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In real Hilbert spaces, let the CFPP indicate a common fxed-point problem of asymptotically nonexpansive operator and
countably many nonexpansive operators, and suppose that the HVI and VIP represent a hierarchical variational inequality and
a variational inequality problem, respectively. We put forward Mann hybrid deepest-descent extragradient approach for solving
the HVI with the CFPP and VIP constraints. Te proposed algorithms are on the basis of Mann’s iterative technique, viscosity
approximation method, subgradient extragradient rule with linear-search process, and hybrid deepest-descent rule. Under
suitable restrictions, it is shown that the sequences constructed by the algorithms converge strongly to a solution of the HVI with
the CFPP and VIP constraints.

1. Introduction

Suppose that PC is the nearest point projection from H onto
C, where H is a real Hilbert space with the inner product
〈·, ·〉 and induced norm ‖ · ‖, and C is a convex closed set
with ∅≠C ⊂ H. Let Fix(T) be the fxed-point set of an
operator T: C⟶H and R be the real-number set. We use
the notations⇀ and⟶to denote the weak convergence and
strong one in H, respectively. A self-mapping T on C is said
to be of asymptotical nonexpansivity if ∃ θk  ⊂ [0, +∞] s.t.
limk⟶∞θk � 0 and

1 + θk( ‖u − v‖≥ T
k
u − T

k
v

�����

�����,∀u, v ∈ C, k≥ 1. (1)

In case θk � 0 for each k, T is said to be of non-
expansivity. Given an operator A: H⟶H. We consider
problem of seeking x∗ ∈ C such that
〈Ax∗, y − x∗〉≥ 0,∀y ∈ C, which is called the classical
variational inequality one (VIP). We denote by VI(C, A) the
solution set of the VIP. In particular, if the VIP is defned

over C which is the solution set of another problem, then the
VIP is called the hierarchical variational inequality (for
short, HVI) over the solution set C. It is well known that the
extragradient approach is one of the most efective methods
for settling the VIP, which is proposed in Korpelevich [1],
that is, for any starting p0 ∈ C, pk  is fabricated below:

qk � PC pk − μApk( ,

pk+1 � PC pk − μAqk( ,∀k≥ 0,
 (2)

where μ ∈ (0, 1/L) and L is the Lipschitzian coefcient of A.
In case VI (C, A) is nonempty, pk  converges weakly to an
element in VI(C, A). At present, the vast literature on
Korpelevich’s extragradient technique reveals that numer-
ous scholars have given wide attention to it and improved it
in diferent manners (refer to [1–28]).

In 2018, Tong and Van Hieu [20] frst invented the
inertial-type subgradient extragradient rule, i.e., for any
starting p0, p1 ∈ H, pk  is fabricated below:
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wk � pk + αk pk − pk− 1( ,

vk � PC wk − μAwk( ,

Ck � v ∈ H: 〈wk − μAwk − vk, vk − v〉 ≥ 0 ,

pk+1 � PCk
wk − μAvk( ,∀k≥ 1,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(3)

where μ ∈ (0, 1/L) and L is the Lipschitzian coefcient of A.
Via mild assumptions, they showed that pk  converges
weakly to a point in VI(C, A). Besides, due to the importance
and applicability of inertial technique, some new inertial
iterative algorithms were recently introduced and analyzed
(see [29–32] for more details). Recently, the hybrid inertial-
type subgradient extragradient rule with linear-search
process in [23] was proposed for settling the VIP with the
operator A satisfying both pseudomonotonicity and Lip-
schitz continuity and the common fxed-point problem
(CFPP) of fnite nonexpansive operators Tl 

N

l�1 and as-
ymptotically nonexpansive operator T in H. Let f: H⟶H

be a contractive map with coefcient δ ∈ [0, 1], and
F: H⟶H be an operator satisfying both η-strong
monotonicity and κ-Lipschitz continuity, such that δ < τ: �

1 −
�������������
1 − ρ(2η − ρκ2)


for 0< ρ< 2η/κ2. Suppose that

αk  ⊂ [0, 1] and βk , ck  ⊂ (0, 1) s.t. βk + ck < 1,∀k. Be-
sides, one writes Tk: � Tk mod N for each k≥ 1 with the
mod function taking values in 1, 2, . . . , N , i.e., in case k �

jN + q for some j≥ 0 and 0≤ q<N, one has that Tk � TN

for q � 0 and Tk � Tq for 0< q<N.
Under suitable assumptions, they proved the strong

convergence of the sequence xk  to a point in
Ω � VI(C, A)∩ (∩N

l�0Fix(Tl)) where T0: � T. On the other
hand, Reich et al. [25] put forth the modifed projection-type
rule for handling the VIP with the operator A satisfying both
pseudomonotonicity and uniform continuity. Let
αk  ⊂ (0, 1) and suppose that f: C⟶C is a contractive
map with coefcient δ ∈ [0, 1].

Under mild assumptions, they proved strong conver-
gence of the sequence xk  to an element of VI(C, A).

In real Hilbert spaces, let the CFPP stand for a common
fxed-point problem of asymptotically nonexpansive oper-
ator and countably many nonexpansive operators. Let the
HVI indicate a hierarchical variational inequality. We put
forward Mann hybrid deepest-descent extragradient ap-
proach for solving the HVI with the CFPP and VIP con-
straints. Te proposed algorithms are on the basis of Mann’s
iterative technique, viscosity approximation method, sub-
gradient extragradient rule with linear-search process, and
hybrid deepest-descent rule. Under suitable restrictions, it is
shown that the sequences constructed by the algorithms
converge strongly to a solution of the HVI with the CFPP
and VIP constraints.

Te structure of the article is arranged as follows. Basic
notions and tools are given in Section 2. Te convergence
analysis of the suggested algorithms is discussed in Section 3.
Section 4 provides an illustrated instance to demonstrate the
applicability and implementability of our suggested algo-
rithms. It is worth pointing out that the theorems in this
article enhance and develop those associated results with
[21, 23, 25] because our algorithms involve solving the VIP

with the operator satisfying both pseudomonotonicity and
uniform continuity and the CFPP of asymptotically non-
expansive operator and countably many nonexpansive
operators.

2. Basic Concepts and Tools

Assume ∅≠C ⊂ H, where C is convex and closed in a real
Hilbert space H. For given sequence un  ⊂ H, the notations
un⇀u and un⟶u indicate the weak convergence and
strong convergence of un  to u, respectively. For each
y, z ∈ C, a mapping T: C⟶H is said to be

(1) κ-Lipschitzian (or of κ-Lipschitz continuity) if
∃κ> 0 s.t. ‖Ty − Tz‖≤ κ‖y − z‖

(2) Of monotonicity if 〈Ty − Tz, y − z〉≥ 0
(3) Of pseudomonotonicity if 〈Ty, z − y〉≥ 0⇒

〈Tz, z − y〉≥ 0
(4) Of η-strong monotonicity if ∃η> 0 s.t.

〈Ty − Tz, y − z〉≥ α‖y − z‖2

(5) Of sequentially weak continuity if for each yn  in C,
one has that yn⇀y⇒Tyn⇀Ty

Note that the class of pseudomonotone operators
properly includes the class of monotone operators. Given
any y in H, we know that ∃| (nearest point) z ∈ C, written as
z � PCy, s.t. ‖y − z‖≤ ‖y − x‖ for each x in C. PC is called
a nearest point (or metric) projection from H onto C.
According to [33], for each y, z ∈ H, the statements below
are valid:

(1) 〈y − z, PCy − PCz〉≥ ‖PCy − PCz‖2

(2) 〈y − PCy, x − PCy〉≤ 0,∀x ∈ C

(3) ‖y − x‖2 ≥ ‖y − PCy‖2 + ‖x − PCy‖2,∀x ∈ C

(4) ‖y − z‖2 � ‖y‖2 − ‖z‖2 − 2〈y − z, z〉

(5) ‖λy + (1 − λ)z‖2 � λ‖y‖2 + (1 − λ)‖z‖2 −

λ(1 − λ)‖y − z‖2,∀λ ∈ [0, 1]

Defnition 1 (see [34]). Let ξn 
∞
n�1 ⊂ [0, 1] and suppose that

Tn 
∞
n�1 is a sequence of nonexpansive operators of C into

itself. For each n, the operator Wn: C⟶C is constructed
below:

Un,n+1 � I,

Un,n � ξnTnUn,n+1 + 1 − ξn( I,

Un,n− 1 � ξn− 1Tn− 1Un,n + 1 − ξn− 1( I,

· · ·

Un,i � ξiTiUn,i+1 + 1 − ξi( I,

· · ·

Un,2 � ξ2T2Un,3 + 1 − ξ2( I,

Wn � Un,1 � ξ1T1Un,2 + 1 − ξ1( I.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)

Such an operator Wn is nonexpansive and is known as
the W-mapping constructed by T1, . . . , Tn and ξ1, . . . , ξn− 1.
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Proposition 1 (see [34]). Let [ ξn 
∞
n�1 ⊂ 0, 1] and suppose

that Tn 
∞
n�1 is a sequence of nonexpansive operators of C into

itself such that ∩∞n�1Fix(Tn)≠∅. Ten,

(a) Wn is of nonexpansivity and Fix(Wn) � ∩∞n�1
Fix(Ti),∀n

(b) limn⟶∞Un,iu exists for all u ∈ C and i≥ 1
(c) Te mapping W defned by Wu: � limn⟶∞Wnu �

limn⟶∞Un,1u,∀u ∈ C is nonexpansive operator such
that Fix(W) � ∩∞n�1Fix(Tn), and W is known as the
W-operator constructed by T1, T2, . . . and ξ1, ξ2, . . .

