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Tis paper deals with the existence and nonexistence of solutions for the following weighted quasilinear elliptic system,

(Sq1 ,q2
μ1 ,μ2

)

− div(q1(x)|∇u|
p− 2∇u) � μ1|u|

p− 2
u + (α + 1)|u|

α− 1
u|v|

β+1 inΩ
− div(q2(x)|∇v|

p− 2∇v) � μ2|v|
p− 2

v + (β + 1)|u|
α+1

|v|
β− 1

v inΩ
u> 0, v> 0 inΩ
u � v � 0 on zΩ ,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

where Ω ⊂ RN(N≥ 3), 2≤p<N, q1,

q2 ∈W1,p(Ω)∩C(Ω), α, β≥ 0, μ1, μ2, ≥0 and α, β> 0 satisfy α + β � p∗ − 2 with p∗ � pN/N − p is the critical Sobolev exponent.
By means of variational methods we prove the existence of positive solutions which depends on the behavior of the weights q1,
q2 near their minima and the dimension N. Moreover, we use the well known Pohozaev identity for prove the nonexistence
result.

1. Introduction and Main Results

Let Ω be a bounded smooth domain in RN(N≥ 3) and
consider the following weighted quasilinear elliptic system:

S
q1 ,q2
μ1 ,μ2􏼐 􏼑

− div q1(x)|∇u|
p− 2∇u􏼐 􏼑 � μ1|u|

p− 2
u +(α + 1)|u|

α− 1
u|v|

β+1
, inΩ,

− div q2(x)|∇v|
p− 2∇v􏼐 􏼑 � μ2|v|

p− 2
v +(β + 1)|u|

α+1
|v|

β− 1
v, inΩ,

u> 0, v> 0, inΩ,

u � v � 0, on zΩ,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(1)

where 2≤p<N, and q1 and q2 are given positive weights
defned on Ω such that q1 and q2 ∈W1,p(Ω)∩C(Ω), p∗ �

pN/N − p is the critical Sobolev exponent of the

noncompact embedding W
1,p
0 (Ω) into Lp∗(Ω), α, β≥ 0

satisfy α + β � p∗ − 2, and the parameters μ1and μ2 satisfy
the following assumption:

Hindawi
Journal of Mathematics
Volume 2023, Article ID 8629590, 18 pages
https://doi.org/10.1155/2023/8629590

https://orcid.org/0000-0002-0075-8837
mailto:med.mokhtar66@yahoo.fr
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/8629590


H0( 􏼁0< μ1 ≤ μ2 < λ1, (2)

where λ1 � min λqi

1 , 1≤ i≤ 2􏼈 􏼉 and λqi

1 denotes the frst ei-
genvalue of − div(qi(x)∇.) in W

1,p
0 (Ω).

Note that |u|α− 1u|v|β+1 and |u|α+1|v|β− 1v are called
strongly-coupled terms and |u|p− 2u, |v|p− 2v are called
weakly coupled terms.

Te problem (Sq1 ,q2
μ1 ,μ2

) is important in many felds of
sciences; it arises in biological applications (e.g., population
dynamics) or physical applications (e.g., models of a nuclear

reactor) and have drawn a lot of attention (see [1–4] and
references therein).

Our system is posed in the framework of the Sobolev
space E � W

1,p
0 (Ω) × W

1,p
0 (Ω), endowed with the following

norm:

‖(u, v)‖ ≔ 􏽚
Ω

q1(x)|∇u(x)|
pdx + 􏽚

Ω
q2(x)|∇v(x)|

pdx􏼒 􏼓
1/p

.

(3)

Te energy functional of (Sq1 ,q2
μ1,μ2

) is defned on E by the
following equation:

J(u, v) ≔
1
p

‖(u, v)‖
p

−
1
p

􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx − 􏽚
Ω

|u|
α+1

|v|
β+1dx. (4)

It is clear that J ∈ C1(E,R) and

〈J′(u, v), (φ, ϕ)〉 ≔ 􏽚
Ω

q1(x)|∇u|
p− 2∇u∇φ + q2(x)|∇v|

p− 2∇v∇ϕ􏼐 􏼑dx +

− μ1􏽚
Ω

|u|
p− 2

uφdx − μ2􏽚
Ω

|v|
p− 2

vϕ dx − (α + 1)􏽚
Ω

|u|
α− 1

u|v|
β+1φdx +

− (β + 1)􏽚
Ω

|u|
α+1

|v|
β− 1

vϕdx � 0,

(5)

where (u, v), (φ, ϕ) ∈ E, and J′(u, v) denote the Fréchet
derivative of J at (u, v).

