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In this paper, we establish a correspondence between fuzzy hypergroupoids and certain types of hypergroupoids that possess map-
pointed properties. Specifically, we introduce a new type of fuzzy hyperoperations, known as map-pointed fuzzy hyperoperations,

and show that this correspondence yields an adjunction.

1. Introduction and Preliminaries

The concept of hyperstructures was introduced in 1934 by
Marty [1], and since then, researchers have explored fuzzy
algebraic structures, such as fuzzy subgroups of a group studied
by Rosenfeld in 1971 [2]. Corsini and Tofan [3] proposed a new
model for generalizing hyperstructures through fuzzy theory,
where hyperoperations are generalized to fuzzy hyper-
operations. This idea has been applied to semihypergroups in
[4] and further generalized to fuzzy hyperrings and fuzzy
hypermodules in [5, 6]. One interesting direction in the re-
search is the construction of fuzzy hyperoperations from
hyperoperations and vice versa. In [4], a possible way to obtain
a hyperoperation from a fuzzy hyperoperation is presented.
However, there is no fundamental approach to constructing
fuzzy hyperoperations from hyperoperations, except for
a trivial example using characteristic functions. In this paper,
we take a category-theoretic approach to explore the corre-
spondence between hyperoperations and fuzzy hyper-
operations. We demonstrate that the constructions based on
the notion of map-pointed fuzzy hyperoperation derived from
a map-pointed hypergroupoid are appropriate, as the corre-
sponding functors between the categories of map-pointed
hypergroupoids and fuzzy hypergroupoids define an adjunc-
tion, and the restrictions of this correspond to equivalence on
certain subcategories.

Let us recall from [3, 4] some basic notions in hyper-
groupoids and fuzzy hypergroupoids needed in the sequel.

Let S be a nonempty set. A hyperoperation on S is a map
*: Sx S — P(S), where P (S) is the set of all subsets of S. For
A,BCS, Ax B is defined by

AxB= U
acA,beB

axb. (1)

The notations xxA and Axx are used for {x}*A and
Ax{x}, respectively. Throughout, the symbol % stands for
S*S. A hypergroupoid is a structure (S, %) where * is
a hyperoperation on S. A hypergroupoid (S, x) is called
a semihypergroup if % is associative; that is, for all a,b,c € S,
ax* (bxc) = (axb)xc.

Let (S, x;) and (S,, *,) be two hypergroupoids. We say
that a map f: S; — S, is a homomorphism if

f(xx1y)Cf(x)x,f (y)forallx, y €S, (2)
and a strong homomorphism if
f(xx1y) = f(x)*,f (y)forallx, y € S,. (3)

Let S be a nonempty set. A fuzzy subset of S is a map
a: S— [0,1]. A fuzzy hyperoperation on S is a map
o: §x S — F(S), where F(S) is the set of all fuzzy subsets
of S.
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Let a and f3 be two fuzzy subsets of a fuzzy hypergroupoid
(S,2). One can define a new fuzzy subset af3 of S by

@O = V(o) OAaMABO), (1)

for all ¢ € S, where V and A are arbitrary supremum and
finite infimum in the set of real numbers, respectively. Also,
for any x € S and a € F(S), xo«a is defined by

(xe@) () = V (x29) () Aa(9)), (5)

for all t € S. A fuzzy hypergroupoid is a structure (S,°),
where o is a fuzzy hyperoperation on S. A fuzzy hyper-
groupoid (S, o) is a fuzzy hypersemigroup if o is associative;
that is, for all x, y,z € S, xo (yoz) = (xo y)oz.

We refer to [7] for the unexplained terminology from
category theory used in this paper.

2. Map-Pointed Hypergroupoids and
Fuzzy Hyperoperations

In this section, we introduce the notion of a map-pointed
fuzzy hyperoperation and give some equivalent conditions
to this basic concept which plays a key role in the next
section.

Let (S, x) be a hypergroupoid and « be a fuzzy subset of
S. We call the triple (S, , &) a map-pointed hypergroupoid.

Definition 1. Let (S, *, a) be a map-pointed hypergroupoid.
Then,

(1) (S, *, a) is said to be coclosed if it satisfies the fol-
lowing condition:

zexxy=a(z)<a(x),a(z)<a(y). (6)
(ii) The fuzzy hyperoperationi on § is given by
(x%9)(5) = A () (5), (7)
which is called a map-pointed fuzzy hyperoperation.
Theorem 2. Let (S, x,a) be a map-pointed hypergroupoid
for which (S, %) is a semihypergroup. If (S, *, a) is coclosed,
then (S, *) is a fuzzy hypersemigroup.

