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Group decision-making (GDM) in an ambiguous environment has consistently become a research focus in the decision science
feld during the past decade. Existing minimum cost consensus models either control the total budget in a deterministic context or
focus on improving the utility of decision makers. In this study, a novel consensus model with a distributionally robust chance
constraint (DRO-MCCM) is explored. First, two distributionally robust chance constraints consensus models are developed based
on the varied utility preferences of decision-makers and taking into consideration the uncertainty of the unit adjustment cost.
Next, construct conditional value-at-risk (CVaR) to approximate the cost chance constraint, simulate the viewpoint of decision
makers with ambiguous preferences such as utility function and Gaussian distribution, and convert the model into a feasible
semidefnite programming problem using dual theory and the moment method. Finally, the supply chain management scenario
involving new product prices employs these models. Comparison and sensitivity analyses demonstrates the model’s superiority
and efectiveness.

1. Introduction

Group decision-making (GDM) [1–4] refers to the process
of two or more group members participating in a decision-
making analysis on a problem that needs to be solved, each
member expressing his own opinion, and fnally selecting
the approach to solve the problem from the available feasible
solutions. In the process of GDM, group members often
have to go through sufcient communication and multiple
consultations, and some members gradually revise their
initial opinions and preferences and fnally reach a con-
sensus [5, 6]. Terefore, GDM is often superior to individual
decision-making and it is an expression of collective wisdom
and opinion.

Because they are drawn from diferent educational
backgrounds and represent various interest groups, deci-
sion-makers frequently have inconsistent preferences during
the actual decision-making process. Terefore, reaching a
consensus requires a moderator who will supervise and lead
the entire decision-making process and ultimately promote

the development of group opinions to consensus opinions.
Moderators in GDM provide individual decision-makers
with some fnancial compensation (the so-called “consensus
cost”) for prompting decision-makers to revise their initial
opinions. During the consensus negotiation process, on the
one hand, themoderator hopes to reach a consensus with the
least cost, and on the other hand, the decision-makers hope
to get more compensation by revising their opinions. In
addition, there are usually fewer resources available for
reaching consensus. To this end, Dong et al. [7] initiated a
minimum adjustment consensus model (MACM) to max-
imize the preservation of the decision-makers’ original
preference information, and Ben-Arieh and Easton [8] put
up a minimum cost consensus model (MCCM). By intro-
ducing the aggregation function, Zhang et al. [9] created an
optimization model to link MACM and MCCM. Further-
more, Cheng et al. [10] suggested themodeling of minimum-
cost consensus in the context of asymmetric adjustment
costs for the variation in the unit cost of experts in raising or
reducing the initial view. Te consensus models for cost
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feedback or minimal adjustment mechanisms throughout
the previous ten years were discussed by Zhang et al. [11].
Tey also mentioned some areas for further study. Con-
sidering DM’s diferent linguistic preference relations, Li
et al. [12] and Zhang and Li [13, 14] build optimization
models to assist decision-makers in making feedback ad-
justments in the consensus process to improve consensus
efciency. Gong et al. [15, 16] created a maximum utility
optimization consensus model to try to maximize the utility
of decision makers and moderators under limited resource
constraints to improve the satisfaction of decision-makers in
the process of obtaining consensus. Tis modeling approach
is based on the case where the unit adjustment cost is a fxed
value and therefore belongs to a deterministic environment
modeling. However, in practical decision-making, infu-
enced by experts’ knowledge background, trust level, and
interest starting point, uncertainty flls the whole decision-
making process. According to the current research status,
there is still a lack of literature considering both minimum
consensus cost and decision-maker utility in an uncertain
environment, which makes this research direction have
broad prospects.

Based on the uncertain environment, this paper builds a
consensus decision-making model with distributionally
robust chance constraints for two scenarios, which considers
the random perturbation of unit adjustment cost, utility
function, Gaussian distribution, and other forms to express
the decision maker’s preference. In GDM, approaches to
dispose of uncertainty usually include fuzzy interval analysis
[17–21], uncertainty theory [22–24], stochastic program-
ming [25–27], and robust optimization [28–31]. Although
these methods cope with the infuence of uncertainty and
provide reasonable suggestions for group decision-making,
the researchers found that these methods still have some
shortcomings and practical situations where they are not
applicable. Te fuzzy interval method is difcult to deal with
complex decision problems. Te lack of historical data on
random variables in stochastic programming can easily lead
to an inaccurate precise distribution of uncertain parame-
ters. Robust optimization [32] considers the value of un-
known parameters in the worst case, and the results of this
worst case are often too conservative [33–35]. Terefore,
distribution robust optimization comes into being. Dis-
tributionally robust optimization [36–39] allows the un-
known parameters of the model to exist in the uncertain set
of a distribution function in the form of random variables,
and the original model is transformed into a tractable linear
program, second-order cone program or semidefnite pro-
gramming through the method of moments. As a powerful
tool for solving decision-making in uncertain environments,
distributionally robust optimization combines the advan-
tages of robust optimization and stochastic programming
and is widely used in fnancial economics [40–42] and
supply chain management [43–46].

Te following are this paper’s primary innovations and
contributions:

(1) Our research proposed two diferent types of con-
sensus decision-making models with distributionally

robust chance constraints that consider both mini-
mum consensus cost and maximum decision
maker’s utility.

(2) Temodel places the random variables that afect the
unit adjustment cost into a set of probability dis-
tributions and characterizes the decision-maker’s
preference in the form of uncertainty such as utility
function and Gaussian distributions.

