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In this paper, we present a novel Galerkin spectral method for numerically solving the stochastic nonlinear Schrédinger (NLS)
equation driven by multivariate Gaussian random variables, including the nonlinear term. Our approach involves deriving the
tensor product of triple random orthogonal basis and random functions, which enables us to effectively handle the stochasticity
and nonlinear term in the equation. We apply this newly proposed method to solve both one- and two-dimensional stochastic NLS
equations, providing detailed analysis and comparing the results with Monte Carlo simulation. In addition, the proposed method
is applied to the stochastic Ginzburg-Landau equation. Our method exhibits excellent performance in both spatial and random

spaces, achieving spectral accuracy in the numerical solutions.

1. Introduction

Nonlinear Schrodinger equation is applied in many fields of
physics, such as nonlinear modulation of collisionless
plasma, nonlinear wave model, nonlinear optics, and log-
arithmic Schrédinger equation [1-5]. In practice, some
parameters in the physical equation may be uncertain or the
model itself may have random disturbance and these dis-
turbances may be related to each other. At present, the
stochastic nonlinear Schrodinger equation studied are
mostly driven by the Wiener process, white noise, or colored
noise [6]. It has been studied theoretically and numerically
and takes the form

idy + Aydt + Myl ydt + ydW =0, (1

where i =+v~1, L€ R, and W is a infinite-dimensional
Wiener process.

The polarization orientation of laser plasma can be
characterized by initial conditions that exhibit both ran-
domness and interrelationships. We can use the model as
follows [7]:

2 AL +21A%?
+ g — Ai = 0, (2)

RZNCEN 0’A,
1+ €(|A¢|2 +|A?L|2)

ot ox’

where x is the spatial variable and A, and A_ are the
clockwise and counterclockwise circularly polarized com-
ponents, respectively. The initial condition of A, and A_
may have the Gaussian input as

GG

The random variables « and f3, which are correlated with
each other, are often assumed to follow a multivariate Gaussian
distribution in practical scenarios. Consequently, investigating
the stochastic nonlinear Schrodinger equation driven by
multivariate Gaussian random variables has become a prom-
inent research topic. When solving this equation, the presence
of the nonlinear term poses a challenging problem, regardless
of whether it is driven by noise or a Gaussian random variable.

In [2], the NLS equation (1) is driven by the high-
dimensional colored Wiener process. In the Hamiltonian
energy space, by implementing a scalar transformation on


https://orcid.org/0000-0001-9813-1508
mailto:xiehongling316@163.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/8007384

the noise, the uniqueness of the solution of the unknown
function and the conditions for strong and weak solutions
can be deduced theoretically [8]. In [3], this paper focuses on
the study of the nonlinear Schrdodinger equation with
a point-like source term. The calculation of the nonlinear
terms is closely linked to the energy norm.

In [9], the stochastic NLS equation (1) driven by white
noise is numerically solved by symplectic and multi-
symplectic methods. The calculation of the nonlinear term in
the symplectic method involves satisfying the global Lip-
schitz condition, while in the multisymplectic method, it is
determined by ensuring the discrete charge conservation
law. The two discrete schemes have good properties in long-
term calculation, and both meet the discrete charge con-
servation principle [8, 10].

In [11], this paper presents a proof that the solution to
the stochastic nonlinear Schrédinger equation can be ef-
fectively approximated by the solution of a coupled splitting
scheme. Numerical calculations show that both the evolu-
tion of charge and the exponential moments of energy reach
strong convergence rates. In [12], this work employs the
splitting approach to approximate the NLS equation and
aims at demonstrating the strong and weak order of the
splitting scheme. Convergence analysis is often used in the
calculation of nonlinear terms, or the stochastic value of
wave function at a certain time is directly used [3].

In this paper, we consider a stochastic nonlinear
Schrodinger equation driven by multivariate Gaussian
random variables of the following form:

i%—lf+aAw+V(7,§)l//+/\|w|2w:0, (4)

where a € R, A represents the Laplace operator, V (¥, £) is
some known random function, and X is the spatial vector. §
is a multivariate Gaussian random variable.

When the higher order numerical method is required,
the stochastic Galerkin (SG) spectral method is favorable
[13]. The numerical calculation of the nonlinear term and
how to construct orthogonal basis is a challenging problem.
In previous studies, many techniques have been proposed
including the probability measure transformation method
[14-16], domination method [14, 17-19], measure-
consistent polynomial chaos expansion method [20, 21],
and Gauss-Schmidt orthogonalization method [22-28].

