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In this article, our goal is to study the system of extended nonlinear mixed variational-like inequalities (in short, SENMVLI) with
a nonconvex functional in the setting of real Hilbert spaces and discuss the existence of solution of our considered problem. We
propose a three-step iterative algorithm to calculate the approximate solutions of SENMVLI and investigate the convergence
analysis as well as stability analysis of the proposed algorithm. Furthermore, we also study the proximal dynamical system for
SENMVLI and prove that the trajectory of the solution of the extended proximal dynamical system converges globally expo-
nentially to a unique solution of SENMVLI. Our suggested iterative algorithm and results have become the signifcant im-
provement, enhancement, and generalization of many previously known results in the literature.

1. Introduction

In prior 1960s, the concept of variational inequality origi-
nated by Hartmann and Stampacchia [1] has appeared as
a fruitful and methodical mechanism to study a wide range
of applications in economics, fnance, pure and applied
sciences, and optimization, see, e.g. [2–5]. Using novel and
regenerated techniques, several extensions and generaliza-
tions of variational inequalities have been explored and
developed in recent years. Te functional, pivotal, and ap-
plicable generalizations of variational inequalities are
variational-like inequalities and mixed variational-like in-
equalities which have signifcant applications in nonconvex
optimizations and mathematical programming problems.
For details, we refer to [6–8] and references therein.

In classical variational inequality theory, ones have been
failing to exploit the projection method and its modifed
forms to analyze the existence of solutions of mixed
variational-like inequalities involving the nonlinear term. To
vanquish this faw, it is assumed that the nonlinear term
involving the mixed variational-like inequalities is a proper,

convex, and lower-semicontinuous functional. It is well-
known that the subdiferential of a proper, convex, and
lower-semicontinuous functional is a maximal monotone
operator. Tis characterization enables to defne the re-
solvent operator associated with the maximal monotone
operator. Te resolvent operator technique is used to es-
tablish the equivalence between the mixed variational-like
inequalities and fxed point problems. Such type of methods
is called the operators splitting methods. For recent devel-
opment of the subject, we refer to [9–12]. Noor [13, 14] has
used the resolvent operator technique to propose and study
some two-step forward-backward splitting methods. It has
been noticed that the convergence of such type of splitting
algorithms needs relatively relaxed strong monotonicity,
which is a weaker constraint than cocoercivity. Glowinski
and Tallec [15] and many authors have suggested and an-
alyzed some three-step forward-backward splitting methods
for solving various classes of variational inequalities by using
the Lagrangian multipliers and auxiliary principle tech-
niques. Tey have shown that three-step splitting methods
are numerically more efcient and handy as compared with
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one-step and two-step splitting methods. Tey have studied
the convergence of these splitting methods under the as-
sumption that the underlying operators are monotone and
Lipschitz continuous. For the convergence analysis of
iterative-type splitting methods and their applications, we
refer to [16–19] and references therein.

Te dynamical system has appeared as a feasible substitute
for solving variational inequalities with a specifc interest on
optimization problems. Dupuis andNagurney [20], Friesz et al.
[21], Noor [22], and many authors introduced and studied
many projected dynamical systems associated with variational
inequalities. In these dynamical systems, discontinuity appears
due to the discontinuity of the projection operator which
occurs on the right side of the ordinary diferential equation.
Te novel importance of projected dynamical systems is that
the set of stationary points of the projected dynamical systems
is the set of solutions of the associated variational inequalities
and all those problems which can be studied in the structure of
variational inequalities. Since proximal dynamical systems are
generalization of projected dynamical systems, therefore clearly
the results enhance to global stability of modifed projected
dynamical systems. Moreover, a vast category of optimization
problems can be considered as special cases of mixed varia-
tional inequalities (variational-like inequalities) and, therefore,
can be solved by using the proximal dynamical systems.

Inspired and motivated by the research works mentioned
above, in this article, we introduce and study a system of
extended nonlinear mixed variational-like inequalities in real
Hilbert space and discuss the existence of solution of our
problem. Next, we propose and analyze a new three-step it-
erative scheme for solving the system of extended nonlinear
mixed variational-like inequalities. Te convergence and sta-
bility analysis for the system of extended nonlinear mixed
variational-like inequalities are established. We also study
proximal dynamical system associated with the system of
extended nonlinear mixed variational-like inequalities. Finally,
we show that the trajectory of the solution of extended non-
linear mixed variational-like proximal dynamical system
converges globally exponentially to a unique solution of system
of extended nonlinear mixed variational-like inequalities.

2. Preliminaries

Troughout this article, we assume that H is a real Hilbert
space whose norm and inner product are denoted by ‖ · ‖

and 〈·, ·〉, respectively.

Let us recall the following well-known concepts and
results.

Defnition 1 (see [9, 23]). Let g, T: H⟶H and ζ: H ×

H⟶H be the single-valued mappings. Ten,

(i) ζ is said to be τ-Lipschitz continuous if, there exists
a constant τ > 0 such that

‖ζ(p, q)‖≤ τ‖p − q‖, ∀p, q ∈H. (1)

(ii) ζ is said to be δ-strongly monotone if, there exists
a constant δ > 0 such that

〈ζ(p, q), p − q〉≥ δ‖p − q‖
2
, ∀p, q ∈H. (2)

(iii) g is said to be μg-strongly monotone if, there exists
a constant μg > 0 such that

〈g(p) − g(q), p − q〉≥ μg‖p − q‖
2
, ∀p, q ∈H. (3)

(iv) g is said to be λg-Lipschitz continuous if, there
exists a constant λg > 0 such that

‖g(p) − g(q)‖ ≤ λg‖p − q‖, ∀p, q ∈H. (4)

(v) T is said to be ζ-relaxed Lipschitz continuous if,
there exists a constant α> 0 such that

〈T(p) − T(q), ζ(p, q)〉≤ − α‖p − q‖
2
, ∀p, q ∈H. (5)

(vi) T is said to be μT-strongly monotone with respect to
g if, there exists a constant μT > 0 such that

〈T(g(p)) − T(g(q)), g(p) − g(q)〉

≥ μT‖p − q‖
2
, ∀p, q ∈H.

(6)

Defnition 2 (see [9]). For each i � 1, 2, . . . , m, let
hi: Hi⟶Hi and Ai: 

m
i�1Hi⟶Hi be the single-valued

mappings. Ten, Ai is said to be

(i) c-Lipschitz continuous in the ith-argument if, there
exist a constant c> 0 such that

Ai p1, p2, . . . , pi− 1, pi, pi+1, . . . , pm(  − Ai p1, p2, . . . , pi− 1, pi, pi+1, . . . , pm( 
����

����i
≤ c pi − pi

����
����i

, ∀pi, pi ∈Hi. (7)

(ii) ϱ-strongly monotone in the ith-argument if, there
exists a constant ϱ > 0 such that

〈Ai p1, p2, . . . , pi− 1, pi, pi+1, . . . , pm(  − Ai p1, p2, . . . , pi− 1, pi, pi+1, . . . , pm( , pi − pi〉 ≥ ϱ pi − pi

����
����
2
i
, ∀pi, pi ∈Hi.

(8)
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(iii) μgi
-strongly monotone with respect to gi in the

ith-argument if, there exists a constant μgi
> 0 such

that

〈Ai p1, p2, . . . , pi− 1, pi, pi+1, . . . , pm(  − Ai p1, p2, . . . , pi− 1, pi, pi+1, . . . , pm( , gi pi(  − gi
pi( 〉

≥ μgi
gi pi(  − gi

pi( 
����

����
2
i
, ∀pi, pi ∈Hi.

(9)

Defnition 3 (see [24]). A functional f: H × H⟶ R is
said to be 0-diagonally quasi-concave (inshort, 0 − DQCV)

in p if, for any fnite set p1, p2, . . . , pn  ⊂H and for any
q � 

n
i�1tipi with ti ≥ 0 and 

n
i�1ti � 1,

min
1≤i≤n

f pi, q( ≤ 0. (10)

Defnition 4 (see [24]). Let ζ: H × H⟶H be a mapping
and ψ: H⟶ R∪ ∞{ } be a proper functional. A vector
f∗ ∈ H is called an ζ-subgradient of ψ at p ∈ domψ if

〈f∗, ζ(q, p)〉 ≤ψ(q) − ψ(p), ∀q ∈H. (11)

Each ψ can be associated with the following map zζψ,
called ζ-subdiferential of ψ at p, defned by

zζψ(p) �
f
∗ ∈H: 〈f∗, ζ(q, p)〉 ≤ψ(q) − ψ(p), ∀q ∈H, p ∈ domψ,

∅, p ∉ domψ.
 (12)

Defnition 5 (see [12]). Let ψ: H⟶ R∪ +∞{ } be a proper,
ζ-subdiferential (may not be convex) functional,
ζ: H × H⟶H, T: H⟶H be the mappings, and
I: H⟶H be an identity mapping. If for any given z ∈H
and ρ> 0, there exists a unique point p ∈H satisfying

〈(I − T)p − z, ζ(q, p)〉≥ ρψ(p) − ρψ(q), ∀q ∈H,

(13)

then the mapping z⟼p, denoted by Jzζψ
ρ,T (z), is said to be

relaxed ζ-proximal operator of ψ. We have
z − (I − T)p ∈ ρzζψ(p), and it follows that

J
zζψ
ρ,T (z) � (I − T) + ρzζψ 

− 1
(z). (14)

Defnition 6 (see [25]). Let S, T: H⟶H be the single-
valued mappings, p0 ∈H and

pn+1 � S T, pn( , (15)

defnes an iterative sequence which yields a sequence of
points pn  in H. Suppose that Fix(T) � p ∈H: Tp �

p}≠∅ and pn  converges to a fxed point p∗ of T. Let
un  ⊂H and

ϑn � un+1 − S T, un( 
����

����. (16)

If limn⟶∞ϑn � 0, which implies that un⟶ p∗, then
the iterative sequence pn  is said to be T-stable or stable
with respect to T.

