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In this paper, we study the infinite dimensional widths and optimal recovery of Wiener-Sobolev smooth function classes
War1(P(D)) determined by the r-th differential operator P,(D) in Orlicz spaces with L(R) metric. Using tools such as the Holder
inequality, we give the exact values of the infinite dimensional Kolmogorov width and linear width of W(P,(D)) in L(R) metric.

We also study the related optimal recovery problem.

1. Introduction

In [1], the infinite dimensional widths problem and the
optimal recovery problem of the Wiener-Sobolev class
determined by differential operators in L, spaces in L(R)
metric are studied (where L (R) metric means the L, metric
on R). In this paper, we study the infinite dimensional widths
problem and the optimal recovery problem of the Wie-
ner-Sobolev class W, | (P, (D)) determined by differential
operators in Orlicz spaces.

It is well known that Orlicz spaces are extensions and
refinements of L, spaces. In particular, the Orlicz spaces
generated by N-functions that do not satisfy the A,-con-
dition are a substantial generalization and promotion of the
L, spaces. Therefore, the study of approximation problems
in Orlicz spaces has potential application value and devel-
opment prospect, such as in references [2-4]. In recent years,
the research on widths problem in Orlicz spaces has made
some progress, such as references [5-8].

In this paper, let M (u4) and N (v) be complementary
N-functions, the definition and properties of N-function are
as follows.

Definition 1. A real valued function M (u) defined on R is
called an N-function, if it has the following properties:

(1) M (u) is an even continuous convex function and
M(0) =0
(2) M(u)>0 foru>0

(3) lim,,_,; (M (u)/u) = 0,lim (M (u)/u) = 0o

u—>00

The complementary N-function is given by N (v) =
I; (M) ' (u)du. The properties of N-functions are dis-

cussed in [9]. The Orlicz norm is defined by the following
expression:

J-Iu(x)v(x)dx‘. (1)

lullpy = sup
p(v;N)<1
All measurable functions {u(x)} with finite Orlicz norms
constitute the Orlicz space Lj,(I) associated with the
N-function M (u), where p(v; N) = LN (v(x))dx expresses
the modulus of v(x) with respect to N (v). According to the
reference [9], the Orlicz norm can also be defined as follows:

1
Julay = inf 5(1+ j M (Bu(0)dx ) 2
>0 ﬁ I
In this paper, ||-[l,/(,5 represents the Orlicz norm taken

on the corresponding interval [a, b], and |-||,, represents the
Orlicz norm taken on the interval of the definition domain
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involved in the conditions of the relevant conclusions. C is
used to represent a constant, and in different places, its value
can be different.

Set

If g = 00+ Dllagoys (3)

j€zZ

where Z is the set of integers. As in references [10, 11], define
a function space

Journal of Mathematics
Ly, (R) = {f f ismeasurable on Rand || f ||, < +oo}
(4)

by reference [1], L}, (R) is a Banach space.
Given a natural number r, let Cf, (R) represent the set of
smooth functions

Cy (R) = { fifoooif Vare absolutely continuous functions in an arbitrary finite interval}. (5)
Let Ly, (P, (D)) = {f € C{(R): P, (D)f € Lo, o, (R)},
P,(t) = H(t - t]-), t;eRj=12,. .., (6) W (P, (D)) = {f € L, (P, (D)): "P (D)f"ooooS }’
j=1 (12)
be a polynomial with only real roots, and P, (D)(D =d/dt)  be the corresponding Wiener-Sobolev space and

is the induced differential operator of P, (t). Define the
Wiener-Sobolev space and the Wiener—Sobolev class in the
Orlicz spaces as follows:

Ly, (P,(D)) = {f € C{(R): P,(D)f € Ly, (R)},
Wi (P, (D)) = {f € Ly, (P, (D)): |P, (D) fly, < 1}.

(7)
2. Preliminaries
For arbitrary A >0, let
+00 i(2v+1)/\nx
8
Pra(x) = Z . (2v+ P, ((2v + DAni) ®

be a standard function with period (2/1) defined by the
differential operator P, (D). Specially, if P, (D) = D", then
the function @, (x) has the following form:

4
(Pr,/\(x): r)l( ) (/\7'[)
9)
Z cos((2v+ DAnx —(r +1) (71’/2))
= v+ 1™
Set
1 looc0 = sUPjezllf (¢ + Doojo> (10)

where | f(*+ f)llooo1) represents [l f (s + Dr_ 10,17 Then,
according to reference [1], we know

Loy (R) = {f fismeasurableon Rand || f|l o 00 < + oo},
(11)

is a Banach space with metric |-[|,, - Let

Wiener-Sobolev class.

