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This paper focuses on the global existence and time-decay rates of the strong solution for the Boussinesq system with full viscosity
in R" for n> 3. Under the initial assumption of (6, u,) € L"® x L" with a small norm, and #>3 or n = 3 and 6, € L for some
7o > 1, global existence and uniqueness of the strong solution (6, u) for the Boussinesq system is established. This solution is
proven to obey the following estimates: [0(t), <Ct~®="P2 for n/3<p<oo, [u(t)],<Ct"="D2 for n<g<oo,
Vol <Ct G=nip)2-112 4nq ||V20(t)|lp = Ot V= Up2=1y a5 t — 0o for r< p<n/2, and IVu(®l, <Ct~ U-n92-112 g4
IIVzu(t)IIq = Ot "Wr-Ya/2-1) a5 t — 0o for n<q<2n, where r =n/3 if n>3 and 1 <r < min{ry, n/2} if n = 3.

1. Introduction

This paper investigated the global existence, uniqueness, and
time-decay rates of the strong solution for the Boussinesq
system in R" (n>3) as follows:

0,0 —vA0+u-V0=0, t>0,x € R"
Ou—pAu+u-Vu+Vr=xbe, t>0,x¢eR" "
V.-u=0, t>0,x € R";
0(0,x) = 0y (x), u(0,x) = uy(x), xe€R"

Here, the unknown vector-valued function

u(x,t) = (uy (x,t),u, (x,t), ..., u, (x,t)) represents the ve-
locity of the flow of a fluid, while the unknown scalar
functions 6 (x, t) and 7 (x, t) represent their temperature and
inner pressure at the place x € R" and time ¢ > 0. Moreover,
0, (x) and u, (x) denote the initial temperature and initial
velocity, respectively.

The Boussinesq system is a simplified model to simulate
the motion of the ocean or the atmosphere. By the Bous-
sinesq approximation, we can neglect the variation of the
density of the fluid but the var biation of temperature, which
causes a vortex buoyancy force xfe, in the system, where
e, = (0,...,0,1) denotes the unit vertical vector. There are

three physical constants associated with the fluid: x > 0 is the
proportion coefficient, y > 0 is the viscous index of the fluid,
and v> 0 is the thermal confusion number. For the sake of
simplicity, by means of rescaling of the unknowns, we always
assume that x = 1.

Evidently, if 6 =0, then system (1) reduces to the
standard incompressible Navier-Stokes equations. This
means that the classical theory for the Navier-Stokes
equations may be extended to the Boussinesq system.
Danchin and Paicu [1] and Cannon and DiBenedetto [2]
showed that if the initial data (6,,u,) of both lie in the
energy space L? (R"), then the Boussinesq system (1) permits
a global weak solution (6,u) lying in

C([0,00), L) x(Ljn(0,00; L) n L, (0,00: H')).  (2)

This is an extension of the results for the Leray-Hopf
weak solutions of the Navier-Stokes equations (cf. [3]).
Brandolese and Schonbek [4] and Han [5] investigated the
time-decay property of the weak solutions of (1) in L* space
under the extra assumption 6, € L'.

Danchin and Paicu [6] readdressed the global existence
of the weak solutions for (1) with a partial viscosity (v = 0)
under the initial conditions: 6, € L3 N LPr®, y, € [,
and
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2
160l s + Neall o < e (3)
for some sufficient small constant ¢ > 0, where
( 3
>—, ifn=3,
Po >
4
1P0>3 ifn=4, (4)
n .
= 3 ifn>5,

and L"® = (L',L®),_, is the real interpolation space
between L' and L™ (refer to [1], §7.24]), especially L* = L!
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and L"® = L] for 1 <r < 00, called the Lorenz space. Sokrani
[7] and Wang et al. [8] focused on the global posedness of the
3-D Boussinesq system with the application of axisymmetric
data and spherical coordinates, respectively.

As for the strong solvability of the Boussinesq system, the
authors of reference [1] proved that if the initial temperature
is 6, € B?u NL" and u, € Bz)f_l N L™ for some p >n with
the condition

P‘_lueo

for ¢ >0 that is small enough, then system (1) with partial
viscosity has a unique and globally existing strong solution.

o Hlull e < cpp, (5)

(O,u) € c( [0, 00); Bf,)l> ><<C< [0, 00); B;{f*l) N Llloc<0,oo; BZ’/{ul))’ ©

where B . denotes the homogeneous Besov space (cf. [[2],
§2.3]). A similar result was obtained in [4] for (1) with full
viscosity and n = 3. It was proved that under the initial
assumption

1600 + 180l (e gupany *+ T40lien (g ia) S & (7)

for some sufficiently small number of €> 0, system (1) has
a unique strong solution of (6, u) in the space

(£%(0,00; L") N L®((0, 00) x R*; (VE + |x])’dtdx)) x L¥((0,00) x RY; (VE +|x|)dtdx). (8)

Considering that the associated function spaces are in-
variant under the following scaling transformation:

0(x, 1) — A’ 0(Ax, At ), u (x, £) — du(Ax, At),

9)
0, (x) — /1360 (Ax), uy (x) — Augy (Ax),

respectively, the initial spaces L™, L® (R?, |x°dx) and L",

B;/f _1, and L® (R?, |x|dx) are called critical. In this sense,

results obtained in [1, 4] can be viewed as the extensions of
those in [9-11] 1for the Navier-Stokes equations, where the
critical space H '~ or L" for the initial velocity was employed.

