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This paper studies the asymptotic stability of global solutions of the three-dimensional nonisentropic compressible Navier—Stokes
equations, where the initial data satisfy the “well-prepared” initial conditions, and the velocity field and temperature satisfy the
Dirichlet boundary condition and convective boundary condition, respectively, based on the incompressible limit of global
solutions. With the uniform estimates with respect to both the Mach number ¢ and time ¢, we prove the exponentially asymptotic
stability for global solutions of both the compressible Navier-Stokes equations and its limiting incompressible equations.

1. Introduction

In recent years, hydrodynamic equations have received
considerable attention, in which Navier-Stokes equations
[1] describing the motion of viscous fluids are the basic
mathematical models of the hydrodynamic equations.
Navier-Stokes equations have attracted much more atten-
tion due to its important theoretical and applied value in
physics and mathematics.

The motions of highly subsonic viscous fluids are de-
scribed by the following nondimensionalized Navier-Stokes
equations:

p; +div(pu) =0, (1)
1

(pu), + div(pu®u) —divS + 5Vp = 0, 2)
€

(pe), + div(pue) + pdivu — div(xVT) = €S- D(u),  (3)

The equations represent the conservation of mass,
momentum, and energy, respectively. In addition,
p.u = (u',u?,u®), p,e,T indicate density, velocity, pressure,
internal energy, and temperature, respectively. The matrix
S=2uD(u) + {divul is the viscous stress tensor, with
2D (u) = Vu + Vu' (¢ denotes the transpose operation); the

viscous coeflicients y, { are constants with g > 0, u + 3{/2 > 0;
¢ is the Mach number; « is the heat conductivity coefficient.
In this paper, we consider the Navier-Stokes equations in
a bounded domain Q € R® and assume that the fluids being
studied are perfect gases:

e = CVr) p = Rpr> (4)

where Cy, > 0 represents the specific heat capacity at constant
volume, and R denotes the universal gas constant, and y =
1 + R/Cy, is the ratio of specific heat capacities at constant
pressure and constant volume.

As we know, Mach number is an important physical
quantity to describe the compressibility of fluid. From the
physical point of view, when the Mach number is less than
approximately 0.3, the motions of compressible fluid are
similar to incompressible fluid when Mach number van-
ishes. Strictly verifying this process from a mathematical
point of view is the incompressible limit problem. However,
the rigorous justification of the incompressible limit prob-
lem of Navier-Stokes equations poses challenging problems
mathematically since singular phenomena usually occur in
this process, as shown in [2-12].

In addition, many results on the incompressible limit of
the nonisentropic Navier-Stokes equations have been
achieved. For the local solutions, Dou et al. [13] studied the
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incompressible limit of local strong solutions to Navier—
Stokes equations with positive thermal conductivity co-
efficient and the slip boundary condition. For the global
solutions, Ren and Ou [14] proved the incompressible limit
of global solutions to nonisentropic Navier-Stokes equa-
tions in the 3-D bounded domain where the velocity field
and temperature satisfy Dirichlet boundary condition and
convective boundary condition, respectively. The research
results of the incompressible limit of nonisentropic
Navier-Stokes equations describing perfect gas can be found
in [15-20].

The stability conclusion of the hydrodynamic equations
has important theoretical support for engineering tech-
nology and other fields, so it has attracted the attention of
many mathematicians. In particular, the stability of solu-
tions can be effectively demonstrated through the use of the
incompressible limit, which lends greater significance to
research.

Through the in-depth research of Navier-Stokes equa-
tions in the hydrodynamic equations, we find that the
stability of solutions of Navier-Stokes equations has re-
ceived much more attention, as shown in [21-25]. For the
stability of solutions to nonisentropic Navier-Stokes
equations, Xie and Li [26] showed that the equilibrium
solutions of Navier-Stokes—Poisson equations are non-
linearly stable with 4/3 <y <2; its equilibrium solutions are
unstable with y = 4/3, where y is the adiabatic coefficient.

Through analyzing the current research status at home
and abroad, it is found that in practical applications, ex-
ploring the stability of the solution of the hydrodynamic
equations using the incompressible limit of the solution also
has important research value. We also found that previous
research on the Navier-Stokes equation system is still
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incomplete. Therefore, this article mainly studies the ex-
ponentially asymptotic stability problem of the Navier-
Stokes equation system.