Lemma 2 (see [1]). Let g € W, (P, (D)) satisfy
"g” < ||(Dr/\||oo EO) (Dr/l ('10) (13)

and do not have any other restrictions. If [, 3] is the interval
that contains the point n, and ®,_, (x) is monotonous on
[, B1, then the following statements are true:

(1) If ®,,(x) increases monotonically on [a,f], the
following inequalities are true:

(& +u) <@, (1y +u),0<u<p-rn,
9§ —u)2®,, () —u),0<us<n, -a

(2) If ®,,(x) decreases monotonically on [a,p], the
following inequalities are true:

g +u)=>®,, (1o +u),0<su<pf -1,
g —u)<®,, (11— u),0<us<n, -

(14)

(15)

Lemma 3. If g € W (P, (D)) satisfies

J g(B)dt

”g" < "(Dr).”oo’ supxy <2||®T+1/\"00 (16)

and [a, b] is an interval such that g has only two zeros a and b
n [a,b], then

gl atiap < ”‘Dr,A"M[o,umr (17)

where @, (x) represents the standard function defined
by DP, (D).

Proof. From Lemma 2, similar to the proof of Theorem 5.7.1
in reference [12], Lemma 3 is easy to be proved. O
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According to Lemma 3, we have the following
expression.

Lemma 4. Let @, ), (x) represent the standard function
defined by DP,(D), and @, (x) be defined by (8), if
G e W, (DP, (D)) satisfies

1Glloo <2[®r 1o (18)

Then, for arbitrary ¢ € R,

(1,

X () = 1

r—1

j=0

;0)

For given « € (0, 1) and every natural number N, let
1
Fy(f) = aG(t)XT<N>, (21)

by reference [1], Fy(t) satisfies the following

properties:

(i) If N is sufficiently large, then Fy (t) € W, (D
(P, (D))) holds.

(i) IFnlloo < 1Dpi1lloos
cDHl,)\ "oo

For sufficiently large N, we have [0, (1/A)] ¢ [-N,

N1, and for arbitrary t € [0, (1/A)], Fx (t) = ag(t),

now we need to prove

sup, | [7 Fy (H)dt| <2]

||F;\I|'M[0,(1/A)] = ”q)r,A"M[o,(uM]' (22)

Obviously, if g has not zeros in (0, (1/1)), then there
exist two points a,b in [-2N,2N] such that Fy (¢)
has only two zeros on [a, b]. Therefore, by Lemma 3,
we can obtain

g, amy = "F;V”M[o,(mn < HF’I\I”M[H,I?]

<|o

(23)
rJt“M[o,(l/A)]’

let « —> 1 for both sides of (23), the lemma is
proved.

(2) If there exists zeros a,b(a<b) of g(t) in interval
(0, (1/1)) such that for every t € (0,a) U (b, (1/1)),
g(t) #0, then

Igla110.0) < | ©ra (0 = .)"M[O,u]’ (24)

Nglatio, 1y < [@ra (0 + ')"M[O,(I/A)—b]’ (25)

(t+2) ZCZ+H (t+ 1),

lg (¢ + Mo,y < "(Dr,/\”M[O,(lM)]’ (19)

holds, where G' = g.
Proof. Without losing generality, suppose ¢ = 0, and we just
consider this case.

(1) If g has not any zero on (0, (1/A)), by the proof of
Theorem 1 in reference [1], we define a non-negative
function y, (t):

-1<t<1,

r—1
D' (-2 )Y Cl (-1, 1<t<2,
=0

(20)
-2<t< —1,

[t] = 2.

where x,, is the zero of @, (t). If one of (24) and (25) is not
valid, assume that (24) is not true, then

g0 >|Pra (%o = ) aspoar (26)

Then by (26), Lemma 2 and g(a) = ®,, (x,) = 0, there
exists a point x; € (0,a) such that

|9 (a-x))| =|®1 (30 = x1)]: lg (@ —w)l
(27)
>|D,, (xg — )|, Su<~.

