Hindawi

Journal of Mathematics

Volume 2023, Article ID 5211682, 19 pages
https://doi.org/10.1155/2023/5211682

Research Article

@ Hindawi

Statistical Prediction Based on Ordered Ranked Set Sampling
Using Type-1I Censored Data from the Rayleigh

Distribution under Progressive-Stress Accelerated Life Tests

Atef F. Hashem 9'? and Alaa H. Abdel-Hamid 2

'Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic University (IMSIU),
Riyadh 11432, Saudi Arabia
2Mathematics and Computer Science Department, Faculty of Science, Beni-Suef University, Beni-Suef 62511, Egypt

Correspondence should be addressed to Atef F. Hashem; atef011264@science.bsu.edu.eg
Received 23 December 2022; Revised 1 February 2023; Accepted 27 February 2023; Published 30 March 2023
Academic Editor: Ali Sajid

Copyright © 2023 Atef F. Hashem and Alaa H. Abdel-Hamid. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

The objective of ranked set sampling is to gather observations from a population that is more likely to cover the population’s full
range of values. In this paper, the ordered ranked set sample is obtained using the idea of order statistics from independent and
nonidentically distributed random variables under progressive-stress accelerated life tests. The lifetime of the item tested under
normal conditions is suggested to be subject to the Rayleigh distribution with a scale parameter satisfying the inverse power law
such that the applied stress is a nonlinear increasing function of time. Considering the type-II censoring scheme, one-sample
prediction for censored lifetimes is discussed. Numerous point predictors including the Bayes point predictor, conditional median
predictor, and best unbiased predictor for future order statistics are discussed. Additionally, conditional prediction intervals for
future order statistics are also studied. The theoretical findings reported in this work are shown by illustrative examples based on
simulated data as well as real data sets. The effectiveness of the prediction methods is then evaluated by a Monte Carlo

simulation study.

1. Introduction

Modern devices have been designed and engineered to
function flawlessly for an extended period of time under
regular operating settings thanks to ongoing advancements
in manufacturing technology.

As a result, when conducting traditional life research
experiments, manufacturers struggle to provide sufficient
information about the failure times for their products.
Because of this, accelerated life tests (ALTs) or partial ALTs
(PALTS) are used to quickly obtain the required information
regarding product failure times and establish the relation-
ship between product life and external stress variables. In
ALTs, products are checked under situations that are more
stressful than usual to discover early failure times, whereas in
PALTs, they are checked in both normal and accelerated

situations. Stress levels higher than those used during
manufacturing are applied to products during ALTs and
PALTs. The observed failures of the products collected from
such ALTs or PALTs are used to predict how long they will
live under normal conditions of use.

Several techniques, including progressive stress, step
stress, and constant stress, can be used to apply stress to
ALTs. For further explanation on ALTs and PALTS, one can
refer to [1-15].

The researcher or experimenter may not be able to obtain
complete data on the failure times of the units in the test trial
as the units may be broken or excluded from the test prior to
failure or when the unit is canceled. Censored data are those
obtained from such situations. Censoring may have the
significant benefit of reducing the total cost and duration of
the experiment. Type-I and type-II censoring are the two
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methods that are frequently employed. In type-I censoring,
the number of observed failures is a random variable (RV),
while the experimental time is fixed. In contrast, the ex-
perimental time is an RV in type-II censoring, whereas the
observed failure rate is fixed. A number of studies, see
[16-18], have covered these two CSs in some detail.

Prediction is viewed as a significant problem in statistical
inference. It has numerous uses in reliability, quality control,
engineering, business, meteorology, medical sciences, and
other fields as well. It is the challenge of predicting the values
of unobserved (future) observations or functions of such
observations from currently accessible (informative) ob-
servations. Two frequently used prediction strategies are the
one- and two-sample techniques. An interval predictor and
a point predictor are both examples of predictors. It has been
discussed by a number of authors, including [5, 7, 19-22].

The ranked set sampling method was proposed in [23] as
a more accurate way to compute the mean pasture yield.
When determining the population mean, a theoretical base
for this sampling method was enhanced and developed in
[24]. Tt could be applied to choose sample units more
economically for a test or study. It is frequently recom-
mended when ordering sample units is cheap and simple
and measuring sample units is very expensive or compli-
cated. It could be used in a variety of disciplines, including
agriculture, biology, ecology, engineering, medicine, and
social studies [25]. The steps listed below could be used to
obtain a ranked set sample (RSS) with size n from the
provided population:

X(%)Rss = {X1,11’X1,22’ R Xl,nn’

The ordered RSS (ORSS) was devised in [26], in which
the authors demonstrated how much more effective ORSS is
than SRS. It can be achieved by ordering the RSS,
{X11» X5, .. X,,}> in ascending order of magnitude. This
proposal was based on the idea of order statistics from
IRVNID.

Several researchers have investigated the estimation and
prediction problems on the basis of the SRS and ORSS of
various distributions. The distribution-free prediction in-
tervals for record values and future order statistics were
constructed in [27]. In [28, 29], it was investigated how to
predict unobserved data under a type-II censoring scheme
(CS) and how to estimate the parameters of Rayleigh and
Pareto distributions using Bayesian methods. Based on type-
I CS, the step-stress ALT data were used in [30, 31] to es-
timate the parameters of Rayleigh and exponential distri-
butions. The Bayesian method was explained in [32] to
estimate the parameters taken into consideration using
progressive-stress ALT (PRSALT) data that are exponen-
tially distributed.

Due to the importance of predictions, ALTs, and RSSs in
many areas as mentioned above, many experimenters and
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(1) Simple random samples (SRSs), each of the same size
n, are created by selecting n? items from the provided
population.

(2) The items are ranked, according to the variable of
interest, for each sample. Several techniques, in-
cluding expert opinion, readily available in-
formation, a person’s professional judgment, and
other information, may be used in ranking the items.

(3) A single item is measured in each of the ranked
samples.

(4) A sample is chosen for actual measurement as
follows:

(i )The smallest item, say X, is measured in the
first sample, and the other items are not
measured.

(ii) The second smallest item, say X,,, is measured
in the second sample, and the other items are
not measured.

(iii) This approach is repeated until the greatest item
of the latest sample, say X,,,, is measured.