Proposition 2 (see [35]). Let ξn 
∞
n�1 ⊂ (0, ς) for certain

ς ∈ (0, 1) and suppose Tn 
∞
n�1 is a sequence of nonexpansive

operators of C into itself such that ∩∞n�1Fix(Tn)≠∅. Ten,
limn⟶∞supu∈D‖Wnu − Wu‖ � 0,∀ (bounded) D ⊂ C.

In what follows, one always assumes that ξn 
∞
n�1 ⊂ (0, ς)

for certain ς ∈ (0, 1). Using the subdiferential inequality of
‖ · ‖2/2, we have the relation below:

y + z‖
2 ≤

����
����y‖

2
+ 2〈z, y + z〉,∀y, z ∈ H. (5)

Later, we will exploit the lemmas below to derive our
main theorems.

Lemma 1 (see [26]). Let H1 and H2 be two real Hilbert
spaces. Suppose that A: H1⟶H2 is uniformly continuous
on bounded subsets of H1 and M is a bounded subset of H1.
Ten, A(M) is bounded.

Lemma 2 (see [36]). Let h be a real-valued function on H

and defne K: � x ∈ C: h(x)≤ 0{ }. If K is nonempty and h is
Lipschitz continuous on C with modulus θ> 0, then
dist(x, K)≥ θ− 1 max h(x), 0{ },∀x ∈ C, where dist(x, K) de-
notes the distance of x to K.

Lemma 3. Suppose that A: C⟶H is of both pseudomo-
notonicity and continuity. Given a point z∗ ∈ C. Ten,
〈Az∗, y − z∗〉≥ 0∀y ∈ C⇔〈Ay, y − z∗〉≥ 0∀y ∈ C.

Proof. It is easy to check that the conclusion is valid. □

Lemma 4 (see [8]). Suppose that an  ⊂ [0,∞] such that
an+1 ≤ (1 − ζn)an + ζnbn,∀n≥ 1, with ζn  and bn  both
being real sequences satisfying the conditions: (i) ζn  ⊂ [0, 1]

and 
∞
n�1ζn �∞, and (ii) lim supn⟶∞bn ≤ 0 or


∞
n�1|ζnbn|<∞. Ten, limn⟶∞an � 0.

Lemma 5 (see [37]). Suppose that ∅≠C ⊂ X where C is
convex and closed in a Banach space X admitting a weakly
continuous duality mapping. Let the operator T: C⟶C be of
asymptotical nonexpansivity such that Fix(T)≠∅. Ten, I − T

is of demiclosedness at zero, that is, for each un  ⊂ C with
un⇀u ∈ C, the relation holds: (I − T)un⟶0⇒(I − T)u � 0,
with I being the identity mapping of X.

Lemma 6 (see [38]). Suppose that Γm  is a real sequence
which does not decrease at infnity in the sense that

∃ Γmj
  ⊂ Γm  s.t. Γmj

< Γmj+1,∀j≥ 1. Let η(m) m≥m0
be

formulated by η(m) � max j≤m: Γj < Γj+1 , with m0 ≥ 1
s.t. m≤m0: Γm < Γm+1 ≠∅. Ten, the statements below are
valid:

(i) η(m0)≤ η(m0 + 1)≤ · · · and η(m)⟶∞
(ii) Γη(m) ≤ Γη(m)+1 and Γm ≤ Γη(m)+1,∀m≥m0

Lemma 7 (see [7, Lemma 8]). Suppose that λ lies in (0, 1], T

is a nonexpansive self-mapping on C, and Tλ: C⟶H is the
mapping formulated by Tλx: � (I − λρF)Tx, ∀x ∈ C, with
F: C⟶H being of both κ-Lipschitz continuity and η-strong

Initialization: Given any starting x1, x0 ∈ H. Let μ ∈ (0, 1),l ∈ (0, 1), c> 0.
Iterations: Compute xk+1 below:
Step 1. Put wk � Tkxk + αk(Tkxk − Tkxk− 1) and calculate vk � PC(wk − τkAwk), with τk being picked to be the largest
τ ∈ c, cl, cl2, . . .  s.t. τ‖Awk − Avk‖≤ μ‖wk − vk‖.
Step 2. Calculate zk � PCk

(wk − τkAvk) with Ck: � v ∈ H: 〈wk − τkAwk − vk, vk − v〉≥ 0 .
Step 3. Calculate xk+1 � βkf(xk) + ckxk + ((1 − ck)I − βkρF)Tkzk.
Again set k: � k + 1 and go to Step 1.

ALGORITHM 1: Hybrid inertial subgradient extragradient rule (see [23]).

Initialization: Given any starting x1 ∈ C. Let λ ∈ (0, 1/μ),l ∈ (0, 1), μ> 0.
Iterations: Compute xk+1 below:
Step 1. Calculate vk � PC(xk − λAxk) and rλ(xk): � xk − vk. In case rλ(xk) � 0, one stops; xk lies in VI(C, A). In case rλ(xk)≠ 0, one
goes to Step 2.
Step 2. Calculate wk � xk − τkrλ(xk), with τk: � ljk and jk is the smallest nonnegative integer j satisfying
〈Axk − A(xk − ljrλ(xk)), rλ(xk)〉≤ μ/2‖rλ(xk)‖2.
Step 3. Calculate xk+1 � αkf(xk) + (1 − αk)PCk

(xk), with Ck: � v ∈ C: ℏk(v)≤ 0  and ℏk(v) � 〈Awk, v − xk〉 + τk/2λ‖rλ(xk)‖2.
Again set k: � k + 1 and go to Step 1.

ALGORITHM 2: Modifed projection-type rule (see [25]).
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monotonicity. Ten, Tλ is a contractive map for
ρ ∈ (0, 2η/κ2), i.e., ‖Tλy − Tλz‖≤ (1 − λτ)‖y − z‖,∀y, z ∈ C,
with τ � 1 −

�������������
1 − ρ(2η − ρκ2)


∈ (0, 1).

3. Algorithms and Convergence Analysis

Let ∅≠C ⊂ H, with the feasible set C being convex and
closed in a real Hilbert space H.

Condition 1. Te following conditions are valid.

(C1) Tn 
∞
n�1 is a sequence of nonexpansive oper-

ators of C into itself and T: C⟶C is asymptotical
nonexpansivity operator with θn .
(C2) Wn is the W-mapping constructed by
T1, . . . , Tn and ξ1, . . . , ξn, with ξn 

∞
n�1 ⊂ [0, ς] for

certain ς ∈ (0, 1).
(C3) A: H⟶H is of both pseudomonotonicity
and uniform continuity on C, s.t.
‖Az‖≤ lim infn⟶∞‖Aun‖ for each un  ⊂ C with
un⇀z.
(C4) f: C⟶H is a contractive map with co-
efcient δ ∈ [0, 1], and F: C⟶H is of both
η-strong monotonicity and κ-Lipschitz continuity
s.t. τ: � 1 −

�������������
1 − ρ(2η − ρκ2)


> δ with

0< ρ< 2η/κ2.
(C5) Ω � VI(C, A)∩ (∩∞n�1Fix(Tn))≠∅ where
T0: � T.
(C6) cn , βn  ⊂ (0, 1) and σn  ⊂ [0, 1] s.t.

(i) 1> cn + βn and 
∞
n�1βn �∞.

(ii) βn⟶0 and θn/βn⟶0 as n⟶∞.
(iii) 1> lim supn⟶∞σn ≥ lim infn⟶∞σn > 0.
(iv) 1> lim supn⟶∞cn ≥ lim infn⟶∞cn > 0.

Lemma 8. Te Armijo-type search process (Algorithm 1) is
formulated well, and the relation is valid:
‖rλ(wn)‖2 ≤ λ〈Awn, rλ(wn)〉.