Currently, some conclusions about the stability of so-
lutions of Navier-Stokes equations have been proved based
on the incompressible limit. For nonisentropic Navier-
Stokes equations with “well-prepared” initial data in the 3-D
bounded domain Q, Ren and Ou [27] proved the in-
compressible limit of the global strong solutions when the
following boundary condition holds:

00
u-n=0,71- (D(u)'n)+ocu~1:0,$+[39=0onan(O,T),

(5)

and the exponentially asymptotic stability of the global
solutions based on the conclusion of incompressible limit is
proved. Note that when the initial condition is the same as
[27], the boundary conditions are different as follows:

u=0,%+ﬁ0=0,onaQX(O,T), (6)

the exponentially asymptotic stability of solutions of three-
dimensional Navier-Stokes equations has not been studied.

In this paper, we consider the low Mach number fluid
which can be regarded as a perturbation near the in-
compressible fluid, where the density and temperature are
usually set to be constants. Therefore, we set the density and
temperature variations by ¢ and 0, respectively, as follows:

p=1+e0,T=1+¢b (7)

In this way, nondimensional systems (1)-(4) can be
rewritten as follows:

1
o, + div(ou) + ;divu =0, (8)
p(u, +u-Vu) +§ (Vo +V6) + RV (06) = 2udiv(D (u)) + {Vdivu, 9
R
Cyp (0, +u-V0) + R(pf + o)divu + ~ diva = A6 + &(2ulD (W)* + { (divu)?). (10)

We impose that u satisfies Dirichlet boundary conditions
and 0 satisfies convective boundary conditions

u:O,?+ﬁQ:OOnBQX(O,T), (11)
n

and the initial conditions

(0,1, 0)|,-9 = (¢, 1 6,) (x) in Q, (12)

where f§ is a positive constant and # is the unit outer normal
vector to 0Q).

This paper will discuss the proof process of stability
conclusions for the global solutions of the 3D nonisentropic
compressible Navier-Stokes equations in a bounded

domain. In particular, the local existence of the solution
(p, u, 0) has been established by Ren and Ou [14], and based
on the uniform energy estimate in [14], we establish the
exponentially asymptotic stability for global solutions of
both the compressible Navier-Stokes equations and their
limiting incompressible equations with the help of classical
theory on the Stokes problem.

2. Preliminaries

The nondimensional nonisentropic compressible Navier—
Stokes equations (8)-(10) have been given, and we now give
some commonly used relations and inequalities.
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During the energy estimates, the following relationship
is regularly used:

Au = Vdivu — curlcurlu = 2div(D (1)) — Vdivu. (13)

Lemma 1. (see [14]). Let Q) be a bounded domain in R" with
smooth boundary 0Q) and outward normal n, then there exists
a constant C > 0 independent of u, such that

Neall 1y < C(Ndival s oy +lleurlull e ) + 111 - All v oy + tll st ) (14)

for any u e H°(Q),s>1.

Lemma 2. (see [27]). Let Q be a bounded domain in R" with
smooth boundary 0Q) and outward normal n, then there exists
a constant C > 0 independent of u, such that

el g () < C(IldivuIIHs_l @ Hleurlull g ) +llue X #1ll oz g + letll e (Q)), (15)

for any u € H°(Q),s> 1.

Remark 3. The general forms of the conclusions of Lemmas
1 and 2 in [14, 27] are that there exists a constant C >0
independent of u, such that

Nttty cy < CNdiVlys-1p 0y +lcurlullysc sy +12 - Allysns ooy +letlys o 0 )

(16)

Netlles y < CIdivallyess ) +lcurlullyere )+l X Allyeins ooy +ldllyeis @) )

for any u € W52 (Q).

Lemma 4. (Poincaré’s inequality). Let Q) be a bounded do-
main in R" with smooth boundary 0Q) and outward normal n,
then there exists a constant C > 0 independent of u, such that

Neall 2 oy < C(IVal 2 oy + 1l 2 oy ) (17)

for any u € WP (Q).

Lemma 5 (see [28]). Let Q) be nonaxially symmetric, and u
satisfy u - nlyq = 0 where n is outward normal of Q, then there
exists a constant C >0 independent of u, such that

Vull 2 () < CID (W)l 12 () (18)
for any u € H' (Q).

Remark 6. In this paper, the notations |- ||y« for k>0
present the norm of Sobolev space H*(Q), where
H(Q) = L*(Q). In addition, we assume that C,, Cs, Cy are
generic positive constants depending on generic small
positive constants 7, 8,9, respectively. The notations C,C;
for i = 1,2,... below present the positive constants which
depend only on Q, g4, A and x but not on the time t and Mach
number ¢. For simplicity, we denote the partial derivatives
0/0x; by 0,, az/axiaxj by 9;;, and so on.

3. Main Results

Next, we introduce the conclusion of global existence and
incompressible limit to the initial-boundary value problem
(8)-(12), and see [14] for the proof.