(3) Te moment technique and duality theory are
employed to convert the consensus model with
distributionally robust chance constraints into a
semidefnite programming model that is simple to
solve. CVaR is exploited to approximate the con-
sensus cost opportunity constraint term.

Te rest of this paper is organized as follows. Te second
part is model construction.Te uncertainty about the cost of
unit adjustment and the preferences of the DMs are taken
into account in the third part, where two diferent forms of
distributionally robust chance-constrained consensus
models are proposed. Te fourth part is a case study, which
presents the results of the numerical experiments and
conducts sensitivity analysis and comparative analysis, and
the ffth part is the conclusion and future research directions.

2. Model Construction

2.1. Basic Minimum Cost Consensus Model. Ben-Arieh and
Easton [8] proposed the concept of consensus cost, which is
based on the following assumption that there arem decision-
makers, oi represents the view of the i th DM, and o′ is the
consensus opinion. Let ci ≥ 0 represent unit consensus cost
of DM. Moreover, Zhang et al. [9] introduced an optimi-
zation model that can be applied to characterize the MCCM:

minB � 
m

i�1
ci · d oi, o

′
 

s.t. o
′ ∈ O.

(1)

Subsequently, Gong et al. [15, 16] studied a consensus
model considering decision-makers’ utility preference under
restricted constraints, fully considering minimizing nego-
tiation costs and maximizing utility value, and their model
was constructed as follows:

min B − Θλ

s.t. 
m

i�1
ci oi − o

′


 � B

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , i ∈ [1, m], o
′ ∈ O, λ ∈ [0, 1],

(2)

where B is the total budget of consensus negotiation, λ is the
utility value of the GDM process, Θ is the utility adjustment
coefcient; F(oi) and G(o′) are the utility functions of de-
cision-making individuals and moderator, respectively, xi

and yi are the upper and lower bounds of the decision-
making individual’s opinion preference interval.
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However, in real life, the uncertainty of data is always
inevitable. Gong et al. [23] considered the cost and decision
maker’s utility in the GDM as a whole, and proposed a
consensus model with cost probability constraints and utility
preferences:

min B − Θλ

s.t. P 
m

i�1
ci oi − o

′


≤B
⎧⎨

⎩

⎫⎬

⎭ ≥ 1 − α

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , i ∈ [1, m], o
′ ∈ O, λ ∈ [0, 1].

(3)

2.2. Conditional Value at Risk Method. CVaR (conditional
value-at-risk) refers to the conditional mean of losses ex-
ceeding VaR (value-at-risk) over a given period under
normal market conditions and a certain confdence level,
which represents the average level of excess losses. It is a risk
measure developed based on VaR (value at risk) and is often
used to measure losses in the worst-case scenario.

Suppose β ∈ (0, 1) is a given confdence level, μ(x, ξ) is a
measurable loss function. Te probability that it does not
exceed the threshold ζ can be expressed as
Ψ(x, ξ) � μ(x,ξ)≤ζp(ξ)d(ξ). Te VaR indicator is the po-
tential maximum loss exceeding the probability β:

VaRβ(x) � min ζ ∈ : 
μ(x,ξ)≤ζ

p(ξ)d(ξ)≥ β . (4)

Defnition 1 See [47]. Suppose β ∈ (0, 1) is a given conf-
dence level, the function Ψ(x, ξ) is continuous everywhere
with respect to ζ, the mean of the β truncated distribution of
the loss function μ(x, ξ) can be defned as

CVaRβ(x) �
1

1 − β

μ(x,ξ)≥VaRβ(x)

μ(x, ξ)p(ξ)d(ξ), (5)

where p(ξ) is the density function of the random variable ξ.
Since CVaR indicates that the target loss is not less than

the expected value of VaR, its defnition is generally not easy
to calculate. Rockafellar et al. [47] gave an approximate
calculation method, that is, CVaR can be equivalently
transformed into

CVaRβ(x) � min
c∈R

Fβ(x, c) � min
c∈R

c +
1

1 − β


c∈Rn
[μ(x, ξ) − c]

+
p(ξ)d(ξ) . (6)

2.3. Distributionally Robust Chance Constrained Consensus
Model. Generally speaking, many problems in GDM can be
expressed by this optimization model with chance
constraints:

min
x∈Rn

c
T
x,

s.t. P ai(ξ)x≤ bi(ξ) ≥ 1 − α, i � 1, . . . , n, x ∈ X,

(7)

where x ∈ Rn the decision variable, the distribution of the
probability P is known, and the uncertainty constraints ai(ξ)

and bi(ξ) are afne dependent on the random variable ξ,
then we have

ai(ξ) � a
0
i + 

L

j�1
ξl

a
l
i,

bi(ξ) � b
0
i + 

L

j�1
ξl

b
l
i.

(8)

In the process of studying chance-constrained CVaR
approximation, an auxiliary function yl

i: R
n⟶ R is usually

introduced to express the uncertainty of the model.

y
l
i(x) � a

l
i 

T
x − b

l
i. (9)

It can rewrite the chance constraint in (7) as

P y
0
i (x) + yi(x)

Tξ ≤ 0,∀i � 1, . . . , n ≥ 1 − α. (10)

A conventional way to make chance constraints immune
to uncertainty is the distributionally robust method. To this
end, assuming that the information of the frst and second
moments of the probability distribution P is known, con-
sider the following model:

min
x∈Rn

c
T
x

s.t. inf
P∈P

P y
0
i (x) + yi(x)

Tξ ≤ 0 ≥ 1 − α

x ∈ X,∀i � 1, . . . , n.

