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The limiting directions of Julia sets of infinite order entire functions are studied by combining the theory of complex dynamic
system and the theory of complex differential equations, in which the lower bound of the measure of limiting direction of Julia set
of entire solutions of complex differential equations is obtained.

1. Introduction and Main Results

Let C be a complex plane and f: C — C be a transcen-
dental meromorphic function, where C = CU/{oo}.
f"(n € N) is denoted by the n-th iteration of f. The Fatou
set F (f) of transcendental meromorphic function f is the
subset of C and satisfies {f"} of f is a normal family. The
Julia set 7 (f) of f is the complement of F ( f) in C. We all
know that # (f) is completely invariant under f and open
set. Z(f) is closed and nonempty. Some fundamental
knowledge about the complex dynamics of meromorphic
functions can be found in[1, 2]. We assume that the reader is
familiar with the basic results and standard notation of
Nevanlinna’s value distribution theory in C. It plays a sub-
stantial role in our studying, such as T(r, f),m(r, f),
N (r, f), which can be found in [3, 4]. For a function f
meromorphic in C, the order, lower order, and exponent of
convergence of zeros of f are given by

o log" T (r, f)
PO =limsup S
u(f) = liming 28 TUS) OTg(:’ D (1)

log" n(r,1/f)

A(f) = limsup logr

r—+00

respectively, where log" x = max{logx,0}, T(r, f) is the
Nevanlinna characteristic of f and #n(r,1/f) denotes the
number of f in {z: |z| < r}, counting multiplicities. If f is an
entire function, then the Nevanlinna characteristic T'(r, f)
can be replaced with log M (7, f), where M (r, f) = max ,_,
£ ).

For any a € C, the deficiency of a with meromorphic
function f is defined by

m(r,1/f —a)
T(r, f)

=1 - limsup —N (;’ (1/];)_ i
r—+00 v,

If 6(a, f) >0, then a is a deficient value of f.

The Lebesgue linear measure of a set E C [0,+00] is
denoted by mes(E) = f pdt, and the logarithmic measure of
a set F ¢ [1,+00] is defined by m, (F) = _[th/t.

In the following, we introduce some related results on
the limiting directions of Julia set of meromorphic functions.
Baker [5] first observed that the Julia set cannot be contained
in any finite set of straight lines for a transcendental entire
function f. However, this is not true for transcendental
meromorphic functions. For example, £ (tanz) = R. Qiao
[6] introduced the concept of limiting directions of  (f)
and demonstrated that the Julia set of a transcendental entire
function of finite order possesses an infinite number of

d(a, f) = liminf

r—+00

(2)
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limiting directions. The limiting direction of # ( f) is defined
as a ray argz = 0 for which there exists an unbounded se-
quence {z,} < #(f) such that lim, , argz, =0. For
further information, please refer to [6, 7]. Denoting

A(f) = {0 € [0,27]: arg z = Oalimiting direction of 7 (f)}.
(3)

It is evident that A( f) is a closed set. We denote its linear
measure by mes (A (f)).

In [8], Qiao proved that if f is a transcendental entire
function of finite lower order, then mes(A(f)) =2n if
u(f) <1/2;and mes (A (f)) > min{2m, w/u (f)} if u(f) > 1/2.
Later, some observations were made for a transcendental
meromorphic function f by [9, 10], respectively. They
obtained that if y(f) < +0co and 6(oo, f) >0, then

mes (A(f)) = min{Zﬂ,# (4A) arcsin\/a(ocz)’ A) } (4)

Many results have been obtained involving the limiting
directions of the Julia set of transcendental meromorphic
functions of finite order, for example [1, 7, 11-13] and
therein in references.

However, the limiting direction of the Julia set of entire
functions of infinite order remains an open problem. Re-
cently, many scholars have studied the limiting direction of
Julia set of entire solutions of infinite order by using the
theory of differential equations, such as [11, 12, 14-16].

Furthermore, we define the common Julia limiting di-
rections of derivatives and primitives of an entire function f

by
L(f)= [ A(f™), (5)

nez

where f™ denotes the n-th derivative or n-th integral
primitive of f for n>0 or n <0, respectively.

In order to introduce our results, some notations are
needed.

Let a, 5 be two constants such that 0 <a < <27,

Q(a,p) ={z € C: argz € (a, B)},
Q(r;a,p) = Q(a, ) N{ze C: |z| >}, (6)
Q(a, B;7) = Q(a, f)N{ze C: |z]| <1},

Q (e, p) is the closed set of Q(a, f) and argz = 0 € [0, 2] is
a ray emanating from the origin.