Theorem 7. (Global existence and incompressible limit [14])
Let € € (0, €] for some constant €€ (0, 1] and Q be nonaxially
symmetric initial datum (0y,u,,0,) that satisfies the fol-
lowing conditions:

(09> tg» 0p) € H* (Q), (0, (0), 1, (0), 6, (0)) € L* ().
(19)
Moreover, we assume that fﬂaodx =0 and

lows s 6ol +ho (00,10, (0. 6, O <% 20)

where v is a sufficiently small positive constant. Then, there
exists a unique global solution (o%,u*,6F) to the initial-

boundary value problem (8)-(12) in Q X R* satisfying
(0,u,0) € C(R*, H?), (0,1, 6,) € C(R", L%),
(21)
(u,0) € L*(R"; HY), (w,,6,) € L*(R";H'),

where R* = [0, +00). Furthermore, the following uniform
estimate in € € (0, €] holds:



e[| 3 2 e & peV|IIN2
Il 0+ 1 O 0+l s N 0Ot € v
(22)
for some positive constant C. Thus u — v strongly in
C(R{_;H®) as e — 0 for any 0 <s< 2. There exists a func-
tion m(x,t) such that (v,n) is the unique global solution for

the following initial-boundary value problem of isentropic
incompressible Navier-Stokes equations:
divv = 0,in Q x (0, +00),
v+ v Vv+ V= uVy,inQ x (0, +00), (23)
v = 0,0n0Q x [0, +00),

V0mo = v, in Q,
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where v, is the strong limit of {u®(x,0)} in H® as e — 0.

The main theorem of this paper is presented as below. Let
(o', ul, &) (i = 1,2) be two solutions of the problem (8)-(12)
corresponding to  two  different  initial = data
(0h,ui, 6) (i = 1,2). In order to state the theorem precisely,
we introduce the following notations (see [14]):

O (1) = (M, + M,)|vpu', VR Cop 6}, +%“(\/pdivu", VRVS',\Cp VO,
M, ; ; N 1 in2
+ 7“(\/15”0 VRa,, \Cyp¥,) et 5||ﬁcur1” I (24)
+||X0V2Mi||iz +||V20i,V20i||iz n J-5]X21~3|D51ﬁ|2dy.
¥ (1) = o', 6 + M, @u+ O divid [, + a0 +](u )] 05
25
|2 2 2 eI i ogi)|]?
o'l + @CoCrs + Dl e+ +170 ]2 + (v, 90) .
— — 72 — — A% —mt ¥
As shown in [14], the following energy inequality holds: 1. Ol (9 SC”uO’ %% “Lze 21 (28)
20/ (1) + ¥ (025 Coo¥ (00 () +(0 )], IV =Vl 0 sClvg = vle ™ e 2T, (29)

YO<t<T,ee€ (0,¢].

Based on Theorem 1 and the previous inequalities, the
exponentially asymptotic stability of global solutions of
three-dimensional nonisentropic compressible Navier-
Stokes equations is obtained. Next, we introduce three
following notations:

5=01—02,ﬁ=u1—u2,5=91—02. (27)

The primary findings of this paper are presented as

follows:

Theorem 8. (Stability result) There exist positive constants C
and T*, such that

where V' is the solution to the incompressible Navier-Stokes
equation (23) with initial data vj, (i = 1, 2).

4. Stability Proof

In this paper, we will discuss the procedure of proving the
stability conclusion of the global solution of three-
dimensional nonisentropic compressible Navier—Stokes
equations in bounded domain. By referring to the uniform
energy estimates of Mach number and time in literature [14]
and based on the relevant conclusions of Stokes problem, the
nonisentropic compressible Navier-Stokes equations and
the exponentially asymptotic stability of the corresponding
limit incompressible Navier-Stokes equations are derived.

Through the initial-boundary problem (8)-(12), it fol-
lows that
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1

o, +~divii = ~div(ou' + ") = f), (30)
€

P’ — (2udiv (D (@) + (Vdivir) + R (VG + V)
&€
= RV(E@l + 02@) —equy —p(@-V)u’ - pz(u1 . V)E - sE(ul . V)ul (1)
=fa
_ R _
Cyp0, + . divii — kA

= —¢Cy a0, - Cy [p2 @-V)& + pz(u1 . V)é + sﬁ(ul . V)Gl]

- e[ZyVﬁ(Vul + Vuz) + (divﬁ(divu1 + divuz)] (32)
- R(pzédivu2 +p Gldivﬂ) + eo0' divu’ + adivu’ + o*divr
= fs
Lemma 9. The following inequality holds: Proof. Note that by the boundary conditions (12), % and 6
d o 2 R satisfy the following boundary condition
a“ \//;u, VRG,+|Cyp? 0 |L2 + C%w, O i1 W
a:o%we:omaﬂx(o,n, (34)

_ _ -2 2
<ol +(¥' (0 + ¥ 1)) [C, (191 +1815 ) + Clls |
e+ )Gt " " According to Lemma 1 and 2, p+3{/2>0 and the
(33)  previous boundary condition, we have

where C and C% are positive constants.

