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In this paper, we consider some properties of homogeneous Besov-Lorentz spaces. First we get some relationship between

(Bsq Bsq)gr and Besov-Lorentz spaces, and then, we obtain the scaling property of B

1. Introduction

In [1], Yang Cheng-Peng introduced Besov-Lorentz
spaces B . and Triebel-Lizorkin-Lorentz spaces Fpr by
L1ttlewood Paley decomposition and proved that the real
interpolation spaces (Fs’q Fs’q)er fall into the Trie-
bel-Lizorkin-Lorentz spaces E'

For the real interpolation of ﬁomogeneous Besov spaces
B;’q, it is well known that when the index p is
fixed, (BSU = le ql)gr are still Besov spaces. If p,+ p;, gen-

erally speakrng, (B B )9r will fall outside of the scale of
Besov spaces. There are many works which considered the
real interpolation, see [1 12]. But does (BS):,B;?)GJ be the
Besov-Lorentz space B ~ which is given in [1]? In this paper,
we partly answer this questlon and get some relationship
between (B Bsq)(,r and B q. Since the properties of
function spaces are srgnrﬁcant for PDE furthermore, we
consider the scaling property of F ~ and Bsq

For homogeneous Besov spaces and Trrebel—Lizorkin
spaces, we use the characterization based on the homoge-
neous Littlewood-Paley decomposition, see [11]. Given

a nonnegative function @ (&) € P (R") such that suppp =
{€ e R™ |€] <2} and ¢ (&) = 1 if [€] < (1/2). Define

v(x)=2"p(2x) -
v, (x) = 2"y (2"x).

(),
P (1)

. and F

Then {y,(x)},»x € R" be a family of function
satistying

( R 1
suppy, ={§ € R".J <27 "lgl <2};
R 1 _
|1//u(£)|2C>0,ifE<C1s2 "€ <Cy<2;

1 (2)

'ak@u (f)| < Ck2_”|k|, forany k € N

io ¥, (&) = 1,forall & € R"\{0}.

u=-00

Define f, =y, * f, the f, is called the u— th dyadic
block of the Littlewood-Paley decomposition of f. Let & be
the space of all Schwartz functions on R”. The space of all
tempered distributions on R" equipped with the weak- «
topology is denoted by s (R™). Let P(R") be the space of all
polynomials on R”, and let & (R”)~P(R") denote by the
space of all tempered distributions modulated polynomials
equipped with the weak-* topology. For g oy
f e S (RM~P(R™), we recollect the definition of B 1 and
P

p
Definition 1. Let f € S (R")~P(R"), 0<g<oo,s€Rand
u € Z. Then,
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% Af (Y 2591 £, 12| < 00,
(ii) for 0< p<oo, f € B,", if [¥ 2% f,[7,]

(i) for 0< p<oo, f € F)
4 < co.

When g = 00, it should be repluaced by the supremum.

Based on the homogeneous Littlewood-Paley de-
composition {f,},.,» we recall the definition of Trie-
bel-Lizorkin-Lorentz spaces and Besov-Lorentz spaces
which have been studied in [1]. Let E ¢ R”, we denote by |E]|
the Lebesgue measure of E.

Definition 2. We assume that f € S (RNP(RM),
0<p<00,0<q,r<o0,s € R and u,v € Z. Then,

0 feEd i (3 2V’|{z Zq”slfu(x)|q>2q”}lr”’)”r
< 00, v u

(i) f € Bpr, if
<00.

(Y214 (3 27| £, ()] > 2}7"P)P"] e

Asq = ooorr = 00, it should be modified by supremum.