We recall the concept of an accumulation line of the zero
sequence of a transcendental meromorphic function f in an
angular domain Q («, 8; 1), which can be found in [13, 17].
The radial convergence exponent of the zero sequence of f at
the ray argz = 0 is defined by

log" n(Q(0-¢0+¢1),0,f)

logr @

Ao (f) = lim0 limsup

r—>+00

where n(Q (0 — ¢, 0 + &7),0,f) denotes the number of zeros
of f in Q(0-¢08+¢r), counting multiplicities. If
Ao (f) = p(f), then the ray argz = 0 is considered to be an
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accumulation line of the zero sequence of f. This concept
can be used to analyze the growth of solutions of differential
equations, as described in [18]. The properties of solutions of
the following equation (8) are needed in our results.

w' +p(z)w=0, (8)

where p(z) = a,z" +---+ ay,a, #0, which can be found in
[19] [Chapter 7.4], see also Lemma 10 in Section 2 below.
The properties of solutions of (8) are used to study the
growth of solutions of complex differential equations

f +A@)f +B(2)f =0. 9)

See [18, 20] for more details.

In [21], the relationship between T(r,A) and
log M (r, A) is used to study the growth of solutions of (9), in
which infinite order solutions of (9) are characterised by the
following condition:

T (r,A) ~ log M (r, A), (10)

as r — +o00 outside a set D of finite logarithmic measure.
Later, in [22], Long et al. changed the condition to

T (r,A) ~ alog M (r, A), (11)

as r —> +00 outside a set of U zero upper logarithmic
density, and got some results, where a € [0, 1].

The asymptotic relationships (10) and (11) can also be
used to analyze the limiting direction of the Julia set of
solutions of complex differential equations. Wang and Chen
[16] studied the common limiting directions of the Julia set
of solutions of (9).

Theorem 1 (see [16]). Assume that A and B are entire
functions, where B is transcendental and T (r,B)~logM
(r,B) as r — +00 outside a set of finite logarithmic
measure, A has a finite deficient value a, i.e., § (a, A) > 0. For
every nontrivial solution f of (9), we have

‘u(4A) arcsin 6(612’ A) ]» (12)

Moreover, if A(A) < oo, then u(f) = co.

mes(L(f))= min{Zﬂ,

Inspired by Theorem 1 and the idea of asymptotic relations
(11) in [22], which the asymptotical relationship (11), we in-
vestigate the limiting direction of the Julia set of entire solutions
of (9) and derive a lower bound estimate for mes (L ( f)).

Theorem 2. Let A be a nontrivial solution of (8), and the
number of accumulation lines of zero sequence of A is strictly
less than n+ 2. Let a € [0, 1], and let B be a transcendental
entire function that satisfies

T (r,B) ~ alog M (r, B), (13)
asr — +00 outside a set G of zero upper logarithmic density,
where a € [0, 1]. Then, every nontrivial solution of (9) satisfies

mes (L (f)) = max{0, 6}, (14)
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where § =2n/n + 2 — 2n(1 — ).

Next, the condition of B of Theorem 1 is replaced with
the condition (13) and obtains the following result.

Theorem 3. Let A be the entire function having a finite
deficient value a, i.e, §(a,A)>0, and let B be given as
Theorem 2. Then, every nontrivial solution of (9) satisfies

mes (L(f)) >max{0, i}, (15)
where f3 = min{2mx, 4/u(A)arcsinyé(a, A)/2 —2n (1 - (x)}.

The next result is related to Borel exceptional value.

Theorem 4. Let A is an entire function of finite order having
a finite Borel exceptional value, and let B be given as Theorem
2. Then, every nontrivial solution of (9) satisfies

mes (L ( f)) = max{0, y}, (16)
where y = 2na— 1 — 2p(A)e, and ¢, € (0, 1/4p (A)).
Remark 5. 1t is well-known that Borel exception value is

a deficient value and the contrary is not true. So Theorems 3
and 4 both are valuable.

