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Fuzzy graphs have many applications not only in mathematics but also in any field of science where the concept of fuzziness is
involved. The notion of fuzziness is suitable in any environment, which favor to predicts the problem and solve this problem in
a decent way. As compared to crisp theory, fuzzy graphs are a more beneficial and powerful tool to get better accuracy and
precision due to their fuzziness property. A topological index is a numerical value which characterizes the properties of the graph.
Topological indices were basically developed for chemical structures, but these are also used for general graphs as well. In chemical
graph theory, topological indices are used to extract the chemical properties of the graphs. These indices are also well studied in
fuzzy environment. Applications of fuzzy graphs are found in medicines, telecommunications, traffic light control, and many
more. Our aim is to find these fuzzy topological indices for flower graphs to strengthen the concepts of fuzziness in general graphs.

In this paper, some novel results for f,,., flower graphs are achieved.

1. Introduction

Humans are facing various problems in real life which can be
resolved with a variety of algorithms through graph theory.
Therefore, the importance of graph theory in different fields
such as chemistry and biochemistry to elaborate chemical
structures, in computer science to develop algorithms, in
network flow problems to resolve traffic issues, finding the
shortest path, scheduling the airlines, railway trains, and
busses to connect numerous cities effectively. Traveling of
large number of passengers from one place to another in the
shortest possible time is a massive problem. While resolving
such problems, it has been observed that sometimes solu-
tions of these problems may not be unique nor exact, this
means that some solutions may just be a very good ap-
proximation. In such cases, approximations are the best

outcome of such complex problems. Some real-world
problems along with their solution using graph theory are
listed below.

Fuzzy graphs are the generalization of the crisp graph.
The concept of fuzziness was introduced by Zedah [1].
Information gained through computational perception and
cognition, ie., imprecise, uncertain, partially accurate,
vague, or without sharp limitations can be dealt with fuzzy
logic. Advance computing techniques based on fuzzy logic
can also be effectively used for the development of intelligent
systems for identification, decision making, optimization,
control, and pattern recognition. Moreover, it provides an
effective way to resolve conflict and better assess opportu-
nities and multiple criteria. The environment of fuzziness is
favorable in all situations where uncertainty plays a vital role.
This is the reason for introducing the concept of fuzzy
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graphs. Rosenfield [2] demonstrated the notion of fuzzy
graphs. Yeh and Bang [3] have established the same notion
and portray the importance of clustering analysis. There are
certain kinds of centrality measures such as closeness, be-
tweenness, and degree measures which have been discussed
by Borgatti [4]. Connectivity is another invariant in graph
theory and is also useful in decision-making analysis [5, 6].

The topological molecular conformation index is
a nonempirical value that affects the size of the molecular
structure and its sequence of branches. In this sense, it can be
viewed as a fractional topological index, which describes
individual molecular structures with a real number and is
examined as a descriptor of the molecule.

There are several topological indicators, several of
which are applied in chemistry nowadays. The structural
characteristics of the diagrams used to calculate this may
be graded; for example, the Hosoya index, the Randic
communication index, the Zagreb community index, etc.
The Wiener index, which depends on the relative dis-
tance of the topological tops in the graph, is the most
known and most used topological index mathematicians
and chemists study this field. Interest in this subject is
therefore being sought worldwide for topological graphic
indices.

In 1973, Kaufmann [7] introduced the first definition for
a fuzzy graph using Zadeh’s [8] fuzzy relations. In 1975,
a more detailed description is credited to Rosenfeld [2], who
introduced the fuzzy graph theory by considering fuzzy
relations on fuzzy sets. He established some relations re-
garding the properties of path graph, trees, and various
graphs. The notion of fuzzy cut, nodes, and fuzzy bridges was
introduced by Bhattacharya in [9]. The generalization of
a crisp graph is a fuzzy graph. Hence, there exist many
similar properties between them and also deviate at several
places. In crisp a graph G = (V, E), where V and E are the
sets of vertices and edges, respectively, a bijective function
f: VUE — N that allocates a natural number to every
vertex and/or edge is known a labeling.

Ameenal [10] develops a new idea of fuzzy magic la-
beling of cycle and star graph. Vimala and Nagarani [11]
gave the generalized concept of energy of fuzzy labeling
graph. Nagoor et al. [12] describe various properties of fuzzy
labeling of path graph and star graph. Numerous definitions
and basic concepts are discussed in [13-15]. Fuzzy topo-
logical analysis of pizza graph has been discussed in [16].