A

On one hand, by (26) and (27), we have the following
expression:

lg(a = Maro, iy >||d>,,)t (x0 - .)”M[O,(IM)]' (28)

On the other hand, according to Lemma 2 and (27), we
have g (t) #0 for any t € ((a — 1/A), a). Moreover, according
to case (1), we have the following expression:

g (@ = Mario,amy < [|@ra (30 = .)“M[O,(l//\)]' (29)

This contradicts inequation (28). Therefore, inequations
(24) and (25) hold.
From Lemma 2, we have the following expression:

19D <|®,, (x + )], £ € (a,b). (30)

Hence, according to inequations (24) and (25) and the
inequation above, the lemma can be proved. O

3. Infinite Dimensional Widths Problem

Let T = {t j}je ,, be a real sequence and satisfy

ti<ti,VjeZ
31
lim t;=-00, lim tj = +oo. (31)

j— -0 j— 400
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For each natural number m >r, let P,, (¢) be an algebraic
polynomial of degree m with only real roots, and P, (t) be its
factor. Define

Sy (P, (D)) = {s(t) € C"*(R): P, (D)s(t) = 0,¥t € (t;,t,,,),Vj € Z}, (m=2), )
Sr(Py (D)) = {s(t): P, (D)s(t) = 0,¥t € (t;,t;,,),Vj € Z}.
IfT = {j/n}jeZ’ we replace Sy (P, (D)) with S, (P,, (D)). Define
For f € L}, (R), let
E(f,Sr (P, (D)))y = inf{llf = gl g € Sr (P, (D))}
(33)
Ly (R) = {f feLy(R) ﬂC(R),f(rf Vis locally absolutely continuous,f(r) eLy (R)},
(34)
W, (R) = {f: felv@®,[f7), = 1},
where N (-) is the complementary N-function of M (). Lemma 5. (1) Let g € L}, (R), then
inflg- Y &N, |, = sup”Rg(x)f(” (x)dx: f e Wi (R), f(t;) = 0(j € Z)]», (35)
where o = {“j}jez is a real sequence, Nj, (x) is the while
standardized B-spline —1
( ) M, (x)=r[tp.. ot ] C+x)7 (37)
t )M, (x)
_ \Vjr j Jir 36
Nj, (x) = r ’ (36) and Y a;N;,. €S, NLy (R),
St = {s(t); s(t) e C"™ P (R), D"s(t) (i) = 0F=0 =1 = 2} (38)
Jj il
where Mj,, (x) is B-spline, its detailed definition refer (2) (see [1])
to reference [13], there is no need to go into
details here.
sup{npm(—D)g”m: geW,, (Pm(—D)),g(i) =0,Vje Z} =@, (39)
where P, (t) = (P,,(t)/P,(t)) is an algebraic poly- Proof
nomial of degree m —r. (1) According to reference [14], we know
sup{JRg(x)f(') (dx: f e WL (R, f(t)) = 0(j € 2)]
(40)

:sup“ 9P (x)dx: f ve\,(R),j Nj)r(x)f(r)(x)dxzo(jeZ)}.
R R
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Therefore, to prove (35), we just need to prove

g- Y N,

= supHRg(x)ﬂ” (x)dx: f € Wi (R), JRNJ-,, (07 (x)dx = 0(j € 2)} (41)

inf
(1

Since IRNJ»’, (x)f(r) (x)dx = 0and ||f(’)||N <1, using the where the Holder inequality in the Orlicz spaces is
Holder inequality in the Orlicz spaces, we have the following

expression: Jlu(x)v(x)dx < el 1Vl - (43)
| g2 ax = (960- TN, ()7 (ordx See the reference [9].
K " K Z H " Therefore,
<|9- o;N jor f i
v N supj g(x)f(r) (x)dx < inf ”g - Z N (44)
S EEX g ’
(42) Define Iy = [t_n»tn]>
Ey = {h: supph C Iy, |kl < I,J N, (x)h(x)dx =0(j € Z)}, (N=12,---). (45)
R
Also, for h € Ey, define According to reference [14], we have f, e W},
1 : (R), supp f, € I, moreover
Falx) = WL (-t 'h(d.  (46)
sup{JRg(x) FO(x)dx: f e WY (R), JRNN (0 (dx=0(j € 2)}
(47)

Zsup{J‘I g (x)h(x)dx: ||h||N(IN) <1, JI Nj)r(x)h(x)dx =0(je Z)]».

We notice that N;, (x) has compact support [t;,t;,,] According to the duality theorem of the best approxi-

and the orthogonal condition L N, (x)h(x)dx =0 sat- mation of a function in a finite dimensional subspace, we
Vi

isfies for j< — N —rand j > N. So, the orthogonal condition have

is necessary only if -N —r < j<N.

suP‘“I g(h(x)dx: hlly (1) <1, Jz N;, (x)h(x)dx =0(j € Z)}

= inf{"g - Z“ij,r

=g - aiaN;,

. ; 48
M(IN).ocjeR,—N—r<]<N} (48)

M(Iy)

where a’y = 0if j< — N —rand j>N. The right-hand side
of (47) defines a monotonically increasing bounded se-
quence, and we need to prove

M (1) > i1;f

Q—Z‘Xij,r y=4a>0. (49)