2. Preliminary Lemma

In order to prove our results, we need some preliminary
results. First of all, we recall Nevanlinna’s characteristic in an
angular domain Q (a, 8), which can be found in [23] [Chapter
2]. Let g be a meromorphic function on Q (a, B). We define

w (1 ¢
Ay =2 (-5
«p (7 9) T Jl(tw rzw)

. {10g+|g(teia)| + log+|g(teiﬁ)|};
o (8 (17)
By (rg9)=—=% Llong

2
r
(L |b"| )sinw(@u)dﬂ,

|bn|w - 2

g(tei0)| sinw(6,,)d6,

Cop(rng) =2

1<|b,|<r

where @ = /8 — a, and b,, = |b,|e"% are the poles of g on
Q(a, B), appearing with their respective multiplicities. The
Nevanlinna angular characteristic of g in Q (&, 8) is defined
as follows:

Sap(r:9) = Ayp(r,g) + Bog(r, g) + Cop (1, 9), (18)
and the order of g in Q(a, f) is defined by
logS, 5 (1, 9)

Pap(g) = limsup 08 9] (19)

logr

r—>+00

Lemma 6 (see [23]). Let f be a meromorphic function on
Q(a—¢ B +e) for e>0 and 0 <a< P <2m. Then,

Agg (’?) * Bag (rj;> <K(log"Sy-qpe (7, f) +logr + 1),

(20)

possibly except a set with finite linear measure.

Lemma 7 (see [10]). Let f: Q(ry;6,,0,) — U be hol-
omorphic function, where U is a hyperbolic domain. If there
exists a point a € oU/{oo} such that Cy (a) >0, then there
exists a constant d >0 such that for sufficiently small € >0,

If (@) =0(lz1"),z € Q(ry; 6, + &6, —¢), |zl — +oo.
(21)

Remark 8. A domain W in C\{oo} is called hyperbolic if
C\W contains at least three points. For a € C\W, the hy-
perbolic distance from a to W is defined as
Cy (a) =inf{Ay (2)|lz —al: z € W}, where Ay, (a) is the
hyperbolic density on W. It is well-known that if every
component of W is simply connected, then Cy, (a) > 1/2, see
[10] for more details.

The following lemma provides estimates for the loga-
rithmic derivatives of functions that are analytic in an an-
gular domain. First, let us take a look at the definition of R-
set, see [24] for detail. Set B(z,,,7,) = {z: |z — z,| <r,}. Then,
U2 B(z,,1,) is called an R-setif Y, 7, <oco and z,, — +
00 as n —> +00. It is clear that {|z|: z € |J;2,B(z,,1,)} is
a set of finite linear measure.

Lemma 9 (see [25]). Let z = ré’®,r >r, + 1 for some ry>0
and a <0< f3, where 0 < f — a <2m. Assuming that n>2 is an
integer, g is analytic in Q(ro;a, ) with p,g(g) < +oo.
Choose a<ay <, <f. Then, for every ¢; € (0, (B; —a;)/2)
(j=1,2,...,n—1) outside a set of linear measure zero with

j-1 -1
a; =(x+Z£S,ﬁj =ﬁ+Z£S, j=23,...,n-1 (22)
s=1 s=1

There exist K>0 and M >0 that only depending on

G>€1,855 ..., &, and Q(a,,_y, B,_), not depending on z, such
that

9 M (sink (0 - o)),

9(2)

(n) ™ N
gg(g) <Kr' <Sink(9 - “’ﬂ sink, (6~ aj)) ’

(23)

forall z € Q(a,_,,P,_;) outside an R-set, where k = n/f — «
al’ld kej = T[/ﬁ]_a],] = 1,2,..., n-—1.

In order to recall the properties of solutions of (8), the
following definitions are needed. Let A be an entire function
with finite positive order p (A). If for any 0 € (a, ), we have



log 10g|A(rei'9)|

= 24
logr p(A), (24)

r—+00

then A blows up exponentially in Q(a,B). If for any
0 € (a, B), one has that

PN
lim M:pm). (25)

r—+00 lo gr

Then, in Q(a, ), A decays to zero exponentially.
The following lemma will be employed to establish
Theorem 2.

Lemma 10 (see [19]). Let A be a nontrivial solution of
equation (8). Set 6]- =2jm—arg(a,)/n+2 and
§;=0(0;,0,,) where j=0,1,...,n+1 and
0,42 = 0y + 27m. Then, A has the following properties:

(i) In each sector S;, A either blows up or decays ex-
ponentially to zero;

(ii) If A decays exponentially to zero in S;, then it must
blow up exponentially in S;_, and S;,,, but it is
possible for A to blow up exponentially in many
adjacent sectors;

(iii) If A decays exponentially to zero in S, then A has at
most finitely many zeros in any closed subsector
within 8, ; US;US,,;

(iv) If A blows up exponentially in S;_, and S, then, for
each € >0, A has infinitely many zeros in each sector
ﬁ(ej —-& Hj +¢). Moreover, as r — +00,

2
n(ﬁ(ﬂj -0, +¢ r),O, A) =(1+ o(1))ﬂrn+z/z’

7 (n+2)
(26)

where n(ﬁ((—)’j —-& Gj +&71),0,A) is the number of
zeros  of A counting  multiplicity  in
_Q(@j —-& Hj +&7).