Theorem 1 (see [12]). Let ζ: H × H⟶H be a δ-strongly
monotone and τ-Lipschitz continuous mapping such that
ζ(p, q) � − ζ(q, p), for all p, q ∈H. Let T: H⟶H be
ζ-relaxed Lipschitz continuous mapping with constant α and
I: H⟶ H be an identity mapping. Let ψ: H⟶ R∪

+∞{ } be a proper, lower-semicontinuous, ζ-subdiferential
functional which may not be convex, and for any z, p ∈H,
the mapping f(q, p) � 〈z − (I − R)p, ζ(q, p)〉 is 0-DQCV in
q. Ten, for any ρ> 0, and any z ∈H, there exists a unique
p ∈H such that p � J

zζψ
ρ,T (z), and hence, the relaxed

ζ-proximal operator J
zζψ
ρ,T of ψ is well-defned and

(T/(α + δ))-Lipschitz continuous, i.e.,

J
zζψ
ρ,T (p) − J

zζψ
ρ,T (q)

�����

�����≤
τ

(α + δ)
‖p − q‖, ∀p, q ∈H. (17)

Lemma 1 (see [26]). Let ℘n , ]n , and 9n  be nonnegative
real sequences satisfying the following condition: there exists
a natural number n0 such that

℘n+1 ≤ 1 − ϖn( ℘n + ]nϖn + ϱn, ∀n≥ n0, (18)

where ϖ ∈ [0, 1], 
∞
n�0ϖn �∞, limn⟶∞]n � 0, 

∞
n�0ϱn <∞.

Ten, limn⟶∞℘n � 0.

3. Formulation of the Problem and
Existence Result

For each i ∈ Λ � 1, 2, 3, . . . , m{ }, let Hi be a real Hilbert
space equipped with the norm ‖.‖i, and let
hi, gi, Ti: Hi⟶Hi, ζ i: Hi × Hi⟶Hi, and
Ai: 

m
j�1Hj⟶Hi be the nonlinear single-valued map-

pings, respectively. Let ψi: Hi × Hi⟶ R∪ +∞{ } be such
that for each fxed pi ∈Hi, ψi(·, pi) is lower semicontinuous,
ζ i-subdiferential, proper functional on Hi × Hi (may not
be convex) satisfying hi(Hi)∩ dom(zψζ i

(·, pi))≠∅, where
zψζ i

(·, pi) is a ζ i-subdiferential of ψi(·, pi). We consider the
following system of extended nonlinear mixed variational-
like inequalities (in short, SENMVLI).
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For each ρi > 0, fnd (p1, p2, . . . , pm) ∈ 
m
i�1Hi such that

hi(pi) ∈ dom(zζ i
ψi(·, pi)) and for all qi ∈Hi

〈h1 p1(  − g1 p1(  − ρ1A1 p1, p2, . . . , pm( ( , ζ1 q1, h1 p1( ( 〉 ≥ ρ1ψ1 h1 p1( , p1(  − ρ1ψ1 q1, p1( ,

〈h2 p2(  − g2 p2(  − ρ2A2 p1, p2, . . . , pm( ( , ζ2 q2, h2 p2( ( 〉 ≥ ρ2ψ2 h2 p2( , p2(  − ρ2ψ2 q2, p2( ,

〈h3 p3(  − g3 p3(  − ρ3A3 p1, p2, . . . , pm( ( , ζ3 q3, h3 p3( ( 〉 ≥ ρ3ψ3 h3 p3( , p3(  − ρ3ψ3 q3, p3( ,

⋮

〈hm pm(  − gm pm(  − ρmAm p1, p2, . . . , pm( ( , ζm qm, hm pm( ( 〉≥ ρmψm hm pm( , pm(  − ρmψm qm, pm( .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(19)

Equivalently, for each i ∈ Λ, above system can be written
as

〈hi pi(  − gi pi(  − ρiAi p1, p2, . . . , pm( ( , ζ i qi, hi pi( ( 〉

≥ ρiψi hi pi( , pi(  − ρiψi qi, pi( .

(20)

Some special cases of problem (19) are as follows:

(i) If ρi � 1,ψi � 0, hi, gi � Ii (identity mappings) and
ψi(qi, pi) � ψi(qi), for each i ∈ Λ, then problem (20)
reduces to the problem of fnding (p1, p2, . . . , pm) ∈


m
i�1Hi such that

〈Ai p1, p2, . . . , pm( , ζ i qi, pi( 〉 ≥ψi pi(  − ψi qi( .

(21)

Problem (21) was considered and studied by
Balooee [27].

(ii) If ρi � 1,ψi � 0, hi, gi � Ii (identity mappings), and
ζ i(qi, hi(pi)) � qi − pi, for each i ∈ Λ, then problem
(19) reduces to the problem of fnding
(p1, p2, . . . , pm) ∈ 

m
i�1Hi such that

〈A1 p1, p2, . . . , pm( , q1 − p1〉 ≥ 0,

〈A2 p1, p2, . . . , pm( , q2 − p2〉 ≥ 0,

〈A3 p1, p2, . . . , pm( , q3 − p3〉 ≥ 0,

⋮

〈Am p1, p2, . . . , pm( , qm − pm〉≥ 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(22)

Problem (22) was considered and studied by Tang
et al. [28].

By taking suitable choices of the mappings gi, hi, Ti,ψi, ζ i

and the spaceHi, for each i ∈ Λ, in above problem (19), one
can easily obtain the problems considered and studied in
[9, 13, 14, 22, 29, 30] and references therein.

Example 1. Let R � (− ∞,∞),Hi � [a, b]. Let
G(p1, p2, . . . , pm) be a continuous real m-variable function
with G ∈ C(1)(Hi). Ten, there exists an element
p0 � (p0,1, p0,2, . . . , p0,m) ∈ 

m
i�1Hi such that

G p0,1, p0,2, . . . , p0,m  � min
p1 ,p2 ,...,pm( )

∈ 
m

i�1
HiG p1, p2, . . . , pm( .

(23)

Tis element p0 must be a solution of the following
system of variational inequalities:

〈
zG

zp1
p1, p2, . . . , pm( , q1 − p1〉 ≥ 0,

〈
zG

zp2
p1, p2, . . . , pm( , q2 − p2〉 ≥ 0,

〈
zG

zp3
p1, p2, . . . , pm( , q3 − p3〉 ≥ 0,

⋮

〈
zG

zpm

p1, p2, . . . , pm( , qm − pm〉 ≥ 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(24)

If fact, we have

zG

zpi

p1, p2, . . . , pm( 

� 0, p0,i ∈ (a, b),

≥ 0, p0,i � a,

≤ 0, p0,i � b,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(25)

for all i � 1, 2, . . . , m. Hence, p0 must satisfy (24). In ad-
dition, the system of variational inequalities (24) is equiv-
alent to

〈gradG(p), q − p〉≥ 0, (26)

where gradG(x) � ((zG/zp1), (zG/zp2), . . . , (zG/zpm)).
Tis example is special case of a practical background of
problem (19), where Ai � (zG/zpi), hi, gi � Ii, ρi � 1 and
ψi � 0, for all i � 1, 2, . . . , m and gradG(x) � A∗.

Te following lemma ensures the equivalence between
the system of extended nonlinear mixed variational-like
inequalities (19) and fxed point problem.
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Lemma 2. For each i ∈ Λ, let (p1, p2, . . . , pm) ∈ 
m
i�1Hi is

a solution of the system of extended nonlinear mixed
variational-like inequalities (19) if and only if
(p1, p2, . . . , pm) satisfes the following equation:

hi pi(  � J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  , (27)

where J
zζi

ψi(.,pi)

ρi ,Ti
� [(Ii − Ti) + ρizζ i

ψi(., pi)]
− 1, Ti is ζ i-re-

laxed Lipschitz continuous mapping with constant αi, and Ii is
the identity mapping onHi.

Proof. Assume that (p1, p2, . . . , pm) ∈ 
m
i�1Hi satisfes re-

lation (27), i.e.,

hi pi(  � J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  . (28)

Since J
zζi

ψi(.,pi)

ρi ,Ti
� [(Ii − Ti) + ρizζ i

(., pi)]
− 1, the above

equality holds if and only if

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( ( 

∈ hi pi(  − Ti hi pi( (  + ρizζ i
ψi hi pi( , pi( .

(29)

By using the defnition of ζ i-subdiferential of ψi(., pi),
the above relation holds if and only if

〈 gi pi(  − ρiAi p1, p2, . . . , pm( (  − hi pi( , ζ i qi, hi pi( ( 〉

≤ ρiψi qi, pi(  − ρiψi hi pi( , pi( .

(30)

Hence, we have

〈hi pi(  − gi pi(  − ρiAi p1, p2, . . . , pm( ( , ζ i qi, hi pi( ( 〉

≥ ρiψi hi pi( , pi(  − ρiψi qi, pi( ,

(31)

i.e., (p1, p2, . . . , pm) is a solution of system of extended
nonlinear mixed variational-like inequalities (19). □

In the next theorem, we discuss the existence and
uniqueness of the solution of the SENMVLI (19).