A pair of functions (u, v) ∈ E is said to be a weak so-
lution of (Sq1 ,q2

μ1 ,μ2
) if u> 0 and v> 0 on Ω satisfy

〈J′(u, v), (φ, ϕ)〉 � 0 for all (φ, ϕ) ∈ E. Terefore, the weak
solutions of (Sq1 ,q2

μ1 ,μ2
) are the critical points of J.

Before stating our main results, let us recall a brief
history.

For the scalar case, that is, when α � β, α + β � p∗ − 2,
μ1 � μ2 � μ, q1 � q2 � q, and u � v, then the system (Sq1 ,q2

μ1 ,μ2
)

reduces to the single elliptic equation as follows:

P
q
μ􏼐 􏼑

− div q(x)|∇u|
p− 2∇u􏼐 􏼑 � μ|u|

p− 2
u +|u|

p∗− 2
u, inΩ,

u> 0, inΩ,

u � 0, on zΩ.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(6)

In the special case q ≡ 1, much interest has grown on this
critical problem, starting from the celebrated paper by Brézis
and Nirenberg [5] for the semilinear equation (p � 2). Tey
established existing results in dimension N � 3 when Ω is
a ball, namely, they ensured the existence of a positive
constant λ0 such that problem (P1

μ) admits a positive so-
lution for all μ ∈ ]λ0, λ

1
1[, where λ

1
1 is the frst eigenvalue of

the operator − Δ. In higher dimensions, N≥ 4, they proved

the existence of a positive solution for all μ ∈ ]0, λ11[ and no
positive solution for μ> λ11 or μ≤ 0 and Ω is a star-shaped
domain. After that, many authors generalized the results of
reference [5] for the quasilinear case, for example, see [6–9]
and the references therein.

In the case where q is not constant, Hadiji and Yazidi
[10] extended the results of [5] to the weighted problem
(Pq

μ) with p � 2 and q ∈ H1(Ω)∩C(Ω) such that

q(x) � q x0( 􏼁 + ak x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k

+ x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
kθ(x), (7)

where x0 ∈ Ω, q(x0) � min q(x), x ∈ Ω􏼈 􏼉, k> 0, ak > 0,
and θ(x)⟶ 0 when x⟶ x0. Tey showed that the ex-
istence of solutions depends not only on parameter λ but
also on the behavior of q near its minima. More recently,
Benhamida and Yazidi [11] have generalized the results of
reference [10] for the quasilinear case (2≤p<N).

Concerning the vectorial case and without weights,
a lot of papers have appeared in recent years dealing with
system involving Laplacian or p-Laplacian operator, see
for instance [1, 12–15] and the references therein. On the
other hand, it should be mentioned that when p � 2,
Bouchekif and Hamzaoui [13] studied the following
weighted system:
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P
q1 ,q2
a,b,c􏼐 􏼑

− div q1(x)∇u( 􏼁 � au + bv +(α + 1)|u|
α− 1

u|v|
β+1 inΩ,

− div q2(x)∇v( 􏼁 � bu + cv +(β + 1)|u|
α+1

|v|
β− 1

v, inΩ,

u � v � 0, on zΩ,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(8)

where a, b, c are real parameters and 2∗ � 2N/N − 2 denotes
the critical Sobolev’s exponent of the embedding H1

0(Ω) into
L2∗(Ω). Tey proved the existence of at least one positive
solution under suitable assumptions on the data.