Remark 11. It is well-known that the set of accumulation
rays of the zero sequence of every nontrivial solution of (8) is

J

where j =0,1,...,2n — 1. Then there exists a positive
number R = R(¢) such that, for |z| =r>R,

{ Re{Q(z)} > b, (1 — ¢)sin (ne)r”,
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a subset of {Gj: j=0,1,...,n+ 1}, and the number of ac-
cumulation rays is less than or equal to n + 2.

Next, we will introduce some information on the cor-
relation between Poélya peak and deficient value. Edrei [26]
demonstrated that if f is an entire function with
u(f) < +o0, then, for any finite p where u(f)<p<p(f),
there is a series of Pdlya peaks of order p. As proven in [4],
[Theorem 1.1.3] and [23], there is a positive, increasing, and
unbounded sequence {r,} that is outside of an exceptional
set F with finite logarithmic measure. The main result of [27]
is the spread relation on the Pélya peak, which is stated in the
following lemma.

Lemma 12 (see [27]). Let f be a transcendental mero-
morphic function with finite lower order y and one deficient
value a. Let A(r) be a positive function such that A(r) =
o(T(r, f)) as r — +o00. Then, for any fixed sequence of
Pélya peaks {r,} of order y, we have

>

- . 4
liminf mesD, (r,,,a) > min { 27, —arcsin
r—+00 U

d(a, f)
2

(27)

where D, (r,a) is defined by D, (r,00) = {0 € [-m,7]: | f (2)]
>e*MY, and for finite aD,(r,a) ={0¢ [-mnl:|f
(z) —al <e A0},

The following two lemmas are related to Borel
exceptional value.

Lemma 13 (see [15]). Let f be an entire function of finite
order with a finite Borel exceptional value c. Then, there exist
an entire function h(z) with p(h) <p(f) and a polynomial
P(z) of degree deg(P) = p(f) such that

f(z)= h(z)e’@ +c. (28)

Lemma 14 (see [28]). Let Q(z) =a,2" +a, 2" ! +---+
a,, where n € N*, a, = b,e with b, >0, and 0, € [0, 27].
For any given ¢ € (0, 1/4n), we introduce 2n open angles

- . 0, : T O ; T
S —{ze C: —;+(2] - 1)%+s< argz<—;+(2] + 1)%—8}, (29)

if z € §;and jiseven,
(30)

Re{Q(z)} <-b, (1 —¢)sin(ne)r”, ifz e S;and jis odd.
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3. Proofs of Main Theorems

Proof of Theorem 15. Since § =2m/n+2 — 2n(l —a), if
0<0, then it is clear that mes(L(f))>0. We will prove
mes (L (f))=6ford>0. Since the number of accumulation
lines of zero sequence of A is strictly less than n + 2, there
exists at least one ray arg z = 0 is not the accumulation line
of the zero sequence of A. Without loss of generally, let
ip €{0,1,...,n + 1} such that the ray argz = 6, is not an
accumulation line of the zero sequence of A, which implies
that A decays to zero exponentially in either §; _; or §; . In
fact, if A blows up inboth §; _, and §; , then by condition (iv)
of Lemma 10, on the one hand

log" n(Q(@iO -&0;, +¢& r), 0, A)
logr

’191-(, (A) = slln limsup

r—+00

n+2
= N =p(A),
(31)

2nT (r,B) = J 10g+|B(rei9)'d9 + J

E(r) [0,27]/E (r

which gives
logM(r,B) M,logr
T(r,B)  T(r,B)

2 <mes(E(r)) (2m — mes(E(r))).