Proof. Let x, y,z € S. For any s € S, we have

(xx (y%2)) () = V(D) () A (y%2) (1))

V (@(S)n (DA a(Bx,.. (D) (8)

t:iz (a(s) Aa(t)).

SEXKE

Since (S, *, &) is coclosed, a(s) < a(t) for any ¢ € S and
s € xxt. Hence,

(xi (yiz)) ()= VvV a(s)
teyxz
s€xxt 9)

=« (S)Xx* (y*z) (S)
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Similarly, one can show that for any s € §,

(% p)% (2)) (8) = A(S) (xx 1z (5)- (10)

Since * is associative by the assumption, x ( yiz)
= (x*y)*z.

In the following, we present an equivalent condition for

a fuzzy hyperoperation to be map-pointed. O

Definition 3. Let S be a nonempty set. A fuzzy hyper-
operation ° on S is called smooth if for every a,b,c,d,s € S,
(aob)(s)>0and (cod)(s)>0imply (aob)(s) = (cod)(s).

Theorem 4. A fuzzy hyperoperation is map-pointed if and
only if it is smooth.

Proof. Consider a map-pointed fuzzy hyperoperation won$
for a map-pointed hypergroupoid (S, %, «). We show that *
is smooth. Let (aib) (s)>0 and (cid) (s)>0 for some

a,b,c,d,s € S. We have 0< (aib) (s) = a(s)y,.p () and so,
Xasp () = L. Similarly, x.,,(s) = 1. Therefore,

(axb) (s) = a(s)yaup (5)

= a(s)
(11)
= a(S)xe,q(s)

= (cxd) (s).

For the converse, let o be a smooth fuzzy hyperoperation
on S. We define % on S by

xxy ={s € S|(x0y)(s)>0}, (12)
and a: S— [0,1] by
a(s) = x’\y/és(xoy)(S), (13)

for every s € S. We claim that o = % . Let us first assume that
s € axb. Then, y,,, (s) = 1 and hence

(axb) (s) = a(s)yanp (5)

=a(s)

pes XN ) (14)

(aob)(s).

The last equality follows from the smoothness of o.
Indeed, for every x,y €S with sexxy, we have
(x°y)(s)>0; also, s € axb gives that (a~b)(s)>0 and so
(x°9)(s) = (aob)(s). Now, let s ¢ a*b. Then,

(axb) (s) = a(s)yanp (5)
-0 (15)
=(a°b)(s).

vV (xoy)(s)
y

Therefore, axb = aob, which means that o is map-
pointed. O
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Notation 5. Let °: S x S — F(S) be a fuzzy hyperoperation.
We define the fuzzy subset °: § — [0,1] of S by

5 (s) = x’\y/es(xoy) (s), (16)

for every s € S. Moreover, we use the symbol ® for the
hyperoperation with respect to ©, that is,

x®y={seS|(xoy)(s)>0}, (17)
for all x,y € S.

In view of the proof of Theorem 4, we get the following:
Corollary 6. Let o: Sx S — F(S) be a fuzzy hyperoperation.

Then, o is smooth if and only if o = ®.

Proposition 7. Let (S,*,«a) be a map-pointed hyper-
groupoid. Then,
(i) % = ayy.
(i) = a if and only if a(s) =0 for all s ¢ %. In par-
ticular, if % =S, then =a
(iii) If (S, %, B) is a map-pointed hypergroupoid, then .=
£ if and only if al,, = Bl

Proof

(i) For every s € S, we have

)= v (x50
x,y€S

- x,}/es((x (S)X"*Y (S)) (18)
_ [ a(s), sexxyforsomex,y €S,
o, otherwise,
= a(s)xy ().
(ii) (=) Suppose that i(s) = a. Then, ayy = a.
Let s ¢ %. So, a(s) = a(s)yy (s) = a(s)0 = 0.
(&) Let s € S. If s € %, then
%(s) = als)yy (s)
=a(s)] (19)
= a(s).
If s ¢ %, then
%(s) = a(s)xy () = 0 = a(s). (20)
Hence, * = ~
(iii) (=) Let * = ﬁ Then, ayy, = Byxq by (i). Hence,
aly = Plg-
(<) Suppose that a|y, = fB|g,. Then, let x, y,s € Sand
we have
(%) (5) = () (5)
= B()Xxuy (5) (21)

— (x5 (9).

