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Tis paper studies the asymptotic stability of global solutions of the three-dimensional nonisentropic compressible Navier–Stokes
equations, where the initial data satisfy the “well-prepared” initial conditions, and the velocity feld and temperature satisfy the
Dirichlet boundary condition and convective boundary condition, respectively, based on the incompressible limit of global
solutions. With the uniform estimates with respect to both the Mach number ε and time t, we prove the exponentially asymptotic
stability for global solutions of both the compressible Navier–Stokes equations and its limiting incompressible equations.

1. Introduction

In recent years, hydrodynamic equations have received
considerable attention, in which Navier–Stokes equations
[1] describing the motion of viscous fuids are the basic
mathematical models of the hydrodynamic equations.
Navier–Stokes equations have attracted much more atten-
tion due to its important theoretical and applied value in
physics and mathematics.

Te motions of highly subsonic viscous fuids are de-
scribed by the following nondimensionalized Navier–Stokes
equations:

ρt + div(ρu) � 0, (1)

(ρu)t + div(ρu⊗ u) − di vS +
1
ε2
∇p � 0, (2)

(ρe)t + div(ρue) + pdi vu − div(κ∇Γ) � ε2S · D(u), (3)

Te equations represent the conservation of mass,
momentum, and energy, respectively. In addition,
ρ, u � (u1, u2, u3), p, e, Γ indicate density, velocity, pressure,
internal energy, and temperature, respectively. Te matrix
S � 2μD(u) + ζdi vuI is the viscous stress tensor, with
2D(u) � ∇u + ∇ut (t denotes the transpose operation); the

viscous coefcients μ, ζ are constants with μ> 0, μ + 3ζ/2> 0;
ε is the Mach number; κ is the heat conductivity coefcient.
In this paper, we consider the Navier–Stokes equations in
a bounded domain Ω ∈ R3 and assume that the fuids being
studied are perfect gases:

e � CVΓ, p � RρΓ, (4)

where CV > 0 represents the specifc heat capacity at constant
volume, and R denotes the universal gas constant, and c �

1 + R/CV is the ratio of specifc heat capacities at constant
pressure and constant volume.

As we know, Mach number is an important physical
quantity to describe the compressibility of fuid. From the
physical point of view, when the Mach number is less than
approximately 0.3, the motions of compressible fuid are
similar to incompressible fuid when Mach number van-
ishes. Strictly verifying this process from a mathematical
point of view is the incompressible limit problem. However,
the rigorous justifcation of the incompressible limit prob-
lem of Navier–Stokes equations poses challenging problems
mathematically since singular phenomena usually occur in
this process, as shown in [2–12].

In addition, many results on the incompressible limit of
the nonisentropic Navier–Stokes equations have been
achieved. For the local solutions, Dou et al. [13] studied the
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incompressible limit of local strong solutions to Navier–
Stokes equations with positive thermal conductivity co-
efcient and the slip boundary condition. For the global
solutions, Ren and Ou [14] proved the incompressible limit
of global solutions to nonisentropic Navier–Stokes equa-
tions in the 3-D bounded domain where the velocity feld
and temperature satisfy Dirichlet boundary condition and
convective boundary condition, respectively. Te research
results of the incompressible limit of nonisentropic
Navier–Stokes equations describing perfect gas can be found
in [15–20].

Te stability conclusion of the hydrodynamic equations
has important theoretical support for engineering tech-
nology and other felds, so it has attracted the attention of
many mathematicians. In particular, the stability of solu-
tions can be efectively demonstrated through the use of the
incompressible limit, which lends greater signifcance to
research.

Trough the in-depth research of Navier–Stokes equa-
tions in the hydrodynamic equations, we fnd that the
stability of solutions of Navier–Stokes equations has re-
ceived much more attention, as shown in [21–25]. For the
stability of solutions to nonisentropic Navier–Stokes
equations, Xie and Li [26] showed that the equilibrium
solutions of Navier–Stokes–Poisson equations are non-
linearly stable with 4/3< c< 2; its equilibrium solutions are
unstable with c � 4/3, where c is the adiabatic coefcient.