Proof. Using the uniformly continuity of A on C, from
l ∈ (0, 1), one has limj⟶∞〈Awn − A(wn − ljrλ(wn)), rλ
(wn)〉 � 0. In case rλ(wn) � 0, it is clear that jn � 0. In case

rλ(wn)≠ 0, there exists jn ≥ 0 meeting (Algorithm 1). Since
PC is frmly nonexpansive, we obtain that
〈u − PCv, u − v〉≥ ‖u − PCv‖2,∀u ∈ C, v ∈ H. Setting u � wn

and v � wn − λAwn, one gets λ〈Awn, wn − PC

(wn − λAwn)〉≥ ‖wn − PC(wn − λAwn)‖2, which attains the
desired result. □

Lemma 9. Let p ∈ Ω and hn be formulated as in (Algo-
rithm 1). Ten, hn(p)≤ 0 and hn(wn) � τn/2λ‖rλ(wn)‖2.
Particularly, in case rλ(wn)≠ 0, one has hn(wn)> 0.

Proof. It is clear that hn(wn) � τn/2λ‖rλ(wn)‖2. In what
follows, we claim hn(p)≤ 0. Indeed, in terms of Lemma 3,
one gets 〈Atn, tn − p〉≥ 0. Hence, one has hn(p) � 〈Atn, tn −

wn〉 + 〈Atn, p − tn〉 + τn/2λ ‖rλ(wn)‖2 ≤ − τn〈Atn, rλ
(wn)〉 + τn/2λ‖rλ(wn)‖2. Using (Algorithm 1) and Lemma 8,
one gets 〈Atn, rλ(wn)〉≥ 〈Awn, rλ(wn)〉 − μ/2‖rλ(wn)‖2 ≥
(1/λ − μ/2)‖rλ(wn)‖2, which hence arrives at
hn(p)≤ − τn/2(1/λ − μ)‖rλ(wn)‖2. Terefore, the claim is
valid. □

Lemma 10. Suppose that the sequences zn ,

yn , xn , wn  fabricated in Algorithm 3, are of bound-
edness. Assume that xn+1 − xn⟶0, xn − wn⟶0,

yn − wn⟶0, zn − wn⟶ 0 and Tn+1xn − Tnxn⟶0.
Ten, ωw( xn ) ⊂ Ω, with
ωw( xn ) � z ∈ H: xnk

⇀z for certain xnk
  ⊂ xn }.

Proof. Take a fxed z ∈ ωw( xn ) arbitrarily. Ten,
∃ xnk

  ⊂ xn  s.t. xnk
⇀z ∈ H. Owing to xn − wn⟶0, one

knows that ∃ wnk
  ⊂ wn  s.t. wnk

⇀z ∈ H. In what follows,
we claim z ∈ Ω. In fact, observe that
xn − wn � σn(xn − Wnxn),∀n. Tus, ‖xn − wn‖ � σn

‖xn − Wnxn‖. Using the assumptions lim infn⟶∞σn > 0 and
xn − wn⟶0, we have

lim
n⟶∞

xn − Wnxn

����
���� � 0. (6)

Putting vn: � βnf(xn) + cnxn + ((I − cn)I − βnρF)Tn

zn, by Algorithm 3 we obtain that xn+1 � PCvn and
vn − Tnzn � βnf(xn) + cn(xn − Tnzn) − βnρFTnzn, which
immediately yields

xn − T
n
zn

����
����≤ xn − xn+1

����
���� + xn+1 − T

n
zn

����
����≤ xn − xn+1

����
���� + vn − T

n
zn

����
����

–≤ xn − xn+1
����

���� + βn f xn( 
����

���� + cn xn − Tnzn
����

���� + βn ρFTnzn
����

����.
(7)

Hence, one gets ‖xn+1 − xn‖ + βn(‖f(xn)‖+ ‖ρFTnzn‖)≥
(1 − cn)‖Tnzn − xn‖. Since xn+1 − xn⟶0, βn ⟶0,

lim infn⟶∞ (1 − cn)> 0 and xn , zn  are of boundedness,

one gets limn⟶∞‖Tnzn − xn‖ � 0. We claim that
limn⟶∞‖xn − Txn‖ � 0. Indeed, since T is of asymptotical
nonexpansivity, we obtain
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xn − Txn

����
����≤ xn − T

n
zn

����
���� + T

n
zn − T

n
xn

����
���� + T

n
xn − T

n+1
xn

����
���� + T

n+1
xn − T

n+1
zn

����
����

+ T
n+1

zn − Txn

����
����

≤ 2 + θ1(  xn − T
n
zn

����
���� + 2 + θn + θn+1(  zn − xn

����
���� + T

n
xn − T

n+1
xn

����
����

≤ 2 + θ1(  xn − T
n
zn

����
���� + 2 + θn + θn+1(  zn − wn

����
���� + wn − xn

����
����  + T

n
xn − T

n+1
xn

����
����.

(8)

Noticing xn − wn⟶0, zn − wn⟶0, and
xn − Tnzn⟶0, we obtain

lim
n⟶∞

xn − Txn

����
���� � 0. (9)

Also, we claim limn⟶∞‖Wxn − xn‖ � 0. In fact, it is
clear that ‖xn − wn‖ � σn‖xn − Wnxn‖. Since
lim infn⟶∞σn > 0 and xn − wn⟶0, one has
limn⟶∞‖Wnxn − xn‖ � 0. Note that ‖Wxn − xn‖≤ ‖Wxn −

Wnxn‖ + ‖Wnxn − xn‖≤ supu∈D‖Wu − Wnu‖ +‖Wnxn− xn‖,
where D � xn: n≥ 1 . Using Proposition 2, we obtain

lim
n⟶∞

Wxn − xn

����
���� � 0. (10)

Now, we claim z ∈ VI(C, A). Indeed, because C is of
both convexity and closedness, using wn  ⊂ C and wnk

⇀z,
one has that z lies in C. In case Az � 0, it is easily known that
z ∈ VI(C, A) due to 〈Az, x − z〉≥ 0,∀x ∈ C. In case Az≠ 0,
combining wn − yn⟶0 and wnk

⇀z yields ynk
⇀z as

k⟶∞. By the condition imposed on A, one gets
0< ‖Az‖≤ lim infk⟶∞‖Aynk

‖. So, we may presume
‖Aynk

‖≠ 0,∀k. In addition, using yn � PC(wn − λAwn), one
has 〈wn − λAwn − yn, x − yn〉≤ 0,∀x ∈ C, and hence

〈Awn, x − wn〉 ≥ 〈Awn, yn − wn〉

+
1
λ
〈wn − yn, x − yn〉,∀x ∈ C.

(11)

Since A is uniformly continuous on C, Awn  is of
boundedness (owing to Lemma 1). Note that yn  is
bounded as well. Tus, using (11), one gets
lim inf

k⟶∞
〈Awnk

, x − wnk
〉≥ 0,∀x ∈ C. It is clear that 〈Ayn, x −

yn〉 � 〈Ayn − Awn, x − wn〉 + 〈Awn, x − wn〉+ 〈Ayn, wn−

yn〉. Tus, using yn − wn⟶0, one gets Awn − Ayn⟶0
and hence attains lim infk⟶∞〈Aynk

, x − ynk
〉≥ 0,∀x ∈ C.

In what follows, one picks ςk  ⊂ (0, 1) s.t.
ςj↓0 (j⟶∞). For any j≥ 1, one writes by mj the smallest
natural number s.t.

〈Aynk
, x − ynk

〉 + ςj ≥ 0,∀k≥mj. (12)

Noticing the fact that ςj  is decreasing, we can readily
see that mj  is increasing. From Aymj

≠ 0,∀j (owing to

Aymj
  ⊂ Aynj

 ), one puts ]mj
� Aymj

/‖Aymj
‖2, and one

has 〈Aymj
, ]mj

〉 � 1,∀j. Tus, using (12), one gets
〈Aymj

, x + ςj]mj
− ymj

〉≥ 0,∀j. Also, since A is pseudo-
monotone, one has 〈A(x + ςj]mj

), x + ςj]mj
− ymj

〉≥ 0,∀j,
which hence yields

〈Ax, x − ymj
〉 ≥ 〈Ax − A x + ςj]mj

 , x + ςj]mj
− ymj
〉

− ςj〈Ax, ]mj
〉.

(13)

Let us show limj⟶∞ςj]mj
� 0. In fact, using wnj

⇀z ∈ C

and yn − wn⟶0, one obtains ynj
⇀z. Noticing

ymj
  ⊂ ynj

  and ςj↓0, one deduces that
0≤ lim supj⟶∞‖ςj]mj

‖ � lim supςj/‖Aymj
‖

j⟶∞

≤

lim supj⟶∞ςj/lim inf j⟶∞‖Aynj
‖ � 0. Hence, we get

ςj]mj
⟶0 as j⟶∞. So, it follows that the right-hand side

of (13) tends to zero by the uniform continuity of A and the

boundedness of ymj
 , ]mj

 , and limj⟶∞ςj]mj
� 0.