Theorem 2. For each i ∈ Λ, let gi, hi, Ti: Hi⟶Hi,
ζ i: Hi × Hi⟶Hi, and Ai: 

m
i�1Hi⟶Hi be the non-

linear single-valued mappings such that gi is λgi
-Lipschitz

continuous and μgi
-strongly monotone, hi is λhi

-Lipschitz
continuous and μhi

-strongly monotone such that
hi(Hi) � Hi, Ti is λTi

-Lipschitz continuous, relaxed
αi-Lipschitz continuous, and μTi

-strongly monotone with
respect to hi, ζ i is τi-Lipschitz continuous, and ζ i is δi-strongly
monotone such that ζ i(pi, qi) � − ζ i(qi, pi), for each
pi, qi ∈Hi, Ai is λAii

-Lipschitz continuous in the ith-argument

and ]i,j-Lipschitz continuous in the jth-argument for each
j ∈ Λ, i≠ j, and μAii

-strongly monotone in the ith-argument
with respect to gi, respectively. Let
ψi: Hi × Hi⟶ R∪ +∞{ } be such that for each fxed
pi ∈Hi, ψi(·, pi) is lower-semicontinuous, ζ i-subdiferential,
proper functional on Hi × Hi (may not be convex) satisfying
hi(Hi)∩ dom(zψζ i

(·, pi))≠∅, where zψζ i
(·, pi) is a ζ i-

subdiferential of ψi(·, pi). Suppose that there exist constants
ρi > 0, ξi > 0 such that for each zi ∈Hi

J
zζi

ψi .,pi( )
ρi ,Ti

zi(  − J
zζi

ψi .,qi( )
ρi ,Ti

zi( 

������

������≤ ξi pi − qi

����
����, (32)

and the following conditions are satisfed:

θi � ξi +

������������

1 − 2μhi
+ λ2hi

 



+ 
k∈Λ,k≠ i

τk ρk

αk + δk

]k,i < 1,

τi

������������������

λ2gi
− 2ρiμAii

+ ρ2i λ
2
Aii

 



< 1 − θi(  αi + δi(  − τiλTi
λhi

 ,

2μhi
< 1 + λ2hi

,

2ρiμAii
< λ2gi

+ ρ2i λ
2
Aii

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(33)

Ten, the SENMVLI (19) admits a unique solution
(p∗1 , p∗2 , . . . , p∗m).

Proof. By Lemma 2, it is sufcient to prove that there exist
(p∗1 , p∗2 , . . . , p∗m) which satisfying (27). For each i ∈ Λ, we
defne ϕi: 

m
i�1Hi⟶Hi by

ϕi p1, p2, . . . , pm(  � pi − hi pi(  + J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  , (34)

for all (p1, p2, . . . , pm) ∈ 
m
i�1Hi. Defne ‖.‖∗ on 

m
i�1Hi by
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p1, p2, p3, . . . , pm( 
����

����∗ � 
m

i�1
pi

����
����i

,∀ p1, p2, . . . , pm(  ∈ 
m

i�1
Hi.

(35)

It is easy to see that (
m
i�1Hi, ‖.‖∗) is a Hilbert space.

Also, defne G: 
m
i�1Hi⟶ 

m
i�1Hi as follows:

G p1, p2, . . . , pm(  � ϕ1 p1, p2, . . . , pm( ,ϕ2 p1, p2, . . . , pm( , . . . , ϕm p1, p2, . . . , pm( ( , (36)

for all (p1, p2, . . . , pm) ∈ 
m
i�1Hi. First of all, we prove that

G is a contraction mapping.
Let (p1, p2, . . . , pm), (p1, p2, . . . , pm) ∈ 

m
i�1Hi be

given. By using (32) and (34) andTeorem 1, for each i ∈ Λ,
we have
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It follows from μhi
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By using the λAii
-Lipschitz continuity of Ai and
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which implies that
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Since for i ∈ Λ, Ai is ]i,j-Lipschitz continuous in the jth

argument (j ∈ Λ, j≠ i), we have
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Substituting (39)–(42) in (37), for i ∈ Λ, we deduce that
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where Θi � ξi +
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From (36) and (42), we get
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i.e.,

G p1, p2, . . . , pm(  − G p1, p2, . . . , pm( ‖∗ ≤Ω
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���� p1, p2, . . . , pm(  − p1, p2, . . . , pm( ‖∗, (46)

where Ω � max Θi + k∈Λ,k≠i(τkρk)/(αk + δk)]k,i: i ∈ Λ .
Te condition (33) guarantees that 0≤Ω< 1. By the in-
equality (44), we note that G is a contraction mapping.
Terefore, there exists a unique point (p∗1 , p∗2 , . . . , p∗m) ∈


m
i�1Hi such that G(p∗1 , p∗2 , . . . , p∗m) � (p∗1 , p∗2 , . . . , p∗m).

From (34) and (36), it follows that (p∗1 , p∗2 , . . . , p∗m) satisfes
in equation (27), i.e., for each i ∈ Λ,

hi p
∗
i(  � J

zζi
ψi .,p∗

i( )
ρi ,Ti

gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (  . (47)

By Lemma 2, we conclude that (p∗1 , p∗2 , . . . , p∗m) ∈


m
i�1Hi is a unique solution of SENMVLI (19). Tis com-

pletes the proof. □

4. Proximal Iterative Schemes and
Stability Analysis

In this section, we frst recall some defnitions related to
nearly uniformly Lipschitzian mapping. Furthermore, we
use a nearly uniformly Lipschitzian mapping Qi, i ∈ Λ, to
defne a self-mapping S � (Q1, Q2, . . . , Qm) on 

m
i�1Hi, by

using the equivalent alternative formulation (27) to suggest
and analyze some proximal iterative algorithms for fnding
an element of the set of the fxed points of S which is the
unique solution of the problem SENMVLI (19).

Defnition 7 (see [9]). A nonlinear mapping Q: H⟶H is
said to be

(i) generalized Lipschitzian if, there exists a constant
k′ > 0 such that

‖Q(p) − Q(q)‖≤ k
′
(‖p − q‖ + 1), ∀p, q ∈H, (48)

(ii) uniformly k-Lipschitzian if, there exists a constant
k> 0 such that for each n ∈ N,

Q
n
(p) − Q

n
(q)

����
����≤ k‖p − q‖, ∀p, q ∈H, (49)

(iii) nearly Lipschitzian with respect to the sequence
αn  if, for each n ∈ N, there exists a constant κn > 0
such that
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Q
n
(x) − Q

n
(y)

����
����≤ κn ‖p − q‖ + αn( , ∀p, q ∈H,

(50)

where αn  is a fxed sequence in [0,∞] with
αn⟶ 0 as n⟶∞.
For an arbitrary, but fxed n ∈ N, the infmum of
constants κn in (50) is called nearly Lipschitz
constant and it is denoted by β(Qn). Notice that

β Q
n

(  � sup
Q

n
(p) − Q

n
(q)

����
����

‖p − q‖ + αn

: p, q ∈H, p≠ q .

(51)

Defnition 8 (see [9]). A nearly Lipschitzian mapping
Q: H⟶H with the sequence (αn, β(Qn))  is said to be
nearly uniformly K-Lipschitzian mapping if, β(Qn)<K, for
all n ∈ N. In other words, αn � K, for all n ∈ N.

For each i ∈ Λ, let Qi: Hi⟶Hi be a nearly uniformly
Ki-Lipschitzian mapping with the sequence li,n . We defne
the self-mapping S of 

m
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with the sequence 

m
i�1li,n 

∞
n�1 with respect to the norm ‖.‖∗

in 
m
i�1Hi. To see this fact, let
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for any n ∈ N, we have
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(53)

We denote the sets of all the fxed points of Qi, i ∈ Λ and
S by Fix(Qi) and Fix(S), respectively, and the set of all the
solutions of SENMVLI (19) by SENMVLI(Hi, gi, hi,

Ti,ψi, Ai, i ∈ Λ). In view of (52), for any (p1, p2, . . . , pm) ∈


m
i�1Hi, (p1, p2, . . . , pm) ∈ Fix(S) if and only if

pi ∈ Fix(Qi), i ∈ Λ, i.e., Fix(S) � Fix(Q1, Q2, . . . , Qm) �


m
i�1Fix(Qi).
If (p∗1 , p∗2 , . . . , p∗m) ∈ Fix(S)∩ SENMVLI(Hi, gi, hi, Ti,

ψi, Ai, i ∈ Λ), then by using Lemma 2, one can easily to see
that for each i ∈ Λ and for all n ∈ N,

p
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⎪⎪⎩
(54)

Te fxed point formulation (54) enables us to suggest
the following proximal iterative algorithm with mixed errors
for fnding an element of the set of the fxed points of the
nearly uniformly Lipschitzian mapping
S � (Q1, Q2, . . . , Qm) which is also a unique solution of
SENMVLI (19).

