Hindawi

Journal of Mathematics

Volume 2023, Article ID 7543844, 5 pages
https://doi.org/10.1155/2023/7543844

Research Article

@ Hindawi

Normal Structure and Some Inequalities of Geometric
Parameters in Banach Space X and X~

Ji Gao

Department of Mathematics, Community College of Philadelphia, Philadelphia, PA 19130-3991, USA

Correspondence should be addressed to Ji Gao; jgao@ccp.edu

Received 23 February 2023; Revised 30 March 2023; Accepted 13 April 2023; Published 3 May 2023

Academic Editor: Guotao Wang

Copyright © 2023 Ji Gao. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Let X and X* be a Banach space and its dual, respectively. In this paper, we study the relations between modulus of W . (¢) and
modulus {y. (¢) in X* and normal structure in X, respectively. Among other results, we proved either W y. (¢) <¢&/2, for any
0<e<2, or {x. () <1+e¢, for any 0<e<1, implies both X and its dual X* have uniform normal structure.

1. Introduction

Suppose X, B(X), S(X), and X* be a real Banach space, its
unit ball of X, its unit sphere of X, and its dual space of X,
respectively. Let x € S(X), we use V, € S(X*) to denote the
set of all norm one supporting functionals at x. Let
X1, %, € B(X), we use [x,x,] to denote the line segment
connecting x; and x,. For a 2-dimensional subspace X, of X
and x, x, € S(X,), we use x,, X,, which denotes the curve
on S(X,), connecting x; to x, counter-clockwise, and
1(x,, x,) denotes the arc length of the curve x,, x,.

For H in X, where H is a bounded subset, d(H) =
sup {|lx — yll: x, y € H} is used to denote the diameter of H.

The following geometric concepts were introduced in
1948 [1]:

Definition 1. A bounded and convex subset K of X is said to
have a normal structure if for every convex subset H C K,
there is a point x,€ H, such that sup{lx,— yll:
y € H} <d(H).

X is said to have a normal structure, or weak normal
structure if each bounded and convex subset H € X, or each
weakly compact convex set K € X has a normal structure.

If there exists a number ¢ with 0 < ¢ < 1, such that for any
bounded closed convex subset K<X, sup{lx, - yl:
yeKi<c-d(K) for a x, € K, then X is said to have
a uniform normal structure.

The mapping T: C — C, where C is a subset of X, is
called nonexpansive if for all x,ye€C, we have
ITx - Tyl <lx - yl. For fixed point property of a non-
expansive mapping T: C — C, please refer [2-4].

Kirk [3] proved that every nonexpansive mapping T in
a convex and weakly compact subset C of X has a fixed
point in C.

Gao [5] introduced the following concept: the modulus
of W, x-convexity:

Definition 2. Let V be the set of norm 1 support functionals
of S(X) at x and r, (x, y) = inf {<x — y/2, f ), for f, € V_}.
Then, Wi x(e) =sup{r,(x,y)llx — yll<e},for0<e<2 is
called the modulus of W, x-convexity.

In this paper, we use an equivalent definition for
W x-convexity:

Definition 3. Wy (&) = sup {{x — y/2, f): x, ¥ € S(X),
x — yll <eforsome f, € V,}, where 0<e<2.

In general, W,y (e) and W,y. (¢) are not equal, for
0<e<2.

Gao [6] introduced the modulus of {y (e).

Definition 4. {x(e) = sup {l(xﬂl,\a_clz): X1, %, € S(X) satisty
(xy = x,, fy)<eforaf, €V,}, where 0<e<2.
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We had W (e) <e/2 and W,y () <{x (¢) for 0<e<2.
Both W« (¢) and (x (¢) are nondecreasing functions in [0, 2]
[5, 6].

In this article, we show the relation between modulus of
Wix- (¢) in X* and normal structure in X, and modulus
{x. (¢) in X* and normal structure in X, respectively. More
results for fixed points of nonexpansive mapping are ob-
tained. Among other conclusions, we proved X with
Wiy (€)<e/2, where 0<e<2, or (4. (e)<1+e¢ where
0<e<1, implies X and its dual X* both have the uniform
normal structure.

2. Modulus W . (¢)

Theorem 1 (See [7-9]). The following proved that

(a) If X is an uniformly nonsquare space, then X must be
a supper-reflexive space, and therefore reflexive space

(b) X* is a super-reflexive space if and only if X is a super-
reflexive space.

The following proved that [5]

Theorem 2 (See [5]). A space X is uniformly nonsquare if for
0<e<2, we have Wy (¢) <¢&/2.

Theorem 3 (See [5]). A space X has a normal structure if for
0<e<2, we have Wy (¢) <¢&/2.

Lemma 1 (Bishop-Phelps-Bollobas [10]). For a Banach
space X and 0 <e < 1, if an element z € B(X) and an element
h € S(X*) satisfy the condition 1 — (z,h) < €*/4, then there
exist an element y € S(X) and an element g € V,, such that
we have ||y — zll <e, and also ||g — hl| <e.