The definition of the above spaces are independent of the
choice of y,, see [1, 4, 11, 13, 14].
First, we consider some
(Bsq Bsq)e, and B

and Bp),. These properties are important in Cauchy

relationship  between
.. Then, we get the scaling property of

(A0>A1)9,q,1< = {f feAy+ALISf (AvA1)gx —

If g = 00, then
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problem for nonlinear PDE, such as Navier-Stokes
equations.
This paper is organized as follows. In Section 2, we list

some background that shall be used in this paper. In Section
3, we give some relationship between (B;’Z, B;’?)e’, and B;’Z.
In Section 4, we prove that F p),s’q
property.

In this paper, we denote by A < B an estimate of the form
A < CB with some constant C which is independent of the
main parameters, but it may vary from line to line, A ~ B
means A< B and BS A.

-5q .
and B,, have scaling

2. Preliminaries

2.1. Real Interpolation. We recall that if Ay, A, is a pair of
quasi-normed spaces which are continuously embedded in
a Hausdorff space X, then the K — functional

K(f:t,ApAy) = mf {"fo"An +tlfll4, } (3)
is defined for all f € Ay + A, with f, € A; and f, € A,.

Definition 3. Let 0<f<1 and 0<g< 00, then

“ZO [t(’K(t,f,Ao,Al)]q%}l/q <oo}. (4)

(Ap» A1)gook = {f: feA+ AL (), =supt 'K (b fL A Ar) < oo}. (5)
,00,K ¢

In this subsection, we shall replace the continuous t by
a discrete variable j. The relationship between t and j is
t = 2/. This discretization turns out to be a very helpful
technical tool Assume that f/ =K(f,2/, Ay A,). Let us
denote by 1% the sequences { f/ }jez such that

[} = [;(Z‘felffl) ] RPN

The following result implies a discrete representation of
the spaces (Ag, A)gqk- It was proved in [4].

Lemma 1. Let Ag+ A =1{f: f=Ffo+ fi fo €A
f1€ Al IffeA0+A1, thenfe (Ag> A1)gy, if and only if
{f]}]eZ belong to A%, Moreover, we have

2 %log 2| f]0s <IIfI (Ao} S 2 108 2| e ()

By Lemma 1, it is easy to see the following remark:

Remark 1

1/q

Y 2K (Y, f, A0 A

i

0< q<0o0;
"f" (onAl)H‘q»K -

sup2 'K(2, £, Ap A)), g =00,

J

(8)
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Moreover, in this subsection we give some notations. We
assume that s is an arbitrary real number. We denote

1/q
l'; =daa ={aj},j €Z, ||tl||lq = [Z <2js aj|>qj| <o
j

(9)

v, * f. Observe the form of Definition 1, it is
. s -5q
is a retract opr (lq) and B,

Let f, =
easy to see that F;’q

[ (Ly). It is

is aretract of

BT L) Y

(10)
I lgea = |{fH; (L)

2.2. Lorentz Spaces. In the following part, we review the
definition of Lorentz spaces which are a generalization of
Lebesgue spaces. For x € R”, the distribution and rear-
rangement function given by the following formulas:

=|{x: |f (x)| 2 t}land £*(s) = inf {: 1, (£) <s}.
(11)

Then, for 1 < p<oo and 0<r < oo, Lorentz spaces Lp)r
are defined in the following way

L, = {f: 1£1,, = [% NG (t))’%] oo }
(12)
For r = oo,
Lpo ={f: 1flpeo = sup, t77 £ (£) < co}. (13)

Itis not difficult to see that L, , = L,. Whenr = 00, L,
corresponds to the weak —L,, spaces. However, the previous
formula is not very useful because it depends on the rear-
rangement function f* and we will use an equivalent
characterization which has been studied in [1].

Definition 4. Supposed that1< p<00,0<r<o0o0,andu € Z.

Then, f € Lp,,, if

1/r
(ZZV”I{If(x)I>2”}|”p> <00, (14)

as r = 00, it should be replaced by the supremum.