(5) The procedure described above is referred to as a one
cycle RSS with size n, and the data obtained are
shown by Xpes = {X1, X525 - - > X, }- It is observed
that X,,,X,,,...,X,,, are independent RVs with
nonidentical distributions (IRVNIDs).

(6) The preceding steps of F cycles are repeated to
obtain an RSS of size #n extracted from F#n? items.
The resulting data are denoted as

.......... X Xop - > Xl (1)

engineers would like to obtain the failure times of some
items in a short time. Additionally, they may need to predict
future failure times for some items that cannot be obtained
in the normal state of the experiment. These requirements
and their importance motivate us to consider this article in
which we apply the PRSALT, with a nonlinear increasing
function of time, to items whose lifetimes under normal
condition stress are supposed to follow the Rayleigh dis-
tribution (RD). ORSSs are obtained using the idea of order
statistics from IRVNID under PRSALTs.

Under type-II censoring, numerous point predictors
including the Bayes point predictor (BPPRR) (using squared
error (SER), linear-exponential (LEX), and general entropy
(GEN) loss functions), conditional median predictor
(CMPR), and best unbiased predictor (BUPR) for future
order statistics are discussed. Furthermore, conditional
prediction intervals (CPIs) for future order statistics are also
studied.

The remaining sections are arranged as follows: Section 2
discusses the ORSS under the PRSALT. The model and type-
IT censoring are explained in Section 3. Section 4 discusses
some point predictors and CPIs of future order statistics. In
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Section 5, representative examples are provided. In Sections
6 and 7, respectively, simulation studies and conclusions are
presented.

2. Description of the Model under PRSALT

The RD was originally proposed in [33] in the field of
acoustics; since its inception, several researchers have ap-
plied the distribution in numerous branches of technology
and science. It is extensively applied in communication
engineering and oceanography to model wave heights.
Furthermore, it has a wide range of applications in lifetime
data analysis, particularly in survival analysis and reliability
theory. The fact that the RD’s failure rate is a linearly in-
creasing function of time at a constant rate makes it a good
model for the lifespan of parts and objects that deteriorate
quickly over time. As a result, compared to the exponential
distribution, the RD’s reliability function deteriorates over
time at a significantly faster rate.

Assume that an item’s lifetime under normal use is
represented by the RV X, which is subject to RD with a scale
parameter of «a>0. Then, the cumulative distribution
function (CDF), F(x), of X is represented by

F(x):l—exp[—(g)z], x>0. (2)

2.1. Progressive-Stress Model Based on the Rayleigh
Distribution. Previous studies of the PRSALT have in-
dicated that the imposed stress is expressed as an increasing
linear function of time, see [5, 6, 9]. While in some papers
such as [7, 11, 34], the authors suggested PRSALTs taking
into account that the imposed stress is represented as
a nonlinear increasing function of time. The PRSALT is
performed under the following fundamental assumptions.

2.1.1. Assumptions

(1) The lifetime of an item under design stress is gov-
erned by RD with CDF (2).

(2) The imposed stress {(x) is a nonlinear increasing
function of time x with the form, see Figure 1,

{(x)=Vdx°, ¢, d>0. (3)

(3) The relation between the scale parameter « in CDF
(2) and the imposed stress ( is controlled by the
inverse power law with two positive parameters 6
and 4, i.e,

1

() = a((x) = ———
A N VAo

(4)

(4) The testing process starts by dividing the N testable
items into B (> rbinl) groups, each of which has n
items and is administered under PRSALT. Thus,

3
c=0.5
g
%
---d=2.0 d=6.0
—— d=4.0 -.- d=8.0
F1GURE 1: The relation between the stress and time.
(p(x)=jd,x", p=1,....8,d,<d,< ... <dg.
(5)

(5) For p=1,...,%8, the n failure times in group p,
indicated by X, ;, X5, ..., X, (with realizations

Xp1>Xpos - - Xp ) are statistically independent RVs.

(6) The items’ failure mechanisms remain unchanged
under any level of stress.

(7) Cumulative exposure model [1] links the distribution
under accelerated stress to that under normal stress.

Based on CDF (2) and according to Assumptions 2, 3,
and 7, the cumulative exposure model, Q(x), can be
expressed as

* dy
0w = | ©
The CDF under PRSALT, G(x), takes the form
G(x) = F({(x)), (7)

where the function F(.) is the assumed CDF with « = 1.
Cumulative exposure model (6), according to As-
sumptions 3 and 4, becomes

,\/XdZ/ZxceJrl
cO+1

Using CDFs (2) and (7), the CDF Gp(x) for an item
presented in group p under PRSALT takes the form

Q,(x) = , p=1...,% (8)

B
G,(x)=1 —exp|:—<9i) ], x>0, (ﬁ>2, 9p>0). 9)

p

One can notice that CDF (9) concerns a Weibull dis-
tribution with



B=2(c0+1)

L\ B
9= <4fd9>
P

The corresponding probability density function (PDF),
9p (x), and the hazard rate function (HRF), Y, (x), of (9) are
given, respectively, by

B
gp (x) :éxﬁ_lexp |:—<9£) :|, x>0, (11)
p

P

(10)

Y, (x) =§xﬁ_l,

p

PDF (11) and HRF (12) are plotted in Figure 2 for
0 =1.5,1 = 2.0, and different values of ¢ and d. It can be
noticed that PDF (11) is always unimodal, while HRF (12) is
always increasing since f> 2.

x>0. (12)

2.2. Ranked Set Sampling with Accelerated Life Tests under
Progressive Stress. The next algorithm can be applied to
obtain an RSS with size N under PRSALT with B (>1) levels
of stress:

{{Xl,ll < X< - < Xl,ln} {X%,u <

{{Xl,Zl < Xin< - < Xl,Zn} {X%m <

{{Xl,nl < Xl,n2 < - < Xl,nn} {X%)nl <
]udgmeErluRank

(11) The method described in the previous steps is called
a one-cycle RSS of size N under PRSALT, and the
outcomes are shown by

{Xl,ll’ XZ,ll ] X%,ll’
Xl 22> X222’ et X%ZZ’

Xpss = . (14)
Xl,nn’ X2,rm’ R X%,rm}'

{{X1,1,11>X1,2,11’~

X(%)RSS =

. "Xl,%,ll}’ {X1,1,22’X1,2,22) e
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(1) Fixed values for N, n, and B are assigned, such that
N =8B xn.

