2, μ3, and rank(λI8 − AR) � 8 − (1/2)s for
λ � μ5, in which s is the multiplicity of eigenvalue λ.
Ten by Teorem 10, A is diagonalizable, and by
(38), A is similar to diagonal matrix as follows:

J �

2 + i 0 0 0

0 3 + j 0 0

0 0 1 0

0 0 0
k − i

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (44)

(3) By (5)–(14), AR is similar to the following canonical
form:
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A
R ∼ λu( 

R ⊕
μ1 + μ2

2
+
μ1 − μ2

2
j 

R

⊕ μ3( 
R ⊕ μ5 +

k − i

2
 

R

∼ps λu( ⊕
μ1 + μ2

2
+
μ1 − μ2

2
j ⊕ μ3( ⊕ μ5 +

k − i

2
  

R

∼ps (2 + i)⊕ (3 + j)⊕ (1)⊕
k − i

2
  

R

,

(45)

and therefore, by Teorem 3, A has a canonical form J as
follows:

J � (2 + i)⊕ (3 + j)⊕ (1)⊕
k − i

2
  �

2 + i 0 0 0

0 3 + j 0 0

0 0 1 0

0 0 0
k − i

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(46)

5. Conclusions

Tis paper, by means of the real representation of a split
quaternion matrix, studies the problems of canonical forms
of a split quaternion matrix and derives algebraic techniques
for fnding the canonical forms of a split quaternion matrix.
Tis paper also gives two applications for the right eigen-
value and diagonalization of a split quaternion matrix in
split quaternionic mechanics. Tis paper enriches the split
quaternion matrix algebraic properties of split quaternionic
mechanics and will certainly promote the development of
split quaternionic mechanics.
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