This paper also addresses the global solvability of the
Boussinesq system (1) with full viscosity. Motivated by
[1, 4, 6], we first establish the existence and uniqueness of
results for the global integral solution of (1) under the
hypothesis (6,,u,) € L"* x L", and

[0

for some &> 0 that is small enough. Compared to the lit-
erature, though the initial space L" for u, is stronger than
L™, the initial assumption 6, € L is much cheaper.

By using the smoothing action of the heat semigroup e'*
on L? spaces for all p > 1, and the estimates of the operators
e'®P, e®V, and €' PV, this paper also describes the higher
regularity of the weak solution. We will show that under the
additional condition

g Hlull <& (10)

n>3,orn=3andf, € L™ forsomer, > 1. (11)

The global integral solution of (1) has enough regularity
to become a strong solution. gompared with [1, 4, 8], here,
the extra assumption 6, € B, |, L™ (R?, |x|*dx) or H? is
replaced with a simpler one. Noticing that there is no any
other restriction on the lower bounds of r;, compared with
(4), it gives a partial answer to [6] for the minimal conditions
to guarantee the solvability of (1) in the case n = 3. In ad-
dition, time-decay properties of the higher order norms of
the strong solution are also investigated in this paper.

To end this section, we give an outline of the paper.
Preliminaries and main results are stated in Section 2.
Section 3 is devoted to the proof of the existence and
uniqueness of the weak and strong solution of the Boussi-
nesq system with full viscosity, together with the estimates
for the solution and its gradient. In Section 4, time-decaying
properties of the temporal and higher-order spatial norms of
the strong solution are presented.

2. Preliminaries and Main Results

For 1<p<oo and a>0, let L and W*P be the usual
Lebesgue and Sobolev space of scalar- or vector-valued
functions defined on R" with the norm denoted by |-|| p
and ||-[l,, > respectively. Let Cg° be the collection of all scalar-
or vector-valued functions whose components are smooth
with compact supports, Ci% be its subset containing all the
divergence free vector fields, and let L? be the completion of
Ciy in the space L? for 1< p<oco. We use P to denote the

Helmholtz projection from LP onto LY defined by
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I+ V(-A)"'div. We also use C to denote a universal positive
constant which may change from line to line, but does not
depend on the involved functions.

It is observed that every classical solution (0,u) to (1)
solves the following system of integral equations:

( t
0(1) = "0, - J =D diy (0(T)u (1)dr,
0

1 u) = e u, - Jt e pdiv (u(t)eu(r)dr  (12)
0

t
+ J e AP (f(1)e,)dr.
L Jo

To deal with system (12), let us introduce some function
spaces with temporal weights. Suppose that >0 and X is
a Banach space, then we define the equation as

LY (0,00; X) = {f € Ly (0,00; X): Ifll e (x) = esssup I f (Dl <oo},
>0

C,((0,00), X) = { f € C((0,00).X): flle, = supt”lf (1)l < oo}, (13)
t>

Ciuo ((0,00), X) = { £ eC,((0,00), X):

For the sake of convenience, in the following discus-
sions, kernels of the operators ™2, e P, "2V, and e/#* PV
are denoted by G, (x,t), G#(x, 1), K, (x,t), and I?ﬂ(x, t),
respectively, where G, (x,t) = (47vt)~"? exp{—|x|2/4vt} is
the Gaussian kernel, and others are vector-valued functions
associated with G, (x,t) or G, (x,t). There are some esti-
mates for these kernels for 1 < p<co and t >0 (refer to [4])
referred to as

G, 0], <COon ™7,

K, ()], <Con ™72 (14)

and
”é/‘ (t)"P <C (‘ut)*"/Zp (p>1), "f{y (t)"p <C (‘ut)—nlzp 71/2,
(15)
where C = C(n, p) >0 and p/ is the conjugate number of p,
ie, l/p+ 1/p' =1.