Trough analyzing the current research status at home
and abroad, it is found that in practical applications, ex-
ploring the stability of the solution of the hydrodynamic
equations using the incompressible limit of the solution also
has important research value. We also found that previous
research on the Navier–Stokes equation system is still

incomplete. Terefore, this article mainly studies the ex-
ponentially asymptotic stability problem of the Navier–
Stokes equation system.

Currently, some conclusions about the stability of so-
lutions of Navier–Stokes equations have been proved based
on the incompressible limit. For nonisentropic Navier–
Stokes equations with “well-prepared” initial data in the 3-D
bounded domain Ω, Ren and Ou [27] proved the in-
compressible limit of the global strong solutions when the
following boundary condition holds:

u · n � 0, τ · (D(u) · n) + αu · τ � 0,
zθ
zn

+ βθ � 0 on zΩ ×(0, T),

(5)

and the exponentially asymptotic stability of the global
solutions based on the conclusion of incompressible limit is
proved. Note that when the initial condition is the same as
[27], the boundary conditions are diferent as follows:

u � 0,
zθ
zn

+ βθ � 0, on zΩ ×(0, T), (6)

the exponentially asymptotic stability of solutions of three-
dimensional Navier–Stokes equations has not been studied.

In this paper, we consider the low Mach number fuid
which can be regarded as a perturbation near the in-
compressible fuid, where the density and temperature are
usually set to be constants. Terefore, we set the density and
temperature variations by σ and θ, respectively, as follows:

ρ � 1 + εσ, Γ � 1 + εθ. (7)

In this way, nondimensional systems (1)–(4) can be
rewritten as follows:

σt + div(σu) +
1
ε
divu � 0, (8)

ρ ut + u · ∇u( 􏼁 +
R

ε
(∇σ + ∇θ) + R∇(σθ) � 2μdiv(D(u)) + ζ∇divu, (9)

CVρ θt + u · ∇θ( 􏼁 + R(ρθ + σ)divu +
R

ε
divu � κ∆θ + ε 2μ|D(u)|

2
+ ζ(divu)

2
􏼐 􏼑. (10)

We impose that u satisfes Dirichlet boundary conditions
and θ satisfes convective boundary conditions

u � 0,
zθ
zn

+ βθ � 0 on zΩ ×(0, T), (11)

and the initial conditions

(σ, u, θ)|t�0 � σ0, u0, θ0( 􏼁(x) in Ω, (12)

where β is a positive constant and n is the unit outer normal
vector to zΩ.

Tis paper will discuss the proof process of stability
conclusions for the global solutions of the 3D nonisentropic
compressible Navier–Stokes equations in a bounded

domain. In particular, the local existence of the solution
(ρ, u, θ) has been established by Ren and Ou [14], and based
on the uniform energy estimate in [14], we establish the
exponentially asymptotic stability for global solutions of
both the compressible Navier–Stokes equations and their
limiting incompressible equations with the help of classical
theory on the Stokes problem.

2. Preliminaries

Te nondimensional nonisentropic compressible Navier–
Stokes equations (8)–(10) have been given, and we now give
some commonly used relations and inequalities.
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During the energy estimates, the following relationship
is regularly used:

∆u � ∇divu − curlcurlu � 2div(D(u)) − ∇divu. (13)

Lemma 1. (see [14]). Let Ω be a bounded domain in Rn with
smooth boundary zΩ and outward normal n, then there exists
a constant C> 0 independent of u, such that

‖u‖Hs(Ω) ≤C ‖divu‖Hs− 1(Ω) +‖curlu‖Hs− 1(Ω) +‖u · n‖Hs− 1/2(zΩ) +‖u‖Hs− 1(Ω)􏼐 􏼑, (14)

for any u ∈ Hs(Ω), s≥ 1. Lemma 2. (see [27]). Let Ω be a bounded domain in Rn with
smooth boundary zΩ and outward normal n, then there exists
a constant C> 0 independent of u, such that

‖u‖Hs(Ω) ≤C ‖divu‖Hs− 1(Ω) +‖curlu‖Hs− 1(Ω) +‖u × n‖Hs− 1/2(zΩ) +‖u‖Hs− 1(Ω)􏼐 􏼑, (15)

for any u ∈ Hs(Ω), s≥ 1. Remark 3. Te general forms of the conclusions of Lemmas
1 and 2 in [14, 27] are that there exists a constant C> 0
independent of u, such that