A natural interesting question is whether the results
concerning the solutions of (Sq1 ,q2

μ1 ,μ2
) with p � 2 in [13] re-

main true for 2≤p<N. By using [11, 13], we gave some
positive answers. To the best of our knowledge, the results
are new in the case when p≠ 2. Note that this quasilinear
problem creates many difculties in applying variational
methods in the fact that (Sq1 ,q2

μ1 ,μ2
) contains the critical ex-

ponent p∗ and weights q1 and q2, then the functional J does
not satisfy the Palais–Smale condition in all the range. To
overcome the lack of compactness, we need to determine
a good level of the Palais–Smale condition. On the other
hand, it is very difcult to prove that the critical value is
contained in the range of this level, so we need more delicate
estimates where q1 and q2 play an essential role.

Now, we introduced some notations and hypotheses.
We assume the existence of x0 in Ω such that, in

a neighborhood of x0, the weighted q1 and q2 behave similar
to

q1(x) � q1 x0( 􏼁 + ak1
x − x0

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
k1 + x − x0

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
k1θq1

(x), (9)

and

q2(x) � q2 x0( 􏼁 + 􏽥ak2
x − x0

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
k2 + x − x0

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
k2θq2

(x), (10)

where x0 ∈ Ω, qi(x0) �
min
x ∈ Ω qi(x), 1≤ i≤ 2, k1, k2, ak1

, and
􏽥ak2

are positive constants and θqi
(x) tends to 0 as x goes

to x0.
Te parameters k1 and k2 will play an essential role in the

study of our system. In fact, if N≥p2, the case k1 >p and
k2 >p is treated by a classical procedure. For the other cases,
we restricted ourself to the case where q1 and q2 satisfy the
following additional conditions:

k1ak1
≤

􏽥q1(x)

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k1

, a.e. x ∈ Ω, (11)

and

k2􏽥ak2
≤

􏽥q2(x)

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2

, a.e. x ∈ Ω, respectively (12)

where

􏽥q1(x) ≔ ∇q1(x). x − x0( 􏼁 and

􏽥q2(x) ≔ ∇q2(x). x − x0( 􏼁.
(13)

Let

c q1, q2( 􏼁 ≔
inf

(u, v) ∈
E

(0, 0){ }

I(u, v), (14)

where I(u, v) ≔ (1/p)((􏽒Ω(􏽥q1(x)|∇u|p + 􏽥q2(x)|∇v|p)dx)/
(􏽒Ω(|u|p + |v|p)dx)).

Now, we are in a position to state the results of our paper.
For the nonexistence results, we have the following

theorem.

Theorem 1. Assume that μ2 ≤ c(q1, q2) and Ω is a star-
shaped domain with respect to x0. Ten, (Sq1 ,q2

μ1 ,μ2
) has no

nontrivial solution.
For the existence results, we have the following theorems.

Theorem 2. Suppose that N � p2, (H0) holds and q1 and q2
satisfy equations (9) and (10), respectively. Ten, there exist
constants ]1, ]2 > 0 such that (Sq1 ,q2

μ1 ,μ2
) has a positive solution,

under one of the following hypotheses:

(H1)k1 >N − p/p − 1, k2 >N − p/p − 1, and μ1 > 0.
(H2)k1 � N − p/p − 1, k2 >p, and μ1 > ]1.
(H3)k1 >p, k2 � N − p/p − 1, and μ1 > ]2.
(H4)k1 � k2 � N − p/p − 1, and μ1 > ]1 + ]2.

Theorem 3. Suppose that N≠p2, (H0) holds and q1 and q2
satisfy equations (11) and (12), respectively. Ten, there exist
constants ]3, ]4, ]5 > 0 such that (Sq1 ,q2

μ1 ,μ2
) has a positive so-

lution, under one of the following hypotheses:

(H5)N>p2, k1 >p, k2 >p, and μ1 > 0.
(H6)N>p2, k1 >p, k2 >p, and μ1 > ]3.
(H7)N>p2, k1 � p, k2 � p, and μ1 > ]4.
(H8)N>p2, k1 � p, k2 � p, and μ1 > ]3 + ]4.
(H9)p<N<p2, k1 >N − p/
p − 1, k2 >N − p/p − 1, and μ1 > ]5.