Terefore,
〈Ax, x − z〉 � lim infj⟶∞〈Ax, x − ymj

〉≥ 0,∀x ∈ C. Using
Lemma 3, one has z ∈ VI(C, A). Last, we claim z ∈ Ω. In
fact, using xn − wn⟶0 and wnj

⇀z, one gets xnj
⇀z. Note

that (9) guarantees xnj
− Txnj
⟶0. By Lemma 5, one knows

that I − T is of demiclosedness at zero. Tus, using xnj
⇀z,

one gets (I − T)z � 0, that is, z ∈ Fix(T). Besides, we claim
z ∈ Fix(W) � ∩∞n�1Fix(Tn). Actually, noticing xnj

⇀z and
xnj

− Wxnj
⟶0 (due to (10)), from Proposition 1 and

Initial Step: Given any starting x1 ∈ C. Let μ> 0, λ ∈ (0, 1/μ), l ∈ (0, 1).
Iterations: Given the current iterate xn, calculate xn+1 below:
Step 1. Compute wn � (1 − σn)xn + σnWnxn, yn � PC(wn − λAwn) and rλ(wn): � wn − yn.
Step 2. Compute tn � wn − τnrλ(wn), where τn: � ljn and the integer jn is the smallest nonnegative one j

s.t μ/2‖rλ(wn)‖2 ≥ 〈A(wn − ljrλ(wn)) − Awn, yn − wn〉

Step 3. Calculate
xn+1 � PC[βnf(xn) + cnxn + ((1 − cn)I − βnρF)Tnzn]

with zn � PCn
(wn), Cn: � u ∈ C: hn(u)≤ 0  and hn(u) � 〈Atn, u − wn〉 + τn/2λ‖rλ(wn)‖2.

Set n: � n + 1 and go to Step 1.

ALGORITHM 3: Te 1st Mann hybrid deepest-descent extragradient rule.
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Lemma 5, we obtain that I − W is demiclosed at zero. Tis
hence yields z ∈ Fix(W) � ∩∞n�1Fix(Ti). Consequently,
z ∈ VI(C, A)∩ (∩∞n�1Fix(Ti)) � Ω. □

Lemma 11. Let wn  be the sequence fabricated in Algo-
rithm 3. Ten,

τn rλ wn( 
����

����
2⟶0⇒yn − wn⟶0. (14)

Proof. Assume lim supn⟶∞‖yn − wn‖ � α> 0. Picking
nk  ⊂ n{ }, one has limk⟶∞‖wnk

− ynk
‖ � α> 0. Note that

limk⟶∞τnk
‖rλ(wnk

)‖2 � 0. Consider two cases. If
lim in fk⟶∞τnk

> 0, one may presume that ∃d> 0 s.t.
τnk
≥d> 0,∀k. So, one knows that ‖wnk

− ynk
‖2 � 1/τnk

τnk

‖wnk
− ynk

‖2 ≤ 1/d · τnk
‖wnk

− ynk
‖2 � 1/d · τnk

‖rλ(wnk
)‖2,

which immediately leads to 0< a2 � limk⟶∞
‖wnk

− ynk
‖2 ≤ limk⟶∞ 1/d · τnk

 ‖rλ(wnk
)‖2} � 0. Tis rea-

ches a contradiction.
If lim infk⟶∞τnk

� 0, there exists a subsequence of τnk
 ,

still denoted by τnk
 , s.t. limk⟶∞τnk

� 0. We now put
qnk

: � 1/lτnk
ynk

+ (1 − 1/lτnk
)wnk

� wnk
− 1/lτnk

(wnk
− ynk

).
Ten, from limk⟶∞τnk

‖rλ(wnk
)‖2 � 0, we deduce that

limk⟶∞ ‖qnk
− wnk

‖2 � limk⟶∞1/l2τnk
· τnk

‖ynk
− wnk

‖2 � 0.
Using (6), one obtains
〈Awnk

− Aqnk
, wnk

− ynk
〉> μ/2‖wnk

− ynk
‖2. Since A is uni-

formly continuous on bounded subsets of C, this ensures
that limk⟶∞‖Awnk

− Aqnk
‖ � 0, which hence yields

limk⟶∞‖ynk
− wnk

‖ � 0. Tis reaches a contradiction.
Terefore, yn − wn⟶0 as n⟶∞. □

Theorem 1. Let xn  be the sequence fabricated in Algo-
rithm 3. Assume Tn+1xn − Tnxn⟶0. Ten, xn  converges
strongly to x∗ ∈ Ω, which is only a solution to the VIP:
〈(f − ρF)x∗, x − x∗〉≤ 0,∀x ∈ Ω.

Proof. Tanks to 1> lim supn⟶∞σn ≥ lim in fn⟶∞σn > 0 and
θn/βn⟶0, one may presume that (0, 1) ⊃ [a, b] ⊃ σn  and
βn(τ − δ)/2≥ θn,∀n. It is easy to check that
PΩ(I − ρF + f): C⟶C is a contractive map. Tus,
∃|x∗ ∈ C s.t. x∗ � PΩ(I − ρF + f)x∗. Hence, ∃|x∗ ∈ Ω sat-
isfying the VIP:

〈(f − ρF)x
∗
, x − x

∗〉 ≤ 0,∀x ∈ Ω. (15)

Next in the rest of the proof, we divide it into
a few steps. □

Step 1. One claims that xn  is of boundedness. Indeed,
choose any p ∈ Ω � VI(C, A)∩ (∩∞n�1Fix(Ti)). Ten, Tp �

p and Wnp � p,∀n. Let us show the relation below:

− dist2 wn, Cn(  + wn − p
����

����
2 ≥ zn − p

����
����
2
,∀p ∈ Ω. (16)

In fact, one has
‖zn − p‖2 � ‖PCn

wn − p‖2‖≤wn − p‖2 − dist2(wn, Cn),
which hence yields

zn − p
����

����≤ wn − p
����

����,∀n≥ 1. (17)

Using the formulation of wn, one gets
‖wn − p‖≤ (1 − σn)‖xn − p‖ + σn‖Wnxn − p‖≤ ‖xn − p‖,
which together with (17) yields

zn − p
����

����≤ wn − p
����

����≤ xn − p
����

����,∀n≥ 1. (18)

Noticing 1> cn + βn, from (18) and Lemma 7, we obtain

xn+1 − p
����

����≤ βnf xn(  + cnxn + 1 − cn( I − βnρF( T
n
zn − p

����
����

� βn f xn(  − f(p)(  + cn xn − p(  + 1 − cn( 
����

× I − βn/1 − cnρF( T
n
zn − I − βn/1 − cnρF( p  + βn(f − ρF)p

����

≤ βnδ xn − p
����

���� + cn xn − p
����

���� + 1 − cn( 

× 1 − βn/1 − cnτ(  1 + θn(  zn − p
����

���� + βn‖(f − ρF)p‖

≤ βnδ + cn + 1 − cn − βnτ(  + θn  xn − p
����

���� + βn‖(f − ρF)p‖

≤max xn − p
����

����, 2‖(f − ρF)p‖/τ − δ .

(19)

Using the induction, we get ‖xn − p‖≤max ‖x1 − p‖,

2‖(f − ρF)p‖/τ − δ},∀n≥ 1. Hence, xn  is of boundedness.
Terefore, the sequences wn , yn , zn , f(xn) , Atn ,

Wnxn , Tnzn  are of boundedness as well.

Step 2. One claims that ‖vn − xn+1‖
2 ≤ − ‖xn+1 − p‖2+

‖xn − p‖2 + βnM1 for certain M1 > 0. In fact, using
Lemma 7 and the convexity of g(s) � s2,∀s ∈ R, we obtain
that
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xn+1 − p
����

����
2 ≤ vn − p

����
����
2

− vn − xn+1
����

����
2

� ‖βn f xn(  − f(p)(  + cn xn − p(  + 1 − cn( 

× I −
βn

1 − cn

ρF T
n
zn − I −

βn

1 − cn

ρF p  + βn(f − ρF)p‖
2

− vn − xn+1
����

����
2

≤ βn f xn(  − f(p)
����

���� + cn xn − p
����

���� + 1 − cn( 

× I −
βn

1 − cn

ρF T
n
zn − I −

βn

1 − cn

ρF p

��������

��������


2

+ 2βn〈(f − ρF)p, vn − p〉 − vn − xn+1
����

����
2

≤ xn − p
����

����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  zn − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉 − vn − xn+1
����

����
2
,

(20)

where vn: � βnf(xn) + cnxn + ((1 − cn)I − βnρF)Tnzn and
xn+1 � PC(vn). Furthermore, according to Algorithm 3, we
obtain

zn − p
����

����
2

wn − p
����

����
2

− wn − zn

����
����
2

� 1 − σn(  xn − p
����

����
2

+ σ2 Wnxn − p
����

����
2

− σn 1 − σn(  Wnxn − xn

����
����
2

− wn − zn

����
����
2
.