‖u‖Ws,p(Ω) ≤C ‖divu‖Ws− 1,p(Ω) +‖curlu‖Ws− 1,p(Ω) +‖u · n‖Ws− 1/p,p(zΩ) +‖u‖Ws− 1,p(Ω)􏼐 􏼑,

‖u‖Ws,p(Ω) ≤C ‖divu‖Ws− 1,p(Ω) +‖curlu‖Ws− 1,p(Ω) +‖u × n‖Ws− 1/p,p(zΩ) +‖u‖Ws− 1,p(Ω)􏼐 􏼑,
(16)

for any u ∈Ws,p(Ω).

Lemma 4. (Poincaré’s inequality). Let Ω be a bounded do-
main in Rn with smooth boundary zΩ and outward normal n,
then there exists a constant C> 0 independent of u, such that

‖u‖L2(Ω) ≤C ‖∇u‖L2(Ω) +‖u‖L2(zΩ)􏼐 􏼑, (17)

for any u ∈Ws,p(Ω).

Lemma 5 (see [28]). Let Ω be nonaxially symmetric, and u

satisfy u · n|zΩ � 0where n is outward normal ofΩ, then there
exists a constant C> 0 independent of u, such that

‖∇u‖L2(Ω) ≤C‖D(u)‖L2(Ω), (18)

for any u ∈ H1(Ω).

Remark 6. In this paper, the notations ‖ · ‖Hk for k≥ 0
present the norm of Sobolev space Hk(Ω), where
H0(Ω) � L2(Ω). In addition, we assume that Cη, Cδ, Cϑ are
generic positive constants depending on generic small
positive constants η, δ, ϑ, respectively. Te notations C, Ci

for i � 1, 2, . . . below present the positive constants which
depend only onΩ, μ, λ and κ but not on the time t andMach
number ε. For simplicity, we denote the partial derivatives
z/zxi by zi, z2/zxizxj by zij, and so on.

3. Main Results

Next, we introduce the conclusion of global existence and
incompressible limit to the initial-boundary value problem
(8)–(12), and see [14] for the proof.

Theorem  . (Global existence and incompressible limit [14])
Let ε ∈ (0, ε] for some constant ε∈ (0, 1] and Ω be nonaxially
symmetric initial datum (σ0, u0, θ0) that satisfes the fol-
lowing conditions:

σ0, u0, θ0( 􏼁 ∈ H
2
(Ω), σt(0), ut(0), θt(0)( 􏼁 ∈ L

2
(Ω).

(19)

Moreover, we assume that 􏽒Ωσ0dx � 0 and

σ0, u0, θ0
����

����
����
2
H2 + σt(0), ut(0), θt(0)

����
����

����
2
L2 ≤ ], (20)

where ] is a sufciently small positive constant. Ten, there
exists a unique global solution (σε, uε, θε) to the initial-
boundary value problem (8)–(12) in Ω × R+ satisfying

(σ, u, θ) ∈ C R
+
, H

2
􏼐 􏼑, σt, ut, θt( 􏼁 ∈ C R

+
, L

2
􏼐 􏼑,

(u, θ) ∈ L
2

R
+
; H

3
􏼐 􏼑, ut, θt( 􏼁 ∈ L

2
R

+
; H

1
􏼐 􏼑,

(21)

where R+ � [0, +∞). Furthermore, the following uniform
estimate in ε ∈ (0, ε] holds:
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u
ε����

����
����
2
H1(t) + σε, θε( 􏼁

����
����

����
2
H2(t) + σεt , u

ε
t , θ

ε
t( 􏼁

����
����

����
2
L2(t)≤C],∀t ∈ R

+
,

(22)

for some positive constant C. Tus u⟶ v strongly in
C(R+

loc; Hs) as ε⟶ 0 for any 0≤ s< 2. Tere exists a func-
tion π(x, t) such that (v, π) is the unique global solution for
the following initial-boundary value problem of isentropic
incompressible Navier–Stokes equations:

divv � 0, inΩ ×(0, +∞),

vt + v · ∇v + ∇π � μ∇v, inΩ ×(0, +∞),

v � 0, on zΩ ×[0, +∞),

v|t�0 � v0, inΩ,

(23)

where v0 is the strong limit of uε(x, 0){ } in Hs as ε⟶ 0.