. *
Jlim g =Y e,



Assume (49) is not true, then there exists € > 0, such that
when N is sufficiently large, we have

lg =Y N,

According to [14], there exists a constant C such that for
every j € Z, such that

-
(t]-+r - tj) SCJ J Z ap Ny, (x)dx

<CHZ (kaNkr

N)<d—:':. (50)

%

aN

M, f;w]lll" [130.]
(51)

Let N >max{~j,j+r}, then [t}
and

tigl €t tn] =1y,

(tj+r - tj)(_l)"Z e NNy,

(-1
SZc(tj+r _tj) "g”M[t,N,tN]HIHN[t,N,tN]

Mt yity] (N [t-nitn]

-1)
<2C(tir = 1;) Igllafs ] < 00
(52)

lo- Y BN

M = Supp(v;N)sl
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Thus, using the diagonal rule we can find a sequence of
positive integers {N,} '] that satisfies for every j € Z, we
have the following expression:

Jim iy =B € R (53)
Set
£ () |9(x) - Zoc;f’Nan,,(x)'v(x), xely,
n\X) =
0, x e (R\y ).
(54)

For Vx € R, we have x € Iy if n is sufficiently large.
Since the support of N, (x) is compact, Z(x N, (x)
contains a finite number of terms which is not zero.
According to (53) and (54), we have

lim £, (x) =|g(x) = Y BN, (0|v(0) (x € R), (55)

where v (x) satisfies p(v; N) = IIN N (v(x))dx < 1. By Fatou

Lemma, we have the following expression:

JR'g(x) B Zﬁij,r (x)|V(x)dxl

< Supp(v;N)sl " 1£>n00 lnf‘ J-an (x)dx‘

= Supp(v;N) h_r}n ‘J |g(X) Z(XJN N]r(x)'v(x)dx

= lim

i fo4
nﬁoo"g > %N

It indicates o}y € S, N L}, (R). However, in this case,
|o- 28,

So, we draw a contradiction. Therefore, inequation (49)
holds. When the limit of (47) on the right side is taken, we
can get the opposite inequation of (44). (1) is proved. O

)— (57)

(56)

)<d—£.

As seen in the proof of Lemma 5(1), for f € L}, (R), we
have the following expression:

E(f,S;(P,, (D)), = sup{URf(t)Pm (-D)g(t)dt|: g € Wy (P, (-D)), g(t;) = 0,Vj € Z}, (58)

where W7, (P, (-D)) =
Define

{f: f € Ly (RLIP, (-D)flly<1}.

"f"Noo = Supjezllf(- + j)||N[0,1]- (59)
Also, a function space

L;‘\,)OO (R) = {f f is measurable on R and [ f|ly o < oo.},
(60)

according to reference [1], we know Ly . (R) is also
a Banach space.

Lemma 6 (see [10,15]). Let f € Ly, (R), g € LY,
f(t)g(t) € L(R), and

Ifgll, <

(R), then

||f||M1||9||Noo (61)
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For g € Ly, (R), quantity is called the best approximation of g by S, (P,, (D)), and
E(g,S, (P, (D)), =inf{lg - fl;: f €S, (P, (D)}, (62)

E(Wy, (P, (D)),S, (P, (D)), = sup{E (4,5, (P, (D)));: g € Wy, (P, (D))}, (63)
d,(Wy, (P, (D)),L(R)) =su inf | f - gl,.
is called the best approximation of W, (P,(D)) by ( w1 (P, (D)) ) Prewu, (P (D) gep- 17 =gl

S, (P,,(D)) in L(R) metric. (66)

Let n>0 be a fixed number (not necessarily an integer),
&, represent the set of all linear subspaces F on L(R), such
that for every F € §,, we have the following expression:

hm dlm(F| [—aﬂ])

a — 400 2a

<n, (64)

where F|_,, indicates the limit of F on [-a,a] and
dim (F | _,,) is the dimension of the linear space F|_, .
Quantity

d, (W, (P, (D)), L(R))

i ' (65)
= I}gl%fn SquEWM,l (P, (D)) lgr€l£ ”f - g"l’

represents the infinite dimensional n-K width of
W1 (P, (D)) in L(R) metric. If there is a subspace F* € §,
that satisfies

E(Wy, (P, (D)), S, (P, (D)),

- supHRp,(D) FOP,, (-D)g(B)dt: f € Wy, (P.(D)),g € Wy oo (P (~D)), g(j ) —0,Vje z}.