In [29], suppose ( is a one-dimensional Gaussian ran-
dom variable and H (-) represents its corresponding set of
orthogonal polynomials. Let «, 3, and y be any nonnegative
integer, and denote a A = min{a, 8}.

Ha(()Hﬁ((): Z Bl(%ﬂ:Q)HM/pzq(O: (5)

qsanp

1/2
e[
a/\a/\ a-q ()

Valpl(a + - 2g)!

qa-g!(B-q)!’
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where < 3) = al/q! (a — q)!, and the other two parentheses

of (6) do the same factorial operation. The deduced tensor
product of a double orthogonal basis and random functions
is applicable when { is a multivariate Gaussian random
variable.

Expanding on prior research, this paper aims at de-
ducing the tensor product form of a triple random or-
thogonal basis (7) and random functions (8). We proposed
a Galerkin spectral method for effectively solving the sto-
chastic nonlinear Schrédinger (NLS) equation, which is
driven by multivariate Gaussian random variables. In ad-
dition, we conduct numerical computations of the nonlinear
term by representing it as a random function:

H, (OH (DH, ({), 7)
u( OV (Qw(Q), (8)

where u(-),v(-), and w(-) are all random functions.
Our main techniques include the following:

(i) We construct a mapping transformation that con-
nects multivariate Gaussian random variables to
independent Gaussian random variables.

(ii) Initially, we assume that the unknown function in
the stochastic NLS equation can be expressed as
a generalized polynomial chaos expansion. We then
utilize the mapping transformation to convert it
into an equation driven by independent Gaussian
random variables. In addition, based on the deri-
vations provided in Appendices A and B, we express
the nonlinear term in the form of a generalized
polynomial chaos expansion. Finally, we implement
the stochastic Galerkin spectral method within the
Gaussian measure space to solve the stochastic NLS
equation.

(iii) By solving the equations derived in the process, we
obtain deterministic differential equations for the
coefficients of the expansion.

In addition, we employ the Monte Carlo method to
simulate the stochastic NLS equation in one and two di-
mensions with different sample sizes. We then compare the
results obtained using the proposed method with those
obtained through the Monte Carlo simulation.

The organization of this paper is as follows. In Section 2,
we discuss the stochastic Galerkin spectral method for
solving the NLS equation driven by multivariate Gaussian
measure. Section 3 presents known conclusions in the field.
In Section 4, we deduce the tensor product forms of triple
orthogonal basis and triple random functions. Section 5
demonstrates the application of our proposed method to
solve one- and two-dimensional stochastic NLS equations.
We analyze the results and compare them with those ob-
tained using the Monte Carlo method. In addition, we apply
the proposed method to the stochastic Ginzburg-Landau
equation. Section 6 provides a summary of the proposed
method and the results obtained.
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2. Galerkin Spectral Method for the NLS
Equation Driven by Multivariate
Gaussian Measure

To present the method, we consider equation (4) and the
unknown function u = u(%,&(w)). X is the spatial vari-
ables, and £ (w) € RX is the K-dimensional random variables
with Gaussian measure. The joint probability density
function is p(¥) (YeRX), E(w) = (¢ (0),& (w),
oo (), or &= (§,&,,...,&) typically represents the
uncertainties in the model.

2.1. Stochastic Galerkin Spectral Method. The procedure to
design the stochastic Galerkin (SG) spectral method for (4) is
as follows [19, 30, 31]:

(i) Suppose the random input function V (%,£), the
stochastic nonlinear term |1//|2, and the unknown
function v (%, ¢, &) have the following polynomial
chaos expansion form:

(@O =y (T = Y T (F, 00, (), (9)
ae VK
Wl == Y F(X.09,®) Y V(X 0)pp(E) (10)
ae]N‘K BE]N’K
V(?,E)zVN’K(}),i): ;})qu(?)goa(i)’ (11)

where the orthogonal basis set {g, (£),a € #VK}
corresponds to the dependent Gaussian variables §.
¥ (+) represents its conjugate form.

(ii) Transform (4) into the equivalent variational for-
mulation, for all orthogonal basis functions v,
finding v such that

E i%_‘fv Faby(E R+ VETYE T+ Ww(s,?)v] -0, (12)
- 1, i=j,
where the mathematical expectation E is calculated J-QViVde y = 0, i#j (13)

according to the joint probability density function
of the measure §, and X€ D c R%.