Temain theorem of this paper is presented as below. Let
(σi, ui, θi) (i � 1, 2) be two solutions of the problem (8)–(12)
corresponding to two diferent initial data
(σi

0, ui
0, θ

i
0) (i � 1, 2). In order to state the theorem precisely,

we introduce the following notations (see [14]):

Φi
(t) ≔ M1 + M2( 􏼁

�
ρ

√
u

i
,

��
R

√
σi

,
����
CVρ

􏽰
θi

����
����
2
L2 +

M1

2
�
ρ

√
divu

i
,

��
R

√
∇σi

,
����
CVρ

􏽰
∇θi

􏼐 􏼑
�����

�����
2

L2

+
M3

2
�
ρ

√
u

i
t,

��
R

√
σi

t,
����
CVρ

􏽰
θi

t􏼐 􏼑
�����

�����
2

L2 +
1
2

�
ρ

√
curlui

����
����
2
L2

+ χ0∇
2
u

i
����

����
2
L2 + ∇2σi

,∇2θi
����

����
2
L2 + 􏽚 􏽥Ω

Jχ2􏽥ρ Dξτ􏽥u
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2dy.

(24)

Ψi
(t) ≔ u

i
, θi

􏼐 􏼑
�����

�����
2

H1 + M1(2μ + ζ) ∇divu
i

����
����
2
L2 + ∆θi

����
����
2
L2 + u

i
t, θ

i
t􏼐 􏼑

�����

�����
2

H1

+ σi
����

����
2
H2 + 2C7C18 + 1( 􏼁 u

i
����

����
2
H2 + u

i
����

����
2
H3 + ∇3θi

����
����
2
L2 +

1
ε
∇σi

,∇θi
􏼐 􏼑
�����

�����
2

H1 .
(25)

As shown in [14], the following energy inequality holds:

d

dt
Φi

(t) +
1
2
Ψi

(t)≤
1
2

C20Ψ
i
(t) Φi

(t) + Φi
(t)􏼐 􏼑􏽨 􏽩,

∀0≤ t≤T, ε ∈ (0, ε].

(26)

Based on Teorem 1 and the previous inequalities, the
exponentially asymptotic stability of global solutions of
three-dimensional nonisentropic compressible Navier–
Stokes equations is obtained. Next, we introduce three
following notations:

σ � σ1 − σ2, u � u
1

− u
2
, θ � θ1 − θ2. (27)

Te primary fndings of this paper are presented as
follows:

Theorem 8. (Stability result) Tere exist positive constants C

and T∗, such that

‖(u, σ, θ)‖
2
L2(t)≤C u0, σ0, θ0

����
����
2
L2e

− mt
, t≥T

∗
, (28)

v
1

− v
2����
����
2
L2(t)≤C v

1
0 − v

2
0

����
����
2
L2e

− mt
, t≥T

∗
, (29)

where vi is the solution to the incompressible Navier–Stokes
equation (23) with initial data vi

0(i � 1, 2).

4. Stability Proof

In this paper, we will discuss the procedure of proving the
stability conclusion of the global solution of three-
dimensional nonisentropic compressible Navier–Stokes
equations in bounded domain. By referring to the uniform
energy estimates of Mach number and time in literature [14]
and based on the relevant conclusions of Stokes problem, the
nonisentropic compressible Navier–Stokes equations and
the exponentially asymptotic stability of the corresponding
limit incompressible Navier–Stokes equations are derived.