(2) Bn? items are chosen from the provided pop-
ulation, and they are divided into Bn SRSs, all of the
same size n.

(3) j=1is set.

(4) The N items to be examined are divided into B (>1)
groups, as is previously indicated in Section 1. Each

group is an SRS consisting of » items and is per-
formed wunder PRSALT with stress levels
(,(x),p=1,...,8.

(5) The SRSs in all groups are ordered without practical
measurement.

(6) In the p-th ordered SRS, p = 1,..., B, a single item
is measured.

(7) In group p, the j-th smallest
Xp)jj,p =1,...,9, is measured.

item, say

(8) j=j+1lisset. If j =n+1, then the previous steps
are halted, and it is suggested that we proceed to
Step 10. If not, the smallest item in group p, say
Xy jrjer P =1,..., 8, is measured.

(9) Steps 4-8 are iterated.

(10) An RSS of size N is now generated under PRSALT

as follows:
Xeg12 < < X%,ln}} {Xl,u» > X
Xsg < < Xyl X122 s Xy,
X%,nZ < < X%,nn}} Xl,nn’ ceo X%,nn}
S6

(13)

For instance, X 55 denotes the fifth smallest item in
the fifth sample presented in the third group. Ad-
ditionally, the elements of the RSS are IRVNID.

(12) Steps 2-9 of K cycles are iterated to obtain an RSS
of size ZN. The obtained data are shown by

’Xl,%,22}’ R {{Xl,l,nn’Xl,Z,rm’ e Xl,%,nn}’

(15)

{X%,l,ll’ X%,Z,ll’ e ’X%,%,ll}’ {X%,1,22>X%,2,22’ R X%,%,ZZ}’ tee {X%,l,nn’ X%,Z,nn’ e ’X%,%,nn}}'
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0=1.5,1=2.0,d=2.0
3.0 r T T T

g (x)

— ¢=0.5
— c=1.0

— c=1.5
— ¢=2.0

0=1.5,1=2.0,c=0.5
3.0 T T T

g (x)

(a)

F1GURE 2: (a, b) The PDFs (HRFs) of the RD under PRSALT for 6 = 1.5,1 = 2.0, and different values of ¢ and d.

We presume that Xpes is a one-cycle RSS from a given
population under PRSALT with CDF (9) and PDF (11). The
CDF and PDF of X, ., p = 1,...,%8, denoted by G,,,,.,, and
9prn> are then the CDF and PDF of the r-th order statistic of
group p, respectively. They can be written as [35, 36]

Gpn9=2 (1} )[6,00] [1-6, 0]

i=r

(16)
n r—1 n—r

gp,r;n<x>=r(r)[cp(x)] [1-G, (0] "g,(x, (17)

where Gp(x) and gp(x) are given by (9) and (11),

respectively.
It is possible to rewrite CDF (16) and PDF (17) as

Gppn () = 1=y w}, (m[1-G, (0], (18)
i=1
r-1 .
Gprn () = Y w, W[1-G, ()] "g,(x),  (19)
i=0

where

6= 1.5,1=2.0,d=2.0
40 . . . .
30
Z 20
N
10}
O I
0.0
X
— =05 —— =15
— ¢c=1.0 — ¢=2.0
6=1.5,1=2.0,c=0.5
80 . . .
X
— d=20 —— d=6.0
— d=4.0 — d=8.0
(b)
r—1 n
w;, (n) =(-1)'r
i r/) | (20)
* wi—l,r (n)
w;, (n) =——
g n+i—r

3. The Model with Type-II Censoring

Type-II CS can be imposed to the ordered one cycle RSS
under PRSALT as follows: having determined the RSS for
group p, {Xp,ll’Xp,ZZ’ o ,Xp),m}, p=1,...,8B, we order
and determine the first m statistics in it, say
{Zp)l <Zp,< sZp,m}. The data collected from this
procedure are known as one-cycle type-II censored ORSS
and are represented by Zgpss = {{Zl,1 <Z,< ... SZl)m},
Coo {Z%’l < Zg,< ... <Zg,,}}. Based on the idea of order
statistics from IRVNID which was proposed in [37], it is

possible to write the likelihood function for one-cycle ORSS
with type-II CS as



L(62; Z—z)ocl_[ Z]_[gp,w( Pr)rl;[ [1-6,, (= p;m)]],

p=1]s[j]r=1
(21)

where Xg; denote the total of all n! permutations

(]Pl,...,]pn) of (1,...,n), and z=(z,...,Z%),
zZ, = (zp)l,...,zp)m),p— 1,...,8.
gp,l(zp,l) gp,Z(ZPJ)
U - : :
’ gp)l(zp,m) gpl(zp,m)

1- GP,I(zp)m) 1- GP)Z(zp)m) -

Substitute CDF (18) and PDF (19) into (21), the likeli-
hood function can be expressed as follows:

’ (n)[l -

B m jp,77
m(e,a;z)oc]"[[z<]‘[ w,;,

p=11S[p] \ r=1 =0

Considering equations (9) and (11) and the next re-
lations, we obtain

where PerU, = Y [
a square real matrix U, = (a ,) of size nx n.

Gp(zp,r)]nﬂ'— jp,rgp(zp)r)x H Zl w:jp‘r
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Likelihood function (21) can be rewritten as follows:

B
L(6,A;z) H PerU,, (22)

p=1

19 denotes the permanent of

gp,n(zp,l)
) . (23)
gp,n(zp,m)

1- Gp,n(zp,m) } (n—m)rows

—Gp(zp)m)]"”_"“’)]. (24)

m Jpr1 Jpa=1 jpa1 Jpm=l m
[T 00p)=2 2 2 T10,0)
r=1 i=0 p1=00,, 8pm =1
. (25)
n Jpr Jpmer  Jpme2
S()- 5 5 3 H %, (Jor)
r=m+l1 i=1 Upms1 =1 fpmin=1 fpn=1r=m+
and it is possible to express the likelihood function as
follows:
B mn
conns1]3 3 (00| Lo ool -0, 0] ) o
p=1|SI[p] Bp,yp

where j, = e 0= (8155

’jp,m’jp,m+1’ N
B, and

(Jps- -
,#p,,,), and p=1,...,

pm) Hp = (/"pmﬂ""
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m,n jp,l_1 jp,z_l jp,m 1 jp,m+1 jp,m+2 jp,n
DI ID I I JD N @7)
Bp’:“p 61;,1 =0 517,2:0 6p,m:0 Hpm1 =1 A”p,m+2:1 ﬂp,nzl