As a direct consequence of (14), it follows that for
1< p<g<o00,thereisaconstant C = C(n, p,q) >0 such that

“ethf“q SC(Vt)_”(l/P_l/q)/2||f||p. (16)

Remark 1. By the boundedness and differentiability of the
heat semigroup " on L?, we assert that for all f € L” and
for all k> 1, we have

" f € G, ([0,00), L”) N C((0, 00), W ) nC*™ (0, 00), LF),
(17)

where C;, ([0, 00), X) denotes the space of all continuous and
bounded X- valued functions on [0, co).

lim €17 0l =0},

Furthermore, for g > p, by the density of LP N L7 in L?,
we can check that e f € C((0, 00), L7), and in addition to
(16), it holds that

tleO tn(l/p—l/q)/z “etmf“q -o. (18)

In other words, e f € Co1/p-1/gy20 ((0,00), L9).
Given that 0 <y < 1, we consider the fractional power of
negative Laplacian with the index y defined by (cf. [12])

s -comey [ SO0,

If 1< p<q<o00, then there is a corresponding constant
C =C(n,y, p,q) >0 such that

[aye sl sce™ @A, 20

for 0 <y <1and for a constant C = C(#n, 7, 8, q) > 0 such that
| oy (=)l e oy, e

for all u € W?%4 and 0<y<8<1 (refer to [9, 11]), where
(-A)’:=1 naturally.

The following lemma plays an important role in checking
the continuity of a function in L7 space.

Lemma 2. Assume that 1<p;,q,r;<0co such that
1+1/q=1/r;+1/p;, and a; =n/2r;+ (i—1)/2 € (0,1) and
1 —o;<B; <1 fori=1,2. Given a scalar field f,, two vector
fields f, and f, and a tensor field f, lying in Ly (0, 00; LP7)
verifies that

1@, 17 @, = o(tF)ast — o, (22)



where p,,r,>1 for f,, and let

Fl(t)zjt

0

t
S (D F (1) = [ i (1,
0

t _ _ t _
F, () = JO NPT (1)dr, F, (1) = J ¢ pdivF, (1)dr.

(23)

Then, the following conclusions hold true:

(@) If o;+pB;=1, then F,F, € C,([0,00),L7), and
F;(0)=0, F,(0) =0
(ii) If a; + B> 1, then F, F; € Cyp5 (0, 00; L9)

The derivation of the estimates for || F; (t)IIq and ||F, (t)llq
is left in the proof of Theorem 4 with concrete exponents.
Verification of the continuity of ||F, (t)||, with respect to ¢ > 0
is performed in the proof of ([13], Lemma 2.5), and others
can be made in a much similar way, so we omit the whole
reasoning process here.

Lemma 3 (see [4]) Suppose that X and Y are two Banach
spaces, B;: X x X — X and B,: Y x X — Y are two bi-
linear opemtors and L: Y — X is a linear operator, then
corresponding to these operators there are three constants
k;>0,i=1,2,3 such that
1B, ()] < ke Nl vl | B (6, 0)5 < KBl el
IL ()5 < k516l
(24)

Then, for any @0 €Y and i eX, if
k

2k [Boll; + 2o 1 < 2k, + k)

(25)

~

—
~

0

Here, 0 < T < oo is arbitrary, and ¢ € C; ([0, T); CS°) and
VRS C1 ([0,7);Cy;)  are  also  arbitrary.  Symbol
a®b = (a;b;),,, denotes the tensor product of two vectors,
while A: B= Y i-14i;B;j denotes the scalar product of the
two tensors. In thls sense, (6,u) is called the very weak
solution of the Bossinesq system (1) (refer to [14]).

Theorem 6. In addition to (10), we assume that condition
(11) holds, then the global solution (0,u) for (12) obtained in
Theorem 4 satisfies the following properties:
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then, the following equation system

0 =6, + B, (6,u),
u =1y + B (u,u)+L(0),

(26)

has a unique solution (6, u) €Y x X which verifies that
ky

(2k, +k,)* (27)

24y 16+l <

We now present the main results of the paper.

Theorem 4. There is a small number ¢ = (A, u) >0 and
a constant C = C(A, u) > 1 such that for all (6,,u,) € L' x
L2 with the restriction (10), system (12) has a unique global
solution (0,u) fulfilling the equation that follows:

0 ¢ Cb( [0, oo),L"/3) NC((0,00),L7) forn/3<p<n/2,

u € C,([0,00),L))NC((0,00),LT) forn<g<2n,

(28)
and
10,5 +lu ()], <Ce, 20,
(29)
161, <Cet P2 u(n)l, (0
<Cet D2 450,
Here, C,([0,00),L"®) =C([0,00),L"*)NL>® (0, co;

L"3) endowed with the norm |- (1)

Remark 5. 1t is easy to check that every solution (8,u) of
system (12) verifies the following integral equations:

r J J (~00,¢ — v0A + 6u - Vo) (x, t)dxdt = J 8o ()¢ (x, 0)dx,
0 JR" R"
J (-u- 0,y — pu - Ay + (udu): Vy) (x, t)dxdt, (31)
R;’l

T
=J uo(x)-u/(x,O)dx+J j (6u,) (x, )dxdt.
L R" 0 JR"

6 e Wh?

loc(o o L2n/5) ﬂleoc(O,oo; W2,2n/5)’ (32)
u € W2 (0,00; L") n Lj, (0, 00; W), (33)

and

0,0 - vAB +u-VO =0,in L,
(34)