From Lemma 6, we have the following expression:
[P, (D)f - Pr (-D)g]|, < [P D)y 1|Pr (D)9 o

<[Prin (-D)gy o
(69)

IPron (=D)g (- + )] 01

Jl P, (-D)g (x + u(x)dx
0

= supp (u;M)<1

n

< Supp (u;M)<1
j=1

< Supp(u;M)sl

S |"q)r,n"N[<j—1/n),(j/n

(jin)
3| R
(j-1/m)

r,m

(jin)
J P, (=D)g(x +iu(x)dx
(j-1/m)

n

2
j=1

n

; 1Prn (=D)g C + D11, Gy
]n

Z; )] ||q>
po

Then, F* is the optimal subspace that reaches d,,.

Theorem 7. Let P,(t),P, (t) be defined as above. If n is
a natural number, then

E(WM,I (Pr (D))’Sn (Pm (D)))l < "q)NIHN([O,l])’ (67)

where m=>r, and P, (0) = 0,lim, __, ,(P,,(t)/P,(t)) =0 for
m>r.

Proof. From (58) and integrating by parts, we can obtain the
following expression:

(68)

n

Therefore, from Lemma 2, Lemma 4, and Lemma 6, we
have the following expression:

(-D)g (x + i)u(x)dx

(70)

nn“N[o,u’



(jm)
(j-D/n

j=1...,mand [{ M(u(x)dx<1.
Note that

[Prin (-D)glly 0 = suPiez|Pron (-D)g (- + Do, (7D

where wu(x) satisfies M(u(x))dx<1 for any

So, the theorem is proved. O

Theorem 8. Let n be a natural number, m>r, then
dn(WM,l (P, (D)))L(R)) = E(WM,I (P, (D)), S, (P,, (D)))l
=[

r,""N[O,l]’

Journal of Mathematics

where P, (0) = O’tlimo (P, (t)/P.(t)) =0 for m>r.

Proof. First of all, we have

dn(WM,l (Pr (D))’ L (R)) < E(WM,I (Pr (D))’ Sn (Pm (D)))l
(73)

To prove the opposite inequality, let d,, (A, X) represent
the n — K width of A in the usual sense of X (X is the space of

functions defined on a finite interval). For every finite in-
terval I = [a,b], let

(72)
W (P, (D), 1) = {f € Cy(R): f hasperiodb —aand ”Pr(D)f”M(I)S 1}, (74)
W (P, (D), 1)y = {f € Wy (P,(D),]): fP(a)=0,j=0,1,...,r—1}, (75)
E(A,B)y = sup in£ lx-yl,AcX,BcX, (76)

xeA V€

where ||-|| represents the norm on X.
For every F € §, and N2>1, let N, := dim(F | _y n})>

and Iy = [-N, N]. For every f € W, (P, (D), I),, it’s easy

to prove

QIN+1D)" fr;, € Wy, (P, (D)), (77)

where y; represents the characteristic function on the
interval I.
Therefore, we have the following expression:

E(W g, (P (D)), F), 2 (2N + D)) E(W g (P, (D), In)o Fl (o) 1
> (2(N +1)) 'dy (Wy (P, (D), Iy)p L(Iy)) (78)
> (2(N + 1)) 'dy o, (Wi (P, (D), Iy), L(Iy))-

For f e W, (P,(D),Iy), let F(t)= f(Nt/n),tel,

then we have the following expression:

dN,,+2r(WM (Pr (D)’IN)’L(IN)) = ng,,+2r<WM<Pr<%>7In):L(In)>

(79)
N
27 Coblns Ly oy
where Let N — + 0o on both sides of above-given inequa-
N tion, then
Ay = N*l([—"] + r). (80)
2 E(W (P, (D) F) 2|0 |0 (82
By (78) and (79), we have the following expression: .
N Hence, we obtain
E(Wara (P, (D)) 2[00 iy 8D dy (W (B, (D) LR 2 [0 oy (89)
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The theorem is proved. O Define
8,(Wia (P, (D)), L(R)) = [t supaw, (r,opllf = A (84)
AN ] ,
as the infinite dimensional linear n-width of W, (P, (D)) sr(f’ O+ ;) - f(“ﬂ + ;)’ vjieZ (86)

in L(R) metric, where A runs over the set of all linear
operators such that A(D) c F for some F € §,, where D
denotes the linear closure of W, (P, (D)) in L(R). If there
is a linear operator A*: ® — A* (D) € §, such that

8u(Wara (P (D), L(R)) = supsary, (p op)lf = A" ()]

f(x)=s,(frx) = JRG(x, t)P, (D) f (t)dt, (87)

where G (x,t) satisfies
IG (x, )l =@y, ()],

(88)
(85) IG GOl =|,, (¢ +1-a).
Then, A* is called the optimal linear operator.
Lemma 9 (See [1]). If f € L, , (P, (D)), then there exists an Theorem 10. Let n be a natural number, then
unique s, (f) € S, (P, (D)) that satisfies
5n(WM,1 (P, (D))>L(R)) = sup{”f -S (f)"f feWu, (P, (D))} (89)
= ||q)r>n"N[o,1]’

where s,: Ly, (P, (D)) — S, (P, (D)) is the interpolation
operator satisfying

s,<f, a, +£) - f<ocn +£),v]' A (90)

and «, is a fixed constant.