Topological indices are a powerful tool in the field of
chemical graph theory. The topological index describes the
physicochemical properties of molecular structures. Many
topological indices are available in the literature with respect
to degree, distance, and spectrum. The very first topological
index is the Wiener index which was established in 1947
when Wiener was working on the boiling point of paraffin
[17]. This index got a very rich impact due to its use in the
application of different fields such as chemical graph theory
and spectral graph theory. In the current research, people are
working in fuzzy topological indices. For instance, Binu has
introduced the Wiener index [18] and connectivity index
[19] for fuzzy graphs. Islam et al. [20] studied the Wiener
index for saturated fuzzy graphs. Islam et al. [21] also shed

Journal of Mathematics

a light on the notion of hyper-Wiener index. In 1972,
Gutman and Trinajstic [22] introduced the degree-based
topological indices and used these indices to find total
n-electron energy for saturated hydrocarbons.

2. Motivation

The topological indices are getting great importance these
days. Researchers are motivated to work in this direction,
where the application part of topological indices plays
a critical role. Many fuzzy topological indices established
recently and modification in these indices are also in-
troduced [20, 21, 23-25]. We have filled the gap in research
of fuzzy topological indices. We have found the fuzzy to-
pological indices of general structures which have not been
discussed before. These results are beneficial in chemical
graph theory and any other field where the graphs are
isomorphic to some structures. Mufti et al. [26] have found
general results for chemical graphs using fuzzy topological
indices such as the first and second fuzzy Zagreb indices, the
fuzzy harmonic index, and the Randic index. In this paper,
using the abovementioned fuzzy topological indices, we have
found the general results for the flower graph f,.,.
Topological indices have many advantages in a crisp
environment as these indices give physiochemical properties
of chemical structures, but in a fuzzy environment, it gets
more benefits and advantages. In a recent research [27],
a new model of fuzzy topological indices has been proposed
to investigate the cybercrimes. Our proposed model is
beneficial for chemical industries where they can use this
model for the chemical documentation of chemicals.

3. Flower Graph f, .

A graph H is named as (m x r)-flower graph, if it carries m
vertices forming m-cycle and m sets with r —2 vertices
forming r-cycles around the m cycle, so that each r-cycle
uniquely intersects with the m-cycle on a single edge and is
symbolized by f,,.,. Clearly, f,. . contains m x (r —1)
vertices together with mr edges while the r-cycles represents
the petals and m-cycles the center of f ., [28]. For example,
Figure 1 shows the diagram of flower graphs.

4, Preliminaries

In this section, we will define some basic definitions.

Definition 1 (see [29]). An undirected finite graph H is fuzzy
graph (having no loops or parallel edges), having set of finite
vertices V (H) and set of finite edges E (H). Two mappings o
and p, where o: V(H) — [0,1] and u: V(H) xV (H)

— [0, 1] such that y (v,v,) <o (v;) Ao (v,) for every pair of
vertices vy, v, € V(H).

Definition 2 (see [29]). The degree of vertex of a fuzzy graph
H can be defined as the sum of all the weights of edges
corresponding to vertex v;mathematically, it is represented
as
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FIGURE 1: f,,; and f ., respectively.

j
dv) = Zy(vu), wherev#u. (1)
n=1

Definition 3 (see [29]). The order O (H) of a fuzzy graph H
can be defined as the sum of all the weights of vertices;
mathematically, it is represented as

O(H) =) o(v). (2)

Definition 4 (see [29]). The size S (H) of a fuzzy graph H can
be defined as the sum of all the weights of edges; mathe-
matically, it is represented as

S(H) = ) u(vu), (3)

for all vertices u,v € V(H) and v#u.
Kalathian et al. [30] introduce the concept of fuzzy
Zagreb indices defined as follows.

Definition 5. The first Zagreb index is denoted by M (H) and
defined as

q
M(H) = Z o (uy) [duk]z. (4)

k=1

Definition 6. The second Zagreb index is denoted by M* (H)
and defined as

M =3 Y (o) @duo(n) @) (9

kleE(G)

Definition 7. The Randic index of fuzzy graph H is defined
as

R(H)% Y o) (du)o(m) @)™ ()

kleE(G)

Definition 8. The harmonic index of fuzzy graph H is de-
fined as

1 1
P(H) == .
() =3 2 | oo () + o o) )

(7)

5. Application of Fuzzy Graphs

One cannot deny the importance of fuzzy graphs in real life.
Fuzzy graphs having various applications in numerous fields of
life such as the telecom sector, social networking, control of
traffic signals, air network, and several others. Fuzzy graphs are
also used in optimization techniques to solve real-world
problems in the field of statistic, economics, decision theory,
and many more. Some applications have already been dis-
cussed in the earlier section, and a few are discussed in [31, 32].

6. Zagreb Indices of Flower Graph f,,;

Suppose that H = f,,., be a flower graph shown in Figure 1,
fomx3 consist upon 2m vertices and 3m edges for all m € N.

Theorem 9. Let H = f,, 5 be a fuzzy flower graph, then the
first fuzzy Zagreb index of H = f,., flower graph is
M(H) = 0.748 m.