(35)

Since B is transcendental and satisfies (13) outside of G, it
yields that, for r ¢ G,

lim inf mes (E (1)) > 2ma. (36)

r—+00

mes(E) = lim mes(E,) =

n—-+00

mes (Dl-n n E) = mes (D,-n/EC) > mes(Dio) - mes(EC> > nzfz

Suppose that mes(L(f)) <d. Then there exists an in-
terval (a,f3) such that

(&p) ¢ D; NE, (&, p)NL(f) = @. (39)

Thus, every ray argz = 0 € (a, ) is not a limiting di-
rection of Julia set of f ") for some integer 1y depending on
6. Then there exists an angular domain Q (60 - &y, 0+ &)
such that

(0-£,0+8,)c (oc,ﬁ),Q(r;0—59,9+59)nj(f("")> -,
(40)

n—+00

which is impossible. Without loss of generality, assume that
A decays to zero exponentially in sector S; = Q(6,,6, ,1),

0<iy<n + 1. That is, for any 6 € D; = {argz: z €S, i, we
have that

log log'A(reie)'_ :

= (32)
logr p(A),

lim
r—+00

and mes(D; ) = 27/n + 2. By simple calculations, for any
given ¢> 0, there exists r > 1, such that for all z € §; and
|z| = r >r,, we have

'A(rei9)| Sexp(—r(p(A)_g)). (33)

On the other hand, for any sufficiently large positive
constants M, we define I = {z € C: |B(2)| > Ilel} and
E(r) =1{0 € [0,2n]: z = re"® € I}. Then for some r; >0, if
r>r,, we have

)log+‘B(rei9)|d6S mes (E(r))log M (r, B) + M logr (2m — mes(E(r))), (34)

By the Heine theorem, there exists an infinite sequence

{r,} c (r),+00)\G satisfies lim, _, , 1, = 400, such that

mes (E(r,)) > 2na. (37)

Set E,, = |J,E (r;). It is easy to see that E, is a mono-
tone-decreasing measurable set. Moreover, set E = N E,,.
Then E is independent of r, thus, by the Monotone Con-
vergence theorem and (37), we get

lim mes( U (E,)) >2na,

(38)

-27(1—a)=8>0.

for sufficiently large r ¢ G, &, is a constant depending on 0.
This means that there exist the corresponding r, and an
unbounded Fatou component U, of F(f ()} (see [29]),
such that Q (ry; 0 — &5, 0 + &) c Uy. Take an unbounded and
connected set I' ¢ 0Uy, then

f: Q(TG;Q—EO,G‘FE@) —)%, (41)

is analytic. Because C\T is simply connected, so that C\T is
hyperbolic and open, then by Remark 8, for any a € I'{co},
we have Ce\p(a) 2 1/2.



Applying Lemma 7 to mapping f mentioned above,
there exists a positive constant d; such that

|1 0%) (2)] = o(121"), (42)
holds for all argz € Q(ry;0 - &y +¢6,0+ & —¢).
If ng > 0, noting the fact that

Fo @ = [T dcsc (43)

where C is a constant, and the integral path can be chosen as
the segment of a straight line from 0 to z because this integral
is independent of the path. It follows from (42) and (43) that

|f(n9 1) Z)| _ |Z|d +1)) (44)

holds for all z € Q(rp;0 - &g +¢,0+&5—¢).
Repeating the above discussion n, times, we can deduce
that for z € Q(ry;0 - &y + 6,0+ &y —€), we have

[ @1 =0(lz1 7)), (45)

Therefore, from the definition of Nevanlinna angular

characteristic, we know that
S@*Ee+£,0+59*£(r’ f) =0 (lOg T'). (46)

Ifng <0, in view of [23], [Lemma 2.2.1] and Lemma 6, we
conclude that

+1
Se—fg+e+e',9+fg—s—s'(r’f(ns ))

SS@—E9+£+€',9+£9—£—8 < =7

(47)

(10g SG Eot+e,0+8— ( f( 9) +10g1’)

+ Spgyrere 0rEy-cc (r, ))
)
)

+ So gy rere Ory—e- s(
= O(log+Se-zg+s,a+s,,-s(nf ("")) +log r),
for In(,ls' = ¢. Then,
Spctpese ostyee (1 £ 7)) =Ollogr). (49)

By (42), we get 89_59+&9+59_8(1’,f(”9)) =O(logr). By us-
ing the similar argument |ny| times, it yields that

So-t,4260+8,-2: (1> f) = O(logr). (49)

It follows from (46) and (49), whenever ny is positive or
not,

Sa’,/}' (r, f) =O(logr), (50)

where

a,=0—£ +¢, ,=6+E —&ny>0,
, ot&p , 0 0 (51)
a =0-& + 2 =0+& — 2e,ny<0.