(21)

Substituting (21) into (20), one gets

xn+1 − p
����

����
2 ≤ βnδ xn − p

����
����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  xn − p
����

����
2

 

− σn 1 − σn(  Wnxn − xn

����
����
2

− wn − zn

����
����
2
 + 2βn〈(f − ρF)p, vn − p〉 − vn − xn+1

����
����
2

≤ 1 − βn(τ − δ)/2  xn − p
����

����
2

− 1 − cn − βnτ(  + θn  σn 1 − σn(  Wnxn − xn

����
����
2



+ wn − zn

����
����
2
 + 2βn〈(f − ρF)p, vn − p〉 − vn − xn+1

����
����
2

≤ xn − p
����

����
2

− 1 − cn − βnτ(  + θn  σn 1 − σn(  Wnxn − xn

����
����
2

+ wn − zn

����
����
2
 + βnM1 − vn − xn+1

����
����
2
.

(22)

where supn≥1 2‖(f − ρF)p‖‖vn − p‖≤M1 for some M1 > 0.
Tis immediately attains the claim.

Step 3. One claims that [(1 − cn − βnτ) + θn][τn/
2λL‖rλ(wn)‖2]2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + βnM1. In fact,
let us show that ∃L> 0 s.t.

zn − p
����

����
2 ≤ wn − p

����
����
2

−
τn

2λL
rλ wn( 

����
����
2

 
2
. (23)

Since the sequence Atn  is bounded, there exists L> 0
such that ‖Atn‖≤ L,∀n≥ 1. Tis ensures that
|hn(u) − hn(v)| � |〈Atn, u − v〉|≤L‖u − v‖∀u, v ∈ Cn, which
hence implies that hn(·) is L-Lipschitz continuous on Cn. By
Lemmas 2 and 9, we obtain
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dist wn, Cn( ≥
1
L

hn wn(  �
τn

2λL
rλ wn( 

����
����
2
. (24)

Combining (16) and (24), we get
‖zn − p‖2 ≤ ‖wn − p‖2 − [τn/2λL‖rλ(wn)‖2]2.

From (18), (20), and (23), it follows that

xn+1 − p
����

����
2 ≤ βn δxn − p

����
����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  zn − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉

≤ βnδ xn − p
����

����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  wn − p
����

����
2

−
τn

2λL
rλ wn( 

����
����
2

 
2

 

+ 2βn〈(f − ρF)p, vn − p〉

≤ xn − p
����

����
2

− 1 − cn − βnτ(  + θn 
τn

2λL
rλ wn( 

����
����
2

 
2

+ βnM1.

(25)

Tis immediately yields the claim. Step 4. We show that

xn+1 − p
����

����
2 ≤ 1 − βn(τ − δ)  xn − p

����
����
2

+ βn(τ − δ)
2〈(f − ρF)p, vn − p〉

τ − δ
+
θn

βn

·
M

τ − δ
 , (26)

for some M> 0. In fact, from (20), one obtains

xn+1 − p
����

����
2 ≤ vn − p

����
����
2 ≤ βnδ xn − p

����
����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ + θn( 

× zn − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉

≤ 1 − βn(τ − δ)  xn − p
����

����
2

+ βn(τ − δ) 2
〈(f − ρF)p, vn − p〉

τ − δ
+
θn

βn

·
M

τ − δ
 ,

(27)

where supn≥1 ‖zn − p‖2 ≤M for some M> 0. Step 5. One claims that xn⟶x∗ ∈ Ω, which is only a so-
lution of the VIP (15).

In fact, setting p � x∗ in (26), one obtains

βn(τ − δ)
2〈(f − ρF)x

∗
, vn − x

∗〉
τ − δ

+
θn

βn

·
M

τ − δ
  + 1 − βn(τ − δ)(  xn − x

∗����
����
2 ≥ xn+1 − x

∗����
����
2
. (28)

Setting Γn � ‖xn − x∗‖2, we demonstrate the conver-
gence of Γn  to zero via the two cases below.

Case 1. Presume that ∃n0 ≥ 1 s.t. Γn  is nonincreasing.
Ten, limn⟶∞Γn � h< +∞ and Γn − Γn+1⟶0(n⟶∞).
Setting p � x∗, from Step 2 and σn  ⊂ [a, b] ⊂ (0, 1), we
obtain

1 − cn − βnτ(  + θn  (1 − b)a xn − Wnxn

����
����
2

+ zn − wn

����
����
2

  + vn − xn+1
����

����
2

≤ xn − x
∗����
����
2

− xn+1 − x
∗����
����
2

+ βnM1 � Γn − Γn+1 + βnM1.

(29)

Because lim infn⟶∞(1 − cn)> 0, θn⟶0, βn⟶0, and
Γn+1 − Γn⟶0, one has
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lim
n⟶∞

xn − Wnxn

����
���� � lim

n⟶∞
zn − wn

����
���� � lim

n⟶∞
vn − xn+1

����
���� � 0. (30)

Also, noticing βn(f(xn) − ρFTnzn) + (1 − cn) (Tnzn −

x∗)+ cn(xn − x∗) � vn − x∗, one gets

xn+1 − x
∗����
����
2

� xn+1 − vn + vn − x
∗����
����
2

� cn xn − x
∗

(  + 1 − cn(  T
n
zn − x

∗
(  + βn f xn(  − ρFT

n
zn(  + xn+1 − vn

����
����
2

xn − x
∗����
����
2

+ 1 − cn(  1 + 2 + θn( θn  xn − x
∗����
����
2

− 1 − cn( cn T
n
zn − xn

����
����
2

+ 2 βn f xn( 
����

���� + ρFT
n
zn

����
����  + xn+1 − vn

����
����  xn+1 − x

∗����
����

xn − x
∗����
����
2

+ 2 + θn( θn xn − x
∗����
����
2

− 1 − cn( cn T
n
zn − xn

����
����
2

+ 2 βn f xn( 
����

���� + ρFT
n
zn

����
����  + xn+1 − vn

����
����  xn+1 − x

∗����
����,

(31)

which immediately arrives at

cn 1 − cn(  xn − T
n
zn

����
����
2

≤ Γn − Γn+1 + θn 2 + θn( Γn + 2 βn f xn( 
����

���� + ρFT
n
zn

����
����  + xn+1 − vn

����
���� Γ1/2n+1.

(32)

Because 1> lim infn⟶∞cn ≥ lim infn⟶∞cn > 0,
θn⟶0, βn⟶0, Γn+1 − Γn⟶0, and vn − xn+1⟶0, from
the boundedness of Tnzn , f(xn) , one obtains
limn⟶∞‖Tnzn − xn‖ � 0. So, we know from Algorithm 3

and (30) that
‖xn − wn‖ � σn‖xn − Wnxn‖≤ ‖xn − Wnxn‖⟶0
(n⟶∞), and

xn+1 − xn

����
����≤ xn+1 − vn

����
���� + vn − xn

����
����

� xn+1 − vn

����
���� + βnf xn(  + 1 − cn(  T

n
zn − xn(  − βnρFT

n
zn

����
����

≤ xn+1 − vn

����
���� + T

n
zn − xn

����
���� + βn f xn( 

����
���� + ρFT

n
zn

����
���� ⟶0 (n⟶∞).

(33)

Initial Step: Given any starting x1 ∈ C. Let μ> 0, λ ∈ (0, 1/μ), l ∈ (0, 1).
Iterations: Given the current iterate xn, calculate xn+1 below:
Step 1. Compute wn � (1 − σn)xn + σnWnxn, yn � PC(wn − λAwn) and rλ(wn): � wn − yn.
Step 2. Compute
tn � wn − τnrλ(wn), with τn: � ljn and integer jn being the smallest nonnegative j

s.t. μ/2‖rλ(wn)‖2 ≥ 〈A(wn − ljrλ(wn)) − Awn, yn − wn〉

Step 3. Calculate
xn+1 � PC[βnf(xn) + cnwn + ((1 − cn)I − βnρF)Tnzn]

with zn � PCn
(wn), Cn: � u ∈ C: hn(u)≤ 0  and hn(u) � 〈Atn, u − wn〉 + τn/2λ‖rλ(wn)‖2.

Put n: � n + 1 and return to Step 1.
It is worthy to mention that Lemmas 8–11 remain true for Algorithm 4.

ALGORITHM 4: Te 2nd Mann hybrid deepest-descent extragradient rule.
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Setting p � x∗, in terms of Step 3, one has [(1 − cn −

βnτ) + θn][τn/2λL‖rλ(wn)‖2]2 ≤ Γn − Γn+1 + βnM1. Since
0< lim infn⟶∞(1 − cn), θn⟶0, βn⟶0, and
Γn+1 − Γn⟶0, one gets limn⟶∞[τn/2λL‖rλ(wn)‖2]2 � 0.
Hence, by Lemma 11, we deduce that

lim
n⟶∞

yn − wn

����
���� � 0. (34)

Since xn  is bounded, we deduce that ∃ xnk
  ⊂ xn  s.t.

lim sup
n⟶∞
〈(f − ρF)x

∗
, xn − x

∗〉 � limk⟶∞〈(f − ρF)x
∗
, xnk

− x
∗〉. (35)

According to the refexivity of H and boundedness of
xn , one may presume that xnk

⇀x. Hence, by (35), one gets

lim sup
n⟶∞
〈(f − ρF)x

∗
, xn − x

∗〉 �〈(f − ρF)x
∗
, x − x

∗〉.