(11)

In practice, the worst-case CVaR is often used to con-
struct chance-constrained convex approximations. As stated
in Corollary 2.1 in Zymler [48], if the loss function is convex
or piecewise linear, the following expressions are equivalent:

inf
P∈P

P y
0
i (x) + yi(x)

Tξ ≤ 0 ≥ 1 − α⟹ sup
P∈P

CVaR y
0
i (x) + yi(x)

Tξ ≤ 0. (12)
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Tis creates a bridge between distributionally robust
chance constraints and worst-case CVaR. Next, the con-
sensus model with distributionally robust joint chance
constraints is constructed. On the premise that frst and
second moments information is known, we use the dis-
tributed robust optimization method to characterize the
random variables in the unit adjustment cost. Both the
constraints and the objective function are processed by the
method of moments, which are transformed into a tractable
semidefnite programming model:

min sup
P∈P

Ep c(ξ)
T
d  − Θλ

s.t. inf
P∈P

P c(ξ)
T
d≤B ≥ 1 − α

oi − o
′



 � di, i � 1, . . . , m

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1],

(13)

where ξ is a random variable afecting the unit adjustment
cost. According to the idea of Ben-Tal et al. [32] and the
processing technique of Zymler et al. [48], it can be
expressed as c(ξ) � c0 + 

L
j�1 ξ

l
cl

i, so y0(d) � (c0)Td − B,
y(d) � (cl)Td then (13) can be rewritten as

min sup
P∈P

Ep y
0
(d) + y(d) + B  − Θλ

s.t. inf
P∈P

P y
0
(d) + y(d)≤ 0 ≥ 1 − α

oi − o
′



 � di, i � 1, . . . , m

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1].

(14)

According to the equivalence relation of (12), model (10)
can be transformed into

min sup
P∈P

Ep y
0
(d) + y(d) + B  − Θλ

s.t. sup
P∈P

CVaR y
0
i (d) + yi(d)

T
 ≤ 0

oi − o
′



 � di, i � 1, . . . , m

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1].

(15)

Te frst and second moments of the random variable ξ
must be known to solve the model using the moment ap-
proach. Let μ ∈ RL defned as the mean, Σ ∈ SL is defned as
the variance (Σ≻0), then the probability distribution can be
expressed as

P � P: E(ξ) � μ, E ξξT
 ≤ S, S � τ Σ + μμT

  . (16)

Let |oi − o′| � |δi| � di, using duality theory and the
moment method (see Teorems A.1, B.1 in Appendix), the

equivalent form of the distributionally robust chance-con-
strained consensusmodel (DRO-MCCM) can be obtained as
follows:

min
u,v,M

− u − v
Tμ − 〈M,Σ + ξξT〉

s.t. c +
1

1 − α
u + v

Tμ +〈M,Σ + μμT〉 ≤ 0

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0

M
v − y(d)

2

(v − y(d))
T

2
u − y

0
(d) + c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0

M
v − y(d)

2

(v − y(d))
T

2
u + y

0
(d) − B + Θλ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0

oi − o
′

� δi, i � 1, . . . , m

δi ≤di, − δi ≤ di

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1].

(17)

2.4. DRO-MCCM with Diferent Preference Utility. Next, we
comprehensively consider the utility preference relationship
between decision-makers and moderators. Te DMs’ pre-
ferred points of view are demonstrated by the statistical
distribution and membership function of random variables,
respectively. Te moderator should completely take into
account the decision maker’s utility preferences while bal-
ancing control over the entire expense of consensus during
the negotiation period. Terefore, we propose the following
two types of distributionally robust chance-constrained
optimization consensus models (DRO-MCCM) considering
utility preference and minimum negotiation cost.

Scenario 1. Te DM’s opinion is expressed by utility pref-
erence, while the moderator’s opinion obeys the consensus
model of random distribution

Assuming that the moderator’s viewpoint o′ obeys the
Gaussian curve and the decision-makers’ opinions oi are
represented by the linear right membership function; the
resultant of DRO-MCCM is as follows:
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min
u,v,M

− u − v
Tμ − 〈M,Σ + ξξT〉

s.t. c +
1

1 − α
u + v

Tμ +〈M,Σ + μμT〉 ≤ 0

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0

M
v − y(d)

2

(v − y(d))
T

2
u − y

0
(d) + c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0

M
v − y(d)

2

(v − y(d))
T

2
u + y

0
(d) − B + Θλ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0

oi − o
′

� δi, i � 1, . . . , m

δi ≤ di, − δi ≤ di

λ≤
oi − min oi 

max oi  − min oi 

oi ∈ xi, yi , i ∈M

o
′ ∼ N μ∗, σ

2
∗ 

λ ∈ [0, 1].

(18)

Scenario 2. Te DM’s opinion is susceptible to random
distribution, while the moderator’s viewpoint falls under the
utility preference function’s decision area.

Assuming that the moderator’s opinion is a represented
by the left membership function, and the DMs’ opinion b
obeys the Gaussian distribution, the distributionally robust
chance-constrained consensus decision-making model is as
follows:

min
u,v,M

− u − v
Tμ − 〈M,Σ + ξξT〉

s.t. c +
1

1 − α
u + v

Tμ +〈M,Σ + μμT〉 ≤ 0

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≽0

M
v − y(d)

2

(v − y(d))
T

2
u − y

0
(d) + c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≽0

M
v − y(d)

2
(v − y(d))

T

2
u + y

0
(d) − B + Θλ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≽0

oi − o
′

� δi, i � 1, . . . , m

δi ≤di, − δi ≤di

λ≤
ou
′ − o
′

ou
′ − ol
′

o
′ ∈ ol
′, ou
′ 

oi ∼ N μi, σ
2
i 

λ ∈ [0, 1].