(iii) The weight function of v should correspond to the
joint probability density function of § for orthog-
onal basis functions v; and v; satisfying the follow-
ing equation for any {i,j} € 7:

So all of the v = {g,,k € #VX}, and the originally
stochastic problem is reduced to the following
finite-dimensional and deterministic PDE problem,
for all ¢,, finding y™"K such that

0 - - - -
E i—w(pK +aly (X, 8o, +V (X, )y (X, 8o, +/1|1//|21//(x,£)goK =0. (14)

ot

(iv) We use the second-order time splitting spectral
method for the above deterministic problem.

We can construct the mapping relationship § —7 n
[31], which can potentially transform a dependent



multivariate Gaussian random vector § into a set of linearly
independent Gaussian random variables n = (1,9, ...,
Nx)- By the maps 7,§ =9 ' (n), (9)-(11) and (14) can be
rewritten as follows:
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YUHRLTTTM) = ) P (R 00, (), -
ae gk
WP =yg~ Y F (X0 Y (X, )0(m), 6
ae]NK ‘;E]N,K
VKR, T () = ;MVAYNQWL )
9 . o .
E ia_f Op + aly ( x,rl)(D‘; +V (X, ny( x,r])d)ﬁ +A|1//|21//( x"l)%] = 0. (18)

The proposed method exhibits remarkable spectral ac-
curacy convergence, particularly in its ability to achieve high
precision in terms of the mean square error. To illustrate this
concept, let us examine a scenario where both the spatial
variable and the random variable are limited to a one-
dimensional context. Let u(x,t,€&) and h(x,t,&) be the
exact solution and the approximate solution, respectively
[30, 32].

M
E(lu - hl); = ]Z(:) (jﬂ(aj (x,1) = h; (x, t))ﬁdm%t,
(19)

where Q is a constant independent of M (truncation
number), ¢ is time, and m > 0 is a real constant depending on
the smoothness of u in terms of &.

3. Known Conclusion

For the random vector n= (4,1, -..,g), Where
N> My - - -» Mg are independent to each other, by the tensor
product, we may construct the multivariate polynomial as
follows:

cDa (“) = ¢txi(’7i)’ (20)

—

i=1

where a = (a4, ...,ay) and each index «; € {0,1,2...,N}.
We remark that the orthogonal basis {¢,(x)}(n=
0,1,2,...,00) provided by (20) satisfies the orthogonality
condition

E g, =T 21
((pn (I/Il)¢m (rlt)) - Ymm — { 0, ntm. ( )

We note that {¢ai(”i)}a.:0 v is the orthogonal poly-
nomial constructed from the Gaussian measure related to
random variable 7; (see also equation (21)). Here, ¢, (17;)

represents the Hermite polynomial.

Given a finite nonnegative integer N and K, we define

a truncated multi-indicates set and some set of operations
[29].

K
jN‘Kz{az(ocl,...,ocKHoci €{0,...,N},|qf :ZociSN}.
i=1
(22)

For any {a,B,y € 7} and K> 1,

(i) Factorial.a! = [TX ;.

(ii) Sizerelation.
avp: (max{a;, B;},i=1,2,...,K),
anp: (min{a;, B;},i=1,2,...,K),
a=p: (o =p8}i=12,...,K),

(iii) AdditionSubtraction.a + = (o; = f;,i = 1,2,

..., K).
(iv) Combinationfactorial.( E ) =al/p!(a—-B)!,

( ‘;‘Y ) = al/Bly! (a— - y).
Then, any two polynomials from the set

[®,(n),a e #FNK) (here, {®,(n) is defined in (20)) are
orthogonal to each other, i.e.,

I, a=§,
a

N,K
o arh BegVE (23

E[®, (N (n)] ={

We know that the dimension number of the truncated
polynomial space is

N (K+n-1 (K+N)!

) NK] _ =7
dlm{q)a(n),aEf }‘%( » >_ KIN!
(24)

To simplify the calculation, some important conclusions
of orthogonal basis are established as follows. For any

apecg,
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O (MPg(M) = Y By (af, Py 2 (M),