Tis paper is organized as follows: In Section 2, we
collected some preliminaries results that will be used
throughout the work. In Section 3, we proved Teorem 1
(nonexistence result). In Section 4, we provedTeorems 2 and
3 (existence results) by using the mountain pass theorem.

2. Some Preliminary Results

Troughout this paper, we shall denote by C and Ci , (i �

0, 1, 2, . . .) for the various positive constants.Te diameter of
Ω will be denoted by diam(Ω), we use ⟶ and ¶ to denote
the strong and weak convergence in the related function
spaces, respectively, and u+ � max u, 0{ } and B, (x, r) rep-
resents the ball of radius r centered at x.

Journal of Mathematics 3



We defne the following equation:

S
q
μ ≔

inf

u ∈W
1,p
0

(Ω)

0{ }

Q
q
μ(u) and S

q1 ,q2
μ1 ,μ2
≔

inf

(u, v) ∈
E

(0, 0){ }

Q
q1 ,q2
μ1 ,μ2

(u, v), (15)

where

Q
q
μ(u) �

􏽒Ωq(x)|∇u|
pdx − μ􏽒Ω|u|

pdx

􏽒Ω|u|
p∗dx􏼐 􏼑

p/p∗ ,

Q
q1 ,q2
μ1 ,μ2

(u, v) �
􏽒Ω q1(x)|∇u|

p
+ q2(x)|∇v|

p
( 􏼁dx − 􏽒Ω μ1|u|

p
+ μ2|v|

p
( 􏼁dx

􏽒Ω|u|
α+1

|v|
β+1dx􏼐 􏼑

p/p∗ .

(16)

First, we recall the following Hardy’s inequality, see for
example [16].

Lemma 1. Let t ∈ R such that N + t> 0, we have the fol-
lowing equation:

􏽚
Ω

|x|
t
|u|

pdx≤
p

N + t
􏼒 􏼓

p

􏽚
Ω

|x|
t
|x.∇u|

pdx, for all u ∈W
1,p
0 (Ω). (17)

Moreover, the constant (p/N + t)p is optimal and not
achieved.

We note that direct calculations imply that if t � 0,
Lemma 1 applies even if we replace x with x − x0.

Lemma 2

(1) Assume that q1 and q2 ∈ C1(Ω), and there exists b ∈ Ω
such that 􏽥q1(b) + 􏽥q2(b)< 0, then c(q1, q2) � − ∞.

(2) Suppose that q1 and q2 ∈W1,p(Ω)∩C(Ω) satisfy
equations (9) and (10), respectively, and 􏽥q1(x)≥ 0and
􏽥q2(x)≥ 0 a.e. x ∈ Ω, we have

(i) If k1 >p and k2 >p and q1 and q2 ∈ C1(Ω), then
c(q1, q2) � 0.

(ii) If k1 � p and k2 >p or k1 >p and k2 � p, then

0≤ c q1, q2( 􏼁 ≤
ap

p
λ11(diam(Ω))

p or 0≤ c q1, q2( 􏼁≤
􏽥ap

p
λ11(diam(Ω))

p
, (18)

respectively. (iii) If 0< k1 ≤p, 0< k2 ≤p, q1, and q2 satisfy the
conditions (11) and (12), respectively, then

c q1, q2( 􏼁≥
N

p

p
p+1 min k1ak1

(diam(Ω))
k1− p

, k2􏽥ak2
(diam(Ω))

k2− p
􏽮 􏽯. (19)

Remark 1. If k1 � k2 � p and q1, q2 ∈ C1(Ω), we obtain the
following estimate:

N

p
􏼠 􏼡

p

min ap, 􏽥ap􏽮 􏽯≤ c q1, q2( 􏼁≤
λ11
p

ap + 􏽥ap􏼐 􏼑(diam(Ω))
p
.

(20)

Proof

(1) Let φ ∈ C∞0 (RN) such that 0≤φ≤ 1 onRN, φ ≡ 1 on
B(0, r) and φ ≡ 0 on RN/B(0, 2r), where 0< r< 1.
Let φj(x) � φ(j(x − b)) for j ∈ N∗. We have the
following equation:
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c q1, q2( 􏼁≤
1
2p

􏽒Ω 􏽥q1(x) + 􏽥q2(x)( 􏼁 ∇φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒Ω φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

≤
1
2p

􏽒
B(b,(2r/j))

􏽥q1(x) + 􏽥q2(x)( 􏼁 ∇φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒
B(b,(2r/j))

φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

.