Trough the initial-boundary problem (8)–(12), it fol-
lows that
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σt +
1
ε
divu � − div σu

1
+ σ2u􏼐 􏼑 � f1, (30)

ρ2ut − (2μdiv(D(u)) + ζ∇divu) +
R

ε
(∇σ + ∇θ)

� R∇ σθ1 + σ2θ􏼐 􏼑 − εσu
1
t − ρ2(u · ∇)u2

− ρ2 u
1

· ∇􏼐 􏼑u − εσ u
1

· ∇􏼐 􏼑u
1

� f2,

(31)

CVρ
2θt +

R

ε
divu − κ∆θ

� − εCVσσ
1
t − CV ρ2(u · ∇)θ2 + ρ2 u

1
· ∇􏼐 􏼑θ + εσ u

1
· ∇􏼐 􏼑θ1􏽨 􏽩

− ε 2μ∇u ∇u1
+ ∇u2

􏼐 􏼑 + ζdivu divu
1

+ divu
2

􏼐 􏼑􏽨 􏽩

− R ρ2θdivu
2

+ ρ2θ1divu􏼐 􏼑 + εσθ1divu
1

+ σdivu
1

+ σ2divu

� f3.

(32)

Lemma 9. Te following inequality holds:
d

dt

��

ρ2
􏽱

u,
��
R

√
σ,

�����

CVρ2
􏽱

θ
������

������

2

L2
+ C

α
‖u, θ‖

2
H1

≤ η‖σ‖
2
L2 + Ψ1(t) + Ψ2(t)􏼐 􏼑 Cη ‖σ‖

2
L2 +‖θ‖

2
H1􏼒 􏼓 + C‖u‖

2
H1􏼔 􏼕,

(33)

where C and Cα are positive constants.

Proof. Note that by the boundary conditions (12), u and θ
satisfy the following boundary condition

u � 0,
zθ
zn

+ βθ � 0 in zΩ ×(0, T), (34)

According to Lemma 1 and 2, μ + 3ζ/2> 0 and the
previous boundary condition, we have

− 􏽚
Ω

[2μdiv(D(u)) + ζ∇divu] · udx � − 􏽚
Ω

[μ∆u + (μ + ζ)∇divu] · udx

� 􏽚
Ω
μ|∇u|

2dx − 􏽚
zΩ
μ∇u · u · ndS

+ 􏽚
Ω

(μ + ζ)(divu)
2dx − 􏽚

zΩ
(μ + ζ)divu · u · ndS

� 􏽚
Ω

μ|∇u|
2

+ (μ + ζ)(divu)
2

􏽨 􏽩dx

≥ c1‖u‖
2
H1 ,

− κ􏽚
Ω
∆θ · θdx � κ􏽚

Ω
|∇θ|

2dx − 􏽚
zΩ
θ∇θ · ndS

� κ􏽚
Ω

|∇θ|
2dx + κβ􏽚

zΩ
θ
2
dS

≥ c2‖θ‖
2
H1 ,

(35)

where c1 and c2 are positive constants.
We multiply both sides of equations (8)–(10) simulta-

neously by Rσ, u and θ, respectively, then summarizing the
integrals of the resulting equations on Ω, and fnally by
integration by parts we obtain that

1
2

d

dt

��

ρ2
􏽱

u,
��
R

√
σ,

�����

CVρ2
􏽱

θ
������

������

2

L2
+ c1‖u‖

2
H1 + c2‖θ‖

2
H1

≤ 􏽚
Ω

f1 · σdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+ 􏽚
Ω

f2 · udx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+ 􏽚
Ω

f3 · θdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� 􏽘

3

i�1

Ii,

(36)
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where

􏽚
Ω

R

ε
(∇σ + ∇θ) · udx

� − 􏽚
Ω

R

ε
divu · σdx + 􏽚

zΩ

R

ε
σ · u · ndS − 􏽚

Ω

R

ε
divu · θdx + 􏽚

zΩ

R

ε
θ · u · ndS

� − 􏽚
Ω

R

ε
divu · σdx − 􏽚

Ω

R

ε
divu · θdx.