(19)

2.5. RO-MCCM. In Section 3.4, we will make a compre-
hensive comparative analysis of the models. To this end, we
introduce the robust minimum cost consensus model (RO-
MCCM) with diferent uncertainty sets (box set, ellipsoid
set, and budgeted set).

Corollary 1 (See [32]). Consider the unit adjustment cost in
model (2) placed in the box uncertainty set UBox � ξ ∈{

Rn: ‖ξ‖∞ ≤ 1}, the robust cost consensus model of the box
set (Box-MCCM) can be obtained as follows:

min B − Θλ

s.t. c
0

 
T
d + Γ

n

j�1
pj ≤B

− pj ≤ c
j

 
T
d≤pj, j � 1, . . . , , n

oi − o
′



1
� δi, i � 1, . . . , m

δi ≤di, − δi ≤di

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1].

(20)
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Corollary 2 (See [32]). If the unit adjustment cost in model
(2) fuctuates in the ellipsoid uncertainty set UEpd � ξ ∈{

Rn: ‖ξ‖2 ≤Ω}, then the robust cost consensus model (Epd-
MCCM) of the ellipsoid uncertainty set is

min B − Θλ

s.t. c
0

 
T
d +Ω‖p‖2 ≤B

− pj ≤ c
j

 
T
d≤pj, j � 1, . . . , , n

oi − o
′



1
� δi, i � 1, . . . , m

δi ≤di, − δi ≤di

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1].

(21)

Corollary 3 (See [32]). If the unit adjustment cost in model
(2) is placed in the budget uncertainty set
ZBud � ξ ∈ RL: ‖ξ‖1 ≤ 1, ‖ξ‖∞ ≤Γ, 1≤ Γ≤ n}, the robust
cost consensus model (Bud-MCCM) of the budgeted un-
certainty set can be obtained as follows:

min B − Θλ

s.t. c
0

 
T
d + 

n

j�1
zj

�����

�����1
+ π ωj

�����

�����∞
≤B

zj + ωj � − c
j

 
T
d, j � 1, . . . , , n

oi − o
′



1
� δi, i � 1, . . . , m

δi ≤ di, − δi ≤di

λ≤F oi( , λ≤G o
′

 

oi ∈ xi, yi , o
′ ∈ O, λ ∈ [0, 1].

(22)

3. Numerical Experiment

Supply chain management refers to the integrated man-
agement of product fow, information fow, and capital fow
from suppliers to customers to maximize the worth of the
supply chain. It is a complex that includes procurement and
supply, production operations, and logistics management.
As a crucial link in operation management, the pricing of
new products is related to the fate of the product itself and
the future of the enterprise. It often requires multiple de-
partments to participate in decision-making. Compared
with other products, new products have the advantages of
low competition and leading technology, but at the same
time they also have the disadvantages of not being recog-
nized by consumers and a high product cost. Terefore,
when pricing new products, it is necessary to consider not
only that the investment can be recovered as soon as possible
and profts are obtained, but also that it is conducive to
consumers’ acceptance of new products. To provide the
greatest possible economic benefts, experts from a variety of

professions collaborate to decide on new product pricing
before fnally coming to a consensus.

T Enterprises unveils a new purely electric vehicle, the
Model Y, in 2021. Skimming pricing, penetration pricing,
and satisfaction pricing are typically used for new product
pricing. In several pricing meetings for the Model Y, we
learned that the planning and technology departments
expect to use skimming pricing to put the product on the
market at a higher price before competitors enter the
market, to obtain high value in the short-term proft, re-
cover the investment as soon as possible, and reduce risk.
Te marketing department and the manufacturing de-
partment put forward the marketing strategy of penetration
pricing method, and obtain high turnover with lower
proft, develop product sales channels, preemptively oc-
cupy the market, and improve the reputation of enterprises
and brands. Te fnancial department, through a com-
prehensive evaluation of the advantages and disadvantages
of the new pure electric vehicles (zero deed tax, strong
power, comfortable handling, etc.), hopes to adopt a sat-
isfactory pricing method from the perspective of con-
trolling the balance of payments to the greatest extent and
reducing risks. We label the experts in these fve depart-
ments as di(i � 1, . . . , 5), respectively. Te board members
must invest some resources (money, time, etc.) in their
position as a moderator to bring all parties’ points of view
together and reach an agreement, but it also desires to
maintain a particular budget expense under control.
According to experts, if a new product is priced excessively
high, it will be challenging for it to be available on the
market and the company will be exposed to very signifcant
risks. However, if the cost of new items is too poor,
businesses would be under pressure from high develop-
ment expenditures. Due to the diferent knowledge back-
grounds, behavior habits, and interests of experts in various
felds, the opinions and preferences given are also diferent.
Terefore, we construct the distributionally robust chance-
constrained consensus decision-making model under two
diferent scenarios. Use utility functions and probability
distribution functions to express the opinion preferences of
decision-makers and the board to optimize budgets and
ensure that the utility of the majority of decision-makers is
met. By introducing probabilistic cost constraints, the
board of directors can roughly grasp the pricing results
before consensus negotiation and make reasonable fnan-
cial plans in advance, which helps to reach consensus ef-
fectively. Where oi(i � 1, · · ·, 5) (unit: ten thousand yuan) is
the pricing data given by fve experts. In this section, all
experiments are done on a laptop with 8GB of RAM and a
2.3 GHz i5 core.