(21)

Using the change of variable y � j(x − b), we obtain
the following equation:

c q1, q2( 􏼁≤
j

p

2p

􏽒
B(0,2r)

􏽥q1(y/j + b) + 􏽥q2(y/j + b)( 􏼁|∇φ(y)|
pdx

􏽒
B(0,2r)

|φ(y)|
pdx

. (22)

Letting j⟶∞, then by the Dominated Conver-
gence theorem we deduce the desired result.

(2) First, we proof 2.i). Since q1 and q2 ∈ C1(Ω) in
a neighborhood V of x0, then by equations (9) and
(10), we can write the following equations:

q1(x) � q1 x0( 􏼁 + ak1
x − x0

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
k1 + θq1

(x), (23)

and
q2(x) � q2 x0( 􏼁 + 􏽥ak2

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2 + θq2

(x), (24)

where θq1
, θq2
∈ C1(V) such that

lim
x→x0

θq1
(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k1

� 0,

lim
x→x0

θq2
(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2

� 0.

(25)

From equation (25), we obtain the existence of r, 0< r< 1,
such that

θq1
(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌≤ x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k1 and

θq2
(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌≤ x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2 , for all x ∈ B x0, 2r( 􏼁 ⊂ V.

(26)

Defning φj(x) � φ(j(x − x0)), then

0≤ c q1, q2( 􏼁≤
1
2p

􏽒Ω 􏽥q1(x) + 􏽥q2(x)( 􏼁 ∇φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒Ω φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

, (27)

and from equations (23) and (24), we deduce the following
equation:

0≤ c q1, q2( 􏼁≤
1
2p

􏽒
B x0,2r/j( )

k1ak1
x − x0

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
k1 + k2􏽥ak2

x − x1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2􏼒 􏼓 ∇φj(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒
B x0 ,2r/j( )

φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

+

+
1
2p

􏽒
B x0 ,2r/j( )

∇θq1
(x). x − x0( 􏼁 + ∇θq2

(x). x − x0( 􏼁􏼐 􏼑 ∇φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒
B x0 ,2r/j( )

φj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

.

(28)

Using the change of variable y � j(x − x0), and in-
tegrating by parts, we obtain the following equation:

0≤ c q1, q2( 􏼁≤
k1ak1

2pj
k1− p

􏽒
B(0,2r)

|y|
k1 |∇φ(y)|

pdy

􏽒
B(0,2r)

|φ(y)|
pdy

−
j

p− 1

2p

􏽒
B(0,2r)

θq1
y/j + x0( 􏼁div y|∇φ(y)|

p
( 􏼁dy

􏽒
B(0,2r)

|φ(y)|
pdy

+

+
k2􏽥ak2

2pj
k2− p

􏽒
B(0,2r)

|y|
k2 |∇φ(y)|

pdy

􏽒
B(0,2r)

|φ(y)|
pdy

−
j

p− 1

2p

􏽒
B(0,2r)

θq2
y/j + x0( 􏼁div y|∇φ(y)|

p
( 􏼁dy

􏽒
B(0,2r)

|φ(y)|
pdy

.

(29)
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Hence, by using equation (26), we obtain the following
equation:

0≤ c q1, q2( 􏼁≤
k1ak1

2pj
k1− p

􏽒
B(0,2r)

|y|
k1 |∇φ(y)|

pdy

􏽒
B(0,2r)

|φ(y)|
pdy

+
C

2pj
k1− p+1

􏽒
B(0,2r)

|y|
k1dy

􏽒
B(0,2r)

|φ(y)|
pdy

+

+
k2􏽥ak2

2pj
k2− p

􏽒
B(0,2r)

|y|
k2 |∇φ(y)|

pdy

􏽒
B(0,2r)

|φ(y)|
pdy

+
C

2pj
k2− p+1

􏽒
B(0,2r)

|y|
k2dy

􏽒
B(0,2r)

|φ(y)|
pdy

,

(30)

where C �
max
y ∈ B

(0, 2r)|div(y|∇φ(y)|p)|.
Terefore, for k1 >p and k2 >p, we reach that c(q1, q2) �

0. Tis concludes the proof of 2.i.
To prove 2.ii, frst we start by the case k1 � p and k2 >p.
Let ξj(x) � φ1(j(x − x0)) for j ∈ N is large enough,

where φ1 is the positive eigenfunction corresponding to the
frst eigenvalue λ11 of the operator − Δp in W

1,p
0 (Ω).

We have the following equation:

0≤ c q1, q2( 􏼁≤
1
2p

􏽒Ω 􏽥q1(x) + 􏽥q2(x)( 􏼁 ∇ξj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒Ω ξj(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

, (31)

Using equations (23) and (24), we obtain the following
equation:

0≤ c q1, q2( 􏼁≤
1
2p

􏽒
x0− 1/jΩ k1ak1

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k1 + k2􏽥ak2

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2􏼒 􏼓 ∇ξj(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒
x0+1/jΩ ξj(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

+

+
1
2p

􏽒
x0+1/jΩ ∇θq1

(x). x − x0( 􏼁 + ∇θq2
(x). x − x0( 􏼁􏼐 􏼑 ∇ξj(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

􏽒
x0+1/jΩ ξj(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
p
dx

.

(32)

By a simple change of variable y � j(x − x0) and in-
tegrating by parts, we obtain the following equation by
equation (28):

0≤ c q1, q2( 􏼁≤
ap

2
􏽒Ω|y|

p ∇φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

􏽒Ω φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

+
C

2pj

􏽒Ω|y|
k1dy

􏽒Ω φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

+

+
k2􏽥ak2

2pj
k2− p

􏽒Ω|y|
k2 ∇φ1(y)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdy

􏽒Ω φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

+
C

2pj
k2− p+1

􏽒Ω|y|
k2dy

􏽒Ω φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

,

(33)

where C �
max
y ∈ Ω |div(y|∇φ1(y)|p)|. Letting j⟶∞, we

obtain the following equation:

0≤ c q1, q2( 􏼁≤
ap

2
􏽒Ω|y|

p ∇φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

􏽒Ω φ1(y)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdy

, (34)

thus

0≤ c q1, q2( 􏼁≤
ap

2
λ11(diam(Ω))

p
. (35)

Similarly, we deduce in the case k1 >p and k2 � p, that

0≤ c q1, q2( 􏼁≤
􏽥ap

2
λ11(diam(Ω))

p
. (36)

Now, we proof 2.iii). Since q1 and q2 satisfy equations
(11) and (12), respectively, for all (u, v) ∈ E/ (0, 0){ } we have
the following equation:
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I(u, v)≥
k1

p
ak1

􏽒Ω x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k1− p

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌|∇u|􏼐 􏼑
p
dx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx
+

k2

p
􏽥ak2

􏽒Ω x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
k2− p

x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌|∇v|􏼐 􏼑
p
dx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx

≥
k1

p
ak1

(diam(Ω))
k1− p􏽒Ω x − x0( 􏼁.∇u

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx
+

k2

p
􏽥ak2

(diam(Ω))
k2− p􏽒Ω x − x0( 􏼁.∇v

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx
.

(37)

By applying Lemma 1 for t � 0, we obtained the fol-
lowing equation:

I(u, v)≥
k1

p
ak1

(diam(Ω))
k1− p N

p
􏼠 􏼡

p
􏽒Ω|u|

pdx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx
+

k2

p
􏽥ak2

(diam(Ω))
k2− p N

p
􏼠 􏼡

p
􏽒Ω|v|

pdx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx
. (38)

Tus,

c q1, q2( 􏼁≥
N

p

p
p+1 min k1ak1

(diam(Ω))
k1− p

, k2􏽥ak2
(diam(Ω))

k2− p
􏽮 􏽯. (39)

Te proof is complete.
Inspired by [1], we obtain the following result. □

Lemma 3. We have the following equation:

K(α, β) S
q1
0( 􏼁

α+1/α+β+2
S

q2
0( 􏼁

β+1/α+β+2 ≤ S
q1 ,q2
0,0 ≤K(α, β)S

h
0 ,

(40)

with

K(α, β) �
α + 1
β + 1

􏼠 􏼡

β+1/α+β+2

+
α + 1
β + 1

􏼠 􏼡

− α+1/α+β+2

, and

h(x) � q1(x) + q2(x).