O,u— pAu+P(u-Vu) =P(0e,),inL],

for a.e. t>0.
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Furthermore, for n/2 < p <00 and 2n < q< 0o, we have
9 € C(37n/p)/2 (0, OO’ Lp),u € C(l—n/q)/z (0, 0Q; Lq)’ (35)

with the same estimates as in (30). For r<p<n/2 and
n<q<2n, we also have

VO € Cy (0,00; LF), Vu € Cy (3 (0, 00; LT), (36)

with the estimates

IV6 (1), <Cot ™™, .
7
Ve ()], < Cet 1722,

where C, = 2C||6,l, for some C>0, 1<r < min{ry,n/2} if
n=3, and Cy=Ce, r=n/3 if n>3, and @ =n(l/r-
1/p)/2 +1/2.

Remark 7. The function pair (0, u), which verifies (32), (33),
and (34), where 2n/5 is replaced with some p>r, is called
strong solution of the Boussinesq system (1).

By using the decomposition method for the integral
representation of the solution developed in [15, 13], we can
also derive the asymptotic behavior and growth of the
temporal derivative exponents and spatial Hessian of 6 and
u, that is,

Theorem 8. Under the assumptions on the initial data (10)
and (11), the strong solution (0,u) also satisfies

3,0,V%0 € C((0,00); L"), r < p <§,
(38)
0,u, V’u, Vi € C((0,00); L), n<q<2n,

and

ool [0, <Cor 0, 3o

o )], +[V2u ()], +19m (0)ll, < Cet P2,
(40)

fort>2T,, whereT, =1forn=3andT,=0forn>3,andn
is the associated inner pressure of the fluid.

3. Global Existence, Uniqueness, and
Regularity of the Solution

We first give a proof of the existence and uniqueness of the
integral solution for the Bossinesq system (1).
Proof of Theorem 4: we define two intersection spaces

5
Y = Cy([0,00), L") N Cy((0, 00), L"), )
X =Gy ([0,00), L)) NCy (0, 00), L*),
with the norms
101> =100 )8 + 16l (1 )

Il = 1600 1y +16lc,, i

For (0,u) € Y x X, we define that

LO)() = j DD (G (r)e Y,
0
By (u,u)(t) = - Jt e pdiv(u(t)@u(1)dr,  (43)
0

B, (6,u)(f) = - J; e div (0 (T)u (1))dr.

We also define that 8§, = "6, and i, = e/**u,. Under
this setting, equation system (12) can be abstracted to (26).

We now investigate the boundedness of L, B; and B, one
by one. First, via (15) and Young’s inequality, we have

t —_~
IL(6) (D], < JO |Gt =D, 0@ adr
t
<ou J'O (t-7) V2 4r. 16llc., (0.0,

<Cu™ |6l
(44)

Moreover, by taking r, = 2n/(2n - 3), we can deduce
that

t Py
ILO) (D), < j |G, (e =), 16l de

t
-3/4 -3/4_-1/2
<Cu JO (£ -1 2l e, (0

-3/4,-1/4
<Cu g

(45)
As a direct consequence of the inclusion

6 € Cy5((0,00), L"?), we have
tllﬂ)l‘(ly "9"C1/2 ((O,t),L“/Z) =0. (46)

Thus, by invoking Lemma 2, we conclude that L(6) €X,
and

ILON; <Cs(u + )16l (47)

Here, the constant C; >0 is independent of v, 4 and 6.
Similarly, for u, v €X, we have



t
0

1B, () ()], < j &, ¢t~

t
SC;[MJ (t— 1)
0

-3/4
I

<Cu 7 lulzlvils,
X X

t —~
1B, () (1), < jo R, ¢t~ )

t
SC;[MJ' (t— 1) s
0

-3/4,-1/4
<Cu M M ulg vl

Since

Am e, , qop.0m = 0, (49)

by invoking Lemma 2 again, we conclude that B, (u,v) €X,
and

2n/ (2n-1)

2n/ (2n—
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lee (D)2 llv (D)l d7

-1/4
dr - llulle,, oVl (1)

(48)
e @laullv (Dly,de
~-1/2
dT . "M”C”4 ((O,t),LZ“)"V"CIM ((0,6),L27)
-3/
|B, ()| < Crp  lull vl (50)

for some constant C, >0 which is independent of »,u
and u, v. R R
Yet for 6 € Y and u € X, we have

1B, (6,) ()] ,5 < JO 1K, (& = D[ 18 (D)2 llu (D)1, d7

t
—1/2 -1/2_-1/2
<O [ (=07 e 1Bl oy il (1

-1/2
<Cv 6] ull-,

[B.(6.1) ()],

t

(t

~3/4
<Cv¥ J.
0

t
< jo 1K, ¢ = Dl on 10O lallia (Dl d

(51)

~3/4_-3/4
— )M

WBllc,, (0nemylulle,, oz

—3/4,-1/2
<O 26 ull-.