3.1. Model Optimal Solution for Scenario 1. Suppose fve
experts from various felds d1, d2, d3, d4, d5, the unit mod-
ifcation cost of each DM is c1 � 0.7, c2 � 1.5, c3 � 0.9, c4 �

1.1, c5 � 1.2 (unit: thousand RMB), since ci(ξ) � c0i + 
L
j�1

ξl
cl

i, Suppose the initial adjustment cost is c � c0 � (0.7,

1.5, 0.9, 1.1, 1.2), then cl take a randommatrix that obeys the
standard normal distribution.
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C �

− 0.4319 − 0.4605 − 0.7363 0.7618 0.7664

2.3940 0.8427 1.5864 0.6254 1.1006

− 1, 5470 0.9298 − 0.5052 0.5340 − 2.3506

0.1057 − 1.5714 0.3281 − 0.2874 0.8758

− 1.0551 0.3654 0.4016 − 0.1779 − 0.5935

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(23)

ξ fts the distribution P as a random variable that in-
fuences the unit modifcation cost. We can obtain the ex-
pectation μ � (0.0201, 1.3098, − 0.5878, − 0.1098, 0.2119),
and the covariance matrix.

Σ �

0.5266 − 0.2846 − 0.2105 0.2194 − 0.1550

− 0.2846 0.4956 − 0.5312 0.2382 − 0.2394

− 0.2105 − 0.5312 1.8990 − 1.0813 0.6116

0.2194 0.2382 − 1.0813 0.8444 − 0.2847

− 0.1550 − 0.2394 0.6116 − 0.2847 0.3919

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

≻0.

(24)

Based on Section 2.4, we set the confdence level 1 − α �

0.95, the adjustment coefcient τ � 1, the utility parameter
Θ � 1, the negotiated budget of the board is B. In Scenario 1
(see the model (13)), we thought that the board opinion o′

matches the Gaussian distribution with parameters of (27, 1)
and the expert advice is expressed as a duration of a linear
right membership function (o1 � [20, 30], o2 � [24, 28],

o3 � [26, 29], o4 � [21, 27], o5 � [25, 32]). To determine the
ideal solution (minimum cost budget is 10.6325 and optimal
utility value is 0.4485) for model (13), we adopt Monte Carlo
simulations and the optimization toolkit RSOME.

3.2.Model Optimal Solution for Scenario 2. Based on Section
2.4, we consider the optimal solution results of the consensus
decision model in Scenario 2 (see the model (14)). Here, it is
assumed that the opinion of the board belongs to the left
membership function on the interval o′ � [23, 29]. Expert
opinions follow the Gaussian distribution o1 ∼ N(24, 2), o2
∼ N(26, 3), o3 ∼ N(27, 1), o4 ∼ N(31, 2), o5 ∼ N(29, 1).
With the same assumptions as in Section 3.1, we get the
optimal solution of the model (14) (the minimum consensus
cost is 14.8903 and the optimal utility value is 0.3722).

Tables 1 and 2, respectively, show the changes in the
optimal solution of the DRO-MCCM when the utility pri-
ority coefcient changes under the two scenarios. In Sce-
nario 1, where Θ � 1, the consensus decision model’s
objective function is just as signifcant as the minimum cost
and the greatest utility. Te fve experts’ group opinions are
all approximately to the lower limit of the utility function
range, and at this point, the consensus negotiation cost and
utility value are both reasonably low. From the table, when
Θ> 1, the board increases the consensus budget, which
improves the satisfaction of the experts, and the utility value
is higher, so it can actively promote the consensus. When the
utility coefcient is left alone in Scenario 2, the moderator’s
preference follows a left-biased function, and the consensus

opinion drifts toward the interval’s right-end threshold. As
Θ increases, the utility of experts is gradually valued in the
consensus negotiation process. And with the surplus of the
negotiated budget, the consensus opinion gradually tends
toward the low threshold.

Tables 1 and 2 also show the results of distributionally
robust consensus models for the two scenarios at diferent
confdence levels. Both consensus cost and utility value
increase as the confdence level rises. Te scope of the vi-
olation probability narrows, the cost budget limits in-
creasingly become more onerous, and the confdence level
rises as a result. To avoid the phenomenon of overfowing the
budget, the board of directors appropriately increases the
cost of consensus negotiation. Low probability corresponds
to low cost and low efciency. However, when the conf-
dence level of the probability constraint is high, the budget of
the consensus cost has become saturated, so the total cost
either no longer increases with a boost in the confdence
level or the increase is not immediately apparent. According
to the results in the table, the board of directors can control
the probability of reaching a consensus under diferent
budgets, and can also adjust the cost budget to reach a
consensus.

3.3. Sensitivity Analysis. In Section 2, we introduce the
method of moments to demonstrate the equivalence of
transforming the original probability-constrained model
into a tractable semidefnite program. When the frst and
second moments’ information is available, we use S � τ(Σ +

μτT) to represent the covariance matrix’s range and defne τ
to be the covariance factor. Moment information varies
across diferent probability distributions. As a result, it is
critical to investigate how changes in covariance compo-
nents afect the model. Here, assume that the confdence
level is 0.95, the utility adjustment coefcient Θ � 1, and the
covariance factor is set to vary from 0.01 to 5.