D30 =T, 0] | T1 ., 0] e

r=m+1

r=1 =m+1

o a0) = |30 80+ 08 |+ 3 (01| @

The likelihood function can be modified using the re-
lationships provided in (25) as follows:

LB 1D Z([H mop)][lﬁﬂm[ % ﬁ}p[ ZS’“P()D G0

S*.8" u* p=1 p=lr=1

where 8 and 9, are as given in (10), S* = (S[1],...,S[B]), where Z is as defined in (27).

p

8" =(01---508), 8,= (8155 0,m), 4" = (1> ), For% dycle ORSS, the likelihood function under type-II
By = (ypm+1,...,ypn), and p=1,...,%8, and CS can be expressed as
B,m,n m,n

DI I DD 0 WD M SEy

§0%ut p=LS[plOpm,  S[Uom  S[B] oty

K | Bmn B B
me«H[Z<ﬁﬁmwmﬂhHV#&4“wPZ#%wd%ﬂﬂ o
p=1

q=1[87.05.u7 p=1 =1r=1

The likelihood function can be rewritten using the re-
lations provided in (25) as

B,m,n F B K B m H B
conos S ([0 0 [T 007 50 oo £ 3 o0 ]} 0

§7,07" per \ La=1p=1 q=1p=1r=1 a=1p=1

where f§ and 9, are as given in (10),

B,m,n

§51 8% e g=1§%.07 7

9°%q
B,m,n mn mn
= g (34)
sponus Sl bty SIaB] S,mitgn
Jap1=1 Jgpa—1 Japm™L  Japmer  Jqpme2 Japn
Sqpbap qul‘o 84,520 Ogpm=0 Hgpme1=1 g pm2=1 Hapn=1



8

and jq,p = (jq,p)l" . '>jq,p,m’jq, o+l "j ) q - 1

K, p=L....8, §7=(5,...,8%), S*—(S[q 1]
- Slg.B), &= (5*,... aj;g) 5 = (5q1,... 8,8):

5q = (5qpl,... qum) (yf,...,y%) yq (/,tql,
"h“q%) and /"qp (/’lqpm+1""’.uq,p,n)

3.1. Formulating the Prior and Posterior Density Functions.
It is appropriate to select 8 and A to be dependent since they are
merged, as shown in (10). We presume that 6 and A are
distributed according to the Lomax distribution. The following
is a possible representation of the joint prior density of 6 and A:

7(6,1) = eje,esh (1 + ez/\)*(enl) (1+ HA)—(eﬁl)’

The hyperparameter values (e;, e,, e;) can be specified in
such a way that the prior means become the approximate
expected value of the corresponding parameters.

" (6,Mz) =
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(6,1) = my (A) m, (61A), (35)
where

m () =ee,(1+ ez)t)_(e‘+1), 1>0, (e;,e,)>0, (36)

1, (010) = esA (1 + 005 950, e, >0. (37)

Using (36) and (37), joint prior density (35) takes the
following form:

0,1>0, (e, e, e3)>0. (38)

Using (33) and (38), it is possible to write the joint
posterior density function of 8 and A as follows:

B,m,n Z B
(1 +e,0) D (14 gy () Z ([HHDaq,p,ﬂq,p(iq,p)]

g=1 p=1
(39)

7 B m o)df 20! x 3 )\
{Hnncﬁfk%zzmﬁgmmmﬂ)

where

o 5[]

§* 8 q=1p=1

m 2/1d6 2c6+1

(00

ro)t(l +e,0)” (@) (1 4 o1) ()
0

(40)

[T ool 3 v o o)

g=1p=1r=1

3.2. Loss Functions. Both Bayes analysis and statistical de-
cision inference rely heavily on the loss function. Its choice
must be taken into account for calculating the Bayes esti-
mators for 6 and A and any function of them. Due to its equal
weighting of overestimation and underestimation, the SER
loss function is one of the most widely used symmetric loss
functions for evaluating estimator performance in practice.
The following is a formulation of the SER loss function:

Z(@,0 x (607 (41)

where 0 indicates the estimator of p.
Considering the SER loss function, the Bayes estimate
(BE) of o is provided by

0 = Elolz]. (42)

In some circumstances, overestimating or under-
estimating might have different effects. Engineering, me-
dicinal, and biomedical sciences frequently encounter such
circumstances. Overestimation is typically more harmful
than underestimation. For instance, when we estimate the
average dependable working life of components, an asym-
metric loss function may be more suitable in this case. There
are many asymmetric loss functions proposed for use, in-
cluding the LEX and GEN loss functions.

The following formula for the LEX loss function was
provided in [38]:

Z (@) x et

P-to-1, &#0, (43)

where ® = 9 — p and p is the LEX estimator of .
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Considering the LEX loss function, the BE of y is pro-
vided by

g:_—lln

; [E(ef‘rglz)].

The following formula for the GEN loss function was
provided in [39]:

N
.Sf(g,g)oc<g> fln[ ]— , &#0.

Considering the GEN loss function, the BE of g is
provided by

(44)

(45)

.. _ —1/E
0= [E(@ f|z)] . (46)

The methods for obtaining point predictors and pre-
diction intervals for future order statistics are covered in the
section that follows.