Iterative Algorithm 1. For each i ∈ Λ, let Hi, gi, hi, Ti,ψi, ζ i

and ρi > 0 be the same as in SENMVLI (19). For any given
(p1,1, p2,1, . . . , pm,1) ∈ 

m
i�1Hi, compute the iterative se-

quences pi,n 
∞
n�1 � (p1,n, p2,n, . . . , pm,n) 

∞
n�1 <i> , </i>

ui,n 
∞
n�1 � (u1,n, u2,n, . . . , um,n) 

∞
n�1 <i> , </i> vi,n 

∞
n�1 �
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(v1,n, v2,n, . . . , vm,n) 
∞
n�1 </i> , < //i> si,n 
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m
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″ Q
n
i zi,n − hi zi,n  + J

zζi
ψi .,zi,n( )

ρi ,Ti,n
gi zi,n  − Ti hi zi,n   + ρiAi z1,n, z2,n, . . . , zm,n     + ηi,n

″  + εn
″ϑi,n
″ + ri,n
″ ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(56)

where Si: Hi⟶Hi i ∈ Λ is nearly uniformly Lipschitzian
mapping, and the sequences σn , εn , σn

′ , εn
′ , σn
″ , and

ε″  satisfy the conditions 0< σn + εn, σn
′ + εn
′, σn
″ + ε″ < 1,


∞
n�0εn <∞, and 

∞
n�0σn �∞. For each i ∈ 1, 2, . . . , m{ } and

for all n ∈ N, ϑi,n , ϑi,n
′ , and ϑi,n

″  are bounded sequences

in Hi, and ηi,n , ηi,n
′ , ηi,n
″ , ri,n , ri,n

′ , and ri,n
″  are six

sequences in Hi to take into account the possible inexact
computation satisfying the following conditions:

ηi,n � ηi,n + ηi,n, ηi,n
′ � ηi,n
′ + ηi,n
′ , ηi,n
″ � ηi,n
″ + ηi,n
″ ,

η1,n, η2,n, . . . , ηm,n 
�����

�����∗
� lim

n⟶∞
η1,n
′ , η2,n
′ , . . . , ηm,n

′ ‖∗ � lim
n⟶∞

������

������ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 

������∗
� 0,



∞

n�1

���������
η1,n, η2,n, . . . , ηm,n ‖∗ <∞, 

∞

n�1

���������
η1,n
′ , η2,n
′ , . . . , ηm,n

′ ‖∗ <∞, 
∞

n�1

���������
η1,n
″ , η2,n
″ , . . . , ηm,n

″ ‖∗ <∞,



∞

n�1

���������
r1,n, r2,n, . . . , rm,n ‖∗ <∞, 

∞

n�1

���������
r1,n
′ , r2,n
′ , . . . , rm,n

′ ‖∗ <∞, 
∞

n�1

���������
r1,n
″ , r2,n
″ , . . . , rm,n

″ ‖∗ <∞.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(57)

Now, we establish the following strong convergence result
for the sequences generated by the proximal iterative Algo-
rithm 1 and stability analysis under some suitable conditions.

Theorem  . For each i ∈ Λ, let Hi, gi, hi, Ti,ψi, ζ i and ρi > 0
be the same as in Teorem 2, and let all the conditions of
Teorem 2 hold. For each i ∈ Λ, suppose that Qi: Hi⟶Hi

is a nearly uniformly Ki-Lipschitzian mapping with the se-
quence li,n , and S: 

m
i�1Hi⟶ 

m
i�1Hi is a nearly uni-

formly max Ki: i ∈ Λ -Lipschitzian mapping with the
sequence 

m
i�1lm,i 

∞
m�1 defned by (52) such that

Fix(S)∩ SENMVLI(Hi, gi, hi, Ti,ψi, Ai, i ∈ Λ)≠∅. Suppose

that Ω< min 1, 1/Ki , for each i ∈ Λ, where Ω is same as in
(44). Ten,

(i) the iterative sequence (p1,n, p2,n, . . . , pm,n) 
∞
n�1 gen-

erated by Algorithm 1 converges strongly to a unique
element of Fix(S)∩ SENMVLI(Hi, gi, hi, Ti,

ψi, Ai, i ∈ Λ)

(ii) Furthermore, if 0< κ< σn, then limn⟶∞
(z1,n, z2,n, . . . , zm,n) � (p∗1 , p∗2 , . . . , p∗m) if and only if
limn⟶∞(

m
i�1φi,n) � 0, where φi,n is given in (55); i.e.,

the sequence (p1,n, p2,n, . . . , pm,n) 
∞
n�1 generated by

(55) is J
zζi

ψi(.,pi)

ρi ,Ti
− stable, for each i ∈ Λ
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Proof (i) Suppose (p∗1 , p∗2 , . . . , p∗m) is a unique solution of
SENMVLI (19). For each i ∈ Λ, we have

hi p
∗
i(  � J

zζi
ψi .,p∗

i( )
ρi ,Ti,n

gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (  . (58)

Since SEMVLI(Hi, gi, hi, Ti,ψi, Ai, i ∈ Λ) is a sin-
gleton set and Fix(S)∩ SEMVLI(Hi, gi, hi, Ti,

ψi, Ai, i ∈ Λ)≠∅, we conclude that for each i ∈ Λ,

p∗i ∈ Fix(Qi). Hence, for each n ∈ N and for each
i ∈ Λ, we can write

p
∗
i � 1 − σn − εn( p

∗
i + σn Q

n
i p
∗
i − hi p

∗
i(  + J

zζi
ψi .,p∗

i( )
ρi ,Ti,n

gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (     + εnp

∗
i ,

� 1 − σn
′ − εn
′( p
∗
i + σn
′ Q

n
i p
∗
i − hi p

∗
i(  + J

zζi
ψi .,p∗

i( )
ρi ,Ti,n

gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (     + εn

′p∗i ,

� 1 − σn
″ − εn
″( p
∗
i + σn
″ Q

n
i p
∗
i − hi p

∗
i(  + J

zζi
ψi .,p∗

i( )
ρi ,Ti,n

gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (     + εn

″p∗i ,

(59)

where the sequences σn , εn , σn
′ , εn
′ , σn
″ , and

εn
″  are same as in Algorithm 1.

Now, let L � max supn≥1‖ϑi,n − p∗i ‖i, i ∈ Λ , L′ �

max supn≥1‖ϑi,n
′ − p∗i ‖i, i ∈ Λ  and L″ � max

supn≥1‖ϑi,n
″ − p∗i ‖i, i ∈ Λ . Using Algorithm 1 and

(44), it follows that

pi,n+1 − p
∗
i

����
����i

�

1 − σn − εn( pi,n + σn Qn
i ui,n − hi ui,n  + J

zζi
ψi .,ui,n( )

ρi ,Ti,n
gi ui,n  − Ti hi ui,n   + ρiAi u1,n, u2,n, . . . , um,n     + ηi,n  + εnϑi,n + ri,n 

− 1 − σn − εn( p∗i + σn Qn
i p∗i − hi p∗i(  + J

zζi
ψi .,p∗

i( )
ρi ,Ti,n

gi p∗i(  − Ti hi p∗i( (  + ρiAi p∗1 , p∗2 , . . . , p∗m( (     + εnp∗i 

����������������

����������������
i

≤ 1 − σn − εn(  pi,n − p
∗
i

����
����i

+ σn

Qn
i ui,n − hi ui,n  + J

zζi
ψi .,pi,n( )

ρi ,Ti,n
gi ui,n  − Ti hi ui,n   + ρiAi u1,n, u2,n, . . . , um,n    

− Qn
i p∗i − hi p∗i(  + J

zζi
ψi .,p∗

i( )
ρi ,Ti,n

gi p∗i(  − Ti hi p∗i( (  + ρiAi p∗1 , p∗2 , . . . , p∗m( (   

����������������

����������������
i

· ϑi,n − p
∗
i

����
����i

+ σn ηi,n

����
����i

+ ri,n

����
����i

≤ 1 − σn − εn(  pi,n − p
∗
i

����
����i

+ σnKi

ui,n − hi ui,n  + J
zζi

ψi .,ui,n( )
ρi ,Ti,n

gi ui,n  − Ti hi ui,n   + ρiAi u1,n, u2,n, . . . , um,n    

− p∗i − hi p∗i(  + J
zζi

ψi .,p∗
i( )

ρi ,Ti,n
gi p∗i(  − Ti hi p∗i( (  + ρiAi p∗1 , p∗2 , . . . , p∗m( (   

����������������

����������������
i

+ li,n

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

· ϑi,n − p
∗
i

����
����i

+ σn ηi,n

����
����i

+ ri,n

����
����i

≤ 1 − σn − εn(  pi,n − p
∗
i

����
����i

+ σnKi

ui,n − hi ui,n  + J
zζi

ψi .,ui,n( )
ρi ,Ti,n

gi ui,n  − Ti hi ui,n   + ρiAi u1,n, u2,n, . . . , um,n    

− p∗i − hi p∗i(  + J
zζi

ψi .,p∗
i( )

ρi ,Ti,n
gi p∗i(  − Ti hi p∗i( (  + ρiAi p∗1 , p∗2 , . . . , p∗m( (   

����������������

����������������
i

+ σnKili,n + εnL + σn ηi,n‖i+
����

����ηi,n‖i  + ri,n

����
����i
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≤ 1 − σn − εn(  pi,n − p
∗
i

����
����i

+ σnKi Θi ui,n − pi

����
����i

+
τiρi

αi + δi


j∈Λ,i ≠ j

]i,j uj,n − pj

�����

�����j
⎛⎝ ⎞⎠

+ σnKili,n + εnL + σn ηi,n‖i+
����

����ηi,n‖i  + ri,n

����
����i

≤ 1 − σn − εn(  pi,n − p
∗
i

����
����i

+ σnKi Θi ui,n − pi

����
����i

+
τiρi

αi + δi


j∈Λ,i ≠ j

]i,j uj,n − pj

�����

�����j
⎛⎝ ⎞⎠

+ σnKili,n + σn ηi,n‖i+
����

����ηi,n‖i  + ri,n

����
����i

+ εnL.

(60)

Using the similar arguments of (60), we can establish
that for each i ∈ Λ,

ui,n+1 − p
∗
i

����
����i
≤ 1 − σn

′ − εn
′(  pi,n − p

∗
i

����
����i

+ σn
′Ki Θi vi,n − p

∗
i

����
����i

+
τiρi

αi + δi


j∈Λ,i≠ j

]i,j vj,n − pj

�����

�����j
⎛⎝ ⎞⎠ ηi,n

′
����

����i
+ ηi,n
′

����
����i

+ ri,n
′

����
����i

+ εn
′L′,

(61)

vi,n+1 − p
∗
i

����
����i
≤ 1 − σn

″ − εn
″(  pi,n − p

∗
i

����
����i

+ σn
″Ki Θi pi,n − p

∗
i

����
����i

+
τiρi

αi + δi


j∈Λ,i≠ j

]i,j pj,n − pj

�����

�����j
⎛⎝ ⎞⎠

+ σn
″Kili,n + σn

″ ηi,n
″

����
����i

+ ηi,n
″

����
����i

+ ri,n
″

����
����i

+ εn
″L″.