Hence, %= i O

Corollary 8. Let o: Sx S— F(S) be a fuzzy hyperoperation.
Then, the following are equivalent:
(i) o is smooth.
(ii) o is map-pointed.
(iii) o = ®.
(iv) o = ﬁfor a hyperoperation * and a unique map 3
with B(s) =0 for all s ¢ %.

Proof. The equivalences of (i), (ii), and (iii) follow from
Theorem 4 and Corollary 6. For (ii) = (iv) define
B: S—[0,1] by

SEU,

(5 ={°¢ (22)
Bls _{0, s¢U.

We have aly, = |y, and so $=4 by Proposition 7. Thus,

o =4 with $(s) =0 for all s ¢ %. Also, 8 is unique by
Proposition 7 and (iv) = (ii) is trivial. O

Remark 9. <is the unique map mentioned in Corollary 8
because ° (s) =0forall s ¢ %. Lets ¢ %, thens ¢ x® y for
all x, y € S. Therefore, (x° y)(s) = Oforall x, y € S and hence

B (s)= Vv (xey)(s)
x,y€S (23)
=0.

Proposition 10. Let  be a hyperoperation on S and
a: S— [0, 1] be a map. If x is associative and alg, > 0, then *
is associative.

Proof. It suffices to show that for all x, y €S,
x*y={se5|(xiy)(s)>o}. (24)
To this end, let x, y,s € S. Then, we have
(x%2)(5) >0 a(s)y,,, (s) >0
©a(s)>0,s€xxy (25)

esexxy (aly>0).

3. Adjoint Functors

In this section, two functors between the categories of map-
pointed hypergroupoids and fuzzy hypergroupoids are de-
fined. These functors give an adjunction whose restrictions
on certain subcategories form an equivalence.

Definition 11. Let (S,*,a) and (P,0O,8) be two map-
pointed hypergroupoids. A map f: S— P is said to be
a homomorphism if

(1) f(x*xy)< f(x)Of (y) for all x,y € 8.
(2) a(s)<B(f(s)) forall s eS.



Also, f is called a strong homomorphism if

(1) f(x*xy) = f(x)Of (y) forall x,y €.
(2) a(s) =B(f(s)) for all s € S.
Note that the classes of all map-pointed hypergroupoids with

homomorphisms and strong homomorphisms between them
form categories denoted by mHgr and smHgr, respectively.

Definition 12. Let (S, ) and (P,O) be two fuzzy hyper-
groupoids. A map f: S — P is said to be a homomorphism if
for every x, y € S,

flxey)< f(x)Bf (y), (26)
in which f(x o y) is a fuzzy subset of P defined by

f(xoy)(p)=fv

<s>=p(x°y) (&), (27)

for any p € P (see [4]). Also, f is called a strong homo-
morphism if

fxey)=fx)0f (»). (28)
The categories of all fuzzy hypergroupoids with ho-

momorphisms and strong homomorphisms between them
are denoted by FHgr and FsHgr, respectively.

Lemma 13. Let (S, *,«) and (P,0, ) be two map-pointed
hypergroupoids. If f: S— P is a (strong) homomorphism of
map-pointed hypergroupoids, then it is a (strong) homo-

morphism of fuzzy hypergroupoids with respect to (S, *) and
B

(P,0). The converse also holds provided that a(s) + 0 for all

SEX*Y,x, ¥ €S.

Proof. We suppose that f is a homomorphism of map-
pointed hypergroupoids. Let x, y € S. Then, for any p € P,
we have

FENPI= v (@)
AR (29)
= f(sza(S)xx*y(S)-

Since f is a homomorphism of map-pointed hyper-
groupoids, we have

a(s)<p(f(s)andx, ., () <xfwarp (f () (30)
Then,
FEER (P =V @Oy (9
<BPXfmriy (P) (31)

B
=(f()0f () (p)

A similar argument is applied for the case of strong
homomorphism by replacing each < with equality. Con-

a B
versely, we suppose that f: (S, *) — (P,0) is a homomor-
phism of fuzzy hypergroupoids where a(s)#0 for all
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sex*y,x,y€S. Lets € xxy for x,y € Sand let p = f(s).