Tables 3 and 4 display the distributionally robust chance-
constrained consensus model for the two scenarios with
various covariance factors. As the covariance factor grows,
the minimum negotiation cost and maximum consensus
utility also rise. Interestingly, when τ increases to around 4,
both the budget and utility climbs tend to saturate, or the
increase is not very noticeable. Te bigger the value of τ,
which is a measure of uncertainty in the covariancematrix of
random variables ξ, the more signifcant the disparity be-
tween the unknown parameters. Te chairman of the board
will try his best to accommodate everyone’s needs to come to
a consensus, including increasing cost budgets and en-
hancing customer satisfaction. However, when the con-
sensus cost increases to a certain level, experts will have a
bottom-line consensus opinion even if the uncertainty
fuctuates greatly.

3.4. Comparative Analysis. To further investigate whether it
makes sense to consider both minimum consensus nego-
tiation cost and decision-maker utility in a group decision
model, this section compares our model with a minimum
cost [8] and maximum utility [15] consensus model. We fx
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the parameters in DRO-MCCM, assuming a confdence level
of 0.95, a utility coefcient Θ � 10, and the assumed unit
modifcation cost in the maximum utility consensus model
(MU-MCCM) to be the mean of 5 experts, 1.1. Additionally,
this section contrasts the DRO-MCCM developed in this

research with the minimum cost consensus model (MCCM)
and the robust cost consensus model (RO-MCCM).

As we all know, the ultimate goal of GDM is to reach a
consensus efciently, and every expert in the decision-
making activity expects that his opinion will attract enough

Table 1: Scenario 1: the optimal solution of the model under diferent confdence levels and diferent utility coefcients.

1 − α Θ o1 o2 o3 o4 o5 o′ Max λ B

0.8
1 20.0256 25.1914 26.4177 21.8438 25.7562 0.1956 8.25218
10 22.107 26.4373 27.032 22.4037 27.637 0.6891 17.6985
100 27.1266 27.8642 28.6092 25.0544 30.7104 0.8528 21.5991

0.85
1 21.4558 24.218 26.7245 21.3965 25.275 0.3675 9.74662
10 24.2831 26.4853 26.8888 24.7779 27.7786 0.702 19.6534
100 29.4839 27.4802 27.5661 26.0522 31.0445 0.9388 21.0945

0.9
1 22.3089 24.8444 26.3763 22.8454 26.2209 0.1013 9.31093
10 25.5344 26.1158 27.5395 25.2159 27.2986 0.7166 19.1958
100 28.3589 26.9659 28.7236 26.3732 31.0648 0.9025 21.0523

0.95
1 22.8214 24.3996 26.5764 22.7917 27.1151 0.3485 10.6325
10 26.8755 26.3891 27.5593 25.0488 30.3799 0.9082 20.8542
100 28.7036 27.9252 28.4414 26.8289 31.3608 0.9297 24.5279

0.99
1 20.085 24.3267 26.623 21.6377 26.6881 0.3263 10.6696
10 28.5465 25.9934 27.0751 26.3257 28.1587 0.6506 19.4506
100 29.6238 27.1235 28.4414 26.4166 31.9205 0.9525 24.6633

Table 2: Scenario 2: the optimal solution of the model under diferent confdence levels and diferent utility coefcients.

1 − α Θ o1 o2 o3 o4 o5 o′ Max λ B

0.8
1 28.6466 0.2222 8.286
10 23.7867 0.8083 17.5961
100 23.2163 0.9319 18.7155

0.85
1 28.6565 0.1719 9.9132
10 25.7492 0.7831 12.0658
100 24.4305 0.8672 19.94615

0.9
1 28.6718 0.3543 12.2163
10 24.3747 0.8018 19.2615
100 23.1681 0.9583 21.2635

0.95
1 28.7496 0.3722 14.8903
10 25.6451 0.8995 20.0996
100 24.1465 0.9478 22.5458

0.99
1 28.2035 0.3314 15.60936
10 24.0316 0.9108 20.2538
100 23.45 0.9565 22.6727

Table 3: Scenario 1: model optimal solution with diferent covariance factors.

τ o1 o2 o3 o4 o5 o′ Max λ B

0.01 26.8724 26.3839 27.5508 25.0491 30.3721 0.4339 10.4827
0.1 26.2093 26.1158 27.137 25.1411 30.21 0.5765 11.3975
0.5 26.659 26.5821 27.758 25.3522 30.6881 0.5699 14.4074
1 27.1124 26.6664 27.6838 25.462 30.7301 0.6023 14.6254
1.5 27.7827 26.7898 27.5944 25.5376 30.7853 0.6441 17.9481
2 28.2673 27.0383 27.8234 25.7821 30.9527 0.7895 16.3097
2.5 28.3889 27.1002 28.1025 26.4606 31.0136 0.823 17.2362
3 29.4605 27.5824 28.2898 26.7326 31.2121 0.8917 18.7902
3.5 29.5056 27.5179 28.5161 26.8904 31.3602 0.9251 21.8565
4 29.5123 27.7736 28.7246 26.957 31.5163 0.9524 22.8441
4.5 29.7225 27.8655 28.9124 26.9858 31.8082 0.9717 22.9629
5 29.951 27.8208 28.7502 26.8182 31.9045 0.9822 23.0509
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attention. Te results in Table 5 show that, despite the
moderator incurring the lowest total cost, the MCCM is
unable to capture the importance of decision-makers in the
decision-making process. If the objective function is only the
utility value, although there is a controlled budget in the
constraints, it is not convenient for the coordinator to make
timely adjustments to the fnancial budget in the decision-
making process. Te DRO-MCCM that takes into account
the consensus cost budget and the utility of the decision
maker as a whole has signifcant practical implications.