(36)

So, we know from xnk
⇀x and xn − wn⟶0 that wnk

⇀x.
Because xn+1 − xn⟶0, xn − wn⟶0, yn− wn⟶

0, zn − wn⟶0, and Tn+1xn − Tnxn⟶0, from Lemma 10,
we infer that x lies in Ω. Consequently, using (15) and (36),
we obtain

lim sup
n⟶∞
〈(f − ρF)x

∗
, xn − x

∗〉 �〈(f − ρF)x
∗
, x − x

∗〉 ≤ 0.

(37)

Tis along with (30)–(33) arrives at

lim sup
n⟶∞
〈(f − ρF)x

∗
, vn − x

∗〉

� lim sup
n⟶∞
〈(f − ρF)x

∗
, vn − xn+1 + xn+1 − xn〉 +〈(f − ρF)x

∗
, xn − x

∗〉 ≤ 0.
(38)

Note that βn(τ − δ) ∈ [0, 1]∀n, 
∞
n�1βn(τ − δ) �∞, and

lim supn⟶∞ [2〈(f − ρF)x∗, vn − x∗〉/τ − δ +θn/βn · M/τ
− δ] ≤ 0. So, using Lemma 4 to (28), we have
limn⟶∞‖xn − x∗‖2 � 0.

Case 2. Suppose that ∃ Γnk
  ⊂ Γn  s.t. Γnk

< Γnk+1,∀k ∈N,
withN being the set of all natural numbers. Let η: N⟶N

be defned as η(n): � max j≤ n: Γj <Γj+1 . Using Lemma
6, one obtains that Γn ≤ Γη(n)+1 and Γη(n) ≤ Γη(n)+1. Putting
p � x∗, from Step 2, we have

1 − cη(n) − βη(n)τ  + θη(n)  (1 − b)a xη(n) − Wη(n)xη(n)

�����

�����
2



+ zη(n) − wη(n)

�����

�����
2
 + vη(n) − xη(n)+1

�����

�����
2

≤ xη(n) − x
∗

�����

�����
2

− xη(n)+1 − x
∗

�����

�����
2

+ βη(n)M1 ≤Γη(n) − Γη(n)+1 + βη(n)M1.

(39)

Tis hence leads to limn⟶∞‖xη(n) − Wη(n)xη(n)‖ �

limn⟶∞‖zη(n) − wη(n)‖ � limn⟶∞‖vη(n) − xη(n)+1‖ � 0.
Setting p � x∗, in terms of Step 3, one gets

1 − cη(n) − βη(n)τ  + θη(n) 
τη(n)

2λL
rλ wη(n) 

�����

�����
2

 
2
≤ Γη(n) − Γη(n)+1 + βη(n)M1, (40)

which hence leads to limn⟶∞[τη(n)/2λL‖rλ(wη(n))‖
2]2 � 0.

Using the same inferences as in the proof of Case 1, one
obtains that limn⟶∞‖yη(n) − wη(n)‖ � limn⟶∞
‖xη(n) − wη(n)‖ � limn⟶∞ ‖xη(n) − xη(n)+1‖ � 0, and

0≥ lim sup
n⟶∞
〈(f − ρF)x

∗
, vη(n) − x

∗〉. (41)

Furthermore, using (28), one has
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βη(n)(τ − δ)Γη(n) ≤ Γη(n) − Γη(n)+1 + βη(n)(τ − δ)
2〈(f − ρF)x

∗
, vη(n) − x

∗〉
τ − δ

+
θη(n)

βη(n)

·
M

τ − δ
⎡⎣ ⎤⎦

–≤ βη(n)(τ − δ)
2〈(f − ρF)x∗, vη(n) − x∗〉

τ − δ
+
θη(n)

βη(n)

·
M

τ − δ
⎡⎣ ⎤⎦,

(42)

which hence arrives at

lim sup
n⟶∞
Γη(n) ≤ lim sup

n⟶∞

2〈(f − ρF)x
∗
, vη(n) − x

∗〉
τ − δ

+
θη(n)

βη(n)

·
M

τ − δ
⎡⎣ ⎤⎦≤ 0. (43)

Tus, limn⟶∞Γη(n) � 0. Also, observe that

xη(n)+1 − x
∗

�����

�����
2

� xη(n)+1 − xη(n)

�����

�����
2

+ 2〈xη(n)+1 − xη(n), xη(n) − x
∗〉 + xη(n) − x

∗
�����

�����
2

≤ xη(n)+1 − xη(n)

�����

�����
2

+ 2 xη(n)+1 − xη(n)

�����

����� + xη(n) − x
∗

�����

����� + xη(n) − x
∗

�����

�����
2
.

(44)

Owing to Γn ≤Γη(n)+1, we get

xn − x
∗����
����
2 ≤ xη(n)+1 − x

∗
�����

�����
2

≤ xη(n)+1 − xη(n)

�����

�����
2

+ 2 xη(n)+1 − xη(n)

�����

����� xη(n) − x
∗

�����

����� + xη(n) − x
∗

�����

�����
2
⟶0 (n⟶∞).

(45)

Consequently, limn⟶∞‖xn − x∗‖2 � 0. Theorem 2. Suppose that T is a nonexpansive self-mapping
on C and xn  is fabricated by the modifcation of Algo-
rithm 3, i.e., for any starting x1 ∈ C,

wn � 1 − σn( xn + σnWnxn,

yn � PC wn − λAwn( ,

tn � 1 − τn( wn + τnyn,

xn+1 � PC βnf xn(  + cnxn + 1 − cn( I − βnρF( TPCn
wn(  ,∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(46)

where for any n, Cn and τn are picked as in Algorithm 3.Ten,
xn  converges strongly to x∗ ∈ Ω, which is only a solution to
the VIP: 〈(f − ρF)x∗, x − x∗〉≤ 0,∀x ∈ Ω.

Proof. We write zn: � PCn
(wn), and divide the proof into

a few steps.
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Step 1. One claims that xn  is of boundedness. In fact,
via the similar inferences to those in Step 1 of the proof
of Teorem 1, one attains the claim.

Step 2. One claims that

1 − cn − βnτ(  1 − σn( σn xn − Wnxn

����
����
2

+ zn − wn

����
����
2

  + vn − xn+1
����

����
2
,

≤ xn − p
����

����
2

− xn+1 − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉,
(47)

where vn � βnf(xn) + cnxn + ((1 − cn)I − βnρF)Tzn.
In fact, via the similar inferences to those in Step 2 of
the proof of Teorem 1, one attains the claim.

Step 3. One claims that

1 − cn − βnτ( 
τn

2λL
rλ wn( 

����
����
2

 
2
≤ xn − p

����
����
2

− xn+1 − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉, (48)

In fact, via the similar inferences to those in Step 3 of
the proof of Teorem 1, one attains the claim.

Step 4. One claims that

xn+1 − p
����

����
2 ≤ 1 − βn(τ − δ)  xn − p

����
����
2

+ βn(τ − δ) ·
2〈(f − ρF)p, vn − p〉

τ − δ
. (49)

In fact, via the similar inferences to those in Step 4 of
the proof of Teorem 1, one attains the claim.
Step 5. One claims that xn⟶x∗ ∈ Ω, which is only
a solution of the VIP (15). In fact, via the similar in-
ferences to those in Step 3 of the proof of Teorem 1,
one attains the claim.
Next, we introduce modifed hybrid deepest-descent
extragradient approach. □

Theorem 3. Let xn  be the sequence fabricated in Algo-
rithm 4. Assume Tn+1xn − Tnxn⟶0. Ten, xn  converges
strongly to x∗ ∈ Ω, which is only a solution to the VIP:
〈(f − ρF)x∗, x − x∗〉≤ 0,∀x ∈ Ω.

Proof. Because 1> lim sup
n⟶∞

σn ≥ lim inf
n⟶∞

σn > 0 and
θn/βn⟶0, one may presume that (0, 1) ⊃ [a, b] ⊃ σn  and
βn(τ − δ)/2≥ θn,∀n. It is easy to verify that
PΩ(I − ρF + f): C⟶C is a contractive map. Hence,
∃ ∣ x∗ ∈ C s.t. x∗ � PΩ(I − ρF + f)x∗. Tus, ∃|x∗ ∈ Ω sat-
isfying the VIP (15).

In what follows, in the rest of the proof, we divide it into
some steps.

Step 1. One claims that xn  is of boundedness. In fact,
using the similar inferences to those in Step 1 of the
proof of Teorem 1, we obtain that relations (16)–(30)
hold. Tus, using (30) and 1> cn + βn, one deduces that

xn+1 − p‖≤ ‖βn f xn(  − f(p)(  + cn wn − p(  + 1 − cn( 
����

× I − βn/1 − cnρF( T
n
zn − I − βn/1 − cnρF( p  + βn(f − ρF)p

����

≤ βnδ + cn + 1 − cn − βnτ(  + θn  xn − p
����

���� + βn‖(f − ρF)p‖

≤max xn − p
����

����,
2‖(f − ρF)p‖

τ − δ
 .