Due to (46), by invoking Lemma 2 the third time, we
have B, (6,u) € Y, and

|B, . w5 <Co (v + 7 bl Nullz,  (52)

for some constant C, >0 which is independent of v, 4 and
0, u.

In addition, since 6, € L"? and u, € L, by virtue of (16)
and Remark 1, it follows that 6, € Y and #i, € X, and

[8olly < o1+ Boll s Il < o (1 + 67 o
(53)

where the constants ¢y, d;>1 depend only on n.

Now, we apply Lemma 3 with Kk, =Cu4
ky=C,(v?"2+v7¥)  and k; = C; (u V% + u=3*) to assert
that under the hypothesis

2C3CO(1 + 1’1/2)||‘90||n/3 + doﬂl/z”m“%"n

C1#3/2v2

<
[2C1V3/4+C2[/l3/4(1 +V1/4)]2(1 +#1/4)

4

=h(u,7),

(54)

condition (25) is satisfied, and consequently, the integral
equation team (12) admits a unique solution (6,u) € Y x X
verifying (27). Thus, the global solvability and uniqueness of
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the integral solution to (12) are reached, where the small
number &(y, v) and the constant C (A, y) appearing in (29)
take the values

e(u,v) = min{ 1,

h(y,7)
2C3co(1 +v1/2)+d0y1/2v1/2 >

(55)

Chpy) = max{ 1,

respectively. Finally, by means of interpolation we obtain the
two estimates in (30).

Remark 9. Note that, h(y,v) — 0 and consequently
e(u,v) — 0, while C(A,) — 0o as v — 0. Hence,
methods employed here are not feasible any more to deal
with the global existence of the weak solutions of (1) in the
case v = 0.

Then, we turn to show the higher regularity of the in-
tegral solution (6, u) to make it become a strong solution for

4(2Cco(1+ ') + dop! v (1 + ™)
2 min{2C3,y3/4} ’

(1). Proof of Theorem 6: for the sake of convenience, herein
after, the two viscosity indices v and y are both normalised to
1. Without loss of generality, we assume that 1 <r <6/5 in
the case of n=3. We also assume that [|6,]],,; <&/2 and
lugll,, < e/2. We take an exponent g € (n,2n), and let a =
(1-n/q)/2 and B = a+ 1/2, then we have 0<a <1/4 and
1/2 < 5 < 3/4. Note that the global solution (6, u) for (12) is
obtained as the limit of the approximate solutions
o0 .
{(Qk, Mk)}kzl, where (6!, 45*!) solves the following equa-
tion system:

t
0" (1) = 0, - [ e div(6t (0 ()
0

(56)

t t
(1) = euy - J e(t_T)"APdiv(uk (1) ®u" (T))dT + J e(t_T)“AP(Gk (T)en)dr,
0 0

and ° = 6, and u° = 7,. Consequently, we may derive all the

desired estimates of (0, u) by taking limits of the estimates of
(61, 45*1), while the latter can be made by the arguments of

iteration.

By € Cy4((0,00); L"*) N C, ((0,00); L"), VB, € C, ((0,00); L"),

First of all, by reviewing the proof of Theorem 4, we
assert that (30) with n/3<p<n/2 and n<q<2n holds
uniformly for (Gk,uk), k=1,2,---.

As for the reasoning basis, we can deduce that

Vity € Cy5((0,00); L") N Cg (0, 00); LY).

Then, they verify the following estimates:

~ ~ Ce
max{ B, (zsy [Bolle, e } <l <

(58)
9 C
"VQO “C,, (125) S C"90||, < 70 >
and
U o) Ce
max{ HVuo“cﬁ (Lay ||Vuo||cl/2 (Ln)} <Cluy, < - (59)

where inequality (20) with y = 1/2 and the fact

(57)
VAl <] (~8)"> ], <CIVFI,, (60)
for 1 <r < oo are both employed, and
3Ar =12 e s
2
n= (61)
i, ifn>3.
4

The estimate of [|6*" (£)|l,,,; is based on the inequality
(14) for the kernel K, and the estimate in (30) for [|u* (T)"q,
that is,
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9k+1 (t)

w3 = 19 (Ol + Io %, (¢ - T)"qr”Hk (1)

u* (T)"qdr

2n/3

< n@o (t)||2n/3 + C(x Jt (t 3 T)a—1T73/4*leT
0

3 2 PO Ca
L (L) S (123)

<[|8s ()]s + C,XCet_M o ||

(62)

L';/°4 ( LZn/3) >

where constraint n < g <2n is needed. This result, together
with the iterative method, leads to the following inequalities:

ekH"Lm (r3) = "6 ||L3/4 GON C"‘C£|'9k“L°° (z2)

< Bl () + € C£<||9 sy, 120y + € C8||9k||Lw Lo /3)> (63)

k+1

S = "0 "L00 (L23) Z (Ca Cs

Let >0, which is chosen in Theorem 4 is so small that  uniformly for k € N.
C,Ce<1/2, then by using (58), we obtain The treatment of [§**! 1o (1 1s slightly different. Due to
| the singularity of t~ ! at t = 0, we divide the integral interval

i+1
0 [0, t] into two equal parts to derive the following equation:

[}
L3/4

%) < 2"§0|ng74 (123) <Ce, (64)

2n/3

1 ~ t12
¢ 0], <80l + [ 1610 Dl @
o] el o] Ji ] g

R tl
<[, |, +¢C J T (- [Cal® (65)

S
Ly, (1) “LOO(L

v [ [
“Jin L@

L (L)

< |0y (1), + Cet ™" + C,Cet “9"||L?O(L

Also, by the arguments of iteration, we obtain
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o < "5 " L +Ce+C Ce"@k“ . for all k € N provided that CaCSS 1/2. .
L@ L L (@ We now turn to deal with V%! (¢)||,,. By employing
R k+l ) (20) with y = 1/2 and (29) and (60) for IIukII,, and (64), it can
<. < <||60"L‘1’°(L“) + Ce) Z (CiCe)  (66)  be deduced that
=0
<2( [l o + C2) < 3Ce,
||VL(9k)(t)||n J "VG (t T)“(Zn/ 2n-1) ||6k( )'I n, /)
) (67)
304304 -1/2
sCJO (t =0T e 0], oy <Ce
and
t —_~
"VBl(uk, uk) < JO VG, (¢ - T)“q/ "uk (T)Hq“Vuk(T)"ndr
t
a-1_-a-1/ k
<C, jo (t-1) ' dr . |u Lq(Ln)”Vu 5 (1) (68)
< C“Cstfl/ZHVuk 120 (L)’
1/2
k+1
We place the abovementioned two estimates together to "VukJrl L (1) <||Vu0” o ot Cs) Z (C, Cs
obtain " " (70)
[v @, <[va o], +[vL(6') @], +[ VB ) o), <2( 90 oy + Cs) <3Cek €N,
<|va, (0], + Cet ™+ C“Cd_muvu 99, (17) for the case where C,Ce<1/2.
(69) A similar procedure can be performed for ||Vu**! (¢)]| e
that i
Then, following the same derivation as in (66), we have e
”VL <C J (t — 1) "GP 1/2”ek T)“z )
0
. (71)
J gy R S g o
[vi(u) @, <. [ -0 i @] vt o) oo
<C,Ce [ (-0 ar 96, (72)
sCCet Vil

which jointly produce
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[vt @], <|va, 0, +[ve(e) @, +|vB (') @],

< |Vaiy ()], + Cet * + C Cet || v

and consequently

”Vukﬂ

L (L) = <Nvu0l|L°° Ly T Cs) Z (C Ce)] <3Ce, keN,

(74)

[ve" @l

S||V@O(t)||6/5+CJ (£ -0 o () |v6* ()], 4

< ”V@ (t)"6/5 + C£t73 (1/r-1/2)/2 "V@

In the case of n> 3, we have

v o]

2n/5

<|[V8y (8)],ys + CCyet™ 3/4“V9k'|

Both cases lead to the same conclusion

Hvekﬂ

Ly (Lzm5) = 2”V9 "L00 LZ“/5) = CO’ ke N, (77)
provided &> 0 is small enough.

Based on the estimates derived above, we assert that the
weak-star cluster points of the sequences {Gk”} and {¢*!} and
functions 6 and u verify the estimates (64)-(77), respectively.
Moreover, in light of Lemma 2, it follows that 8 € C, 4 ((0, 00);
L¥3) N Cy,, ((0,00); L) N C, ((0,00); L"), VO € Cy,((0,
00), L*3), and Vu € C,;, ((0,00), L") N C4((0,00), L1). Be-
sides, by the Gagliardo-Nirenberg inequality, we have

llt (D)l

which combined with the continuity of u(¢) in W4 and
yields u € C,,,((0,00), L), and consequently u-V0e
C((0,00), L*>) and u - Vu € C((0, 00), L").

Now, we can check all the conditions for the regularity of
the solution (6, u). For 1< p < 0o, we define B, = —A in L
and A,=-PAin L?. We recall that, both B, and A are
sectorlal operators with the domain D(B ) =W?P and

<Clu@l; ™ vu @I <Cet™ 2, (78)

< VB, ()]s + | VB2 (6", ")

9 O+ Co [, =0 0[50 0

(73)
Ly (z1y

for the same restriction on ¢ as mentioned above.
An estimate of IIVGkJr1 (t)ll5,5 can be made in two cases.
In the case of n = 3, we have

)@

6/5

65 (75)

3(1/7 1/2)12 (LE/S) '

2n/ 5

(76)

L<3>74 ( 125 ) :