(41)

Proof. Consider a minimizing sequence wn for Sh
0. Let

sn, tn > 0 be chosen later. Taking un � snwn and vn � tnwn in
quotient (15), we obtain the following equation:

S
q1 ,q2
0,0 ≤

􏽒Ω s
p
n q1(x) + t

p
n q2(x)( 􏼁 ∇wn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

s
p(α+1)/α+β+2
n t

p(β+1)/α+β+2
n 􏽒Ω wn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+2

≤
s

p
n + t

p
n

s
p(α+1)/α+β+2
n t

p(β+1)/α+β+2
n

􏽒Ω q1(x) + q2(x)( 􏼁 ∇wn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

􏽒Ω wn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+2 .

(42)

Observe that

s
p
n + t

p
n

s
p(α+1)/α+β+2
n t

p(β+1)/α+β+2
n

�
sn

tn

􏼠 􏼡

p(β+1)/α+β+2

+
sn

tn

􏼠 􏼡

− p(α+1)/α+β+2

. (43)

Let r � (sn/tn)p and defne the following function:

f(r) � r
(β+1)/α+β+2

+ r
− (α+1)/α+β+2

, r> 0. (44)

Te minimum of the function f is achieved at the point
r0 � α + 1/β + 1 with minimum value

f r0( 􏼁 � K(α, β). (45)

Choosing sn and tn in equation (42) such that s
p
n (β + 1) �

t
p
n (α + 1), we obtain the following equation:

S
q1 ,q2
0,0 ≤K(α, β)

􏽒Ωh(x) ∇wn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

􏽒Ω wn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+2, (46)

hence,

S
q1,q2
0,0 ≤K(α, β)S

h
0 . (47)

To complete the proof, let (un, vn) be a minimizing
sequence for S

q1 ,q2
0,0 and defne zn � snvn with the following

equation:
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sn( 􏼁
α+β+2

�
􏽒Ω un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx

􏽒Ω vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx

. (48)

Ten,

􏽚
Ω

zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx � 􏽚

Ω
un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx. (49)

By Young’s inequality, it follows that

􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx≤

α + 1
α + β + 2

􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx +

β + 1
α + β + 2

􏽚
Ω

zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx. (50)

By equation (49), we have the following equation:

􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx􏼒 􏼓

p/α+β+2
≤ 􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+1
� 􏽚
Ω

zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+2
. (51)

Consequently,

In �
􏽒Ω q1(x) ∇un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

+ q2(x) ∇vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx

􏽒Ω un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx􏼒 􏼓

p/α+β+2

� s
p(β+1)/α+β+2
n

􏽒Ω q1(x) ∇un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

+ q2(x) ∇vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx

􏽒Ω un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx􏼒 􏼓

p/α+β+2

≥ s
p(β+1)/α+β+2
n

􏽒Ωq1(x) ∇un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

􏽒Ω un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+2 + s
p(β+1)/α+β+2
n s

− p
n

􏽒Ωq2(x) ∇zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

􏽒Ω zn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+β+2dx􏼒 􏼓

p/α+β+2

≥ S
q1
0 s

p(β+1)/α+β+2
n + S

q2
0 s

− p(α+1)/α+β+2
n ,

(52)

we know that

mint>0 S
q1
0 t

p(β+1)/α+β+2
+ S

q2
0 t

− p(α+1)/α+β+2
􏼐 􏼑 � K(α, β) S

q1
0( 􏼁

(α+1)/α+β+2
S

q2
0( 􏼁

(β+1)/α+β+2
, (53)

then

In ≥K(α, β) S
q1
0( 􏼁

(α+1)/α+β+2
S

q2
0( 􏼁

(β+1)/α+β+2
, (54)

Tus,

S
q1 ,q2
0,0 ≥K(α, β) S

q1
0( 􏼁

(α+1)/α+β+2
S

q2
0( 􏼁

(β+1)/α+β+2
. (55)

We know that S
q
0 is achieved if and only ifΩ � RN by the

following function:

Uε(x) � Cε
1

ε + x − x0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p/p− 1

⎛⎝ ⎞⎠

(N− p)/p

, (56)

where Cε is a normalization constant and ε is a small positive
constant; for more details, see [17, 18].