Remark 2. Observe that (14) is a form of the value of
a function multiplied by the measure, then in companson
with Definition 4 we can discover the space E37 s a retract
ofL (l ) and B . is a retract ofl (L ). It can be written as

171z, 2 =) IILW(l; )
"f”B;’i :”{fu} [ (Lw)'

(15)

So we can obtain that Trlebel Lizorkin-Lorentz spaces
E o ? and Besov-Lorentz spaces B . are the generalized Besov
spaces and Triebel-Lizorkin spaces based on the Lorentz
spaces L. The following lemma is a classical result of real

interpolation of Lebesgue spaces, see [4].

Lemma 2. Given 0< p,<p; <00, 0<r<oo, 0<0<1 and
/p=(1-0)/py+6/p,. We have

(Lpo’ Lpl)e,r =Ly (16)

Furthermore, we recall the vector valued version of
Minkowski’s inequality.

Lemma 3. Let k,j € Z, p;,q,>0, 1<p<oco and aj € R,

then
p
<qu‘ Jk' >

se(zon)] o2
(17)

2.3. Triebel-Lizorkin-Lorentz Spaces. Fixed the indices
sandg, the real interpolation spaces of Triebel-Lizorkin
spaces (F o0’ F )9r are Triebel-Lizorkin-Lorentz spaces.
The following theorem has been proved in [1].

Theorem 1. Let
0< 1. Then,

(i) (F,, F”)er =F,.if 1/p=(1-6)/p,,
(ii) (FPO% P q) —Fp’,r,if 1/p=(1-6)/p,+0/p,.

0< pgs 1 <00,0< gy, 4q;,r<ocoand 0<

By (10) and (15), we can rewrite Theorem 1 as given in
the following:

Remark 3

S °S S\ L 1
(Lpo(lq)’ Lpl(lq))e,r - Lp»r(lq>’ if P B

Especially, for L, , = L,, we have

Corollary 1. Let 1/p= (1 -0)/py+ 0/p,. If p = r, then
(L, (1) Lo, (15))s,, = Lo(Ly) (19)

or equivalently,
sq S\ s
(FPO’ FPl )O,p - FP : (20)

. . ULy 55,4
3. Relationship between (B, ,B, )y, and B, ,

In this section, we give the relationship between the
. . =54 1559
real interpolation spaces (B, B, )y, and Besov-Lorentz

<5q
spaces B, .



Theorem 2. Let 6¢€ (0,1), seR, 0<g,r<o00,

1< py<py<coand 1/p=(1-0)/py+6/p,. Then,
(i) (Bsq B)")g, = By, if 0<r<q<oo,

(ii) B .= (Bsq Bsq)er, if0<g<r<oo,

Ky =K, (. fr A A) = inf (llfo||

Journal of Mathematics
(iii) (B;’Uq, B;?)qu = B;’?q, if0<r=g<oo.

Before the proof of Theorem 2, we first list several useful
lemmas. Define the functional K, by

1/p
+elAl) (21)

S dt1"
11 (A g, =“O [£°K, (&, f, Ap Ay) th . (22)

First, we recall an lemma about

Kp(t,f, Ay Ay, see [8].

important

Lemma 4. Let A = (Ay, A,) be a couple of quasi-normed
spaces. For any p >0, we have

L0 (a0 (a0 (23)

We do not prove Theorem 2 directly. We prove the
following equivalent theorem:

Theorem 3. Let 0¢€ (0,1),
1< py < p; <00. Then,

seR, 0<g,r<oco and

(i) L (Lp), T (Ly g, =1 (Lo Ly day) i O<rs
q <00,

(”) l.;((Lp0>Lpl)9,r)‘_> (l; (LPO)’ lsq (Lpl))ﬂ,r) lf
0<q<r<oo,

(i) (I (L) (L gy = [y (Lyo Ly e i 0<q=

r<co.
It is easy to see that Theorem 3 implies Theorem 2.