Proof. According to Lemma 9, we have the following
expression:

8,(Wasy (P, (D)), L(R)) = sup{|| f =5, (N)],: £ € Wary (P, (D))}. (91)

So, we just need to prove

sup{"f -5 (f)”f feWy, (P, (D))} = "(Dr,n"N[o,l]'
(92)

By (66) and (84), we have the following expression:

d, (W, (P, (D)), L(R)) £8,(Wy, (P, (D)), L(R)).
(93)

Now we prove

sup{[[f = (N)l: f € Wary (P (D)} <[P0l
(94)

From Lemma 9, Lemma 6, and equation (88), we have the
following expression:

If =5 (Dl JR(JRIGm )dx )|P, (D) f (0]t

<[P D) f | (o + 1= ) O

= L2

Therefore, the theorem can be proved by the above-given
expressions and Lemma 4. O

4. Optimal Recovery Problem

Let ®,, be the set of all sequence & = {f j}jeZ satisfying

£j<£j+1,Vj € Z,
(96)
lim inf—card(fﬂ[ @ al) <

a —> +00 2a ’

where card(éN[-a,a]) is the number of elements in
&N [~a,a]. For every £ € ©,, let I; represent an information
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operator defined by &, while I; (f) = {f (fj)}jez is called the
information of f defined by &.
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Dn(WM,l (P,(D)),S, L) = 2;?5 SUP rew,,, (P, (D))Js(f)=0”sf||1> (97)

is called the minimal information diameter of W, , (P, (D))
with respect to the solution operator S: ® — L(R) in L(R)
metric. If there exists £* € ©, such that

Dn<WM,1 (P, (D)),S,L) =2 SUP few,,, (P, (D)1 ()=0lSf 11>
(98)

then &* is the optimal sampling. For every £ € ©,, let
I (Wy,, (P, (D)) represent the image set of I on
W1 (P, (D)), and

E, (W, (P, (D)),S,L) = El;’l@f inf sup ey, (Pr(D))“Sf - A(Iff)nl,

where A takes the mapping set from I; (W, (P, (D))) to
L(R). If A only traverses the set of linear maps, E, (W,
(P,.(D)),S,L) is replaced by Eﬁ(WM1 (P,.(D)),S, L), and
Eﬁ (W1 (P, (D)), S, L) is called the n-th fundamental error.

A: Ig(Wyy, (P, (D)) — L(R), (99)

is the mapping from I; (W, (P, (D))) to L(R). Sometimes
A is called an algorithm.

Now, we discuss the following optimal recovery
problem:

(100)

If S is the identity operator, D, (W, (P,(D)),S,L) and
E,(Wy, (P, (D)),S,L) are replaced by D, (W, (P, (D)),
L) and E, (W, (P, (D)), L), respectively.

Let = [a,b.§={§)},, €0,A=¢n],

Sy () ={se C2(I): P,(-D)s(x) = 0,x € (£;,},,),Vj, suchthat (¢,,€,,, ) n I+ @}

T;/I (B), = {

According to reference [1], we know S’ ,(A) is the
splines space corresponding to P,(-D) and with simple
nodes on A.

{P,(D)f: f € Ty (A)o} ={y: LS/ (A) and llylly <1},

where yLS;_, (A) means

Ll//(x)s(x)dx —0,Vse S, (A) (103)

(2)

T2 (1) = {f £ is absolutely continuous on I and |, (—D)f”oom < 1}.

f(i)(a) zf(ﬂ(b) =0,i=0,1,...,r—1,

f: f(r_l) is absolutely continuous on I,f(fj) =0,V¢; €A, } (101)

[P, (D) f |y <1

Lemma 11. (1)

(102)

E(T D)y = sup{Il fly: £ € Th (D)}, (104)
where

(105)
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Proof
(1) Let

B={P,(D)f: f € Ty (D)},

. (106)
C ={y: w18, (Mand|lylly o <1},

let weB, then there exists f € Tj,(A), such that
v=P,(D)f, and |yl 1) = IP,(D)fllpry<1. For every
s €S, (A), according to Lemma 2 of reference [16], we have
seC 2D, fPa)= fDP(b)=0,i=0,1,...,r—1, and
|, w(x)s(x)dx = 0,y € C. Hence B c C.