(62)

Let K � max Ki: i ∈ Λ . Combining (60)–(62), we
obtain

p1,n+1, p2,n+1, . . . , pm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn − εn(  p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σnK 
m

i�1
Θi ui,n − pi‖i +

τiρi

αi + δi


j∈Λ,i≠ j

]i,j

����������

����������
uj,n − pj‖j

⎛⎝ ⎞⎠

+ σnK 
m

i�1
li,n + σn η1,n, η2,n, . . . , ηm,n 

�����

�����∗

+ η1,n, η2,n, . . . , ηm,n 
�����

�����∗
+ r1,n, r2,n, . . . , rm,n

����
����∗

+ mεnL � 1 − σn − εn(  p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
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+ Θ1 + 

m

k�2

τk ρk

αk + δk

]k,1
⎛⎝ ⎞⎠ u1,n − p

∗
1

����
����1

⎡⎢⎢⎣

+ left Θ2 + 
m

k ∈ Λ,k≠ 2

τk ρk

αk + δk

]k,2
⎛⎝ ⎞⎠ u2,n − p

∗
2

����
����2 + · · · + Θm + 

m− 1

k�1

τk ρk

αk + δk

]k,m
⎛⎝ ⎞⎠ um,n − p

∗
m

����
����m

]

+ σnK 
m

i�1
li,n + σn η1,n, η2,n, . . . , ηm,n 

�����

�����∗
+ η1,n, η2,n, . . . , ηm,n

����
����∗ + r1,n, r2,n, . . . , rm,n 

�����

�����∗
+ mεnL

≤ 1 − σn − εn(  p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σnKΩ

m

i�1
ui,n − p

∗
i

����
����i

+ σnK 
m

i�1
li,n

+ σn η1,n, η2,n, . . . , ηm,n 
�����

�����∗
+ η1,n, η2,n, . . . , ηm,n

����
����∗ + r1,n, r2,n, . . . , rm,n 

�����

�����∗
+ mεnL

� 1 − σn − εn(  p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σnKΩ u1,n, u2,n, . . . , um,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σnK 

m

i�1
li,n

+ σn η1,n, η2,n, . . . , ηm,n 
�����

�����∗
+ η1,n, η2,n, . . . , ηm,n

����
����∗ + r1,n, r2,n, . . . , rm,n 

�����

�����∗
+ mεnL.

(63)

Applying equivalent logics of (63), we can compute
that

u1,n+1, u2,n+1, . . . , um,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn

′ − εn
′(  p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′KΩ v1,n, v2,n, . . . , vm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗

+ η1,n
′ , η2,n
′ , · · · , ηm,n

′ 
�����

�����∗
+ r1,n
′ , r2,n
′ , . . . , rm,n

′
����

����∗ + mεn
′L′,

(64)

v1,n+1, v2,n+1, . . . , vm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn

″ − εn
″(  p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″KΩ p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″K 

m

i�1
li,n + σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗

+ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ r1,n
″ , r2,n
″ , . . . , rm,n

″
����

����∗ + mεn
″L″.

(65)

Since (1 − σn
″(1 − KΩ))≤ 1, therefore (65) becomes
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v1,n+1, v2,n+1, . . . , vm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn

″(1 − KΩ)(  p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″K 

m

i�1
li,n + σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗

+ r1,n
″ , r2,n
″ , . . . , rm,n

″
����

����∗ + mεn
″L″

≤ p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σn
″K 

m

i�1
li,n

+ σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗

+ r1,n
″ , r2,n
″ , . . . , rm,n

″
����

����∗ + mεn
″L″.

(66)

Since (1 − σn
″(1 − KΩ))≤ 1, therefore using (64) and

(66) becomes

u1,n+1, u2,n+1, . . . , um,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn

′ − εn
′(  p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′KΩ p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗


+ σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ σn
″K 

m

i�1
li,n + r1,n

″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ mεn
″L″⎤⎦

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗

+ r1,n
′ , r2,n
′ , . . . , rm,n

′
����

����∗ + mεn
′L′

≤ 1 − σn
′(1 − KΩ)(  p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′σn
″KΩ η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′σn
″K2Ω

m

i�1
li,n

+ σn
′KΩ r1,n

″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ σn
′KΩ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗

+ r1,n
′ , r2,n
′ , . . . , rm,n

′
����

����∗ + mσn
′εn
″KΩL

″
+ mεn
′L′

≤ p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′σn
″KΩ η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′σn
″K2Ω

m

i�1
li,n

+ σn
′KΩ r1,n

″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ σn
′KΩ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗

+ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ r1,n
′ , r2,n
′ , . . . , rm,n

′
����

����∗ + mσn
′εn
″KΩL

″
+ mεn
′L′.

(67)

Using (63) and (67) becomes
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p1,n+1, p2,n+1, . . . , pm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn − εn(  p1,n, p2,n, . . . , pm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σnKΩ

p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σn
′σn
″KΩ η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′σn
″K2Ω

m

i�1
li,n + σn
′KΩ r1,n

″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ σn
′KΩ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ r1,n
′ , r2,n
′ , . . . , rm,n

′
����

����∗ + mσn
′εn
″KΩL

″
+ mεn
′L′
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+ σnK 
m

i�1
li,n + η1,n, η2,n, . . . , ηm,n 

�����

�����∗
+ r1,n, r2,n, . . . , rm,n

����
����∗ + mεnL

≤ 1 − σn(1 − KΩ)(  p1,n, p2,n, . . . , pm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn(1 − KΩ)
1

(1 − KΩ)

σn
′σn
″K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′K2Ω2 r1,n

″ , r2,n
″ , . . . , rm,n

″
����

����∗ + σn
′KΩ η1,n

′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ KΩ η1,n

′ , η2,n
′ , . . . , ηm,n

′
����

����∗

+ KΩ r1,n
′ , r2,n
′ , . . . , rm,n

′ 
�����

�����∗
+ η1,n, η2,n, . . . , ηm,n

����
����∗ + σn
′σn
″K3Ω2 + σn

′K2Ω + K  

m

i�1
li,n + mσn

′εn
″K2Ω2L″ + mεn

′KΩL
′
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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+ η1,n, η2,n, . . . , ηm,n 
�����

�����∗
+ r1,n, r2,n, . . . , rm,n

����
����∗ + mεnL.

(68)

On setting,

℘n+1 � p1,n+1, p2,n+1, . . . , pm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
;ϖn � σn(1 − KΩ);

ϱn � η1,n, η2,n, . . . , ηm,n 
�����

�����∗
+ r1,n, r2,n, . . . , rm,n

����
����∗ + mεnL,

(69)

]n �
1

(1 − KΩ)

σn
′σn
″K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ ‖∗ + σn
′K2Ω2

�����

����� r1,n
″ , r2,n
″ , . . . , rm,n

″ ‖∗

+ σn
′KΩ η1,n

′ , η2,n
′ , . . . , ηm,n

′ ‖∗ + KΩ
�����

����� η1,n
′ , η2,n
′ , . . . , ηm,n

′ ‖∗ + KΩ r1,n
′ , r2,n
′ , . . . , rm,n

′ ‖∗+
�����

����� η1,n, η2,n, . . . , ηm,n ‖∗

+ σn
′σn
″K3Ω2 + σn

′K2ΩK  
m

i�1
li,n + mσn

′εn
″K2Ω2L″ + mεn

′KΩL
′

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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. (70)

Equation (68) can be written as

℘n+1 ≤ 1 − ϖn( ℘n + ]nϖn + ϱn, (71)

where Ω � max Θi + k∈Λ,k≠i(τk ρk)/(αk + δk) ]k,i:

i ∈ Λ}. Since limn⟶∞li,n � 0, for each i ∈ Λ, and


m
i�1εn <∞, in view of (57), it follows that the

conditions of Lemma 1 are satisfed.Terefore, using
Lemma 1 and (68), we deduce that (p1,n+1,

p2,n+1, . . . , pm,n+1)⟶ (p∗1 , p∗2 , . . . , p∗m), as n⟶
∞, and so the sequence (p1,n+1, p2,n+1, . . . ,

pm,n+1)}
∞
n�1 generated by Algorithm 1 converges

strongly to the only element (p∗1 , p∗2 , . . . , p∗m) of the
singleton set Fix(S)∩ SEMVI(Hi, gi, hi, Ti,ψi, Ai,

i ∈ Λ). Tis completes the part (I).
(ii) Next, we prove the second conclusion. Let H(p∗i ) �

Sn
i (p∗i − hi (p∗i ) + J

zζi
ψi(.,p∗

i
)

ρi ,Ti,n
[gi(p∗i )− (Ti(hi(p∗i )) +

ρiAi(p∗1 , p∗2 , . . . , p∗m))]). Using (59) and Algorithm 1,
we have

zi,n+1 − p
∗
i

����
����i
≤ zi,n+1 − 1 − σn − εn( zi,n + σn H si,n  + ηi,n  + εnϑi,n + ri,n 

�����

�����

+ 1 − σn − εn( zi,n + σn H si,n  + ηi,n  + εnϑi,n + ri,n  − 1 − σn − εn( p
∗
i + σnH p

∗
i(  + εnp

∗
n 

�����

�����i

≤φi,n + 1 − σn − εn(  zi,n − p
∗
i

����
����i

+ σnKi Θi si,n − p
∗
i

����
����i

+
τi ρi

αi + δi


j∈Λ,i≠ j

]i,j sj,n − p
∗
j

�����

�����j
⎛⎝ ⎞⎠

+ σnKili,n + σn ηi,n

����
����i

+ ηi,n

����
����i

+ ri,n

����
����i

+ εnL.