q<anp
B 12 (25)
Blwq):[(“)(ﬁ)(“*“ 2“)] IRV G e
el b ' _ ' _ ' b
q/\q a-q q'(a-q!(p-q!
where By is similar to (6) for multi-indicates situation; for =~ where 6; =a+p, q<aAp, and
more details of (25), see [29]. Denote random functions u =
u(X,t,n) and v = v(X,t,1) based on [29]
uv = Z < Z Z G (el’ [3’ q)l’t(-)l—[3+qv|3+q)CD(-)l ('])7
0,€.7 \ q€.7 0<p<6,
(26)
00\ /B+a) /0 -B+a\1" b, /(B+q! (6 —p+q)
Ci(0,,8.9) = = 18!(0, — B)! ' 27)
l; q q qB'( 1 ﬁ)'
4. Tensor Product of Triple Random Orthogonal
Basis and Random Functions
In this section, we deduced the tensor product of a triple
random orthogonal basis and random functions by relying
on established conclusions.
S (P, = Y D D By(eys g Puspryr(pegen (s (28)
psanyqgsanBr<fAy
o a+f+y-2(p+q+r)\1"
e[ ) Ul
pa/\gr/\pr a-p-qp-q-r (29)

B ValBiyla+B+y—-2(p+q+71)
plari(a-p-ql(B-q-nlly-p-nl

In combination with Appendix A, for any a, B,y € ™K,
we have a multi-indicates situation as follows:

a B Y a+P+y-2(p+q+r) 12
s[5 I
p.q/\qr/\pr a-p-q,p-q-r (30)

(Da@l;(Dy = Z Z Z B, (a, B) Y:P> 9 I')(Dcl+[3+y—2(p+q+r) (Tl)

Psanyq<sanPrspAy

The proof of (28) and (29) can be seen in Appendix A.



Through our numerical calculations, we have derived the
following conclusions pertaining to the triple random un-
known function. Suppose u, v, and w have the following SG
chaos expansion:

uN’K(Y, t, 9_1(q))

Y 4 (X, 00 (n),

anN.K
M LTI W) = Y BE e, (5
pesNe
WXL T ) = Y @y (X0, ().
ye sk

uvw = Z uvwy, Dy, (),
0,7

PES qEF re 7 0,=a+p+y

where 0, =a+p+y, p<any, q<aAP, r<PAy, and the
multi-indicates situation
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In combination with Appendix B, we have the following
multi-indicates situation:

(32)
”Vw02 = Z Z Z Z CZ (P’ qr 62’ @ ﬁ’ Y)ua+p+qvﬁ+q+rwy+r+p’
0, a+p+q B+q+r Y+p+r 172
ap P:q qr p:r (33)

_ Va+p+@Q!(B+q+)!(y+p+1)0,!

The proof of (32) and (33) can be seen in Appendix B.

5. Numerical Experiments

In this section, we test the accuracy of the proposed method
by solving stochastic one- and two-dimensional NLS
equations, respectively. All the presented stochastic equa-
tions are driven by bivariate random Gaussian variables. In

p!q'rlalBly!

addition, we assume that the unknown function have a pe-
riodic boundary condition in the spatial direction and will
use the Fourier spectral method to approximate the un-
known function y [33, 34].

To minimize computational costs, we can derive the
conclusions by utilizing equations (26) and (32), which are
obtained from the application of equations (15)-(17).

YV =y VIS N R 00, (m) Y V(R 0)d(n)

aegNK

pes™

0,€.7 \ g7 0<p<0,

_y (z S C, (0BT pan

>(D91 (I])’
(34)

WPy =yyg= Y G (Z,00,m) Y Fp(X, 001 Y ¥, (F,00, ()= Y Ty 0y (1),

ae 7Nk

peNx

ye VK 0,67

rez = Z Z Z Z C2 (P’ q, I, e2’ a, B’ Y){/}a+p+qipﬁ+q+r@y+r+p'

PES Q€7 re.7 0,=a+P+y

Then, (18) is equivalent to the Galerkin system as follows:
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i(@x)t + aAipx + Z Z C1 (K’ B’ q)lpx—[brqvﬁﬁ-q +A Z Z Z Z CZ (P’ ¢1nKa ‘3’ Y)l’pu+p+q17/ﬁ+q+r$y+r+p =0. (35)

qe.7 0<p<k

To solve the Galerkin system (35) numerically, in the
spatial and time direction of the Galerkin system, we used
the Fourier spectral method and the second-order time
splitting method, respectively. We used the pseudospectral
method to ‘compute the Fourier coefficients of ¥, g +qV[; q
and ¥ V/a+p+q‘/’6+q+rwv+r+p [29]. The expectatlon second-order
moment, and variance of ¥ (X,t) can be calculated as
follows:

Ely(¥X,0)] = vy,

E[y*(%.1)] = Voo
| | ; (36)

Var[y(¥,6)] = )

ae g NK

To demonstrate the accuracy of this method, we define
the errors in terms of expectation and variance for the real
and imaginary parts, respectively.