Proof. Let H = f,, 5 fuzzy flower graph shown in Figure 1.
The partition of the vertex set is as follows.

Weight of all vertices us € m-cycle is 0.3 with cardinality
m and has vertex weight 0.6, where the remaining
vis € r-cycle has a weight of 0.4 with cardinality m and has
a vertex weight of 0.4; therefore, the total count of vertices is
2m.

M(H,) = z o () [

=(0.3) [m(0.6)2] +(0.4) [m(0.4)2]

(8)
=(0.3)[0.36m] + (0.4)[0.16m]
=0.108m + 0.64m
= 0.748m.

O

Theorem 10. Let H = f,, 5 be a fuzzy flower graph, then the
second fuzzy Zagreb index of f,.; flower graph s
M* (H) = 0.045 m.

Proof. Let H = f,, 5 flower graph shown in Figure 1. The
partition of the edge sets is as follows.

The edge set E; € m-cycle with end vertices weight (0.3,
0.3) has one (01) partition having degree type (0.6, 0.6) with
cardinality m. The edge set E; € r-cycle with end vertices
weight (0.3, 0.4) has one (01) partition having degree type
(0.6, 0.4) with cardinality 2m.



M (H) = 1

N |

kl€E(G)

N =

+

N =

1
= - [0.0324m + 0.0576m]

= % [0.9m]

= 0.045m.

Theorem 11. Let H = f,, 5 be a fuzzy flower graph, then the
Randic fuzzy Zagreb index of H = f,,. 5 flower graph is
R(H) = 8.665m.

Proof. Let H = f, 5 be a flower graph shown in Figure 1.
The partition of all types of edges in the form of sets is as
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Z [0 (we) (duye)o (vi) (dv)]

[ (m) (0.3) (0.6) (0.3) (0.6)] + % [(2m) (0.3)(0.6) (0.4) (0.4)]

[(0.0324) (1) + (0.0288) (2m)]

(9)

O
follows: The edge set E; € m-cycle having weights of the
vertices (0.3, 0.3) has one (01) type of partition with degree
type (0.6, 0.6) has cardinality m. The edge set E; € r-cycle
having weights of the vertices (0.3, 0.4) has one (01) type of
partition with degree type (0.6, 0.4) has cardinality 2m.

RO =3 Y [olw) (dug)o () )™

kleE(G)

- % [ (m)[(0.3)(0.6)(0.3) (0.6)] ] + % [(2m)[(0.3)(0.6) (0.4) (0.4)] "]

= % [ (m)[0.0324] 2 4 (2m)[0.0288]" “2]

1
=5 [5.55m + 5.89 (2m)]

= 8.665m.

Theorem 12. Let H = f,, 5 be a fuzzy flower graph, then the
harmonic fuzzy Zagreb index of H = f .5 flower graph is
P(H) =433m.

Proof. LetH = f,, 5 be a flower graph shown in Figure 1. The
partition of all types of edges in the form of sets is as follows.

(10)

O

The edge set E; € m-cycle having weights of the

vertices (0.3, 0.3) has one (01) type of partition with

degree type (0.6, 0.6) has cardinality m. The edge set

E; € r-cycle having weights of the vertices (0.3, 0.4) has

one (01) type of partition with degree type (0.6, 0.4) has
cardinality 2m.
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1 1
P(H) = 2 kle;G) [0(“k) (duy) + o (v;) (dv)

1 m 2m

- 2 [ (0.3)(0.6) + (0.3)(0.6) " (0.3)(0.6) + (0.4) (0.4)
B 11 m 2m
T2 [E " ﬁ]

1
=5 [2.78m + 5.88m]

= 4.33m.
(11
O

M) = Y o () [du ]

k=1

= (0.3)[m(0.6)*] + (0.4) [(m(r - 1) — m) (0.4)*]

7. Zagreb Indices of Fuzzy Flower Graph f .

Let H, = f,,, be a fuzzy flower graph shown in Figure 1,
consist upon m (r — 1) vertices and mr edges. (4 x 3)-flower
graph f, 5 and (4 x 6)-flower graph f, ¢, having 8 vertices
and 12 edges and 20 vertices and 24 edges, respectively.

Theorem 13. Let H, = f,,., be a fuzzy flower graph, then
the first fuzzy Zagreb index of H, = f ., fuzzy flower graph is
M (H,) = (0.64mr — 1.172m).

Proof. Let H, = f,,,, be a fuzzy flower graph shown in
Figure 1. The partition of the vertex set is as follows.

Weight of all the vertices u}s € m-cycle is 0.3 with car-
dinality m and has a vertex weight of 0.6 where remaining
vis € r-cycle is 0.4 having count of m(r — 1) —m and has
vertex weight of 0.4; therefore, the total count of vertices is
m(r—1).