Te comparison fndings in Scenario 1 show that MCCM
has the lowest expenses. Te consensus model (Bud-
MCCM) has the highest utility value (0.9407) after taking
robustness into account, but its associated negotiation cost is
likewise signifcant (22.2382). While in DRO-MCCM, the
utility value is improved more (0.9082) with less cost
(20.8542). Te results of Scenario 2 also confrm this con-
clusion, but the variation of the value is wider. Hence,
compared to existing consensus models, our distributionally
robust chance-constrained consensus model is more
suitable.

Figures 1 and 2 show the comparison of the results of
the consensus decision model under uncertain parameters
for the two scenarios, respectively. Te total cost and
utility of all models climb steadily as uncertain parameters
increase. Since pure MCCM and MU-MCCM are models
in a deterministic environment, their curves do not
change with parameters, which mean that under certain
circumstances, the board of directors can make optimal
decisions without considering the uncertainty of unit
adjustment costs. Compared with the other three robust
consensus decision-making models, the Box-MCCM cost
curve has the largest increase, and the other two robust
models have a slightly weaker increase. Generally
speaking, as the uncertainty level parameter becomes

larger, the perturbation of the unit adjustment cost is
more obvious, and the total negotiation cost will increase
signifcantly, making the consensus more difcult to
reach. It is interesting to note that once a certain threshold
is reached, the DRO-MCCM function curve starts to
smooth out rather than always grow. Te cost and utility
curves of DRO-MCCM in the two scenarios tend to be
stable around parameter 6, so the model is the most ro-
bust. In both graphs, the utility curve climbs frst and then
plateaus. On the one hand, it is because the utility value λ

Table 4: Scenario 2: model optimal solution with diferent covariance factors.

τ o1 o2 o3 o4 o5 o′ Max λ B

0.01 25.4741 0.4988 10.9466
0.1 25.8949 0.5876 11.9657
0.5 25.2982 0.6262 12.7908
1 24.8783 0.6728 14.1495
1.5 24.85 0.758 14.6491
2 24.6131 0.8127 17.398
2.5 24.1459 0.8602 16.541
3 23.8585 0.9449 18.3944
3.5 23.5488 0.9228 19.6255
4 23.4973 0.9502 20.7085
4.5 23.5263 0.9624 20.8579
5 23.1776 0.9665 20.9116

Table 5: Comparison with the results of other minimal consensus models.

Scenario Index MCCM Box Epd Bud DRO MU

Scenario 1 B 20.5311 24.6329 22.7354 22.2382 20.8542 0.8977λ 0.8637 0.9289 0.9407 0.9082

Scenario 2 B 18.0914 23.5217 22.2086 22.0677 20.0996 0.9013λ 0.7122 0.9192 0.9212 0.8995
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Figure 1: Scenario 1: minimum cost and maximum utility of
diferent MCCMs under diferent parameters.
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has an upper bound when it is set. On the other hand, the
moderator’s overall budget is constrained, and it is im-
practical to keep upping the cost indefnitely to boost the
utility of DM. When dealing with the uncertainty of unit
adjustment cost, DRO-MCCM can keep the utility of DM
at a high level and maintain the negotiated total cost as
much as possible. Terefore, when dealing with uncertain
decision-making problems, the distributionally robust
model is better than the robust consensus decision-
making model. It is possible to successfully prevent the
loss brought on by uncertainty in the process of GDM.
Tus, research into a distributionally robust consensus
decision model is important and necessary.

4. Conclusion

In this paper, the utility preferences of DMs in the context
of uncertain decision-making circumstances are properly
considered when studying a distributionally robust
chance-constrained consensus model. We frst assume
that the random variable driving the variation in unit
adjustment cost obeys a probability distribution with the
provided moment information. Ten, using dual theory
and the moment technique, the original model is turned
into a tractable semidefnite programming problem.
CVaR is then utilized to approximate the opportunity
constraint of the consensus cost. Next, we use the utility
function and Gaussian distribution to simulate the
opinion preference relationship between decision-makers
and moderators and propose a distributionally robust
chance-constrained consensus decision model under two
scenarios. Finally, taking a new product launch in supply
chain management as an example, numerical analysis is
carried out using the RSOME toolbox. Te results show

that the consensus results with better performance can be
obtained by considering distributionally robust and
chance constraints, which is convenient for guiding the
management of the company to make reasonable deci-
sions and can express the cost consensus problem in
group decision-making in a more realistic way. Based on
the current study status, several future research directions
are pointed out:

(1) Te research in this paper is limited to small-scale
group decision-making problems, but in actual de-
cision-making, the decision-making problems faced
by decision-makers are often large-scale. Hence,
working on large-scale group consensus decision-
making in an ambiguous environment is a hot area.

(2) Our model only considers single-stage decision-
making, while in the real world, complex decisions
often need to go through two stages or even multiple
stages. Terefore, it may be very meaningful to
consider two-stage consensus decision-making
problems in future research.

(3) Linguistic preference relationship, expert preference,
and sentiment analysis are all efective methods to
deal with subjective judgments. A promising area of
research in recent years has been the abundance of
studies on related consensus decision-making
models.

Appendix

A. Transformation of Constraint

Theorem A.1. In (11), constraint supP∈PCVaR y0
i (d)+

yi(d)T}≤ 0 is equivalent to (A.1)

∃c ∈ R, u ∈ R, v ∈ Rn
, M ∈ Sn

,

c +
1

1 − α
u + v

Tμ +〈M,Σ + μμT〉 ≤ 0,

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽ 0,

M
v − y(d)

2

(v − y(d))
T

2
u − y

0
(d) + c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A.1)

Proof. From (8) we can easily see that the distributionally
robust chance constraint can be conservatively
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Figure 2: Scenario 2: minimum cost and maximum utility of
diferent MCCMs under diferent parameters.
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approximated by the worst-case CVaR. According to the
saddle point theorem [49], this constraint worst-case CVaR
can be rewritten as

sup
P∈P

CVaR y
0
i (x) + yi(x)

Tξ ≤ 0

⇔ sup
P∈P

inf
c∈R

c +
1

1 − α
Ep y

0
(d) + y(d) − c 

+
 ≤ 0

⇔ inf
c∈R

c +
1

1 − α
sup
P∈P

Ep y
0
(d) + y(d) − c 

+
 ≤ 0.