(37)

With the aid of Teorem 7 and the notations (24) and
(25), we have

I1 � 􏽚
Ω
div σu

1
+ σ2u􏼐 􏼑σdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� 􏽚
Ω
div σu

1
􏼐 􏼑σdx + 􏽚

Ω
div σ2u􏼐 􏼑σdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� 􏽚
Ω

divuσ2 + ∇σ2 · u􏼐 􏼑σdx +
1
2
􏽚
Ω
divu1(σ)

2dx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ η ‖σ‖‖
2
L2 + Cη ‖u‖‖

2
H1 σ2

����
����

����
2
H2 +‖σ‖‖

2
L2 u

1����
����

����
2
H3􏼒 􏼓

≤ η ‖σ‖‖
2
L2 + Cη Ψ

1
(t) + Ψ2(t)􏼐 􏼑 ‖σ‖‖

2
L2 +‖u‖‖

2
H1􏼐 􏼑,

(38)

By applying the same approach, it follows that

I2 � 􏽚
Ω

f2 · udx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� 􏽚
Ω

R∇ σθ1 + σ2θ􏼐 􏼑 − εσu
1
t − ρ2(u · ∇)u2

􏽨 􏽩 · udx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

+􏽚
Ω

− ρ2 u
1

· ∇􏼐 􏼑u − εσ u
1

· ∇􏼐 􏼑u
1

􏽨 􏽩 · udx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ δ‖u‖‖
2
H1 + Cδ Ψ

1
(t) + Ψ2(t)􏼐 􏼑 ‖σ‖‖

2
L2 +‖θ‖‖

2
H1 +‖u‖‖

2
H1􏼒 􏼓.

I3 � 􏽚
Ω

f3 · θdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ ϑ‖θ‖‖
2
H1 + Cϑ Ψ

1
(t) + Ψ2(t)􏼐 􏼑 ‖σ‖‖

2
L2 +‖θ‖‖

2
H1 +‖u‖‖

2
H1􏼒 􏼓.

(39)

Choosing sufciently small δ and ϑ, this lemma is
proved. □

We now start to estimate ‖σ‖‖2L2 .Proof of the Teorem 8.

Lemma 10. Te following inequality holds:

λ(t)≤Cλ(0) exp(C]), (40)

where C is a positive constant and
λ(t) ≔ � ‖(u, σ, θ)‖‖2L2 + 􏽒

t

0(‖σ‖‖2L2 + ‖θ‖‖2H1 + ‖u‖‖2H1)ds.

Proof. Assuming that z exists, this constitutes the solution
to the following Stokes problem:

∆z − ∇ω � 0, inΩ ×(0, +∞),

divz � σ, inΩ ×(0, +∞),

z � 0, on zΩ ×(0, +∞).

(41)

where 􏽒Ωσdx � 0 is to be determined.
According to [29, 30], the solution z of the previous

Stokes problem exists, and the following inequality holds:
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‖z‖
2
H1 ≤C‖σ‖

2
L2 . (42) Multiplying (31) by z and then integrating on Ω, we

obtain

− 􏽚
Ω

R

ε
(∇σ) · zdx �

R

ε
􏽚
Ω
σ · di vzdx �

R

ε
‖σ‖‖

2
L2

� 􏽚
Ω
ρ2ut · zdx + 􏽚

Ω

R

ε
(∇θ) · zdx − 􏽚

Ω
2μdiv(D(u)) + ζ∇divu + f2( 􏼁 · zdx

� 􏽘
3

i�1
Ji.

(43)

A direct calculation shows that

J1 �
d

dt
􏽚
Ω
ρ2u · zdx − 􏽚

Ω
ρ2u · ztdx − 􏽚

Ω
εσ2t u · zdx. (44)

Note that by (30), σt � − di vW, where W � σu1 + σ2u +

1/εu and

‖W‖
2
L2 ≤C ‖σ‖‖

2
L2 +‖u‖

2
L2􏼐 􏼑 +

1
ε
‖u‖

2
L2 . (45)

Applying the operator zt to (41), we obtain

∆zt − ∇ωt � 0, inΩ ×(0, +∞),

divzt � σt, inΩ ×(0, +∞),

zt � 0, onzΩ ×(0, +∞).

(46)

Assume that the solution of the Stokes problem is (U,P)

∆U − ∇P � ρ2u, inΩ ×(0, +∞),

di vU � 0, inΩ ×(0, +∞),

U � 0, onzΩ ×(0, +∞).