Since f is a homomorphism, f(xiy) (p) < (f(x)él
f(3)(p), hence

f<X:p (50 <p (P s comrp () (P (32)

and so since f(s)=p, (xiy) (s) S/S’(p)xf(x)mf(y) (p).
Therefore, a ()X ., () <B(PIXf(wmf(y) (P)- Since x,.,, (s) =
1 and «a(s)#0, Xfxof () (p)#0 and B(p)=a(s). Hence,
f(s) e f(x)Of () and a(s) <B(f(s)). O

Theorem 14. The assignment defined by (S, x, a) (S, i) on
objects and f- f on morphisms gives us functors denoted by
F: mHgr — FHgr and F;: smHgr — FsHgr.

Proof. This is proved by Lemma 13. O

Lemma 15. Let (S, ) and (P,0) be two fuzzy hyper-
groupoids. Let ® and ® be the hyperoperations with respect
to o andO. If f: (S,0) — (P,0) is a homomorphism of fuzzy
hypergroupoids, then f: (S, ®, 3)— (P, ®,0) is a homo-
morphism of map-pointed hypergroupoids.

Proof. Let  x,y €S First, ~we  prove  that

fx®y)S f(x)Rf(y). Lett € x® y so that (xo y)(¢)>0.
Let p = f (t), then we have

(fOf(p) = (f(xeoy)(p)
= fep o) (33)
> (x0y)(t)>0.
Hence, f(t)=pe f(x)®f(y). This
f(xey)=f(x)nf(y). Now, we
S (s)<O(f (s)). Let p = f(s), then we have

() =0(p) = v (wI2)(p)
v (f(x)Of(»)(p)
x,y€S

vV (f(xep)(p)
x,y€S

means that
prove  that

vV

\2

(34)

vV Vv
%,y€S f(s)=p

x)}/gg(xoy) (s)

S (s).

(xoy)(s)

[\

O

Theorem 16. The assignment defined by (S, o) (S, ®, )
on objects and f~» f on morphisms gives us a functor denoted
by G: FHgr — mHgr.

Proof. This follows from Lemma 15.
In the following, @ ® denotes the hyperoperation with
respect to the fuzzy hyperoperation =, that is,

x“®y={seS|(xiy)(s)>0}. (35)
O
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Proposition 17. Let (S,*,a) € mHgr and (S, o) € FHgr.
Then,

(i) idg: GF (S, *,a) = (S, %, &) is a morphism in mHgr.
(ii) idg: (S, o) > FG(S, o) is a morphism in FHgr.
Proof

(i) We have GF(S,*,a)= (S,®,%), and for any
x,y €S,

xéy:{seSI(xiy)(s)>0}

:{s € Sla () () >0} (36)
={s € xxyla(s)>0}

Cx%y.
Also, for any s € S,
S = ERCSIC
= V@ (9 (37)

<al(s)

= a(idg (s)).

(ii) Note that FG(S, o) = (S, @O>). Let x, y,s € S. Then,
we have

(x®y)(s) = = (SNxey (5)

= w’\z/es(u)oz)(s)xx@y(s) (38)
2 (x°¥) ()X gy (5)
=(x°y)(s). -

Definition 18. A map-pointed hypergroupoid (S, *,a) is
called super if

a(s)>0es e . (39)

Theorem 19. The following statements are equivalent:

(i) idg: GE(S, %,a) = (S, %x,a) is an
in mHgr.

isomorphism

(ii) idg: (S, x,a) = GF(S, x, a) is a morphism in mHgr.
(iii) idg: GE (S, x,a) — (S, , a) is a morphism in smHgr.
(iv) (S, x, a) is a super map-pointed hypergroupoid.

Proof. The implications (iii) = (i) = (ii) are trivial, and (ii)
= (iii) follows from Proposition 17(i). For (iii) = (iv), we

have GF(S, ,a) = (S, ®, *). So, idg (S,2®, %)—
(S, x,a) is a strong homomorphism by the assumption.

Then,¢® = * and * = a. Suppose that a(s) >0 for s € S.
Then, * (s)>0.S0,a(s)xg, (s)>0and s € . Now, lets € %.
Then, there exist x,y €S with sex*y= x%y. Hence,

0< (x * y) (s) = (x(s)Xx*y(s) whence «(s) > 0. For (iv) =
(iii), let (S, *, «) be super. It must be shown that «® = *

and * = a. Let x, ¥ € S. Then,
x%yz{sesuxiy)(s)m}

= {s € S|06(5)Xx*y(5) >O}

={seSla(s)>0,s € x x y} (40)
={seSlse¥sex~*y}
=X *y.