(72)
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On similar manner of (73), we can deduce that

si,n+1 − p
∗
i ‖i ≤ 1 − σn

′ − εn
′( 

����
����zi,n − p

∗
i ‖i + σn
′Ki Θi ti,n − p

∗
i

����
����i

+
τiρi

αi + δi


j∈Λ,i≠j

]i,j tj,n − p
∗
j

�����

�����j
⎛⎝ ⎞⎠

+ σn
′Kili,n + σn

′ η̂i,n
′

�����

�����i
+ �ηi,n
′ ‖i+

����
����ri,n
′ ‖i + εn

′L′,

(73)

ti,n+1 − p
∗
i

����
����i
≤ 1 − σn

″ − εn
″(  zi,n − p

∗
i

����
����i

+ σn
″Ki Θi pi,n − p

∗
i

����
����i

+
τiρi

αi + δi


j∈Λ,i≠ j

]i,j zj,n − p
∗
j

�����

�����j
⎛⎝ ⎞⎠

+ σn
″Kili,n + σn

″ ηi,n
″

����
����i

+ ηi,n
″ ‖i+

����
����ri,n
″‖i + εn
″L″.

(74)

Using the similar arguments of (63) and combining
(72)–(74), we obtain that

z1,n+1, z2,n+1, . . . , zm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

≤ 
m

i�1
φi,n + 1 − σn − εn(  zi,n − p

∗
i

����
����i

+ σnKi Θi si,n − p
∗
i

����
����i

+
τi ρi

αi + δi


j∈Λ,i≠ j

]i,j sj,n − p
∗
j

�����

�����j
⎛⎝ ⎞⎠⎡⎢⎢⎢⎣

+ σnKili,n + σn ηi,n

����
����i

+ ηi,n‖i+
����

����ri,n‖i + εnL

≤ 

m

i�1
φi,n + 1 − σn − εn(  z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σnKΩ s1,n, s2,n, . . . , sm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σnK 

m

i�1
li,n

+ σn η1,n, η2,n, . . . , ηm,n ‖∗+
�����

����� η1,n, η2,n, . . . , ηm,n ‖∗

+ r1,n, r2,n, . . . , rm,n 
�����

�����∗
+ mεnL.

(75)

Similarly, we have

s1,n+1, s2,n+1, . . . , sm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn

′ − εn
′(  z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′KΩ t1,n, t2,n, . . . , tm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ η1,n
′ , η2,n
′ , . . . , ηm,n

′
����

����∗

+ r1,n
′ , r2,n
′ , . . . , rm,n

′ 
�����

�����∗
+ mεn
′L′.

(76)
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Since (1 − σn
″(1 − KΩ))≤ 1, therefore we obtain

t1,n+1, t2,n+1, . . . , tm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 1 − σn

″ − εn
″(  z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″KΩ z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″K 

m

i�1
li,n + σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ r1,n
″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ mεn
″L″

≤ 1 − σn
″(1 − KΩ)(  z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ r1,n
″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ σn
″K 

m

i�1
li,n + mεn

″L″

≤ z1,n, z2,n, . . . , zm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
″K 

m

i�1
li,n + σn
″ η1,n
″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ r1,n
″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ mεn
″L″.

(77)

Since (1 − σn
′(1 − KΩ))≤ 1, therefore using (76) and

(77) becomes

s1,n+1, s2,n+1, . . . , sm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn
′σn
″KΩ η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′σn
″K2Ω

m

i�1
li,n

+ σn
′KΩ r1,n

″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ σn
′KΩ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗

+ σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗

+ r1,n
′ , r2,n
′ , . . . , rm,n

′
����

����∗ + mσn
′εn
″KΩL

″
+ mεn
′L′.

(78)

Using (77) and (78), (75) implies that
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z1,n+1, z2,n+1, . . . , zm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
≤ 

m

i�1
φi,n + 1 − σn − εn(  z1,n, z2,n, . . . , zm,n  − p

∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σnKΩ

z1,n, z2,n, . . . , zm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σn
′σn
″KΩ η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′σn
″K2Ω

m

i�1
li,n

+ σn
′KΩ r1,n

″ , r2,n
″ , . . . , rm,n

″ 
�����

�����∗
+ σn
′KΩ η1,n
″ , η2,n
″ , . . . , ηm,n

″
����

����∗ + σn
′K 

m

i�1
li,n + σn
′ η1,n
′ , η2,n
′ , . . . , ηm,n

′ 
�����

�����∗
+ η1,n
′ , η2,n
′ , . . . , ηm,n

′
����

����∗ + r1,n
′ , r2,n
′ , . . . , rm,n

′ 
�����

�����∗
+ mσn
′εn
″KΩL

″
+ mεn
′L′
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+ σnK 

m

i�1
li,n + σn η1,n, η2,n, . . . , ηm,n ‖∗+

�����

����� r1,n, r2,n, . . . , rm,n ‖∗ + mεnL

≤ 1 − σn(1 − KΩ)(  z1,n, z2,n, . . . , zm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗
+ σn(1 − KΩ)


m
i�1φi,n

κ(1 − KΩ)
+

1
(1 − KΩ)

σn
′σn
″K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗
+ σn
′K2Ω2 r1,n

″ , r2,n
″ , . . . , rm,n

″
����

����∗ + σn
′KΩ η1,n
′ , η2,n
′ , . . . , ηm,n

′
����

����∗ + KΩ η1,n
′ , η2,n
′ , . . . , ηm,n

′
����

����∗

+ KΩ r1,n
′ , r2,n
′ , . . . , rm,n

′ 
�����

�����∗
+ η1,n, η2,n, . . . , ηm,n

����
����∗ + σn
′σn
″K3Ω2 + σn

′K2Ω + K  

m

i�1
li,n + mσn

′εn
″K2Ω2L″ + mεn

′KΩL
′

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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+ η1,n, η2,n, . . . , ηm,n 
�����

�����∗
+ r1,n, r2,n, . . . , rm,n

����
����∗ + mεnL,

(79)

Since it is given that limn⟶∞
m
i�1φi,n � 0, therefore,

limn⟶∞(z1,n+1, z2,n+1, . . . , zm,n+1) � (p∗1 , p∗2 , . . . ,

p∗m), and the result follows.

Conversely, assume that limn⟶∞(z1,n+1, z2,n+1,

. . . , zm,n+1) � (p∗1 , p∗2 , . . . , p∗m). From (59) and
limn⟶∞li,n � 0, we have

φi,n � zi,n+1 − 1 − σn − εn( zi,n + σn H ti,n  + ηn  + εnϑi,n + rn 
�����

�����i

≤ zi,n+1 − p
∗
i

����
����i

+ 1 − σn − εn( zi,n + σn H ti,n  + ηn  + εnϑi,n + rn  − p
∗
i

�����

�����i

≤ zi,n+1 − p
∗
i

����
����i

+ 1 − σn − εn( zi,n + σn H ti,n  + ηn  + εnϑi,n + rn  − 1 − σn − εn( p
∗
i + σnH p

∗
i(  + εnp

∗
i 

�����

�����i

· zi,n+1 − p
∗
i

����
����i

+ 1 − σn − εn(  zi,n − p
∗
i

����
����i

+ σn H ti,n  − H p
∗
i( 

�����

�����i

+ σn ηi,n

����
����i

+ ηi,n

����
����i

+ εn ϑi,n − p
∗
i

����
����i

+ ri,n

����
����i

.

(80)

By using (80), we have



m

i�1
φi,n ≤ 

m

i�1
zi,n+1 − p

∗
i

����
����i

+ 1 − σn − εn(  zi,n − p
∗
i

����
����i

+ σn H ti,n  − H p
∗
i( 

�����i

+ σn ηi,n‖i+
����

����ηi,n‖i + εn ϑi,n − p
∗
i ‖i+

����
����ri,n‖i 

≤ z1,n+1, z2,n+1, . . . , zm,n+1  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ 1 − σn(1 − KΩ)(  z1,n, z2,n, . . . , zm,n  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

�����

�����∗

+ σn σn
′σn
″K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n

″ 
�����

�����∗


+ σn
′K2Ω2 η1,n

″ , η2,n
″ , . . . , ηm,n ‖∗ + σn

′K2Ω2
�����

����� r1,n
″ , r2,n
″ , . . . , rm,n

″ ‖∗

+ σn
′KΩ η1,n

′ , η2,n
′ , . . . , ηm,n

′ ‖∗ + KΩ
�����

����� η1,n
′ , η2,n
′ , . . . , ηm,n

′ ‖∗

+ KΩ r1,n
′ , r2,n
′ , . . . , rm,n

′ ‖∗+
�����

����� η1,n, η2,n, . . . , ηm,n ‖∗

+ σn
′σn
″K3Ω2 + σn

′K2Ω + K  

m

i�1
li,n + mσn

′εn
″K2Ω2L″ + mεn

′KΩL
′


+ η1,n, η2,n, . . . , ηm,n ‖∗+
�����

����� r1,n, r2,n, . . . , rm,n ‖∗ + mεnL,

(81)
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which implies that limn⟶∞(
m
i�1φi,n) � 0.

Hence, the sequence (p1,n, p2,n, . . . , pm,n) 
∞
n�1 gen-

erated by (56) is J
zζi

ψi(.,pi)

ρi ,Ti
− stable, for each i ∈ Λ.