(50)

Using the induction, one obtains
‖xn − p‖≤max ‖x1 − p‖, 2‖(f − ρF)p‖/τ − δ ,∀n.

Hence, xn  is bounded, and so are the sequences
wn , yn , zn , f(xn) , Atn , Wnxn , Tnzn .
Step 2. One claims that
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1 − cn − βnτ(  + θn  1 − σn( σn xn − Wnxn‖
2
+

����
����zn − wn‖

2
  + vn − xn+1

����
����
2

–≤ − xn+1 − p
����

����
2

+ xn − p
����

����
2

+ βnM1.
(51)

for certain M1 > 0, where vn � βnf(xn) + cnwn + ((1 −

cn)I − βnρF)Tnzn and xn+1 � PCvn. To prove this, we
frst note that

xn+1 − p
����

����
2 ≤ βn f xn(  − f(p)(  + cn wn − p(  + 1 − cn( 

× I − βn/1 − cnρF( T
n
zn − I − βn/1 − cnρF( p  +βn(f − ρF)p

����
2

− vn − xn+1
����

����
2

≤ βnδ xn − p
����

����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  zn − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉 − vn − xn+1
����

����
2
.

(52)

Furthermore, via the similar reasoning to that in (21),
we get

zn − p
����

����
2 ≤ xn − p

����
����
2

− 1 − σn( σn xn − Wnxn

����
����
2

− zn − wn

����
����
2
. (53)

Substituting (38) into (37), one gets

xn+1 − p
����

����
2 ≤ βnδ xn − p

����
����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  xn − p
����

����
2



− 1 − σn( σn xn − Wnxn

����
����
2

− zn − wn

����
����
2
 + 2βn〈(f − ρF)p, vn − p〉 − vn − xn+1

����
����
2

≤ xn − p
����

����
2

− 1 − cn − βnτ(  + θn  1 − σn( σn xn − Wnxn

����
����
2

+ zn − wn

����
����
2

  + βnM1

− vn − xn+1
����

����
2
.

(54)

with supn≥1 2‖(ρF − f)p‖‖vn − p‖≤M1 for certain
M1 > 0. Tis immediately arrives at the claim.

Step 3. One claims that

1 − cn − βnτ(  + θn  τn/2λL rλ wn( 
����

����
2

 
2
≤ xn − p

����
����
2

− xn+1 − p
����

����
2

+ βnM1. (55)

In fact, via the similar inferences to those in (27), one
obtains that for certain L> 0,

zn − p
����

����
2 ≤ wn − p

����
����
2

− τn/2λL rλ wn( 
����

����
2

 
2
. (56)

From (39), (30), and (43) we know that
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xn+1 − p
����

����
2 ≤ βnδ xn − p

����
����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  zn − p
����

����
2

+ βnM1

≤ βnδ xn − p
����

����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ(  + θn  wn − p
����

����
2



− τn/2λL rλ wn( 
����

����
2

 
2
 + βnM1

≤ xn − p
����

����
2

− 1 − cn − βnτ(  + θn  τn/2λL rλ wn( 
����

����
2

 
2

+ βnM1.

(57)

which hence yields the claim.
Step 4. One claims that
‖xn+1 − p‖2 ≤ [1 − βn(τ − δ)]‖xn − p‖2 +

βn(τ − δ)[2〈(f − ρF)p, vn − p〉/τ − δ + θn/βn · M/τ−

δ] for some M> 0. In fact, using Lemma 7 and (30), one
has

xn+1 − p
����

����
2 ≤ vn − p

����
����
2

� βn f xn(  − f(p)(  + cn wn − p(  + 1 − cn( 

–× I − βn/1 − cn ρF( Tnzn − I − βn/1 − cn ρF( p  + βn(f − ρF)p2

–≤ βnδ xn − p
����

����
2

+ cn xn − p
����

����
2

+ 1 − cn − βnτ + θn( 

– × zn − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉

–≤ 1 − βn(τ − δ)  xn − p
����

����
2

+ βn(τ − δ) 2〈(f − ρF)p, vn − p〉/τ − δ + θn/βn · M/τ − δ ,

(58)

where supn≥1 ‖xn − p‖2 ≤M for certain M> 0. Step 5. One claims that xn⟶x∗ ∈ Ω which is only
a solution of the VIP (15). In fact, setting p � x∗, in
terms of Step 4, one deduces that

xn+1 − x
∗
‖
2 ≤ 1 − βn(τ − δ) 

����
����xn − x

∗
‖
2

+ βn(τ − δ) 2〈(f − ρF)x
∗
, vn − x

∗〉/τ − δ + θn/βn · M/τ − δ . (59)

Setting Γn � ‖xn − x∗‖2, one demonstrates the con-
vergence of Γn  to zero via the two cases below. □

Case 3. Presume that ∃n0 ≥ 1 s.t. Γn  is nonincreasing.
Ten, lim

n⟶∞
Γn � h< +∞ and Γn − Γn+1⟶0 (n⟶∞).

Setting p � x∗, from Step 2 and σn  ⊂ [a, b] ⊂ (0, 1), we
obtain

1 − cn − βnτ(  + θn  (1 − b)a xn − Wnxn

����
����
2

+ zn − wn

����
����
2

  + vn − xn+1
����

����
2

–≤ 1 − cn − βnτ(  + θn  1 − σn( σn xn − Wnxn
����

����
2

+ zn − wn
����

����
2

  + vn − xn+1
����

����
2

–≤ Γn − Γn+1 + βnM1,

(60)

which hence yields

lim
n⟶∞

xn − Wnxn

����
���� � lim

n⟶∞
zn − wn

����
���� � lim

n⟶∞
vn − xn+1

����
���� � 0. (61)
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Putting p � x∗, from Step 3, we obtain [(1 − cn − βnτ) +

θn][τn/2λL ‖rλ(wn)‖2]2 ≤Γn − Γn+1 + βnM1, which imme-
diately leads to limn⟶∞[τn/2λL‖rλ(wn)‖2]2 � 0. Using the
similar reasoning to that in Case 1 of the proof ofTeorem 1,
one deduces that limn⟶∞‖wn − yn‖ � limn⟶∞
‖wn − xn‖ � limn⟶∞‖xn+1 − xn‖ � 0, and
lim supn⟶∞〈(f − ρF)x∗, vn − x∗〉 ≤ 0. Accordingly, using
Lemma 4 to (59), we attain limn⟶∞‖xn − x∗‖2 � 0.

Case 4. Presume that ∃ Γnj
  ⊂ Γn  s.t. Γnj

<Γnj+1,∀j ∈N,
withN being the set of all natural numbers. Let η: N⟶N

be defned as η(n): � max j≤ n: Γj <Γj+1 . Using Lemma

6, one gets Γη(n) ≤ Γη(n)+1 and Γn ≤Γη(n)+1. In the rest of the

proof, applying the similar reasoning to that in Case 2 of the
proof of Teorem 1, one obtains the claim.

Theorem 4. Suppose that T is a nonexpansive self-mapping
on C and xn  is fabricated by the modifcation of Algo-
rithm 4, i.e., for each starting x1 ∈ C,

wn � 1 − σn( xn + σnWnxn,

yn � PC wn − λAwn( ,

tn � 1 − τn( wn + τnyn,

xn+1 � PC βnf xn(  + cnwn + 1 − cn( I − βnρF( TPCn
wn(  ,∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(62)

where for any n, Cn and τn are picked as in Algorithm 4.Ten,
xn  converges strongly to x∗ ∈ Ω, which is only a solution to
the VIP: 〈(f − ρF)x∗, x − x∗〉≤ 0,∀x ∈ Ω.

Proof. One writes zn: � PCn
(wn) and divides the proof of

the theorem into a few steps.

Step 1. One claims that xn  is of boundedness. In fact,
via the similar inferences to those in Step 1 of the proof
of Teorem 3, one obtains the claim.
Step 2. One claims that

1 − cn − βnτ(  1 − σn( σn xn − Wnxn

����
����
2

+ zn − wn

����
����
2

  + vn − xn+1
����

����
2

≤ xn − p
����

����
2

− xn+1 − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉,
(63)

with vn � βnf(xn) + cnwn + ((1 − cn)I − βnρF)Tzn. In
fact, via the similar inferences to those in Step 2 of the
proof of Teorem 3, one obtains the claim.