Example 1. Let X = ¢y, X* =1, and X** = ,. Then,
(a) Wl%(e) =¢/2, for 0<e<2
(b) Wy, (&) = €/2, for 0<e<2
In fact,
(a) Let x; = (1,1,0,...,0,0,0,...) € S(cy),
x, = (£1,0,...,0,0,0,...) € S(c,),~1<t <1,

1
f1=0,0,0,...,0,0,0,...) e V, <S(I)). (V)

We have {x; —x,, f{) =1—t, and
||x1—x2||%:||(1—t,o,o,...,0,0,0,...)||CO:1—t. (2)

So, cho(l—t) =1-t/2, for -1<t<1.
Let ¢ =1 —1t, we have W, (&) = €/2,0<e<2.
(b) Let x; = (0,1,0,0,...,0,0,0,...) € S(I,),
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X, =<—,1 —t,—,O,...,0,0,0,...) €S(l),0<t<1,
2 2 (3)

fi=(-1,1,-1,0,...,0,0,0,...) € V, <S(l,).

We have (xy = x4, f10 = (12,8, -1/2,
0,...,0,0,0,...), (-1,1,-1,0,...,0,0,0,...)y =2t,  and
lx, - Xl =1 (-t/2,t,-t/2,0,...,0,0,0,.. .)||,l = 2t.

So, W1,1(2t) =t0<t<1.

Let ¢ = 2t, we have Wy, (e) =€/2,0<e<2.

Example 2. (See [11])

(a) If H is a Hilbert space, we have W, (¢) = (/2)%,
when 0<e<2

(b) For space X, Wix (e) = sup{1/2(1 —n*
(x, )): x,y € S(X), lx - yll < e}, where
n*(x,y) =lim,_ . llx +tyl - 1/t.

If X is a reflexive Banach space, or separable Banach
space, or one of those spaces that admit an equivalent
smooth norm, then U (X*) is weak* sequentially compact
([12], Ch. XI1I).

Lemma 2 (See [13]). Let B(X*) be weak™ sequentially
compact but X fails to have a weak normal structure, then
there are sequence {x,} €S(X) and sequence {f,} <S(X*)
such that for any €>0,

(@ fi-fill>2-¢ ifi#j;ifi#j
() {xpfiy =1 if1<i<o0

() Kxjp fdl<e if i#j

(@) lllx; = x;ll - 1l <e

Theorem 4. Let X be a Banach space and B(X*) weakx
sequentially compact but X fails to have a weak normal
structure, then for some 0<e<2, we have W . (¢) > ¢/2.

Proof. Let 0<t<1, and tf, + (1-t)f, € [f;, f,] where
[f1> f,]isaline segment which connect f, and f, in B(X™),
andlettf, + kf, €f,, f,, where f,, f, is an arc between f,
and f, on S(X*). Then, from the convexity of B(X™), we get
k=1-t

Since (e —x,/1+6 f1)=21—¢ from
Bishop-Phelps-Bollobds theorem, there exist y, € X, and
g1 € X* with |ly, <e, and ||g, |l <€ such that

X — X x| — X,

€

2
+y, f + = 1, Therefore
1+e¢ yofitaw 1+e¢

(4)

+y1 € Vf1+g1'
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We have I(fi+g1)- fi +kf)l =
I -0f, —kfy+gll<l—t+k+e
But, {x; —x,/1+e+y, (f1 +g)) - (tf1 +kf))

X, — X
=(ﬁ+y1,(l—t)fl—kf2+gl>,

SR (1 0f, -k + e (L= 0f, —kf)
te (5)

X1 — X
+HE—— 4y a0,
< 1+e Y1910

=<

>1-t+k-2e

So. sup {(x, fo = £,12): o fy € S(X NS £l
1-t+k+eforsomex € V,}>1-t+k/2-4e

Since & can be arbitrarily small as we need, from con-
tinuity of W k. (¢), we get W x. (1 -t +k)>1 -t +k/2.

Let e=1—-t+k, it is clear that 0<e<2, we have
Wix. (€) >¢/2, for any 0<e<2. O

Theorem 5. Let B(X*) be weak™ sequentially compact and
W x- (€) < &/2, then for an arbitrary 0 <e <2, X has a normal
structure.

Proof. From Theorem 2, if W . (¢) <&/2 for an arbitrary
0<e<2 we have X" as uniformly nonsquare. Therefore,
both X and X* are super reflexive. So, the normal structure
and the weak normal structure coincide. O

3. Modulus {. (¢)

For a 2-dimensional subspace X, of space X, it is clear that
S(X,) is a simple closed curve which is symmetric about the
origin and unique up to orientation. For more properties of
curves, please see [5, 7, 14] and [15].

Theorem 6 (See [2, 4, 15]). For a 2-dimensional Banach
space X,. The following statements are true:
(a) 6<I1(S(X,)<8

(b) 1(S(X,)) = 6 if and only if S(X,) is an affine regular
hexagon

(c) 1(S(X,)) = 8 if and only if S(X,) is a parallelogram

Lemma 3 (See [16]). Ifx,,x, € B(X) with 0 <e <1 such that
lx; +x,1/2>1—¢,  then for all 0<c<l and
z =cxy + (1 —c)x, € [x,x,], it follows that ||z| > 1 - 2e.