(A.2)

Ten, let Ψ(wc) � sup
P∈P

Ep[y0(d) + y(d) − c]+, accord-
ing to the defnition of P, Ψ(wc) can be converted into the
following equivalent form:

Ψ(wc) �

max
P∈P


Rn

y
0
(d) + y(d) − c 

+
dF(ξ)

s.t. 
Rn
dF(ξ) � 1


Rn
ξdF(ξ) � μ,


Rn
ξξTdF(ξ)≼ S.

(A.3)

When the probability density function is regarded by the
frst constraint, the mean and covariance matrices are re-
fected by the second and third constraints, respectively. Te
dual theory [50] asserts that its Lagrangian function is

L(ξ, u, v, M) � 
Rn

y
0
(d) + y(d) − c 

+
dF(ξ) + u 1 − 

Rn
dF(ξ) 

+ v
T μ − 

Rn
ξdF(ξ)  +〈M, S − 

Rn
ξξTdF(ξ)〉

� 
Rn

y
0
(d) + y(d) − c 

+
− u − v

T
− ξT

Mξ dF(ξ)

+ u + v
Tμ +〈M, S〉,

(A.4)

where u ∈ R, v ∈ Rn, M ∈ Sn are Lagrange multipliers of the
corresponding constraints. Accordingly, the dual function of
(A.3) is

Ψ(wc) � inf
u,v,M

sup
dF(ξ)>0

L(ξ, u, v, M)

� inf
u,v,M

sup
dF(ξ)>0


Rn

y
0
(d) + y(d) − c 

+
− u − v

T
− ξT

Mξ dF(ξ)

+ u + v
Tμ +〈M, S〉.

(A.5)

Since Σ≻0, Slater’s condition [50] holds and the optimal
dual gap is 0. Te problem satisfes strong duality. Tis
means that the best bound that can be obtained from the
Lagrange dual function is tight. And since dF(ξ)> 0, the

boundedness of the integral term is guaranteed only when
[y0(d) + y(d) − c]+ − u − vT − ξT

Mξ ≤ 0, the equivalence of
this inequality is as follows:

y
0
(d) + y(d) − c 

+
− u − v

T
− ξT

Mξ ≤ 0

⇔u + v
T

+ ξT
Mξ ≥ y

0
(d) + y(d) − c 

+

⇔
u + v

T
+ ξT

Mξ ≥ 0,

u + v
T

+ ξT
Mξ ≥y

0
(d) + y(d) − c.

⎧⎨

⎩

(A.6)
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Te abovementioned equation can be transformed into
two semidefnite constraint forms.

ξ 1 

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ξ

1
 ≥ 0,

ξ 1 

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ξ

1
 ≥y

0
(d) + y(d) − c,∀ξ.

(A.7)

Terefore, there are

M
v

2
v

T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≽ 0,

M
v − y(d)

2
(v − y(d))

T

2
u − y

0
(d) + c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≽ 0.

(A.8)

So Teorem A.1 is proved. □

B. Transformation of the Objective Function

Due to the strong robustness of the objective function, we
continue to use dual theory and Lagrangian methods to
process into a tractable form.

Theorem B.1. In (11), the objective function min supP∈P Ep

[y0(d) + y(d) + B] − Θλ is equivalent to (B.1)

min
u,v,M

− u − v
Tμ − 〈M,Σ + ξξT〉

s.t.

M
v − y(d)

2

(v − y(d))
T

2
u + y

0
(d) − B + Θλ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽ 0,

(B.1)

Proof. Similarly to the method in Section 2.3, the objective
function using the moment method becomes the following
form:

H(d) � sup
P∈P


Rn

y
0
(d) + y(d) + B − Θλ dF(ξ),

s.t. 
Rn
dF(ξ) � 1,


Rn
ξdF(ξ) � μ,


Rn
ξξTdF(ξ)≼ S.

(B.2)

In the same way, use the Lagrangianmethod to construct
its dual function:

L(ξ, u, v, M) � 
Rn

y
0
(d) + y(d) + B − Θλ  − u − v

T
− ξT

Mξ dF(ξ) − u − v
Tμ − 〈M, S〉,

H(d) � sup
u,v,M

inf
dF(ξ)>0

L(ξ, u, v, M)

� sup
u,v,M

inf
dF(ξ)>0


Rn

y
0
(d) + y(d) + b − Θλ  + u + v

T
+ ξT

Mξ dF(ξ) − u − v
Tμ − 〈M, S〉.

(B.3)

Since dF(ξ)> 0, there is [y0(d) + y(d) + b − Θλ] + u +

vT + ξT
Mξ ≥ 0, it is equivalent to the following semidefnite

constraint:

ξ 1 

M
v

2

v
T

2
u

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ξ

1
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦≥ − y

0
(d) − y(d) − B + Θλ,∀ξ,

M
v − y(d)

2

(v − y(d))
T

2
u − y

0
(d) + B − Θλ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≽ 0.

(B.4)
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Teorem B.1 is proved. □
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