On the other hand, let v € C, by related knowledge of
ordinary differential equation, we can find a function f,

27D, (W, (P (D)), L) S Ey (W (P, (D)), L) S Ey (W (P, (D)), L),

Theorem 13. Let n be a natural number, then
2 an(WM,l (Pr (D))’L) = En(WM,l (Pr (D))’L)
= E; (W, (P,(D)),L) (108)

= "(Dnn"N[o,U'

11

which satisfies that f =1 is absolutely continuous on I, and
P,(D)f =y, fD(a) =0,i=0,1,...,r— L. Therefore,
IP, (D) fllary = IWllpsry < 1. Since y1S; | (A), that is, for
every s €S (A), [,s(x)P,(D)f (x)dx =0, according to
[16], we have f@(b)=0,i=0,1,...,r -1, and for every
& €A, f (&) =0. Therefore f €T, (A)y, and y =P, (D)
f € B. Hence, C C B. (1) is proved.

The proof of (2) is similar to the proof of Lemma 3 in
reference [16]. O

Lemma 12 (see [15, 17]). Let n be a natural number, then

(107)

Furthermore, " = {(j + a,)/n} ., is the set of optimal
sampling points, and the basic interpolation operator s,
defined in Lemma 9 is the optimal algorithm.

Proof. First, we give the lower estimate of D, (W, (P,
(D)), L). Let &= {Ej}jez €0,, for every N>1, set Iy =
[-N,N] and N, := card (§nTy).

By (74)-(77), we obtain the following expression:

e(WM,l (P, (D)),§, L) = SuP{”f"N J €W (Pr(D))’IE (f) = 0}

> (2(N + 1))‘lsup{||f||L(IN): feTy (AN)O},

where Ay = £n1Iy. Obviously

dimS;_ | (Ay) <N, +r. (110)

(109)

From the properties of Kolmogorov n-width and Lemma
11(2), we obtain the following expression:

sup{ 171 1,7 f € Th (o} = E(TE (1,7 ) 1y

To make the distinction, we replace T, (Iy) by W, (P,
(=D), Iy), by appropriate variation, we obtain the following
expression:

e W (P =D)L (1) = b o Weo (P (0 ) L 1)),

2dy, . (T, (In), Ly (In)) (111)
2 dNn+r(T2o* (In), Ly (IN))'
= (112)
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where

W (P, (-D),Iy) = {f € Cy (R): f is of period 1 and "Pr(_D)”oo(IN)S 1}.

According to reference [15] and the Theorem 7.2—4 in
reference [17], and make the appropriate calculations, we
obtain the following expression:

ngﬂﬁ—r(Woo(Pr(_%)’ Iﬂ)’LI*\I (Lr)) Sg (ZHAN)”(DT’AN”N[0,(1/AN)]'

By (109)-(114), we get

NA
e(WM,1 (P, (D)), ¢, L) > ((N_'_Nl))| ®

rAlINo, (14y)]

(115)
where Ay = N"'([N,/2] + 7).

Let N — + 00 for inequation (115), we obtain the
following expression:

(Wi (P (D)), & L) 2@, ] w0y (116)

E(Wy, (P, (-D)),S; (P, (-D))), < sup{llgllaeo: g € Weo (P, (D)), g(t;) = 0,Vj € Z}.

On one hand, from Theorem 8, we obtain the following
expression:

E(WN,I (P, (=D)), Sy (P, (_D)))1 2d

where @ (x) is the standard function related to P, (-D).
On the other hand, from Lemma 2, we obtain the fol-
lowing expression:

Ti?(afn sup{IIgIIM,OO: geWy (P,(D)),g(tj) =0,Vje Z}

Ssup{IIgIIM)OO: geWg (PAD)),g(%) =0,Vj € Z}

= "q)r,n“M[o,l]'

(120)

Hence, according to (119) and (120), the theorem is
proved. O

n(WN,l (Pr (_D))’ L) = ||q):,n”M[0,1]’

Journal of Mathematics

(113)

(114)

By (98), (109), and (116), we get the lower estimate of
D, (W, (P, (D)), L).

According to Theorem 10 and Lemma 12, the theorem is
proved. O

Theorem 14. Let n be a natural number, then

D,(Weo (P, (D)), Lyy.oo) = 2P0l sty (117)

Proof. For’ T = {tj}jez € 0,, from Lemma 5(1), we obtain
the following expression:

(118)

(119)

Data Availability

The data are not available as no new data were created or
analyzed in this study.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this article.

Acknowledgments

This study was supported by the National Natural Science
Foundation of China (Grant no. 11761055) and the Fun-
damental Research Funds for the Inner Mongolia Normal
University (Grant no. 2023JBZD007).