—J [2udiv(D (W) + {Vdivi] - udx = —J (AT + (p + ()Vdivi] - tdx
Q Q
= 7l — Uu-u-
= JQyIVuI dx JaQqu u - ndS
+ J (u + O) (divin)dx - Ja (4 + Odivir - @ - ndS
Q Q

_ JQ UVl + (u+ ) (divin? |dx

(35)
> 1 ldlp
- KJ A - 6dx = KJ |VO*dx — I 6v6 - ndS
Q Q 20
= KJ |VO*dx + Kﬁj g°ds
Q a0
12
2 Y5100 s
1 d 5 \/—_ 5D 2 2 — 2
where y, and y, are positive constants. B &”\//’7”’ Ro,\[Cyp 9”L2 +yillully + y2 61l
We multiply both sides of equations (8)-(10) simulta- I
neously by Ro, 7 and 0, respectively, then summarizing the _ B _ 377
integrals of the resulting equations on ), and finally by s Jﬂfl 'de‘ + Jﬂfz -udx‘ + JQfs ) de‘ =
i=1

integration by parts we obtain that !
(36)



where

J R V5 +v8) - udx
[oX>]
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R R R — R-—
- —j 2 divir - 5dx + j X .4 nds - J X divir - Bdx + J X 4 nds (37)
Qe 20 € Qe 20 €
= —J Bdivﬂ-&dx - j Bdivﬁ-@dx.
Q€ ae
With the aid of Theorem 7 and the notations (24) and
(25), we have
I, = J div((_m1 + azﬁ)ﬁdx\
Q
_|[ div(eu)od +J di 2“d’
| div(ou' o + | _div(o’a)odx
= J (dlvuo +Vo*- u)adx+ J divu! (3) dx’ (38)
Q

<ol + C, (1t o 3 +11: ' )

<l + C, (¥ () + 2 () (Il + i ).

By applying the same approach, it follows that

f,-udx

Q
J - sE(ul -V)ul] -ﬁdx‘
é

hell,
J- RV G0 +o 6)—eaut
1

(@ V] |

(39)

< Sllalli7: + ca(\lf () +¥ (t))(nau 2. + 1805 -+l )

I, :U f3-5dx|
Q

<S8 + Co(¥' 0+ ¥ @) (9 +1811: +11 7 ).

Choosing sufficiently small § and 9, this lemma is
proved. O

We now start to estimate ||o|| IIiz.Proof of the Theorem 8.

Lemma 10. The following inequality holds:

A(t) <CA(0) exp (Cv), (40)
where C s a positive _ constant and
At) = =@ Ol + [, (IGIIZ: + 16117 + Izl ds.

Proof. Assuming that z exists, this constitutes the solution
to the following Stokes problem:
Az —Vw = 0,in Q x (0, +00),
divz = 7,in Q x (0, +00), (41)
z = 0,0n0Q x (0, +00).
where J odx =0 is to be determined.

According to [29, 30], the solution z of the previous
Stokes problem exists, and the following inequality holds:
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Izll} < ClIG3. (42)

R R R
_J R v5) . 2dx = —j 5 divzdx = ~ [5]I1%
Q& EJa 3

Multiplying (31) by z and then integrating on Q, we
obtain

R _
= J-QPZE -zdx + JQ; (V) - zdx - JQ (2udiv (D (w)) + ¢{Vdivii + f,) - zdx (43)

3
:Z]i'

i=1

A direct calculation shows that

d
J, = J Pt - zdx — J P - z,dx — J ot -zdx.  (44)
dt Q Q
Note that by (30), 7, = —divW, where W = Gu' + ¢%u +
1/eu and

_ _ 1
IWIZ: < C(IaI: +1l:) + el (45)
Applying the operator 0, to (41), we obtain
Az, —Vw, = 0,in Q x (0, +00),
divz, = 0,,in Q x (0, +00), (46)
z, = 0,0n0Q X (0, +00).

Assume that the solution of the Stokes problem is (U, P)

U P’ - ztdx‘
Q

Q

<CIVPI W

J U- thdx+J. Pﬁtdx‘
Q Q

- divUw,dx + J U w, ndS - J PdivWdx
a0

AU - VP = p’#,in Q x (0, +c0),
divU = 0,in Q x (0, +00), (47)
U = 0,0n0Q x (0, +00).