D(A,) = W*P n L2, and their native operators generate two
uniformly bounded and exponentially decaying, analytic
semigroups e » and e7r, respectively. For all 0<y<1,
by interpolation, we have D(By) =W?»P  and
D(A}) = WP n LY. Thus, for every 0<8<1, we have
6(3) € D(B)?;) and u(3) € D(AY?). Furthermore, by the
uniqueness of the integral solution, (6, u) can be represented
by

( t
0(t) = e EVBus g (§) - j e Bws (1), . VO (7)dr,
)

{u(t) = e 0%y (5) - J;e*“*)‘*np(u(r) Vu(r))dr

t
—(t-1)4,
|+ Jae P(6(1)e,)dr.
(79)

Since u -V e C([8,00),[*'%), P(u-Vu) e C([, c0),
L?) and P(0(7)e,) € C([§,00),L}), by employing the
maximal LP— regularity of B, and A, (refer to [16, 17]) and
unique solvability of (79), we conclude that
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6 ¢ C(16,00), W) \WL2(5, 00 L) N L2, (8, 00 W2275),

(80)

u € C([8,00), W) nW 2 (8, 00; L") N Ly, (8, 00, W),

and (6, u) verifies (34) a.e. on (6,00). Thus, by the arbi-
trariness of § >0, we eventually obtain (32), (33), and (34)
fora.e.t € (0,00). In other words, (0, u) is a strong solution
for the Boussinesq system (1.1).

The second part of the proof is devoted to the validation
of (35)-(37) where Vu € G4 ((0, 00); L9) and
[Vu (t)llq <Cet P forn< q < 2n has been verified in the first

t/2
0

o @, <[Bool, + [ K - Dot @)

part. From the continuity of u(t) in L" N L*, together with
the estimates (29) and (78), and the method of interpolation,
one can easily derive that u € C,((0,00);L9) and
lu(®ll,<Cet™® for all 2n<q<oco. Besides, for any
n<p<oo, let w= (3-n/p)/2, then analogous to the
treatment of [|6F*! @®)I,,, we have

@] v

(2n/3

[ Il o o) i o

= "90 (t)"p +C J- (t — 7)7/4H02p) 34 g

t/2
0

k
' "9 “L;’;’4 (Lem)

t
* Ca Jt/Z (- T)a_lT_w_adT ' Hek"Lz" (LP)"uk“

<6y )], + Cet™ + C,Cet 6"

which in turn yields ||6k+1"Loo(Lp) <3Cs, and consequently
0 € C,((0,00); LP) with the ‘same estimate provided that
¢>0 is small enough, where b= (1+1/p—5/2n)"". This
result can also be checked for #n/2<p<n by means of
interpolation.

(81)

i

LY (L)

L2 (LP)’

Moreover, for r<p<n/2, we take
max{n, p } <s<pr/(p—r), then analogous to (77), we can
derive that

[ve* @], <18, @], +C J; (6 =y )l ()] Ve ()] dr

. t
< ||V00(t)||p+Cj (t — 7)) ~(eni9i-0 4
0

ia
L?T—n/s)/z

<Ct °|6,, + Cet~°|veH|

which results in IIVGk“IILm(LP) <2C||6,ll, = Cy, and finally,
VO € C, ((0, 00); LP) with the same estimate for a sufficiently
small number of ¢ > 0.

anl¥0

(82)

LY (LP)

Ly (Lp)

Remark 10. Uniqueness of the strong solution for the

Boussinesq system (1) comes from the unique solvability of

the system (12).
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Remark 11. Under the initial condition 6, € L' N L" in the
case of n = 3, we can check the following estimate (see [4, 5]
for references):

||e"+1 (t)"r <C(1+1)01ne2, (83)

Remark 12. By reviewing the proof of Theorem 6, we should
mention that associated with the estimate (30), the upper
bounds of the small number >0 can only be taken uni-
formly for p belonging to an bounded interval [r, p,] for any

Journal of Mathematics

r < p; <00, but uniformly for g lying in the unbounded
interval [n, co].

4. Decay Rates of the Higher Order Norms

Proposition 13. Suppose that (6,u) is the global strong
solution of (1) obtained in Theorem 6 under the initial hy-
potheses of (10) and (12). Then, for 0<y<d&<1and h>0, it
holds that

| (=) (0(t + by = 01|, < Ce[n* e + BTV 0, ks, (84)

and
| (=) @t +h) - u@®)], < Ce[R°0+ W], t>0,
(85)

(=)' ((t +h) - 0(1))

AV tA2 _ ! AV A (t-1)A )
= (-A)' (" —T)e"™0(t/2) Jt/z( A (" - 1) (u(r) - V)O(1)dr

t

By invoking (20) and (21), we can deduce that
1l =Ch* | -a)°e 20 (er2)| < Cen® e,

||, <ch’™ L/Z (t=°lu(r) - V)O(D)l ,dr

t
<Ch* jm (t =Dl (Dl IVO (DI ,dT

t

<Ceh®? j (t - 1) 07 V2 ®dr < Ceh® V¢ 020,

t/2
t+h

|, <c L (t+h =) (Dl 190 (1)l ,dr

t+h
< Cej (t+h—1)7"70dr < Cel 20,
t

(87)

(=M)u(t) = (-A)e™u(t/2) + (I

- J (=A)e" P [P (u (1) - V)u(z) = P(u(t) - Vu(t)ldr
t/2

t,
=T+ T+ T3+ ]y

where r < p<n/2, n<q<2n, and ® =n(l/r - 1/p)/2 + 1/2.