Journal of Mathematics

References

[1] L. Yongping, “Infinite dimensional widths and optimal re-
covery of some smooth function classes ofL p(R) in met-
ricL(R),” Analysis Mathematica, vol. 19, no. 2, pp. 169-182,
1993.

[2] S. Y. Huang, Y. L. Feng, and Q. Wu, “Learning theory of
minimum error entropy under weak moment conditions,”
Analysis and Applications, vol. 20, no. 01, pp. 121-139, 2022.

[3] F. S. Lv and J. Fan, “Optimal learning with Gaussians and
correntropy loss,” Analysis and Applications, vol. 19, no. 01,
pp. 107-124, 2021.

[4] S. Ayan and N. Ispir, “Convergence theorems in Orlicz and
Bogel continuous functions spaces by means of Kantorovich
discrete type sampling operatorsogel continuous functions
spaces by means of Kantorovich discrete type sampling op-
erators,” Mathematical Foundations of Computing, vol. 6,
no. 3, pp. 354-368, 2023.

[5] J. W. Wang and G. Wu, “N width of some differentiable
function classes,” Applied Mathematics: A Journal of Chinese
Universities, vol. 37, no. 3, pp. 365-374, 2022.

[6] Y. Gao and G. Wu, “N-widths of a periodic function class in
Orlicz spaces,” Applied Mathematics: A Journal of Chinese
Universities, vol. 35, no. 3, pp. 315-322, 2020.

[7]1 F. M. Sun and G. Wu, “Exact estimate of N-widths of
a convolution function class in Orlicz spaces,” Acta Mathe-
matica Scientia, vol. 39, no. 4, pp. 720-729, 2019.

[8] F. M. Sun and G. Wu, “The duality theorems of N-widths of
some important function classes,” Applied Mathematics: A
Journal of Chinese Universities, vol. 33, no. 3, pp. 365-372,
2018.

[9] C. X. Wu and T. F. Wang, Orlicz Space and its Application,
Heilongjiang Science and Technology Press, Harbin, China,
1983.

[10] J.]. Fourier and J. Stewart, “Amalgams of Lpand 1q,” Bulletin
of the American Mathematical Society, vol. 13, no. 1, pp. 1-22,
1985.

[11] R. R. Goldberg, “On a space of functions of Wiener,” Duke
Mathematical Journal, vol. 34, no. 4, pp. 683-691, 1967.

[12] N. P. Korneichuk, “Extremal Problems in Approximation
Theory,” Fourier Analysis and Approximation of Functions,
Springer, Berlin, Germany, 1967.

[13] C. De Boor, “Splines as linear combinations of B-splines,” in
Approximational Theory II, pp. 1-47, Academic Press, New
York, NY, USA, 1976

[14] Y. S. Sun and C. Li, “Best approximation of some classes of
smooth functions on the whole real axis by cardinal splines of
higher order(Russian),” Mat.Zametki, vol. 48, no. 4,
pp. 100-109, 1990.

[15] G. Wu, “On approximation by polynomials in Orlicz spaces,”

Approximation Theory and Its Applications, vol. 7, no. 3,

pp. 97-110, 1991.

C. Li, “L1R-Optimal recovery on some differentiable function

classes,” in Approximation,optimization and Computing:the-

ory and Applications, , pp. 113-116, Elsevier Science Pud-

lishers, 1990.

Y.S.Sun and G. S. Fang, Approximation theory, Vol. 2, Beijing

Normal Univ. Press, Beijing, China, 1990.

[18] Y. S. Sun, Approximation theory, Vol. 1, Beijing Normal

University Press, Beijing, China, 1989.

Y. S. Sun and Y. P. Liu, “N-widths for some classes of periodic

functions with boundary conditions,” Journal of Approxi-

mation Theory and Applications, vol. 8, no. 3, pp. 21-27, 1992.

(16

[17

[19

13

[20] D. R. Chen, “Average Kolmogorov n-widths (n-K width) and
optimal recovery of Sobolev classes in LpR,” Chinese Ann.
Math., Ser. B.vol. 13, no. 4, pp. 396-405, 1992.

[21] Y. S. Sun, “Optimal interpolation on some classes of smooth
functions defined on the whole real axis,” Advances in
Mathematics, vol. 20, no. 1, pp. 1-14, 1991.

[22] C. Li, “On some extremal problems of cardinal L-splines,”
Acta Mathematica Sinica, no. 33, pp. 330-343, 1990.

[23] N. P. Korneichuk, Splines and Approximation Theory, Cam-
bridge University Press, Moscow, Russia, 1984.