Journal of Mathematics

This implies that p . o (v, f) = 0. By Lemma 9, there exist
two constants M, >0 and K >0 such that
(n)
f (@) <Kr™, (52)
f @

holds forz € Q(ry; 0 — &y + 26,0+ &y — 2¢) outside a R-set.
Combining (9), (33), and (52), we have

£ (") £ (1)
) £(re”)

p(A)- E))

+[A(re”)]

(53)

M,

<C exp( [

holds for z, =r,e € Q(rg;0-&; + 26,0+ &, — 2¢) out-
side an R-set and sufficiently large |z,| = 7, ¢ G, where C is
a positive constant. This is impossible, since M, can be taken
sufficiently large and M, is a finite positive constant. Hence,
we obtain

mes (L(f))26. (54)

Hence, Theorem 2 is completely proved. O O

Proof of Theorem 16. Since f = min{2ma,4/u(A)arcsin

\Vé(a, A)2-2n(1 —a)}, if B<0, then it is clear that
mes (L (f)) >0, Let us prove that mes (L (f)) = S for >0, we
first assume that

mes (L(f)) <. (55)

Using Lemma 12 to A, we can take an increasing and
unbounded sequence {r;} such that

S(a, A
}Clglfg mes(D(ry)) 2min<[271,‘u(ﬂA) arcsin (az ) },

(56)

where D (r;) = {0 € [0,27]: log|A (re) —al <1}, r( ¢ {lz]
: z € H}UG, with H being the R-set. Clearly, for 8 € D(r),
|A(rie®) | <e+lal. Let E is defined as in the Proof of
Theorem 15. Then, mes (D (r}) NE) > f. Similarly as in the
Proof of Theorem 15, then there exists an interval («, 8) such
that

(a, ) ¢ (END(ry)), (0, )NL(S) = @. (57)

Clearly, (52) holds. By (52) and |B(z)| > |z™1|, where M,
is defined as in the Proof of Theorem 15, we have

|rkeie'Ml < 'B(rkei9)| <|

(58)

i0
+ |A(rkei9)| fi

holds for z; € Q(ry; 0 — &y + 26,0 + &, — 2¢) outside an R-
set and sufficiently large |z;| = r,. This is impossible, since
M, can be taken sufficiently large and M, is a finite positive
constant. Hence, we have
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mes (L(f))=p. (59)

Theorem 3 is completely proved. O

Proof of Theorem 17. Since y = 2ma —m — 2p(A)g,, if y <0,
then it is clear that mes(L(f))>0, we will prove
mes(L(f)) =y fory> 0. Leta be a Borel exceptional value of
A. According to Lemma 13, there exists an entire function g

with p(g) <p(A) and a polynomial P of deg P = p(A) such
that

A(z) = g(2)e"? +a, (60)

where P(z) = a,z" +a, 2" ' +---+ ay, a,#0,n € N".
Let

0, ) s 0, ) 7
S]- ={z€ C:argz € (—;+(2] - 1)%+so,—;+(2] + 1)%—5())}, (61)

where j =0,1,...,2n — 1 and ¢, € (0, 7/4p (A)). Set
E;(0) ={argz: z € S;},j=0,1,...,2n-1. (62)
By (61), we have

mes(E; (6)) = 2. (63)

For any j, # j, and j;, j, € {0,1,...,2n — 1}, we have

E; (O)NE, (6) = @. (64)

Since p(g) <p(A) = n, it follows from (60) and Lemma
14, for any sufficiently small # € (0,p(A) — p(g)/3),

|A(z) —al <|g(z)| exp(Re{P(2)}) < exp(rp(g)m - Cor”) < exp (-Cr"), (65)

as |z] =r — +00 and z € [J,S,;_;, where C, and C are
positive constants.
It is clear that

mes(G SZi—l) = nmes(Ej(e)) =7 - 2ngy=m — 2p(Ag,.
i=1
(66)

So mes(jU?;lEZi,l)ﬂE) > - 2p(A)gy — 2n(1-a) =
y >0, where E is defined as in the Proof of Theorem 15.

f”(reie)
f(reie)

M .
|re'0' l<'B(re’9)|g

holds for z € Q(ry; 0 — &y + 26,0+ &5 — 2¢) outside an R-
set and sufficiently large |z| = . This is impossible, since M,
can be taken sufficiently large and M, is a finite positive
constant. So, we obtain

mes(L(f))=y. (69)
Hence, Theorem 4 is completely proved. O
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+ ‘A(reie)'

Suppose that mes (L ( f)) < y. By using a similar reason as
in the Proof of Theorem 15, there exists an interval («, )
such that

(@ f) C <QE2i_1>nE, @AHNL()=2. (67

It is clear that (52) holds. By (9), (52), and (65), we have

f’(re.io)
f(rele)

<Cexp(-Cr")yr™, (68)
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