Remark 4. Denote 1/p = (1 - 0)/p, + 0/p,. For function f
and u € Z, denote f, =y, * f. We have

Il = £} o(1,)
Il = £} o1, ) (24)
£ = 1l o,y = ) (1), )

Kq(t, a) =

{ZZM[ 1nf (
aj—a +u

a1 0(0,) = T2 i (e
7 aj:a].+a}

)]

Hence, Theorem 3 is equivalent to Theorem 2.
Since L, , = L,, by Theorem 3, we can see that a part of
real interpolation spaces are still Besov spaces. In fact,

we have

Remark 5. Let 1/p= (1-0)/p, + 0/p,. If g = p, then

(o(Lp 1 Tp(L5))g, = To(Lp ) (25)
Consequently,
(Bor Byt o, =By (26)

Now, we come to prove Theorem 3.

Proof. Let a denote the sequence { } o ISl 2 IIfIILP and
LA Gt = 10 (st (27)
For j € Z and 0 <g< 0o, we deduce
q q v
ool )
(28)
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For q = 0o, we have As 0<r<oo, by (28), Lemma 4 and using a discrete

representation of the space || fll 4, 4, Yo which is described in
+ t"a; "P >] (29) Lemma 1, we deduce that
1

K, (t,a) = sup[2]$ inf ( a’ )

aJ a+a

1), ~ (o IRl %) [ 2 cay]

(s fplatinl])

If r = 00, by (29), then As 0 <g< o0, applying a discrete representation of the

space [la | L, ), We have
el () (e), Pl Y
i, )] } -

2] lls,..., {Zﬂﬂgﬁxﬁm 1
k6 s k
~ sup2 {Z 2/ q[ajjgﬁaj( o +2 "a} ||pl):| } . (33)

(31) Applying (33), we know that

(30)

aO
Tip,

a°
J

When g = o0,

ol (1,)i (1),
(o]

a°
J

)]} )

(32)

1/q
lall :<ZWW@W >
lq((LPo’L.Dl )9,) j (LPO’LPl)e,r

(s

(34)

a°
J

ryalr\ V4
NN

When g = oo, For r = o0,

1)}

(35)

IIaII
Po P1

- Jjs —kr6 .
Sup 2 { Zk: 2 [u;i%ﬁa‘(
i

aO
ilp

a°
J

llal

q\ Va
p0+2’<“a}'|pl)”> . (36)

(ein),) <ZZW{S“PZWLJEEQ<



(i) If 0<r<g<oo, then g/r>1. From (30), (34) and
Minkowski’s inequality (17), it follows that

—kr@
w| Zyw Zz inf_(
Lpp> m J u’ a +a

=l<
{F

j k

As g = 00, by (32) and (35), we obtain

lal ~w?{zw[
lsoo ((LPO’LPI )9 > Z 7
(gL

ZJSQ{ Zz—kr9|: 1nf <
aj—a +a

2" krﬂ{ Z 2]sq
j
90 (1) (1)),
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a°
J

RETRIIN
W)} ]

1/r

0

a.
Tllp, (37)
q rlq 1/r
0 1
|:a-—121:-a< 61]- Po a] Pl):|
i
ry Ur
0 k|| .1
ot (141, +2141,)] |
r\ Ur
0 K| 1 (38)
(1]- Po a] P

M () (1),

“““(z;(Lm,) (),

(-l

2kr9{ 2]sq
2]5‘1{ Z
j k

1)gr>,if 0<r<g<oo.
(39)

—kro
aj

(i) Conversely, if 0 <g<r < oo, then r/g>1. In a sim-
ilar way, by (30), (34) with Minkowski’s inequality

(17), we obtain

q rlq 1/r
1nf (aq +25at )
=a%+al J Jip,
j j
q gy 4" Vq
mf aq k"al.” > (40)
a;=al+a; Jlp,
ryar\ V4
. 0 k| .1
inf (a. "a" )
=a%+al Tip, Tlip,