Tis completes the proof. □

5. Proximal Dynamical System

In this section, we consider the proximal dynamical system
technique to study the existence and uniqueness of the

solution of SENMVLI (19). In Section 3, we have shown that
the SENMVLI (19) is equivalent to a fxed point problem. By
using this equivalent result, we suggest and analyze the
following proximal dynamical system associated with the
SENMVLI (19). For each i ∈ Λ, we defne the residue vector
as follows:

Gi pi(  � hi pi(  − J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  . (82)

It is evident form Lemma 2 that SENMVLI (19) has
a solution (p1, p2, . . . , pm) ∈ 

m
i�1Hi if and only if

(p1, p2, . . . , pm) is a zero of the equation

Gi pi(  � 0, for each i ∈ Λ. (83)

Using the residue vector equations (82) and (83) and
fxed point formulation (27), we suggest the following
proximal dynamical system:

dpi

dt
� − ωiGi pi( 

� ωi J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (   − hi pi(  , pi t0(  � ci ∈Hi,

(84)

associated with SENMVLI (19), where ωi > 0 is parameter. We
call the proximal dynamical system (84) as extended nonlinear
mixed variational-like proximal dynamical system. Here, the
right hand side is related to the proximal operator and is
discontinuous on the boundary ofHi. From the defnition, it is
defnite that the solution of the extended nonlinear mixed
variational-like proximal dynamical system (84) belongs to the
constraint setHi. Tis points out that the approximate results
such as the existence, uniqueness, and continuous dependence
of the solution of (84) can be investigated.

To state our results, we need the following well-known
concepts.

Defnition 9 (see [23]). Te dynamical system is said to be
converge to the solution set Γ∗ of the problem (19), if,
irrespective of the initial point, the trajectory of the dy-
namical system satisfes

lim
t⟶∞

dist pi(t), Γ∗(  � 0, (85)

where dist(pi(t), Γ∗) � infqi∈Γ∗‖pi − qi‖.

If the solution set Γ∗ has a unique solution
(p∗1 , p∗2 , . . . , p∗m) ∈ 

m
i�1Hi, then (84) implies that

limt⟶∞(p1(t), p2(t), . . . , pm(t)) � (p∗1 , p∗2 , . . . , p∗m).

Defnition 10 (see [23]). Te dynamical system is said to be
globally exponentially stable with degree θ at p∗, if, irre-
spective of the initial point, the trajectory of the dynamical
system satisfes

p(t) − p
∗����
����≤ c0 p(t) − p

∗����
���� exp − θ t − t0( ( ,∀t≥ t0,

(86)

where c0 and θ are positive constants, independent of the
initial point.

Lemma  (see [23]). Let p and q be real-valued nonnegative
continuous functions with domain t: t≥ t0  and let
α(t) � α0(|t − t0|), where α0 is a monotone increasing
function. If, for all t≥ t0,

p(t)≤ α(t) + 
t

t0

p(s)q(s)ds, (87)

holds, then

p(t)≤ α(t) exp 
t

t0

q(s)ds . (88)

Te existence and uniqueness of the solution of
SENMVLI (19) is shown in Teorem 2. Now, by combining
Lemma 3 and Teorem 2, we obtain the unique solution of
extended nonlinear mixed variational-like proximal dy-
namical system (84).

Theorem 4. For each i ∈ Λ, letHi, gi, hi, Ti,ψi, ζ i, and ρi > 0
be the same as in Teorem 2 and let all the conditions of
Teorem 2 hold. For each i ∈ Λ, suppose that
Qi: Hi⟶HiKi-Lipschitzian mapping with the sequence
li,n , and S: 

m
i�1Hi is a nearly uniformly⟶ 

m
i�1Hi is
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a nearly uniformly max Ki: i ∈ Λ -Lipschitzian mapping
with the sequence 

m
i�1li,n 

∞
m�1 defned by (52) such that

Fix(S)∩ SEMVLI(Hi, gi, hi, Ti,ψi, Ai, i ∈ Λ)≠∅. Suppose
thatΩ< min 1, 1/Ki , for each i ∈ Λ, whereΩ is the same as
in (42). Ten, there exists a unique continuous solution
(p1(t), p2(t), . . . , pm(t)) of extended nonlinear mixed

variational-like proximal dynamical system (84) with
pi(t0) � ci over [t0,∞].

Proof. By Lemma 2, we have hi(pi) � J
zζi

ψi(.,pi)

ρi ,Ti
[gi(pi) −

(Ti(hi(pi)) + ρiAi(p1, p2, . . . , pm))] is a solution of
SENMVLI (19). For each i ∈ Λ, we defne
Fi: 

m
i�1Hi⟶Hi by

Fi p1, p2, p3, . . . , pm(  � ωi J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (   − hi pi(  , (89)

for all (p1, p2, . . . , pm) ∈ 
m
i�1Hi. Defne ‖.‖∗ on 

m
i�1Hi by

p1, p2, p3, . . . , pm( 
����

����∗ � 

m

i�1
pi

����
����i

,∀ p1, p2, . . . , pm(  ∈ 

m

i�1
Hi.

(90)

It is easy to see that (
m
i�1Hi, ‖.‖∗) is a Hilbert space.

Also, defne G: 
m
i�1Hi⟶ 

m
i�1Hi as follows:

G p1, p2, . . . , pm(  � F1 p1, p2, . . . , pm( ,F2 p1, p2, . . . , pm( , . . . ,Fm p1, p2, . . . , pm( ( , (91)

for all (p1, p2, . . . , pm) ∈ 
m
i�1Hi.

To prove that G(p1, p2, . . . , pm) is a locally Lipschitz
continuous mapping, suppose that (p1, p2, · · · , pm)≠

(p1, p2, . . . , pm) ∈ 
m
i�1Hi are given. By using (32) and (34)

and Teorem 1, for each i ∈ Λ, we have

Fi p1, p2, . . . , pm(  − Fi
p1, p2, . . . , pm( 

����
����i

� ωi

�������
J

zζi
ψi .,pi( )

ρi ,Ti
gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (   − hi pi(  

− J
zζi

ψi .,pi( 
ρi ,Ti

gi
pi(  − Ti hi

pi( (  + ρiAi
p1, p2, . . . , pm( (   − hi

pi(  

�������i


≤ωi pi − pi‖i + ωi

����
���� pi − hi pi(  + J

zζi
ψi .,pi( )

ρi ,Ti
gi pi(  − Ti hi pi( ( 

+ ρiAi p1, p2, . . . , pm(  − pi − hi
pi(  + J

zζi
ψi .,pi( )

ρi ,Ti
gi pi(  − Ti hi pi( ( (

+ ρiAi p1, p2, . . . , pm( ‖i.

(92)

Using the same technique of (35)–(39) and (42) and (92)
becomes

Fi p1, p2, . . . , pm(  − Fi
p1, p2, . . . , pm( 

����
����i

≤ωi pi − pi

����
����i

+ ωi Θi pi − pi

����
����i

+
τi ρi

αi + δi


j∈Λ,i≠ j

]i,j pj − pj

�����

�����j
⎛⎝ ⎞⎠,

(93)

where Θi � ξi +
������������
(1 − 2μhi

+ λ2hi
)


+ (τi(λTi

λhi
+

������������������
(λ2gi

− 2ρiμAii
+ ρ2i λ

2
Aii

)


))/(αi + δi). Applying the
similar arguments of (36) and (44), we have

G p1, p2, . . . , pm(  − G p1, p2, . . . , pm( 
����

����∗

� 
m

i�1
Fi

���� p1, p2, . . . , pm(  − Fi
p1, p2, . . . , pm( ‖i

≤max ωi: i ∈ Λ  

m

i�1
p1 − p1

����
����i

+ max Θi⎛⎝

+ 
k∈Λ,k≠ i

τk ρk

αk + δk

]k,i: i ∈ Λ
⎫⎬

⎭ 

m

i�1
p1 − p1

����
����i

≤ω 
m

i�1
p1 − p1

����
����i

+Ω
m

i�1
p1 − p1

����
����i

⎛⎝ ⎞⎠,

(94)
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i.e.,

G p1, p2, . . . , pm(  − G p1, p2, . . . , pm( ‖∗ ≤ω(1 +Ω)
����

���� p1, p2, . . . , pm(  − p1, p2, . . . , pm( ‖∗, (95)

where Ω � max Θi + k∈Λ,k≠i(τk ρk)/(αk + δk)]k,i: i ∈ Λ 

and ω � max ωi: i ∈ Λ . Terefore, G is a locally Lipschitz
continuous mapping. Hence, for each
(c1, c2, . . . , cm) ∈ 

m
i�1Hi, there exists a unique and con-

tinuous solution (p1(t), p2(t), . . . , pm(t)) of the extended
nonlinear mixed variational-like proximal dynamical system

(84), defned in an interval t0 ≤ t≤B with the initial con-
dition pi(t0) � ci, for each i ∈ Λ. Suppose that [t0,B] is the
maximal interval of the existence of the solutions of (84).
Now, we have to show that B �∞. For any
(p1, p2, . . . , pm) ∈ 

m
i�1Hi, we have

dpi

dt

�������

�������i

� Fi p1, p2, . . . , pm( 
����

����i

� ωi J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (   − hi pi( 

������

������i

≤ωi‖J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  

− J
zζi

ψi .,p∗
i( )

ρi ,Ti
gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (  ‖i

+ ωi pi − p
∗
i

����
����i

≤ωi ‖J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  

− J
zζi

ψi .,p∗
i( )

ρi ,Ti
gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  ‖i

+ ‖J
zζi

ψi .,p∗
i( )

ρi ,Ti
gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (  

− J
zζi

ψi .,p∗
i( )

ρi ,Ti
gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( (  ‖i

≤ωi pi − p
∗
i

����
����i

+ ωi Θi pi − p
∗
i ‖i +

τi ρi

αi + δi


j∈Λ,i≠ j

]i,j

����������

����������
pj − p

∗
j ‖j

⎛⎝ ⎞⎠.