Step 3. One claims that

1 − cn − βnτ(  τn/2λL rλ wn( 
����

����
2

 
2
≤ xn − p

����
����
2

− xn+1 − p
����

����
2

+ 2βn〈(f − ρF)p, vn − p〉. (64)

In fact, via the similar inferences to those in Step 3 of
the proof of Teorem 3, one obtains the claim.
Step 4. One claims that ‖xn+1 − p‖2 ≤ [1 − βn

(τ − δ)]‖xn − p‖2+ βn(τ − δ) · 2〈(f − ρF)p, vn − p〉/
τ − δ. Indeed, via the similar inferences to those in Step
4 of the proof of Teorem 3, one obtains the claim.
Step 5. One claims that xn⟶x∗ ∈ Ω which is only
a solution of the VIP (15). In fact, via the similar

inferences to those in Step 5 of the proof of Teorem 3,
one obtains the claim. □

4. Applicability and Implementability

In this section, we provide an illustrated instance to dem-
onstrate the applicability and implementability of our
proposed algorithms. Put ρ � 2, λ � l � μ �

1/2, σn � 1/3, βn � 1/3(n + 1), and cn � 1/3(n + 1).
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We frst provide an example of Lipschitz continuous and
pseudomonotone mapping A, asymptotically nonexpansive
mapping T, and countably many nonexpansive mappings
Tn 
∞
n�1 with Ω � VI(C, A)∩ (∩∞n�1Fix(Ti))≠∅ where

T0: � T. Put C � [− 3, 3] and H � R with the inner product
〈a, b〉 � ab and induced norm ‖ · ‖ � | · |. Te starting point
x1 is arbitrarily selected in C. Put
f(x) � F(x) � 1/2x,∀x ∈ C s.t.

δ � 1/2< τ � 1 −

�������������

1 − ρ 2η − ρκ2 



� 1. (65)

Assume that A: H⟶H and T, Tn: C⟶C are for-
mulated as Av: � 1/1 + |sin v| − 1/1 + |v|, Tv: � 3/5 sin v,
and Tnv � Sv � sin v,∀v ∈ C, n≥ 1. We now claim that A is
of both pseudomonotonicity and Lipschitz continuity. In-
deed, for each v, u ∈ H, one has

‖Av − Au‖≤
‖v‖ − ‖u‖

(1 +‖u‖)(1 +‖v‖)




+

‖sin v‖ − ‖sin u‖

(1 +‖sin u‖)(1 +‖sin v‖)





–≤
‖v − u‖

(1 +‖u‖)(1 +‖v‖)
+

‖sin v − sin u‖

(1 +‖sin u‖)(1 +‖sin v‖)
≤ 2‖v − u‖.

(66)

Accordingly, A is of Lipschitz continuity. In what fol-
lows, one claims that A is of pseudomonotonicity. For any
v, u ∈ H, it is clear that 〈Av, u − v〉 � (1/1 + |sin v| − 1/1+

|u|)(u − v)≥ 0⇒〈Au, u − v〉 � (1/1 + |sin u| − 1/1 + |u|) (u

− v)≥ 0. Moreover, it is easy to check that T is of asymptotical

nonexpansivity with θn � (3/5)n,∀n, s.t.
‖Tnxn − Tn+1xn‖⟶0 as n⟶∞. In fact, one observes that
‖Tnv − Tnu‖≤ 3/5‖Tn− 1v − Tn− 1u‖≤ · · · ≤ (3/5)n ‖v − u‖≤
(1 + θn)‖v − u‖, and

T
n+1

xn − T
n
xn

����
����≤ (3/5)

n− 1
T
2
xn − Txn

����
���� � (3/5)

n− 1 3
5
sin Txn(  − 3/5 sinxn

�������

�������
≤ 2

3
5

 
n

⟶0. (67)

It is clear that Fix(T) � 0{ } and
limn⟶∞θn/βn � lim(3/5)n/1/3(n + 1)n⟶∞ � 0. Addition-
ally, it is readily known that Tn � S is of nonexpansivity and
Fix(S) � 0{ }. Tus, Ω � VI(C, A)∩ Fix(S)∩ Fix(T) �

0{ }≠∅. So, from Wn � S and (1 − cn)I − βnρF �

(1 − n/3(n + 1))I − 1/ 3(n + 1)2 · 1/2I � 2/3I, we reduce
Algorithm 3 to the following:

wn �
2
3
xn +

1
3

Sxn,

yn � PC wn −
1
2

Awn ,

tn � 1 − τn( wn + τnyn,

xn+1 �
1

3(n + 1)
·
1
2
xn +

n

3(n + 1)
xn +

2
3
T

n
PCn

wn( ,∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(68)

where for any n, Cn and τn are picked as in Algorithm 3.
Ten, by Teorem 1, one deduces that xn  converges to
0 ∈ Ω � VI(C, A)∩ Fix(S)∩ Fix(T).

Particularly, noticing the fact that Tu: � 3/5 sin u is of
nonexpansivity, we also present the modifcation of Algo-
rithm 3, i.e.,

wn �
2
3
xn +

1
3

Sxn,

yn � PC wn −
1
2

Awn ,

tn � 1 − τn( wn + τnyn,

xn+1 �
1

3(n + 1)
·
1
2
xn +

n

3(n + 1)
xn +

2
3

TPCn
wn( ,∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(69)

where for any n, Cn and τn are picked as above. Ten, by
Teorem 2, one infers that xn  converges to
0 ∈ Ω � VI(C, A)∩ Fix(S)∩ Fix(T).

5. Concluding Remarks

Compared with the associated theorems of Kraikaew and
Saejung [21], Ceng and Shang [23], and Reich et al. [25], our
theorems enhance, extend, and develop them in the fol-
lowing ways.
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(i) Te issue of seeking a point of VI(C, A) in [21] is
developed into our issue of seeking a point of
VI(C, A)∩ (∩∞i�1Fix(Ti)) with Tn being of non-
expansivity for any n and T0 � T being of
asymptotical nonexpansivity. Te Halpern sub-
gradient extragradient rule for settling the VIP in
[21] is developed into our Mann hybrid deepest-
descent extragradient approach for handling
a HVI with the CFPP and VIP constraints, which
is on the basis of Mann’s iterative technique,
viscosity approximation method, subgradient
extragradient rule with linear-search process, and
hybrid deepest-descent rule.

(ii) Te issue of seeking a point of VI(C, A) in [25] is
developed into our issue of seeking a point of
VI(C, A)∩ (∩∞i�1Fix(Ti)) with Tn being of non-
expansivity for any n and T0 � T being of asymp-
totical nonexpansivity. Te modifed projection-
type rule with linear-search process for settling
the VIP in [25] is developed into Mann hybrid
deepest-descent extragradient approach for settling
a HVI with the CFPP and VIP constraints, which is
on the basis of Mann’s iterative technique, viscosity
approximation method, subgradient extragradient
rule with linear-search process, and hybrid deepest-
descent rule.

(iii) Te issue of seeking a point of
VI(C, A)∩ (∩∞i�1Fix(Ti)) with Lipschitz continuity
and sequentially weak continuity mapping A in [23]
is developed into our issue of seeking a point of
VI(C, A)∩ (∩∞i�1Fix(Ti)) with A being uniform
continuity mapping satisfying ‖Az‖≤ lim inf

n⟶∞
‖Axn‖

for any xn  ⊂ C with xn⇀z ∈ C. Te hybrid
inertial-type subgradient extragradient rule with
linear-search process in [23] is developed intoMann
hybrid deepest-descent extragradient approach, e.g.,
the original inertial-type iteration
″wn � Tnxn + αn(Tnxn − Tnxn− 1)

″ is replaced by
Mann-type iteration ″wn � (1 − σn)xn + σnWnxn

″,
and the original viscosity iteration
″xn+1 � βnf(xn) + cnxn + ((1 − cn)I − βnρF)Tnzn

″

is replaced by our hybrid viscosity iteration
“xn+1 � PC[βnf(xn) + cnxn + ((1 − cn)I − βnρ
F)Tnzn].” It is worthy to point out that the def-
nition of zn in the former formula of xn+1 is quite
diferent from the defnition of zn in the latter
formula of xn+1.

Data Availability

All data generated or analyzed during this study are included
within the article.

Conflicts of Interest

Te authors declare that they have no conficts of interest.

Authors’ Contributions

All authors contributed equally to the writing of this paper.
All authors have read and approved the fnal manuscript.

Acknowledgments

Tis study was partially supported by the 2020 Shanghai
Leading Talents Program of the Shanghai Municipal Human
Resources and Social Security Bureau (20LJ2006100), the
Innovation Program of Shanghai Municipal Education
Commission (15ZZ068), and the Program for Outstanding
Academic Leaders in Shanghai City (15XD1503100).

References

[1] G. M. Korpelevich, “Te extragradient method for fnding
saddle points and other problems,” Ekonomikai Matema-
ticheskie Metody, vol. 12, pp. 747–756, 1976.

[2] Y. Yao, Y. C. Liou, and S. M. Kang, “Approach to common
elements of variational inequality problems and fxed point
problems via a relaxed extragradient method,” Computers and
Mathematics with Applications, vol. 59, pp. 3472–3480, 2010.

[3] L. O. Jolaoso, Y. Shehu, and J. C. Yao, “Inertial extragradient
type method for mixed variational inequalities without
monotonicity,” Mathematics and Computers in Simulation,
vol. 192, pp. 353–369, 2022.
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