,K] -E [Wexact] ] 'max’
IEierrnr?)gr = 'lmag [[E [WN’K] -E [v/exact] ] 'max’
Var:‘i})r = 'real [Var [WN)K] - Var [v]exact]]

= 'real [[E [1//N

error

(37)

)K] — Var [l/]exact] ]

where ||, real[-], and imag][-] represent the absolute Value,
real part, and imaginary part, respectively. The errors [Eerror
and Varll = correspond to the deviations in the real and
imaginary parts of the expectation and variance, re-
spectively. To emphasize the accuracy and efficiency of the
proposed method, we employ the Monte Carlo method to
simulate the stochastic NLS equations in one and two di-
mensions using varying sample sizes. A comparative analysis
is then performed between the Monte Carlo method and the
proposed method.

Var™ = imag [Var [V/N

>
max

5.1. Stochastic 1D NLS Equation. Consider the following
stochastic one-dimensional NLS equation:

2
za—w + aa—w +V(x, E)l//+/\|1//|21// =0, x € [-6m,6m],

ot ox*
(38)

R
where X = x.

PES q€F re.f k=a+f+y

v, = f(§) sin(x),
V(x,8) = f(§)%sin’ (x) -

FE)=1+2 V10(&, - &,) |,

\/— (& +&) -
A=-lLa=1b=1

Equation (38) has the following analytical solution:
f&, fz)efzit sin (x). (40)

The random variables § = (&,,£,) ~ N (yy, > 03, 0% R)
(i.e., they are bivariate Gaussian random variables).
Y1,y 02,05,and R are  some  known  constants
(M) =4y = 0,02 =05 =0.25,R=0.9 is taken in our calcu-
lation later).

Based on the maps I

V2

Wexact =

between § and y,

&= — (V0025 5, ~ VOAT5 ),
(41)
£ = g (V/0.025 77, + V0.4751,).

Then, f(§) and V (x,§) can be rewritten as follows:

F&L8) =1+ +n,,

(42)
V(x,&,&) = (1471, +1,)sin’ (x) - b.

In Example 1, Tables 1-4 present a summary of our
results, illustrating the errors in the real and imaginary parts
of the expectation and variance of the random solution at
different time points. On the other hand, Tables 5-8 display
the results obtained through Monte Carlo simulations for
equation (38).

Figure 1(a) displays the real and imaginary components
of the expectation of the approximation solution. Figure 1(b)
depicts the real and imaginary parts of the error in the
expectation (top) and variance (bottom) for equation (38) at
T =2.

5.2. Stochastic 2D NLS Equation. Consider the following
stochastic two-dimensional NLS equation with the same
random function f (§) as one-dimensional case:
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TaBLE 1: The real part of the expectation error for the solution equation (38) at different time points by the proposed method and with time
step At = 0.0001.

t t=03 t=0.5 t=0.8 t=1 t=15
Er! 1.09474E - 4 3.9075E -5 1.5473E - 4 2.3408E - 4 1.3733E -4

error

TaBLE 2: The imaginary part of expectation error for the solution equation (38) at different time points by the proposed method and with
time step At = 0.0001.

t t=03 t=05 t=0..8 t=1 t=15
Eimag 1.3834E - 4 4.9246E - 5 3.0282E -5 6.1699E - 5 5.2435E - 4

error

TaBLE 3: The real part of the variance error for the solution equation (38) at different time points by the proposed method and with time step
At =0.0001.

t t=03 t=05 t=0..8 t=1 t=15
Var'®! 6.2920E - 4 3.3184E -4 8.0057E -5 8.7284E - 4 1E-3

error

TaBLE 4: The imaginary part of the variance error for the solution equation (38) at different time points by the proposed method and with
time step At = 0.0001.

t t=03 t=05 t=0.8 t=1 t=15
Varlmag 1.9928E - 4 7.0690E - 5 8.4386E — 4 9.5322E - 4 27E-3

error

TaBLE 5: The real part of the expectation error for the solution equation (38) for different sample sizes and different time points by Monte
Carlo simulation and with time step At = 0.01.

t t=03 t=05 t=08 t=1 t=15
Erel 0.0091 0.0058 1.5581F — 4 0.0028 0.0135 §=10*
Eree! 0.0011 0.0021 7.6401E - 5 7.1761E — 4 0.0055 §=10°

error

& represents the sample size.