(96)

Now, we calculate
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G p1, p2, . . . , pm( 
����

����∗ � 
m

i�1
Fi

���� p1, p2, . . . , pm( ‖i � 
m

i�1

dpi

dt

�������

�������i

≤ 
m

i�1
ωi pi − p

∗
i

����
����i

+ Θi pi − p
∗
i

����
����i

+
τi ρi

αi + δi


j∈Λ,i≠ j

]i,j pj − p
∗
j

�����

�����j
⎛⎝ ⎞⎠⎛⎝ ⎞⎠

≤max ωi: i ∈ Λ  

m

i�1
pi − p

∗
i

����
����i

+ max Θi⎛⎝

+ 
k∈Λ,k≠ i

τk ρk

αk + δk

]k,i: i ∈ Λ
⎫⎬

⎭ 

m

i�1
pj − p

∗
j

�����

�����i

≤ω 
m

i�1
pi − p

∗
i

����
����i

+Ω
m

i�1
pi − p

∗
i

����
����i

⎛⎝ ⎞⎠

≤ω(1 +Ω) 
m

i�1
pi − p

∗
i

����
����i

� ω(1 +Ω) p1, p2, . . . , pm(  − p
∗
1 , p
∗
2 , . . . , p

∗
m( 

����
����∗

≤ω(1 +Ω) p1, p2, . . . , pm( ‖∗ + ω(1 +Ω)
����

���� p
∗
1 , p
∗
2 , . . . , p

∗
m( ‖∗,

(97)

and therefore,

p1(t), p2(t), . . . , pm(t)( 
����

����∗ ≤ p1 t0( , p2 t0( , . . . , pm t0( ( 
����

����∗

+ 
t

t0

‖G p1(s), p2(s), . . . , pm(s)( ‖∗ds

≤ p1 t0( , p2 t0( , . . . , pm t0( ( 
����

����∗ + k1 t − t0(  

+ k2 
t

t0

p1(s), p2(s), . . . , pm(s)( 
����

����∗ds,

(98)

where k1 � ω(1 +Ω)‖(p∗1 , p∗2 , . . . , p∗m)‖∗ and k2 � ω(1 +Ω).
Using Lemma 3, we have

p1(t), p2(t), . . . , pm(t)( ‖∗ ≤ p1 t0( , p2 t0( , . . . , pm t0( ( 
����

����∗ + k1 t − t0(  
����� e

k2 t− t0( ),∀t ∈ t0,B . (99)

Hence, the solution is bounded for t ∈ (t0,B), if B is
fnite. Tus, B �∞. Tis completes the proof. □

Applying the approach of Xia and Feng [31, 32], we now
show that the trajectory of the solution of extended non-
linear mixed variational-like proximal dynamical system
(84) converges to a unique solution of SENMVLI (19).

Theorem 5. For each i ∈ Λ, let Hi, gi, hi,Ti,ψi, ζ i,
and ρi > 0 be the same as in Teorem 2 and let all the

conditions of Teorem 2 hold. If the following conditions
are satisfed:

χi � μhi
+

τi ρi

αi + δi


j∈Λ,i≠j

]i,j,

τi

������������������

λ2gi
− 2ρiμAii

+ ρ2i λ
2
Aii

 



< χi − ξi(  αi + δi(  − τiλTi
λhi

 ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(100)
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then, the extended nonlinear mixed variational-like proximal
dynamical system (84) converges globally exponentially to
a unique solution of SENMVLI (19).

Proof. In Teorem 2, we prove the existence of a unique
solution (p∗1 , p∗2 , . . . , p∗m) of the problem SENMVLI (19).
By Lemma 2, we have hi(p∗i ) � J

zζi
ψi(.,p∗

i
)

ρi ,Ti

[gi(p∗i ) − (Ti(hi(p∗i )) + ρiAi(p∗1 , p∗2 , . . . , p∗m))]. Also, in

view of Teorem 4, the extended mixed variational-like
resolvent dynamical system (82) has a unique solution
(p1(t), p2(t), . . . , pm(t)) over [t0,B] for any fxed ci ∈Hi,
for each i ∈ Λ. Let (p1(t), p2(t), . . . , pm(t)) �

(p1(t, t0; c1), p2(t, t0; c2), . . . , pm(t, t0; cm)) be the solution
of the initial value problem (84) with pi(t0) � ci, for each
i ∈ Λ. Now, we consider the Lyapunov function L defned
on 

m
i�1Hi by

L p1, p2, . . . , pm(  � ‖ p1, p2, . . . , pm(  − p
∗
1 , p
∗
2 , . . . , p

∗
m( ‖‖

2
∗,∀ p1, p2, . . . , pm(  ∈ 

m

i�1
Hi. (101)

For each i ∈ Λ, from (82), (91)–(95), and (101), and using
μhi

-strongly monotonicity of hi, we have

zL

zpi

dpi

dt
� 2〈pi(t) − p

∗
i ,

dpi

dt
〉i

� 2ωi〈pi(t) − p
∗
i ,J

zζi
ψi .,pi( )

ρi ,Ti
gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (   − hi pi( 〉i

� − 2ωi〈pi(t) − p
∗
i , hi pi(  − hi p

∗
i( 〉i

+ 2ωi〈pi(t) − p
∗
i ,J

zζi
ψi .,pi( )

ρi ,Ti
gi pi(  − Ti hi pi( (  + ρiAi p1, p2, . . . , pm( (   − hi p

∗
i( 〉i

≤ − 2ωiμhi
pi(t) − p

∗
i

����
����
2
i

+ 2ωi pi(t) − p
∗
i

����
����i

J
zζi

ψi .,pi( )
ρi ,Ti

gi pi(  − Ti hi pi( ( (

������

+ ρiAi p1, p2, . . . , pm(  − J
zζi

ψi .,p∗
i( )

ρi ,Ti
gi p
∗
i(  − Ti hi p

∗
i( (  + ρiAi p

∗
1 , p
∗
2 , . . . , p

∗
m( ( ‖i

≤ − 2ωi μhi
−
ξi αi + δi(  + τi λTi

λhi
+

������������������

λ2gi
− 2ρiμAii

+ ρ2i λ
2
Aii

 



 

αi + δi

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠‖pi(t) − p

∗
i ‖‖

2
i

− ωi

τi ρi

αi + δi


j∈Λ,i≠ j

]i,j‖pj − pj‖‖
2
j

≤ − 2ωi Φi pi(t) − p
∗
i ‖‖

2
i +

τi ρi

αi + δi


j∈Λ,i≠ j

]i,j

����������

����������
pj(t) − p

∗
j ‖‖

2
j

⎛⎝ ⎞⎠,

(102)

where Φi � μhi
− ξi(αi + δi) + τi(λTi

λhi

+
������������������
(λ2gi

− 2ρiμAii
+ ρ2i λ

2
Aii

)


)/(αi + δi). By using (102), we have
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dL

dt
� 

m

i�1

zLi

zpi

dpi

dt
� 2

m

i�1
〈pi(t) − p

∗
i ,

dpi

dt
〉i

≤ − 2
m

i�1
ωiΦi pi(t) − p

∗
i

����
����
2
i

+ ωi

τi ρi

αi + δi


j∈Λ,i≠ j

]i,j pj − pj

�����

�����
2

j

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

≤ − 2ωmax Φi +
τi ρi

αi + δi


j∈Λ,i≠ j

]i,j: i � 1, 2, . . . , m
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭


m

i�1
pi(t) − p

∗
i

����
����
2
i
,
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i.e.,

d

dt
p1, p2, . . . , pm(  − p

∗
1 , p
∗
2 , . . . , p

∗
m( ‖‖

2
∗≤ − 2ω∆

����
���� p1, p2, . . . , pm(  − p

∗
1 , p
∗
2 , . . . , p

∗
m( ‖‖

2
∗, (104)

where ∆ � max Φi + (τi ρi)/(αi + δi)j∈Λ,i≠j]i,j: i ∈ Λ  and
ω � ωi: i ∈ Λ . Terefore, we have

p1, p2, . . . , pm(  − p
∗
1 , p
∗
2 , . . . , p

∗
m( ‖∗ ≤

����
���� p1, p2, . . . , pm(  − p

∗
1 , p
∗
2 , . . . , p

∗
m( ‖∗ e

− ω∆ t− t0( ). (105)

Using the conditions (32) and (100), we conclude that
∆> 0. Hence, the trajectory of the solution of extended
nonlinear mixed variational-like proximal dynamical system
(84) converges globally exponentially to a unique solution of
SENMVLI (19). Tis completes the proof. □

6. Conclusion

In this work, we have studied a new system of extended
nonlinear mixed variational-like inequalities involving dif-
ferent nonlinear mappings in the setting of real Hilbert
spaces. Using the proximal operator technique, we have
shown that the system of extended nonlinear mixed
variational-like inequalities is equivalent to the corre-
sponding fxed point problem, and applying this equivalent
result, we have proved the existence and uniqueness of
solution of the system of extended nonlinear mixed
variational-like inequalities. Making use of equivalent fxed
point formulation and nearly uniformly Lipschizian map-
ping, we have proposed a new three-step iterative algorithm
with mixed errors to examine the convergence and stability
analysis of the suggested iterative algorithm under some
suitable conditions. Finally, we have analyzed and suggested
a proximal dynamical system associated with the system of
extended nonlinear mixed variational-like inequalities. We
have shown that the trajectory of the solution of the
proximal dynamical system converges globally exponentially
to a unique solution of the considered problem. We would
like to emphasize that the problem considered in this article
can be further investigated from diferent aspects such as
sensitivity analysis, well-posedness, approximation, and
numerical analysis. Te concepts and method of the

proposed operator splitting scheme may be extended for
solving the system of quasi variational-like inequalities,
system of equilibrium problems, and other related gener-
alized systems.
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