4. One-Sample Prediction Procedure

The following is how a one-sample prediction scheme is
carried out: Suppose that, for ¢q=1,...,% and
p=1...,%8, Zq,p’1 SZq,p,Z <...<Z_,,, is an informative
type-II g-cycle ORSS of size m taken from a sample of size n.
Suppose that Z_ .., Squm+2 <...<Z,,, be the un-
observed future order statistics from the same sample, which

is yet to observe. Let Ty, =Z, ., $=1...,n-m.
Predicting the remaining order statistics
Topso s=1L...,n-mq=1...,% p=1,...,Bisour

current goal.
The conditional PDF of Tq)P)s, with realization top.s €an
take the following form [35, 36, 40]:

1 s—1 X . n* .
hap(tapsl0sA) = G =) D%q<r—1 Gp,jq,P,,(tq,p,s)gp)jq,p,s(tq,p,s)rgl[1 - Gp’jq,p,r(tq’P’S)] > (47)
where T, , > Z, ,,, and n* = n—m, and
n' 1 n*—1 -
T G 8 P ] CH ) LY | A O
n"\ -1 e o .
S DY G (LYl PN PO 9
1 /) k=0 Kk,
n'\ L =1\ 2202041 A (e + 1)
_ 1k p qps p 2(cO+1) __2(ct+1)
_l< ! >k1=o( v < K, > ch+1 exp[ PR )]’
x n"\ & g(I-1) 1 Ada (e+1) o) (cb+1)
Gpl(tq,Ps) = l( l )kl_o (-1) ( K, >£+—1 <1 - exp{—m (tqps+ q’p)nj ) , (49)

where e =n* -1+ k;.

4.1. Bayesian Prediction by a Point. In the following manner,
based on different loss functions, the BPPRs of the s-th order
statistic, T, , in the future sample, will be obtained.

The predictive PDF of
Topos=1...,n"q=1,. B can be for-
mulated as follows:

S, p=1,...,

Bopltapsl) = f:o JZO p(tapsl )7 (6,212)d0AN.
(50)

Considering the SER, LEX, and GEN loss functions, the

BPPRsof T, ,,s=1,...,n",q=1,...., %, p=1,...,Bare

given, respectively, by

o0
SER _ %
Tops = L tq,p,shq,p(tq,P,slz )dtq,P,S’
q.p;m
TLEX _ —11 © Uy, d
aps =, 08| ] € qp(tq,p,s|z) taps | (51)
q.p;m
GEN o) —1/v
_ —v *
Tops = “Z tqvpvshqp( qpslz) qp,s] :
qpm
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4.2. Best Unbiased Predictors, Conditional Median Predictors,
and Conditional Prediction Intervals. A median unbiased
predictor is defined according to the concept of median
unbiasedness. Several characteristics of the median unbiased
predictor, in the context of traditional type-II CS, were
investigated by Takada [41]. The CMPR was introduced in

b8 = St % (116500

where g7,

B (tq,P,s) and G
by (48) and

(49).

( q.p.s) Are€ given, respectively,

Journal of Mathematics

[42] as a specific kind of median unbiased predictor. If the
statistic TC . is the median of the conditional distribution of
Ty ps itis "named the CMPR of T Y

The conditional CDF of
T pr S = L,...,n%q=1,...,%,p=1,...,8 that corre-
sponds to PDF (47) takes the following form:

H [1 B G;,jq,p,r(tq,P,S)] >’ (52)
r=k+1
Replacing (6,1) by their BEs (0 A) the CMPR qus of

T,ps can be achieved by solving the next equation with

respect to t,

1-G, . (¢t =0.5. 53
St I (16l [1 1651, 0] &
The following two equations should be simultaneously
solved to calculate the bounds of 1007% CPI (Tfﬁ o T% ) of
Typs
3 ! T 1- (£ Lot
Z n _k)!D[Zn] H P qps rl:L[ PJW aps ] -
(54)
n* k n*
* UB 1+71
S (1_1@ a2 1163, 020] ) -5
Here, g, (t,,¢) and G}, ( q.p.s) ar€ given, respectively,  5.1. Simulated Data Set. The hyperparameter values

by (48) Fandl (49),
The predlctor T8 . is called BUPR of T, ps if the pre-
dictor error (T 405 .) hasa mean of zero and a variance
that is smaller tflan or equal to that of any other unbiased
predictors of T, .
The following integral gives the BUPR Tq ps OF T

QP

g.p.s*

B o0
Tops = L to pshap(tgpsl6:A)dlg o (55)
q.p;m
where hq, (fq,P,st) is given by (47).

If the parameters (6,1) are unknown, then they can be
replaced by their BEs (6,1). Further explanation about
BUPR, CMPR, and CPI can be found in [20, 22] and [43].

5. Illustrative Examples

Simulated data as well as real data sets are used in this section
to demonstrate the point predictor methods described in this
article.

(e; = 1.5,e, = 1.2, and e5 = 3.8) are selected to produce the
population parameter values (6 = 0.21 and A = 1.67). Under
PRSALT with two groups, we generate five SRSs, each of size
10, and divide each SRS into two groups, each of size 5, see
the third column of Table 1. In each SRS, the first and second
groups are generated using CDF (9) with ¢ = 0.5,d; = 2, and
d, = 4. We apply the technique of RSS to these SRSs to
obtain a one-cycle RSS and then arrange it to obtain the
ORSS. This is shown in the last two columns of Table 1. We
apply the type-II censoring procedure to the values of the
ORSS, listed in the last two columns of Table 1, by selecting
the first m values of them.
Based on the ORSS under PRSALT listed in Table 1, the
BPPRs, CMPRs, BUPRs, and 95% CPIs for T,,.s=1,
..,n*,q =1, p = 1,2 are computed and presented in Table 2.