7o

When r = 00, by (31) and (36) and the same as we

did in (i), we omit the details. Hence,
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i;<(LPo’ Lpl)o,r) - (i;(Lpo)’ l.;(Lpl))e’r, if 0<g<r<oco.
(41)

(iii) For 0 < g = r <00, from (i) and (ii), it is easy to see
that

(B e ))oy = (L )y, )
We finish the proof of Theorem 3. O

By Remark 3, as contrasted with the real interpolation of
Triebel-Lizorkin spaces, we conclude the following result:

Remark 6. Fixed the indices s and g, the real interpolation of
Triebel-Lizorkin spaces satisfy

(Lpo(i;)’ LPl(i;))O,r = Lpr(l ) with ;

The real interpolation of Triebel-Lizorkin spaces for
index p can be directly interpolated as L,,, but the real
interpolation of Besov spaces for index p can not be directly
1nterpolated as Ly, the relationship (l (Lpo)l (L ))9,
between l (L ) depends on whether g < r org=r.

1-0 6
+—. (43)
1

0

Moreover, we need to point out that for the in-
homogeneous spaces F,? and B}, all the results of real
interpolation are also true.

4. Scaling Property

In this section, we get the scaling property of F ‘T and B .
Homogeneous spaces can be the critical spaces of many
nonlinear partial differential equations. Critical spaces hold
an important status in nonlinear partial differential equa-
tions. First, we recall the scaling property of Lorentz spaces,
see [15].

Lemma 5. The Lorentz space L,,,
any strictly positive number A
L,,(R"):

(R™) is homogeneous, for
and any f belonging to

If (A, = A"PUflL,,- (44)

Suppose that f is a tempered distribution, and consider
the tempered distribution fy defined by fy = f(2N.),
then, we have the following proposition.

Proposition 1. We assumed that 1< p<o0o, 0<g,r <00,
seR, x € R", u € Z, an integer N, and a distribution f of
S (R")~P(R"), then, we have

N (s—(n/
= 2V £,

(45)
2N “’P”ufu

||fNHB

Proof. Let us recall:

e =IF oy Wz =W,y o)

and then by definition of ( f), and the change of variable
t = 2V x, we obtain

(3= Fu2™) = v fy
= 2”"J (2" (x =) fn()dy
R’

= 2“”IW1//(2” (x= ) f(2"y)dy

(47)
_ Aw=N)n u . Au-N
=2 IR»«W(Z x = 2""Ne) f(t)dt
_ A(W=N)n i-N(AN_
=2 IR»«W(ZJ (2¥x—t))f (t)dt
= fu_N(ZNx).
By Lemma 5, we have
“ (fN)u"LN = 7N(n/p)”fu—NHLw' (48)
Then,
Ul =1y = {12, ), = flood, |,

[s(re, )]

u

2 <2““N’2N“"’P’||fuNnLP,)q]W

u

_ 2N(s—n/p)|: z (Zs(u—N)"fu_N”L )q:|1/q
pr

u-N
=2V fllg,
(49)

for the homogeneous Triebel-Lizorkin-Lorentz spaces, the
proof is similar, we omit the details, see [16]. O

More generally, there exists a constant C, depending
only on s, such that for all positive A, we have

CTAT P fllga <If (W)llgs <CAT P fllga,  (50)

and the similar for F q
corollary.

Then we have the following

Corollary 2. Let 1< p<00,0<g,7r<00, s € R, x € R" and
a distribution f of S, for any strictly positive number A, we
have

—(n/ —(n/
1f (A~ AP fllpa, I (Allgea ~ APV fl g

(51)

Remark 7. There have been a lot of results about the
properties of these two types spaces, such as the wavelet
decomposition characterization of B o and £ o is already



obtained, see [1], the boundedness of operators in the
generalized Besov-type was considered in [17], and so on.
These properties are important in Cauchy problem for
nonlinear PDE. For instance, based on these properties, we
can consider the well-posedness of the Navier-Stokes

. Y | -5,q
equations in B,, and F, .
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