(47)

Because of [30], one has

‖U‖‖
2
H2 +‖∇P‖

2
L2 ≤C‖u‖‖

2
L2 . (48)

From the boundary condition (12), W satisfes the fol-
lowing boundary condition:

W|zΩ � 0. (49)

By utilizing integration by parts and the boundary
condition provided above, we can obtain the following
result:

􏽚
Ω
ρ2u · ztdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� 􏽚
Ω

(∆U − ∇P) · ztdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� 􏽚
Ω

U · ∆zt + Pdi vztdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� 􏽚
Ω

U · ∇ωtdx + 􏽚
Ω

Pσtdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� 􏽚
Ω

− di vUωtdx + 􏽚
zΩ

U · ωt · ndS − 􏽚
Ω
Pdi vWdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� 􏽚
Ω
∇P · Wdx − 􏽚

zΩ
P · W · ndS

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤C‖∇P‖L2‖W‖L2

≤C ‖σ‖‖
2
L2 +‖u‖‖

2
L2􏼐 􏼑 +

1
ε
‖u‖‖

2
L2 .

(50)
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In addition,

􏽚
Ω
εσ2t u · zdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤Cε ‖u‖

2
L2 +‖z‖

2
H1􏼐 􏼑≤Cε ‖u‖

2
H1 +‖σ‖

2
L2􏼐 􏼑,

J2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
R

ε
η‖z‖

2
H1 + Cη‖∇θ‖

2
L2􏼒 􏼓≤

R

ε
η‖σ‖

2
L2 + Cη‖∇θ‖

2
L2􏼒 􏼓,

J3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌‖(2μdiv(D(u)) + ζ∇divu)‖H− 1 + f2
����

����H− 1‖z‖H1

≤C ‖2μdiv(D(u)) + ζ∇divu‖
2
H− 1 + f2

����
����
2
H− 1 +‖σ‖

2
L2􏼒 􏼓

≤C ‖σ‖
2
L2 +‖θ‖

2
H1 +‖u‖

2
H1􏼒 􏼓.

(51)

According to Teorem 7, we have

f2
����

����
2
H− 1 ≤C] ‖σ‖

2
L2 +‖θ‖

2
H1 +‖u‖

2
H1􏼒 􏼓. (52)

From the previous estimate, we obtain

−
d

dt
􏽚
Ω
ρ2u · zdx +

R

ε
‖σ‖

2
L2

≤C σ‖‖
2
L2 + θ‖‖

2
H1+

����
����u‖‖

2
H1

����􏼐 􏼑

+
1
ε
‖u‖

2
L2 +

R

ε
η σ‖‖

2
L2 + Cη

�����

�����∇θ‖‖
2
L2􏼒 􏼓.

(53)

Tis implies

− ε
d

dt
􏽚
Ω
ρ2u · zdx + R‖σ‖

2
L2

≤Cε ‖σ‖
2
L2 +‖θ‖

2
H1 +‖u‖

2
H1􏼒 􏼓

+‖u‖
2
L2 + R η‖σ‖

2
L2 + Cη‖∇θ‖

2
L2􏼒 􏼓.

(54)

Summarizing M× (33) and (54), we deduce this lemma.

M
d

dt

��

ρ2
􏽱

u,
��
R

√
σ,

�����

CVρ2
􏽱

θ
������

������

2

L2
+ MC

α
‖(u, θ)‖

2
H1 − ε

d

dt
􏽚
Ω
ρ2u · zdx + R‖σ‖

2
L2

≤ η‖σ‖
2
L2 + Cη Ψ

1
(t) + Ψ2(t)􏼐 􏼑 ‖σ‖

2
L2 +‖θ‖

2
H1 +‖u‖

2
H1􏼒 􏼓 +‖u‖

2
L2 + Cη‖∇θ‖

2
L2 ,

(55)

where M is the undetermined coefcients. Integrating the
previous inequality (55) on (0, t), this implies