TaBLE 6: The imaginary part of expectation error for the solution equation (38) for different sample sizes and different time points by Monte
Carlo simulation and with time step At = 0.01.

t t=03 t=05 t=0.8 t=1 t=15
Eima 0.0062 0.009 0.0053 0.0061 0.0019 § = 10*
Eima 7.3979E — 4 0.0032 0.0026 0.0016 7.8633E — 4 § =10°

error

& represents the sample size.

TaBLE 7: The real part of the variance error for the solution equation (38) for different sample sizes and different time points by Monte Carlo
simulation and with time step At = 0.01.

t t=03 t=05 t=08 t=1 t=15
Var! 0.0048 0.0066 0.0078 0.0232 0.0369 §=10*
Var'! 1.8037E — 4 0.0078 7.372E - 4 0.0029 0.007 §=10°

error

§ represents the ample size.

TasLE 8: The imaginary part of the variance error for the solution equation (38) for different sample sizes and different time points by Monte
Carlo simulation and with time step At = 0.01.

t t=03 t=05 t=08 t=1 t=15
Varimag 0.0124 0.0144 4.5566E — 4 0.0269 0.0108 §=10*
Varimig 4.6393E — 4 0.017 43107E -5 0.0034 0.002 §=10°

error

& represents the sample size.
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FIGURE 1: (a) Plots of the expectation of approximation solution for equation (38) at T' = 2. The red and blue dashed lines represent the real
and imaginary parts of the approximate solution, respectively. (b) Plots of the real and imaginary parts of the errors in the expectation (top)

and variance (bottom), respectively. The time step is At = 0.0001.

TaBLE 9: The real part of expectation error for the solution equation (43) at different time points by the proposed method and with time step

At = 0.000001.

t t=03 t=05 t=0.38 t=1 t=15
real 9.769E - 8 9.9034E — 7 5.0436E — 6 1.013E - 5 1.6847E - 5
o 3y iy R By analyzing the data presented in Tables 1-4 and 9-12,
1E+0.5a ?+? +V(x, 3,8y + Ayl 'y =0, along with Figures 1 and 2, it becomes evident that the
x y proposed method achieves spectral accuracy in the context
(43)  of the stochastic nonlinear Schrodinger equation with
- B _ multivariate Gaussian measure, even in long-time scenarios.
where X = (x,7), (x,y) € [-6m 671] x [-6m, 67]. In comparison, Tables 5-8 and 13-16 indicate that Monte
Yo = f (&) sin(x)sin(y), Charlo simulation does ncl)lt exhibili high accurlacy. Even wh;:ln
the accuracy occasion eaches spect ccuracy, the

V(3 E) = £ () sin (0)sin () b, (44) accuracy occasionally rea pectral accuracy.

A=-lLa=1b=1

Equation (43) has the following analytical solution:
Veract = f (£, &2)e” " sin (x) sin (). (45)

In Example 2, we present the summary of our results in
Tables 9-12, which demonstrate the errors in the real and
imaginary parts of the expectation and variance of the
random solution at different time points. In addition,
Tables 13-16 display the results obtained through Monte
Carlo simulations for equation (43).

Figure 2(a) illustrates the real and imaginary compo-
nents of the expectation of the approximation solution.
Figure 2(b) presents the real and imaginary parts of the error
in the expectation (top) and variance (bottom) for equation
(43) at T = 2, respectively.

computational cost remains significant and the overall ef-
ficiency is low.

5.3. Application. This section discussed the application of
stochastic Ginzburg-Landau equation of the following
forms:

ou i .
54_5(54—19‘[)

o’u

+ylul u+-gu = ——au,
2 Zg 2

o

where 7 =0.01, 8 = -1, g = —1. The initial condition is

(46)

up (t, %, 1, &) = sech (£, x)e™*. (47)

The distribution of random variables (£,,&,) ~ N (y;,
thy> 02,03, R) is the same as Example 1. For y = 0.1, we use
a=00l,a=1,a=12,and a = 3.
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TaBLE 10: The imaginary part of expectation error for the solution equation (43) at different time points by the proposed method and with
time step At = 0.000001.

t t=03 t=05 t=0..8 t=1 t=15
Eimag 4.2669E -7 1.0061E - 6 6.2788E — 7 3.0115E -6 5.8374E -5

error

TaBLE 11: The real part of the variance error for the solution equation (43) at different time points by the proposed method and with time
step At = 0.000001.

t t=03 t=05 t=0.8 t=1 t=15
Varted! 2.3195E -5 4.4213E-5 4.1201E -6 9.7694E - 5 1.989E — 4

error

TaBLE 12: The imaginary part of the variance error for the solution equation (43) at different time points by the proposed method and with
time step At = 0.000001.