Because of [30], one has
U} +1VPI7. < Clall?.. (48)

From the boundary condition (12), W satisfies the fol-
lowing boundary condition:

Wlsq = 0. (49)
By utilizing integration by parts and the boundary

condition provided above, we can obtain the following
result:

(AU - VP) - ztdx‘ U U-Azt+Pdivztdx‘
Q

Q
(50)

J VP. de—J P-wW. ndS‘
20

1
—nn2 —nn2 —nn2
< C(IE: + 1) + -1l
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In addition,

2
U &0y - zdx
Q

—n2 2 —n2 —12
<Ce(lal%: +l1% ) < Ce(laly +1a12: ),

R _ R/ _
17l <= (el + C, 19815 ) < (s + C, IV ),
175 ]I2udiv (D @) + (Vv 1 +| 2 poil2lr (51)

< C(Izpdiv (D (@) + (Vdvally +| .+l )

—u2 — 2 —2
sc(uauy 161, +||u||H1).

According to Theorem 7, we have This implies
2 _ a2 e d
[l < (o + 180 + 1l ). (52) —e J pi- zdx + Ral],

From the previous estimate, we obtain

4
dt

_ -2 _

A < Cs<||a||iz T +||u||§,l) (54)
2 Cl M= 2

JQ - adx + Il

— _ — 2

o 1l + R(nlal + C, 1V, ).
<C([[alI3 + oz + [zl ) (53)

Summarizing Mx (33) and (54), we deduce this lemma.

vl + = (ol + ¢, Ve )

d _ _ 2 P d . .
M a“\/’;“’ VR, \(Cyp? "”Lz + MCTI(@, Ol — eaj P - zdx+ RIGI

(55)
_ _ =2 _ =2
<qllgly. + C,(¥' (1) + ¥ (t))(uaniz +116 + ||u||§,1) +[[l7, + C, VOl
where M is the undetermined coeflicients. Integrating the
previous inequality (55) on (0,¢), this implies
M|\ @ VR 26)"2 + MC* Jt 1@ O ds+5r 512 ds
p=u, VRO, \[Lyp = o WP €8 5 ) oS,
2
2 257 = 20
Sejﬂp u zdx+C|‘\/;uo,V§00, Cyp? 0, . 6

t —
1, [ (¥ 0+ 92 0) (1015 + 181 +1al )ds

t t
+c,7[ ||v9||§2ds+J Jlds,
0 0

—n2 2 —n2 — 12
<e(llall. +lzlly ) <e(laly +1al7. ).

(57)

2
I3 Uu-zdx
where j QP



Journal of Mathematics

Then, according to the two inequalities mentioned
above, we get

R

N2 t _ t
M - o 2 7 VR, A[Cyp20) |+ MC® jo IG5 B) s+ jo la.ds,

2
12

< C||\/;;ﬁ0, VR Gy, \[Cyp* 6,

(58)

t _
o0 [ (¥ 0+ 92 0) (1015, + B +1 )ds

t t
+CF J IV8I.ds + J 1. ds.
0 0
where constants # and ¢ are small enough.

Let MC% > max {Cﬁ + 1,2} and combined with 3.1 and
3.5, we have

t .
J- V' (s)ds < Cy. (59)
0
Clearly,

t
MA@ +C[ (PO ONES  (E)

0
Therefore, the lemma is proved by direct calculations
and Gronwalls lemma. O

Proof. We suppose

h

-~ ht— 7§ htpy ~ f—
U=¢ u,0=¢e0,0=¢0,

- ~ ~ (61)
fi= ehtfl)fz = ehtfz’fs = ehtf3>

a2 tre -2 ~ =
@5, 0,2 + jo(naniz +IBl + 1 )ds < Cl(a. 3.8,

Multiplying both sides of the inequality (63) by e~ and
choosing sufficiently large ¢, (28) is obtained. According to
Theorem 8, (28) and (29) can be improved as ¢ — 0.

In this way, the theorem is proved. O
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where h € (0,1). In this way, we have
1 ~
o, +Ediva = f, +ho,
R -
p*ti, — (2udiv (D (@) + (Vdivi)) + = (VG + VO) = f, + hp’@,
£
25 R 57 27
Cyp 0, + ;dwu -kAf = f;+Cyp0.

(62)

_ Weestimate 7, 6 and & by repeating the steps done for
0 and ¢ in Lemmas 9 and 10, and the conclusion is similar to
(40), where

iz exp (Cv). (63)
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