(12)

=(0.3)[0.36m] + (0.4)[0.16 (mr — 2m)]
=0.108m + 0.64 (mr — 2m)

=0.64mr — 1.172m.

Theorem 14. Let H, = f ., be a fuzzy flower graph, then
the second fuzzy Zagreb index of H, = f .., fuzzy flower
graph is M (H,) = (0.0066 m + 0.0128mr).

Proof. Let H, = f,,,, be a fuzzy flower graph shown in
Figure 1. The partition of all types of edges in the form of sets
is as follows.

M (Hl) =l

kleE(G)

O
The edge set E; € m-cycle having weights of the vertices
(0.3, 0.3) has one (01) type of representations all having degree
type (0.6, 0.6) with cardinality m. The edge set E; € r-cycle
having has two (02) type of representations, 2t vertices have
weights (0.3, 0.4) having degree type (0.6, 0.4), and remaining
mr — 3m vertices have weights (0.4, 0.4) having degree type
(0.4, 0.4); therefore, the total count of edges is mr.

Y. lo(w) (dug)o(w) (dv)]

= % [ (1) (0.3)(0.6)(0.3) (0.6)] +% [(2m) (0.3)(0.6) (0.4) (0.4)]

+ % [(mr — 3m)(0.3) (0.6) (0.4) (0.4)]

(13)

- % [(m) (0.0324)] + % [(2m) (0.0288)] + % [(mr — 3m) (0.0256)]

1
= [0.0324m +0.0576m + 0.0256mr — 0.0768m)]

= 0.0066m + 0.0128mr.



Theorem 15. Let H, = f,,., be a fuzzy flower graph, then
the Randic fuzzy Zagreb index of H, = f,,., fuzzy flower
graph is R(H,) = (3.125mr — 0.71 m).

Proof. Let H, = f,,., be a flower graph shown in Figure 1.
The partition of all types of edges in the form of sets is as
follows.

KI€E(G)

1
2

+% [ [(mr - 3m) (0.3)(0.6) (0.4) (0.4)] "]
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The edge set E; € m-cycle having weights of the vertices
(0.3, 0.3), has one (01) type of representations, all having
degree type (0.6, 0.6) with cardinality m. The edge set
E; € r-cycle having two (02) type of representations, 2m
vertices have weights (0.3, 0.4) having degree type (0.6, 0.4),
and remaining mr — 3m vertices have weights (0.4, 0.4) with
degree type (0.4, 0.4); therefore, the total count of edges is
mr.

2 Z [‘7(”k)(d”k)g("l)(dvz)]fm,

== [(m)[(0.3)(0.6)(0.3)(0.6)]"*] + % [(2m)[(0.3)(0.6)(0.4) (0.4)] ]

(14)

= % [(M) [0.0324] 2 + (2m)[0.0288] 2 + +(mr — 3m) [0.0256]71/2]

1
=3 [5.55m + 5.89 (2m) + 6.25 (mr — 3m)]

=3.125mr - 0.71m.

Theorem 16. Let H, = f ., be a fuzzy flower graph, then
the harmonic fuzzy Zagreb index of H, = f ... fuzzy flower
graph is H(H,) = (1.5625mr — 0.3575m).

Proof. Let H, = f,,,, be a fuzzy flower graph shown in
Figure 1. The partition of all types of edges in the form of sets
is as follows.

1

O
The edge set E; € m-cycle having weights of the vertices
(0.3, 0.3) has one (01) type of representations all having degree
type (0.6, 0.6) with cardinality m. The edge set E; € r-cycle
having has two (02) type of representations, 2t vertices have
weights (0.3, 0.4) having degree type (0.6, 0.4), and remaining
mr — 3m vertices have weights (0.4, 0.4) having degree type
(0.4, 0.4); therefore, the total count of edges is mr.

H(Hl) =

>

N —

KICE(G) [0(“k) (dug) +0(v) (d"z)]

mr —m

1 m
- 2 [ (0.3)(0.6) + (0.3)(0.6) " (0.3)(0.6) + (0.4) (0.4)

mr —3m

T 0.4)(0.4) + (0.4) (0.4)]

1[ m 2m
=—|—+—++
210.36 0.34

(15)

mr — 3m]
0.32

= % [2.78m + (2.94) (2m) + (3.125) (mr — 3m)]

= 1.5625mr — 0.3575m.
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8. Conclusion

Topological indices have many applications in different
areas, especially in chemical graph theory. Researchers are
increasing the impact of topological indices in both di-
rections such as crisp graph theory and fuzzy graph theory.
We have established results for general chemical structures
rather than working on a single unit of graph. We took
a flower graph and generalize its structure and found the
topological indices for generalized structures. This way of
conducting research will motivate other researchers to work
for other generalized structures.

9. Open Problems

Fuzzy Zagreb indices of subdivided H = f,,,, flower graph
are still an open problem.
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