M

��

ρ2
􏽱

u,
��
R

√
σ,

�����

CVρ2
􏽱

θ􏼒 􏼓

������

������

2

L2
+ MC

α
􏽚

t

0
‖(u, θ)‖

2
H1ds +

R

2
􏽚

t

0
‖σ‖

2
L2ds,

≤ ε􏽚
Ω
ρ2u · zdx + C

��

ρ2
􏽱

u0,
��
R

√
σ0,

�����

CVρ2
􏽱

θ0
������

������

2

L2

+Cη 􏽚
t

0
Ψ1(t) + Ψ2(t)􏼐 􏼑 ‖σ‖

2
L2 +‖θ‖

2
H1 +‖u‖

2
H1􏼒 􏼓ds

+Cη 􏽚
t

0
‖∇θ‖

2
L2ds + 􏽚

t

0
‖u‖

2
L2ds,

(56)

where ε􏽚
Ω
ρ2u · zdx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤ ε ‖u‖

2
L2 +‖z‖

2
H1􏼐 􏼑≤ ε ‖u‖

2
L2 +‖σ‖

2
L2􏼐 􏼑.

(57)
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Ten, according to the two inequalities mentioned
above, we get

(M − ε)
��

ρ2
􏽱

u,
��
R

√
σ,

�����

CVρ2
􏽱

θ􏼒 􏼓

������

������

2

L2
+ MC

α
􏽚

t

0
‖(u, θ)‖

2
H1ds +

R

2
􏽚

t

0
‖σ‖

2
L2ds,

≤C

��

ρ2
􏽱

u0,
��
R

√
σ0,

�����

CVρ2
􏽱

θ0
������

������

2

L2

+C
β

􏽚
t

0
Ψ1(t) + Ψ2(t)􏼐 􏼑 ‖σ‖

2
L2 +‖θ‖

2
H1 +‖u‖

2
H1􏼒 􏼓ds

+C
β

􏽚
t

0
‖∇θ‖

2
L2ds + 􏽚

t

0
‖u‖

2
L2ds.

(58)

where constants η and ε are small enough.
Let MCα > max Cβ + 1, 2􏼈 􏼉 and combined with 3.1 and

3.5, we have

􏽚
t

0
Ψi

(s)ds≤C]. (59)

Clearly,

λ(t)≤Cλ(0) + C 􏽚
t

0
Ψ1(t) + Ψ2(t)􏼐 􏼑λ(s)ds. (60)

Terefore, the lemma is proved by direct calculations
and Gronwalls lemma. □

Proof. We suppose

􏽢u � e
ht

u, 􏽢θ � e
htθ, 􏽢σ � e

htσ,

􏽢f1 � e
ht

f1,
􏽢f2 � e

ht
f2,

􏽢f3 � e
ht

f3,
(61)

where h ∈ (0, 1). In this way, we have

􏽢σt +
1
ε
div􏽢u � 􏽢f1 + h􏽢σ,

ρ2􏽢ut − (2μdiv(D(􏽢u)) + ζ∇div􏽢u) +
R

ε
(∇􏽢σ + ∇􏽢θ) � 􏽢f2 + hρ2􏽢u,

CVρ
2􏽢θt +

R

ε
div􏽢u − κ∆􏽢θ � 􏽢f3 + CVρ

2􏽢θ.

(62)

We estimate 􏽢u, 􏽢θ and 􏽢σ by repeating the steps done for u,
θ and σ in Lemmas 9 and 10, and the conclusion is similar to
(40), where

‖(􏽢u, 􏽢σ, 􏽢θ)‖
2
L2 + 􏽚

t

0
‖􏽢σ‖

2
L2 +‖􏽢θ‖

2
H1 +‖􏽢u‖

2
H1􏼒 􏼓ds≤C 􏽢u0, 􏽢σ0, 􏽢θ0􏼐 􏼑

�����

�����
2

L2 exp(C]). (63)

Multiplying both sides of the inequality (63) by e− 2ht and
choosing sufciently large t, (28) is obtained. According to
Teorem 8, (28) and (29) can be improved as ε⟶ 0.

In this way, the theorem is proved. □
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della Università di Padova, vol. 31, pp. 308–340, 1961.

[30] R. Temam, Navier-Stokes Equations: Teory And Numerical
Analysis, American Mathematical Soc, Providence, Rhode
Island, 2001.

10 Journal of Mathematics