1

=< ((L+mx, = xy), f1 = 7 +<

1+ 2¢

1+ 2¢

For the following, we assume 1(x,,x,)<1/21(S(X,))
where x,x, € S(X).

Example 3. (a)
(Co (¢) = 2, whene = 0; (Co () =2+ e when0<e<?2

(b) (,l (&) = 2, whene = 0; (l] () =2+ & when0<e<2

(c) If H is a Hilbert space, {j; (&) = 2sin™ '¢?/8, when
0<e<2

Theorem 7 (See [6]). If (x(e)<1+¢ for any 0<e<]1, or
(x (e) <2¢, for any 1 <e<2. Then, X is uniformly nonsquare.

Theorem 8 (See [6]). If {x(e) <1 +e¢, forany 0<e<1, then
X has a normal structure.

Theorem 9. If B(X™) is weak= sequentially compact and for
any 0<e<2, (x.(e)<1+¢ then space X has a normal
structure.

Proof. Since (y. (¢) <1+ ¢ for any 0<e<2, we have either
(x-(e)<l+eg for any 0<e<1, or (y.(e) <2 for any
1<e<2, s0 X* is uniformly nonsquare. Therefore, both X
and X* are super reflexive. So the weak normal structure and
the normal structure coincide.

If X fails to have a weak normal structure, then for any
¢>0, there are a sequence {x,}<S(X) and a sequence
{fn} C S(X™*) such that it satisfies 4 conditions of Lemma 2.

Suppose 8(t)>0, and f = (t(—f)+ (1—1t) (—f))+
0(6)(—f, - F1)) = (40 (~f )+ (1—t+0(8)(-],) €
S(X*), we have 0<0(t) <t.

Since |- f,+ f1/2l21-¢  from
lE(f)+ (L=t)(=f)l=1~-2¢ for 0<t<1.

Then, If - (~f )l = (¢ +6(8)(~f)+ (1—t+06(1)
(=f2) = RN =1E+00) (—f)+ (=t+0(®)(-f)l =
I +6() (f)+ E-0®)(=f)ll =2t +0(2) (f)+
(t =0 () (—f)2t] =2t - 4e.

Let (xy, f1) =1 Then, Inl<e and
/1 +2e((1+m)x; —x,), f10 =1 By using the
Bishop-Phelps-Bollobds theorem, there exist y € X, and
geX* with |yll<e, and |gll<e such that
1/1+2e((1+m)x; —x,)+y € Viig € S(X**).

We have (1/1 +2e((1+n)x; —x,)+», f1+9—-f)

Lemma 3,

(L +mxy =) + 3,90 +<p f1=

1
:(m((l+n)x1 =%,), (L+t+0))(f1)+ A -t +0®)(fL)

+<

1
1+ 2¢

_2t(1+n)
o142

+ 4¢

+4e<2t +6efor0<t<1.

(6)
(T+1)

(Q+mx; =)+, D+ f1—- D<——= (1 +t+0(1) - (1 -t +6(1)))

1+ 2¢



From Theorem 6, we also have

Journal of Mathematics

(f1+9 F)2U(fo=1:) +~Fo f) = U f1+ g 1) 2| = R +=fa = fl = 8ex | fo+ £l +11 + 1]

X+ X,

-8e=¢( 5

We have (. (2t + 66) 21 + 2t — 12e.

Since ¢ can be arbitrarily small, we have (. (2t) > 1 + 2t,
for any 0<t<1.

Let 2t = €. Then, 0<e<2.

This is equivalent to {x. (¢)>1+¢, forall 0<e<2. O

4., Uniform Normal Structure

Let N be the set of all natural numbers, and let X; = X for all
i € N be a Banach space X. For more properties of an X,
please see [17-19].

We proved that

Theorem 10 (See [6]). If {x(¢) <1 +¢, then forall 0<e<1,
for all nontrivial ultrafilter U on N, we have CX% (e) = {x ().
Similarly, we have

Theorem 11. If W,y (¢) < &/2, then for all 0 <e<2, and for
all nontrivial ultrafilter U on N, we have Wy (¢) = W x (¢).

Theorem 12 (See [20]). For a super-reflexive Banach space
X, Xq, has a uniform normal structure if and only if X has
a normal structure.

Theorem 13. Let W . () <&/2, for all 0 <& <2, then both X
and its dual X* have a uniform normal structure.

Proof. From Remark 2.1, Theorem 2 and Theorem 11, we
have W, x. (¢) <¢/2, for any 0 <e<2, then from Theorem 3,
Theorem 5, and Theorem 12, both X and its dual X* have
a uniform normal structure. O

Theorem 14. Let (. (€)<1+¢, forall0<e< 1, then both X
and its dual X* have a uniform normal structure.

Proof. From Theorem 7, Remark 2.1 and Theorem 10, we
have Cx:;[ () <1 + ¢ for all 0<e< 1. Then, from Theorem 8,
Theorem 9, and Theorem 12, we have both space X and its
dual space X* have the uniform normal structure. O
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