5.2. Application to Real Data. Our goal now is to demon-
strate the point predictor methods discussed in this article
using a real data set examined in [44]. The data represent the
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TaBLE 1: One-cycle SRSs, RSSs, and ORSSs.
SN » SRSs RSS ORSS
p=1 p=2 p=1 p=2
1 0.21815 0.63088 0.73351 1.19821 1.26813
1 2 0.47232 0.98982 1.08843 1.13972 1.37275 0.21815 047232 0.21815 047232
1 0.36888 0.42803 0.45835 0.82731 0.94087
2 2 0.30826 0.82936 0.93731 0.94969 1.26175 042803 0.82936 0.38844 0.78784
1 0.27344 0.29444 0.38844 0.71519 1.02443
> 2 036015 071651 093447 121126 121455  O-ooodd 093447 042803 0.82936
1 0.26581 0.37042 0.60568 0.86605 1.15941
4 2 0.08036 0.64262 0.68475 0.78784 1.20562 0.86605 0.78784 0.86605 0.93447
1 0.18663 0.51645 0.52308 0.69537 1.17450
> 2 0.19259 0.24219 0.70441 1.07971 1.55844 117450 155844 117450 155844
SN: sample number.
TaBLE 2: Based on the data given in Table 1 BPPRs, CMPRs, BUPRs, and 95% CPIs for T, ,,s=1,...,n",g=1,p=1,2.
SE LEX GE
n m P Tq,P)s £E=-05 £=05 E=-05 £=08 BUPR CMPR CPI
BPPR BPPR BPPR BPPR BPPR
Ty, 0.64955 0.65928 0.64050 0.63636 0.60526 0.63209 0.60669 (0.40050, 1.01021)
1 Ty, 0.98051 0.99959 0.96289 0.96275 0.91841 0.94805 0.93201 (0.57430, 1.41472)
5 T3 1.44297 1.48920 1.40278 1.41507 1.34626 1.39137 1.35427 (0.85757, 2.13209)
Ty, 0.92879 0.93277 0.92508 0.92500 0.91603 0.91593 0.89308 (0.79259, 1.16415)
2 T\, 1.15535 1.16676 1.14492 1.14663 1.12569 1.12584 1.10623 (0.87512, 1.48812)
5 T3 1.52872 1.56421 1.49826 1.50912 1.46241 1.47624 1.43773 (1.05310, 2.11455)
1 Ty, 0.69406 0.70439 0.68445 0.68091 0.64992 0.68295 0.65035 (0.43954, 1.11073)
3 Ty, 1.14105 1.17187 1.11325 1.11679 1.05663 1.11699 1.07978 (0.63119, 1.81188)
5 T 5, 0.98490 0.98962 0.98049 0.98064 0.97051 0.97628 0.94738 (0.83451, 1.27612)
Ty, 1.31479 1.33567 1.29612 1.30097 1.26795 1.29195 1.25172 (0.93584, 1.87304)
4 1 Ty, 1.17813 1.1967 1.16166 1.16477 1.13378 1.1684 1.10774 (0.87620, 1.78799)
2 12.1 1.21192 1.22752 1.19808 1.20101 1.1757 1.20189 1.14481 (0.94308, 1.76818)
failure times (in hours) of electrolytic capacitors with a size First group: K-S statistic=0.18113, and p
of 32volts and 22 microfarads put under two groups of value =0.27858
PRSALT. There are 30 units in each testing group. The S d . RS istic < 0.21773 d
failure times (in hours) are as follows: ccond - group: ->  statistic=0. and  p

First group (c =1.0,d, = 5.0417): 7.21,
10.37, 10.51, 10.56, 11.25, 11.28, 11.29,
12.25, 12.36, 12.57, 13.03, 13.04, 13.05,
13.49, 14.23, 14.45, 15.00, 15.43, 15.47,
17.21, 17.23, 18.49.

Second group (c =1.0,d, =5.833): 7.36, 7.55, 7.57,
8.00, 8.23, 8.46, 9.02, 9.03, 9.04, 9.22, 9.32, 9.34, 9.49,
10.28, 10.53, 11.33, 11.34, 11.54, 12.16, 12.53, 12.55,
13.20, 14.06, 14.21, 14.21, 14.21, 16.24, 1641,
17.53, 21.26.

10.24,
11.35,
13.27,
16.55,

10.26,
12.23,
13.46,
17.07,

Before moving on, the statistical test of Kolmogor-
ov-Smirnov (K-S) and its accompanying p value are used
for each group to determine whether Weibull distribution
with CDF (9) is valid for fitting the aforementioned data. It
can be shown from the aforementioned data and CDF (9)
that the estimates (6 = 1.12251 and A = 0.0000107) maxi-
mize the likelihood function of 6 and A. The K-S test statistic
and the p value are given, respectively, by

value=0.11632

As can be seen, the Weibull distribution with CDF (9)
matches the provided real data set well because all of the p
values are higher than 0.050. This is further demonstrated by
depicting the empirical CDF of the provided real data
set along with CDF (4) for each group, as shown in Figure 3.
We select the hyperparameter values (e; = 350, e, = 270,
and e; = 82700) to produce the population parameter values
(6 =1.12251 and A = 0.0000107) using (21) and (22).

Under PRSALT with two groups, we choose five SRSs of
size 10 each and divide each SRS into two groups of size 5
each, see the third column of Table 3. In each SRS, the first
and second groups are drawn, respectively, from the above
data under the first and second levels of stress. The technique
of RSS is applied to these SRSs to obtain a one-cycle RSS and
then order it to obtain the ORSS presented in the last two
columns of Table 3. The type-II censoring procedure is
applied to the values of the ORSS, listed in the last two
columns of Table 3, by selecting the first m values of them.
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FiGUre 3: Empirical CDFs versus CDFs of Weibull CDF (4) for the given data.
TaBLE 3: One-cycle real SRSs, RSSs, and ORSSs.
p SRSs RSS ORSS
p=1 p=2 p=1 p=2
1 11.29 12.57 13.03 13.49 17.23
2 9.32 11.34 14.21 16.24 21.26 11.29 9.32 10.37 8.23
1 11.25 14.23 15 17.07 17.21
2 7.55 8.23 9.03 9.49 14.21 14.23 8.23 11.29 9-32
1 10.56 13.04 13.05 13.46 14.45
2 9.04 9.34 10.53 11.54 14.21 13.05 10.53 13.05 10.53
1 7.21 10.24 10.26 10.37 13.27
2 7.57 10.28 11.33 16.41 17.53 10.37 1641 14.23 12.53
1 11.28 12.23 12.25 12.36 16.55
2 736 9.02 9.22 12.16 12.53 16.53 1253 16.55 1641

TaBLE 4: Based on the data given in Table 3 BPPRs, CMPRs, BUPRs, and 95% CPIs for T, ,,s=1,...,n",q=1,p=1,2.