t t=03 t=05 t=0.8 t=1 t=15
Varlmag 1.0554E - 5 1.634E - 5 9.4247E - 5 1.0701E - 4 4.3271E -4

error

TaBLE 13: The real part of expectation error for the solution equation (43) for different sample sizes and different time points by Monte Carlo
simulation and with time step At = 0.01.

t t=03 t=05 t=08 t=1 t=15
Erel 2.8411E - 4 0.0021 5.3607E — 4 7.0779E — 4 0.0127 §=10*
B 6.9489E — 4 3.3865E — 4 2.4584E - 5 2.6083E — 4 0.0042 8 =10°

error

& represents the sample size.

TaBLE 14: The imaginary part of the expectation error for the solution equation (43) for different sample sizes and different time points by
Monte Carlo simulation and with time step At = 0.01.

t t=03 t=05 t=0.38 t=1 t=15
[E'e'r“rigr 1.9437E - 4 0.0032 0.0184 0.0015 0.0018 & =10
[Eimag 4.754E - 4 5.2741E -4 8.4158E - 4 5.6993E -4 5.9161E - 4 §=10°

error

& represents the sample size.

TaBLE 15: The real part of the variance error for the solution equation (43) for different sample sizes and different time points by Monte Carlo
simulation and with time step At = 0.01.

t t=03 t=05 t=08 t=1 t=15
Var! 0.0089 0.0189 0.0261 0.0375 33E-3 §=10*
Var'! 0.0026 0.0016 0.0073 0.0025 9.3E-3 §=10°

error

§ represents the sample size.

TaBLE 16: The imaginary part of the variance error for the solution equation (43) for different sample sizes and different time points by
Monte Carlo simulation and with time step At = 0.01.

t t=03 t=05 t=08 t=1 t=15
Varimg 0.0228 0.0414 0.0015 0.0435 9.5616E — 4 8 =10*
Varimag 0.0068 0.0034 4.2521E - 4 0.0029 0.0027 §=10°

error

& represents the sample size.
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W (x,y,2,8,,8,) At=0.000001 T=2 At=0.000001
Reality Imaginary Reality Imaginary
x10 %10

Eerror
Eerror

y -20 -20

%1073 x10*
5 1

— =

& g

5o 50

= sl =L
20 20

(a) (b)

FIGURE 2: (a) Plots of the expectation of approximation solution for equation (43) at T = 2. (b) Plots of the real and imaginary parts of the
errors in the expectation (top) and variance (bottom), respectively. The time step is At = 0.000001.

(0 (d)

FiGURre 3: The expectation of amplitude of approximation solution for equation (46) at different time points for different parameters. The
time step is At = 0.001. (a-d) Corresponding to the cases where « = 0.01,0.1, 1.2, and 3, respectively.
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In Figure 3, we present the expectation of the amplitude
of the approximation solution for equation (46) at various
time points, considering different parameter values. Spe-
cifically, Figures 3(a)-3(d) correspond to the cases where «
takes the values of 0.01, 0.1, 1.2, and 3, respectively.

6. Concluding Remarks

We have developed a novel spectral numerical method for
solving the stochastic nonlinear Schrédinger equation
driven by multivariate Gaussian measure. This method
demonstrates spectral accuracy in both spatial and random
spaces, even in long-term scenarios. We applied this efficient
and accurate numerical method to investigate the one- and
two-dimensional stochastic NLS equations driven by bi-
variate Gaussian variables. In order to compare the accuracy
and efficiency, we employed the Monte Carlo method to
simulate the results of the one- and two-dimensional sto-
chastic NLS equations for different sample sizes. The pro-
posed method outperformed the Monte Carlo method in
terms of calculation accuracy and efficiency. In addition, we
utilized the proposed method to calculate the expectation
amplitude at a specific time for the Ginzburg-Landau
equation. In future work, we plan to extend the proposed
method to establish mapping relationships for other types of
multivariate random variables and perform numerical cal-
culations for stochastic nonlinear Schrodinger equations.

(oz

q o0

Journal of Mathematics

Appendix

A. Tensor Product of Triple
Hermite Polynomials

Hermite polynomials have a generating function [29, 35]

v(x,z) = e FE Z —P”(x)z”. (A.1)
n=0

n!