Proof. We only prove (84), and (85) can be dealt in the same
way. For t,h >0, we consider the following decomposition:

(86)

t+h
- j (=AY e A (4 (1) - V)O(r)dr =1, + I, + I,.

By combining the abovementioned three estimates, we
obtained (84). O

Remark 14. It is observed that for n = 3, estimate (84) also
holds on (0, 1) but only with the exponent 1/2 — @ in the
power substituted by —w.

Proof of Theorem 8: Here, we only deal with (40), the
derivation of (39) is much similar. The standard potential
theory shows that |V2f]|, <C|| (-A) f|, for all f € W>" and
1<r<oo with C = C(n,r). So, we first use (84) and (85) to
derive the estimates for ||(—A)u(t)||q. For this purpose, we
divide (—-A)u(t) into four parts

— ) [PO(t) - P(u(t) - Vu(t)]

(88)

n Jt (-N)e" 2 [PO(1) - PO(t)]dr
/2

t>0.
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It is easily deduced from (20), (30), and (37) that

-1 t -l-a
1], sct M(E)“q <Cet,
(89)
||Iz||q <ClOOg +llu ()l VU (f)||q> <Cet™ ™
for t > 0. By employing (84) and (85) with y =0 or y = 1/2,
we obtain
! (t-1)A
Dily= | JemetPluc v w(@ - )] v
12 q
t
+ J ||(—A)e“*’)AP[(u(T) —u(t)- Vu(t)]” dr
t/2 q
t
<C Jt/z (t =1 (@l IV (u(t) - u (1)l dr
t
O = O - u @l Va0l dr
t
<C Jt/z (t =) Nt (Do | (-8)" (1) = (1) d7
t
+C L/Z (t =) u(t) - u(T)Ilflh_"/q1 IV (u(t) - u(T))Ilzfq1 IV ()]l d7 (90)
t
< CSJ (t- 1)71171/2 [ (t- 1)6171/21761 +(t - T)l/zrfl]f‘xdr
t/2
t g,
+C jm (t =) e (1) = (DI (-8)"2 (1) - ()]
*[Vu(®)ll,dr
-1« -B ! -1 L —171-nlq
e vca [ (- [e-ntrt -]
t/2
_T—(1—n/ql)2/2 ) [(t e . T)1/2T-1]”/q1 T—(l—n/ql)n/lql}d_[
<Cet™ ',
for t>0. Here, 1/2<6§,<1, 0<6,<1, n<q,<2n, and As for |4l we use (84) with y =0 to get
B=1-n/2q=a+1/2.
t
Il <c | | @-or0ri0Ri60 - oo, dr
t
<Ce J (t- T)—l—n(llpl—llq)/z [ (=157 4 (= T)T—l] (91)
t/2

. T—n(l/r—l/pl)/ZdT < Cet—l—n(llr—l/q)/Z’
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for t > 2T, where r < p; <n/2 is taken so close to n/2 such
that n(1/p; — 1/q)/2< 1 and n(1/p, — 1/q)/12< 55 < 1.

Putting all the estimates for ||J ;|| and j = 1, 2, 3, 4 together,
we obtain the desired estimates for ||(=A)u (¢ q and conse-
quently for [|V*u (t)|l,. In addition, the continuity of V2u () in
L1 with respect to t > 0 can be deduced from the decomposition
(88), jointly with (84) and (85), in light of Lemma 2.

Finally, by performing the operator P on both sides of
the second equation in (1), we can deduce that
o,u € C((0,00), L1), and

Journal of Mathematics

[0 ()], < NAu (@, +IP (u(t) - Vu()l, +[|P(6(t)e,)|
q q
<Cet TIVD 4 )y Ol IV (D, + ClO D,
Scet—l—n(l/r—llq)’
(92)

which in turn infers the existence of the pressure 7 of the
fluid verifying Vrr € C((0, 00), L9) and the estimate

V7 ()l < [0, (D, 1A Il +lu (®) - Vu (Dl +[0(D)e, |, < Cet ™I T0Ir1a)] (93)

for t>2T,. Thus, the desired estimate of (40) has been
reached.

Remark 15. Under some extra reasonable hypothesis, the
velocity of the flow exhibits rapid decaying behavior as
t — oo0. Precisely, in addition to (10) and (11), ifJRHGde =
0in the casen =3 or 6, € L" for some 1 <r <n/3 in the case
n> 3, then for every n/3<g<oo, it holds that ||u(t)||q =
o(t~ =792y a5t — oo (cf. [4, 5]).
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