Also, by Proposition 7 (ii), * = a. O

Theorem 20. The following statements are equivalent:
(i) idg: (S, o) = FG(S, ) is an isomorphism in FHgr.
(ii) idg: FG(S, o) — (S, o) is a morphism in FHgr.
(iii) idg: (S, o) > FG(S, o) is a morphism in FsHgr.
(iv) (S, o) is a smooth fuzzy hypergroupoid.

Proof. The implications (iii) = (i) = (ii) are trivial, and (ii)
= (iii) follows from Proposition 17 (ii). For (iii) & (iv), we

have FG (S, o) = (S, é)). So, idg: (S, 0) — (S, @3) is strong if

and only if o = ® , which is equivalent to the smoothness of
o by Corollary 8. O

Notation 21. The subcategory of all super map-pointed
hypergroupoids is denoted by &, and the subcategory of
all smooth fuzzy hypergroupoids is denoted by 2.

Theorem 22. The restriction of F on € and G on D make an
equivalence between € and . In other words, € = D.

"
Proof. By Theorem 19, GF 5 1is a natural isomorphism on

id
€. Also, by Theorem 20, 1 S FG is a natural isomorphism
on 9.
Theorem 22 is in fact a part of a more general fact, as
follows: O

Theorem 23. G is a left adjoint to F.

Proof. Let¢: (S, o) = F(T,x,a) = (T, *) be a morphism in
FHgr. We prove that ¢: G(S,°) = (S5, ®, ) = (T, x,a) is
a morphism in mHgr. Let x, y € S and s € x® y. Also, let
t = ¢(s), then we have

seEx®y= (xoy)(s)>0
=>¢(xeoy)(t)>0
= (9(x)%9 () (1) >0 (41)
= a(t)X(p(x)*(p(y) (t)>0
=t € p(x)xp(y)

Also, it must be shown that 5 (s) <a(¢(s)), that is,



S(s) = V (xop)(s)
x,y€S

< x}/ésfp(xw)(t)

= x,;\v/es(go(x)igv()’))(t) (42)
- x,}//es ‘X(t)X‘/’(X)*qJ(y) (t)

<a(t)

= a(@(s)).

Moreover, it is clear that ¢: G(S) > T is the unique
homomorphism which completes the following diagram:

id,
§ —=> FG(S)

¢ , (43)
A ' F(p)=¢
F(T)

To prove the other side of adjunction, let
v: G(T, o) — (S, %, ) be a morp}lism in mHgr. We prove
that y: (T, o) > F(S, %, &) = (S, x) is a morphism in FHgr.
Let x, y € T. So, for every s € S, we have

y(xey)(s)= VvV (xoy)(t)
y(t)=s

<% (s) (44)

If y(xoy)(s) =0, then we have
Y (xe)(9) < (¥ ()5 (1) (s). (45)

Suppose that ¥ (x e y) (s) > 0. So, there exists t € T such
that (xoy)(t)>0 and y(t) =s.

We have tex®y. Hence, s=y(t) ey(x®y)Cy
(x)*y (y). Therefore, Xy (o)xw(y) (s) =1 and
y(xey)(s)<a(s)

= ()X y ey () () (46)
= (Y (Y () ©)

Hence, y is a fuzzy homomorphism. This means that
y: T — F(S) is the unique homomorphism such that the
following diagram commutes:

id,
§ <— GF(©)

7
(47)

v=G (y)
G (1)
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4. Conclusion

In this paper, we establish a correspondence between map-
pointed hypergroupoids and fuzzy hypergroupoids. Spe-
cifically, for every map-pointed hypergroupoid (S, *,«),
where * is a hyperoperation on S and &: §— [0, 1] is a fuzzy
subset, a fuzzy hyperoperation denoted by x: S x S — F(S) is
defined. This new operation is called a map-pointed fuzzy
hyperoperation. We demonstrate that any fuzzy hyper-
operation represented as a map-pointed fuzzy hyper-
operation of the form * must possess a property known as
smoothness and vice versa. Conversely, for every fuzzy
hypergroupoid (S, <), a hyperoperation ® on S and a fuzzy
subset on S, denoted by 5: §— [0, 1], are defined. These two
assignments give us two functors that are inverse to each
other in the sense of adjunction in category theory.

Overall, this correspondence sheds light on the re-
lationship between hypergroupoids and fuzzy hyper-
groupoids, providing insight into how these structures can
be related through the lens of fuzzy set theory and category
theory.
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