The unnormalized Hermite polynomials are as follows:

"y (x,2)

P,(x)= 57 (A.2)

z=0
Any three generating functions of Hermite polynomials
are multiplied

- 0%/24+x0 —Z*[2+xz _— W /2+xw
e e

v (x,0)y(x2)y(xw) =e

_ ezw+za+awex2/2—[(z+w+a)—x]2/2

(A.3)

Expanding (A.3) into a Taylor series of variable z, w, and
o, we have

o) p © " p
v (6 0y (x, 2)y (. 0) = ;) (Z;j) qzo ) o ) 9 o0t

Leta=m+p+q,f=q+r+nandy=p+r+v Then,
(A.4) can be rewritten as follows:

2 2 )

psanygsanBr<pAy

v (%, 0)y (%, 2y (xw) = Z Z Z(

a=0 =0 y=0

Considering (A.1), (A.3), and (A.5), we have

k—m k-m-n

>

p=0g=0r=0m=0 n=0 »=0

Pk (x) k fe—m prr+k—-m-n  q+r+n_m+p+q
lalr k! g we oz
plairlit \ " (A4)
iy (X) mtptq , qtrn _prty
Plglriminty! e
P . (x)
a+f+y-2(p+q+r) « By
zZ wo. A5
p!q!r!(a—p—q)!(ﬁ—q—r)!(y—p—r)!) (4.5)
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P, (x) Pﬂ (x) P (x) Ptx+ﬂ+y—2(p+q+r)(x)
o P 18 P<;Vq<;\ﬁr<;\ypq!r!(“_P_q)!(ﬁ_q—r)!(Y_P—T’)!' (A.6)
Therefore,
PP P, ()= Y Y Y ahly! P (%)
TR _Psm\yqsm\ﬁrsﬁ/\yp!q!r!(“_P_Q)!(ﬁ_q_r)!(Y_P_r)! arfry-2(prrn) L (A7)

Consider the relationship between unnormalized Her-
mite polynomials and standard Hermite polynomials,

B Valyla+B+y-2(p+q+r7)
Ha O (O, () = Ps;\yqs;\ﬁ rs;\y plgiri(a—p-!(B-qg-nl(y-p- r)!H“J'ﬁJ'V_Z(PJ’q”) (). (A.8)

Denote
alflyla+Bf+y-2(p+q+r)
By (& By, p»g:7) = ,\/, /3_)» \/_ ;ﬁ f _ pl q_ —)!

plgirt(a-p-q!(B-q-nl(y-p-r)
o a+B+y-2(p+g+r) 12
pa/\ar)\pr a«-p-ap-q-r

H,(x)Hg()H, (x)= Y > Y By (B pr @ Hpspeya(prger (%)
psanyqgsanBr<fAy
which completes the proof. where «, 8, and y are any nonnegative integers, # is a one-

dimensional Gaussian variable. Denote p<aAy,g<
B. Tensor Product of Triple Random Functions  aAB,r<fAy.

Suppose random functions u, v, and w have the following SG
chaos expansions [29]:

U= ., (),

V= %Vﬁ(/sﬁ(r])) (Bl)

w= Zwv¢y (),
Y

uvw = Z Z Z utxvﬁwy(/szx (}7)¢ﬁ(’7)¢y(71) = Z Z Z uavﬁwy Z Z Z BZ (“’ﬂ’ Y> p’q’ r)¢a+ﬁ+y—2(p+q+r)(’7)'

acf fe g yef acf fe g ye s pLany gsaABr<pAy
(B.2)

Denote &=a—-p-q, f=f-gq-r, and =y—p—r.
Then, (B.2) can be rewritten as follows:
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(BZ) = Z Z Z uE‘*’P"'qVEJqurru);*'P*r

Eeffjdej yeJ

Journal of Mathematics

DA%

For simplicity, we denote @=a, f=p 7 =9, and
0 = a + B +y. Then, (B.3) is equivalent to

(B.3) = Z Z Unr prqVB+qrrWysp+r Z

4 e:%ﬁﬁ p

0 P q v O=a+f+y

(B.3)
@+p+'\B+q+r)F+p+r)@+p+7)
PRy wgiy (1
N+ p+I(B+g+0)(y+p+n)'o
;Z plglrlalply! %0 (1)
= Z <Z Z Z Z G (6, p.q. 7, ﬁ> y)utx+p+qvﬁ+q+rw}/+p+1’ >¢6 (77)’
(B.4)

AN+t p+ ! (B+g+n)(y+p+1)o

Cy (6, pr g1, 0, poy) = plgirlalply!

|:< 0 ><a+p+q><ﬂ+q+r
) ap P4 g7

which completes the proof.
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