SER LEX GEN
m p T, £E=-05 £=05 £E=-05 £=08 BUPR CMPR CPI
BPPR BPPR BPPR BPPR BPPR

Ty, 13.1865 14.1484 12.7596 13.1458 13.0476 12.3492 12.1972 (11.3333, 14.1979)

1 Ty, 15.6487 17.5133 14.802 15.5776 15.4166 13.2094 13.1281 (11.8172, 15.0661)

) T3 18.7506 21.6111 17.3185 18.5638 18.5635 14.9561 14.8243 (12.8370, 17.8024)
Ty, 11.7342 12.9795 11.1513 11.6724 11.5222 10.4052 10.2705 (9.36721, 12.1893)

2 Ty, 14.5198 16.5926 13.5295 14.4338 14.2282 11.8825 11.8207 (10.1202, 14.0072)
T3 17.8064 20.8585 16.2416 17.6389 17.5063 14.7631 14.6474 (12.0003, 18.162)

1 Ty, 14.6695 15.245 14.3389 14.6422 14.5746 13.7987 13.6567 (13.0766, 15.2919)
Ty, 17.5558 19.2984 16.6092 17.4859 17.3223 15.3374 15.1741 (13.5977, 17.9807)

3 2 T, 12.7421 13.6072 12.2319 12.6934 12.5734 11.681 11.5134 (10.5766, 13.7035)
Ty, 16.1307 18.1305 14.9589 16.0404 15.817 13.6973 13.5589 (11.4237, 16.744)
4 1 Ty, 16.5513 17.7936 15.9271 16.5021 16.382 15.4482 15.1992 (14.2696, 17.9503)

T, 15.1851 16.6127 14.4419 15.1217 14.9662 13.9897 13.7301 (12.5813, 16.7807)
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TaBLE 6: BPPRs using GEN loss functions for Tw,s,s =1,...,n%q=1,...,%,p=1,...,8 (one-cycle).
GEN
V4 n m p Typs &=-0.5 £=0.8
ABPPR BIAS MSPER ABPPR BIAS MSPER
Tl,l 1 0.58531 0.00465 0.00364 0.58032 —0.00033 0.00362
1 T, 0.8736 0.01762 0.01696 0.85367 —-0.00231 0.01668
) L13 1.40487 0.03694 0.05573 1.35922 —-0.00871 0.05443
12,1 0.54003 0.00005 0.00386 0.5473 0.00732 0.00768
2 122 0.82045 0.0229 0.02069 0.79632 -0.00123 0.015
1 5 123 1.31894 0.04385 0.04939 1.27552 0.00042 0.05836
1 L1l 0.78996 0.00243 0.00802 0.78305 —-0.00448 0.00804
3 L12 1.28118 0.01069 0.05675 1.24578 -0.0247 0.05729
2 12,1 0.74256 0.00332 0.00684 0.73605 —-0.00319 0.00685
122 1.20523 0.01674 0.04937 1.16892 -0.01957 0.04941
4 1 L1 1.14235 —0.00162 0.046 1.11775 —0.02623 0.04676
121 1.07419 0.00148 0.03963 1.05042 -0.02229 0.04015
TaBLE 7: CMPRs, BUPRs, and 95% CPIs for Tw,s,s =1,...,n%q=1,...,%,p=1,...,8 (one-cycle).
BUPR CMPR CPI
Honomop Tq’P’S ABUPR  BIAS MSPER ACMPR BIAS MSPER PI AIL CPR
T1,1,1 0.58066 0.000 0.00361 0.56436 —0.0163 0.00389 (0.51627, 0.73323) 0.21695 0.672
1 T1,1,2 0.85599 0.000 0.01665 0.84527 —-0.01072 0.01677 (0.63901, 1.13427) 0.49525 0.81
) L13 1.36793 0.000  0.05429 1.34648 —0.02145 0.05476 (0.97648, 1.88095) 0.90447  0.752
121 0.53999  0.000 0.00317 0.52478 -0.0152 0.00341 (0.47925, 0.68301)  0.20376  0.651
2 122 0.79755 0.000 0.0144 0.78759 —0.00996 0.0145 (0.5949, 1.05713) 0.46223 0.816
1 5 123 1.2751 0.000 0.0471 1.25506 —0.02004  0.04751 (0.90998, 1.72642) 0.81645 0.783
1 L1l 0.78752  0.000  0.00801 0.76331 -0.02422  0.00861 (0.69035, 1.01551) 0.32516  0.802
3 112 1.27048 0.000  0.05662 1.24438 —0.0261 0.05731 (0.88693, 1.80228) 0.91535 0.876
2 121 0.73924  0.000 0.00683 0.71674 -0.0225 0.00734 (0.64907, 0.951) 0.30193 0.774
122 1.18849 0.000  0.04897 1.16404 —0.02445 0.04959 (0.83149, 1.68434) 0.85285 0.877
4 1 L1 1.14398 0.000  0.04599 1.09181 —0.05217  0.04874 (0.89436, 1.675) 0.78064  0.948
121 1.07271 0.000 0.03961 1.02398 —0.04873 0.04202 (0.84063, 1.56759) 0.72696  0.935
Based on the ORSS under PRSALT listed in Table 3, the ~ 1
BPPRs, CMPRs, BUPRs, and 95% CPIs for EM ==
Typsos=1...,n",q=1,p=1,2 are computed and pre- (56)
sented in Table 4. - 1
E[f] =—F—==0,
Aes - 1)

6. Simulation Study

A Monte Carlo simulation study is executed in this section to
determine BPPRs, CMPRs, BUPRs, and CPIs for the s-th
order statistic in group ps
Topos=1..,n%q=1.. % p=1...,8. The next
steps can be followed to perform a Monte Carlo simulation:

(1) Using (36) and (37), we choose the hyperparameter
values (e; = 1.5,e, = 1.2, and e; = 3.8) to produce
the population parameter values (6 =0.21 and
A =1.67). The hyperparameter values were de-
termined to meet the unbiasedness requirements
[3, 45] as follows:

where E denotes the expectation.

(2) Assume B = 2 (two groups), we generate five SRSs
of size 10 each and divide each SRS into two groups
of size 5 each. In each SRS, the two groups are
generated using CDF (9) with ¢ =0.5,d; =2, and
d, = 4, respectively.

(3) As described in Subsection 2.2, we apply the RSS
method to the SRSs generated in Step 2 to get a one-
cycle RSS, which is then ordered to get the ORSS.

(4) We apply the type-II censoring procedure to the
ORSS values that are acquired in Step 3 by selecting
the first m(= 2, 3,4) values of them.
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TaBLE 8: BPPRs using SER and LEX loss functions for Tq)P,S,s =1,...,n%q=1..., % p=1,...,8 (two-cycle).
SER LEX
Exact
F n o m p Ty value E=-05 £E=05
ABPPR BIAS MSPER ABPPR BIAS MSPER ABPPR BIAS MSPER
Tl,l,l 0.69438 0.58506 0.00328 0.00353 0.58615 0.00437 0.00354 0.58402 0.00224 0.00352
1 T, 088627 0.86742 0.01317 0.01658 0.87328 0.01903 0.01678  0.86179 0.00754 0.01647
) T1,1,3 1.18939 1.39627 0.03011 0.05564 1.4186 0.05243 0.05752 1.37576 0.0096 0.05482
T1,2,1 0.65358 0.5447 0.00261 0.00323 0.54142 -0.00066 0.00544 0.54992 0.00783 0.00556
2 122 0.82822 0.81225 0.0154 0.01493 0.81795 0.02111 0.01515 0.80681 0.00996 0.01479
1 5 T1)2,3 1.12003 1.31911 0.03713 0.04995 1.34182 0.05983 0.05225 1.29829 0.01631 0.04879
1 11,1 0.88627  0.79665 0.00267  0.00796  0.79893 0.00494 0.00797  0.7945 0.00051 0.00795
3 Tl,l,Z 1.18939 1.29083 0.01329 0.05736 1.30881 0.03127 0.05817 1.27415 -0.00339 0.0572
2 12,1 0.83017 0.74382 0.00334 0.007 0.7457 0.00522 0.00703  0.74218 0.00169 0.007
Tl,z,z 1.11609  1.21342 0.0182 0.05068 1.23093 0.03571 0.05164 1.19726 0.00204 0.05035
4 1 L1 1.18939 1.15677 0.0046 0.04579  1.16982 0.01764 0.04609 1.14498 -0.00719 0.04583
2 T,,; 111609 1.07954 0.00668 0.04145 1.09196 0.0191 0.04178 1.06833 —0.00453 0.04144
T,;, 0.68266 0.58088 0.00331 0.00362 0.58199 0.00442 0.00363  0.57981 0.00225 0.00361
1 TZ,l,Z 0.88878 0.86386 0.01319 0.01676 0.86978 0.01911 0.01696  0.85818 0.00751 0.01665
) 213 118128 1.39424 0.0301 0.05583  1.41664 0.05249 0.05773  1.37367 0.00953 0.05501
T2,2,1 0.64523 0.54401 0.00276 0.00329 0.54141 0.00016 0.00443  0.54828 0.00702 0.00452
2 T2)2,2 0.83682 0.81613 0.01538 0.01487 0.82182 0.02107 0.01509  0.81069 0.00995 0.01473
) 5 223 111542 1.31996  0.03715  0.05001  1.34268 0.05987 0.05231  1.29913 0.01632 0.04885
1 211 0.88878  0.78993  0.00268 0.00811  0.79224 0.00499 0.00813 0.78773 0.00048 0.0081
3 212 1.18128 1.28221 0.01328 0.05772 1.30028 0.03135 0.05854 1.26544 -0.00349 0.05757
) 221 0.83786 0.74267 0.00336 0.00707 0.74474 0.00542 0.00709  0.74075 0.00143 0.00706
22, LI11542  1.21218  0.01821  0.05081  1.22972 0.03576 0.05178  1.19598 0.00202 0.05049
4 1 211 1.18128 1.1492 0.0046 0.04641 1.16242 0.01782 0.04672 1.13726 -0.00734 0.04645
2 T2,2,1 1.11542 1.08764 0.00668 0.04086 1.0999 0.01894 0.04118 1.07658 —0.00439 0.04084

(5) We iterate Steps 2-4 K times to obtain J-cycle

type-1I censored ORSSs.

(6) The BPPRs, CMPRs, BUPRs, and 95% CPIs for

Tq,p,s,s =

(NHIT is a prediction of T,

q.ps

l,...,n%q=1,..., % p=1,...,8B are
computed, as indicated earlier in Section 4.

., then the mean

squared prediction errors (MSPERs) and biases of

T, ps are given by

~

MSPER(Tq)p)S) = E( s

E ( aps

~

BIAS(Tq,P’S)

- Tq,P,S)Z’

Typs)-

(8) We iterate the above steps 1000 times.

(9) The coverage probabilities (CPRs) of the CPIs are
computed according to the following relation:

CPR =

Number of CPIs thatincludeT, ,

1000

(57)

(58)

6.1. Simulation Results. The results presented in Tables 5-10
indicate the following:

(1) Through MSPERs, BUPRs are the most accurate
point predictors.
(2) Through bias and MSPERs, the BPPRs based on LEX
(at £ =0.5) and GEN (at ¢ = -0.5) loss functions
perform better than the BPPRs based on SER loss

functions.

(3) The MSPERs and bias of BPPR, BUPR, and CMPR of
T increase as

q4,p,s

the

q=1..., % p=1,...,8.
(4) By increasing the stress level, the MSPERs (bias) of

BPPR, BUPR,

(increases).

index s

and CMPR of T

qQ.pss

increases for

decrease

(5) The CPRs of the CPIs are right near the 95% actual
confidence levels by increasing m.

(6) By increasing the stress level, the AILs decrease since
by increasing the stress level, the failure times

decrease.

(7) The AILs of CPI of T

increase as the index s

(10) We compute the average of BPPRs (ABPPR),
CMPRs (ACMPR), and BUPRs (ABUPR).

Tables 5-10 present the obtained numerical results.

4:p>s
increases forg=1,...,.%,p=1,...,8B.

Except for a few unusual cases, the results above are

accurate, and this could be because of data fluctuations.
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7. Conclusion

The ORSS method has received increasing attention in re-
cent years due to its effectiveness in estimation. This fact has
been demonstrated in this article since it has been observed
that the estimates calculated under ORSSs are more effective
than those calculated under SRSs. Based on type-II cen-
soring, the ORSS method under PRSALTSs has been applied
to items to be tested. The lifetime of an item under normal
use was supposed to follow RD with a scale parameter
satisfying the inverse power law such that the imposed stress
is expressed by a nonlinear increasing function of time. A
one-sample prediction procedure for the unobserved failure
times under type-II censoring has been investigated. Some
point predictors such as the BPPR, CMPR, and BUPR as well
as CPI for future order statistics have been discussed. The
performance and effectiveness of the prediction methods
described in the article have been demonstrated through
Monte Carlo simulations as well as real data. The numerical
results have shown that the prediction methods have perfect
performance.
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