Set uε(x) � ξ(x)Uε(x), where ξ ∈ C∞0 (Ω) is a fxed
function such that 0≤ ξ ≤ 1 and ξ ≡ 1 in some neighborhood
of x0. We have, from [8], that
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􏽚
Ω
∇uε

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx � K1 + o εN− p/p

􏼐 􏼑,

􏽚
Ω

uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p∗dx􏼒 􏼓

p

p∗ � K2 + o εN− p/p
􏼐 􏼑, and

􏽚
Ω

uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
pdx �

K3,1ε
p− 1

+ o εp− 1
􏼐 􏼑, if N>p

2
,

K3,2ε
p− 1

|ln(ε)| + o εp− 1
|ln(ε)|􏼐 􏼑, if N � p

2
,

K3,3ε
N− p/p

+ o εN− p/p
􏼐 􏼑, if N<p

2
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(57)

where K1, K2, and K3,i are positive constants. □

Lemma  . Assume that (H0) hold and one of the hypotheses
(Hj)1≤j≤9 is satisfed. Ten,

S
q1 ,q2
μ1 ,μ2
< S

q1 ,q2
0,0 . (58)

Proof. Let A, B> 0 such that

A

B
􏼒 􏼓

p

�
(α + 1)S

q2
0

(β + 1)S
q1
0

� s
p and

η ≔ η α, β, q1, q2( 􏼁 � s
p β+1/p∗( ) + s

− pα+1/p∗
.

(59)

Ten, by (H0) and equations (15) and (59), we have the
following equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤
􏽒Ω q1(x)A

p
+ q2(x)B

p
( 􏼁 ∇uε

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx − μ1􏽒Ω A

p
+ B

p
( 􏼁 uε

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdx

A
α+1

B
β+1

􏼐 􏼑
p/p∗

􏽒Ω uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p∗

dx􏼒 􏼓
p/p∗

≤ s
p β+1/p∗( )􏽒Ω q1(x) ∇uε

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

− μ1 uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx

􏽒Ω uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p∗dx􏼒 􏼓

p/p∗ +

+ s
− pα+1/p∗􏽒Ω q2(x) ∇uε

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

− μ1 uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx

􏽒Ω uε
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p∗dx􏼒 􏼓

p/p∗

≤ s
pβ+1/p∗

Q
q1
μ1

uε( 􏼁 + s
− pα+1/p∗

Q
q2
μ1

uε( 􏼁.

(60)
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We know by [11] Q
q1
μ1(uε)≤ q1(x0)S

1
0 +

− μ1
K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑, if N>p

2
, k1 >p,

− μ1 −
Cp,1 ap􏼐 􏼑

K3,1

⎛⎝ ⎞⎠
K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑, if N>p

2
, k1 � p,

− μ1 −
Ck1 ,2 ak1

􏼐 􏼑

K3,2

⎛⎝ ⎞⎠
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑, if N � p

2
, k1 �

N − p

p − 1
,

− μ1 −
Ck1 ,3 ak1

􏼐 􏼑

K3,3

⎛⎝ ⎞⎠
K3,3

K2
εN− p/p

+ o ε(N− p/p)
􏼐 􏼑, if N<p

2
, k1 >

N − p

p − 1
,

− μ1
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑, if N � p

2
, k1 >

N − p

p − 1
,

Ck1 ,1 ak1
􏼐 􏼑

K2
εk1(p− 1)/p

+ o εk1(p− 1)/p
􏼐 􏼑, if N>p

2
, 0< k1 <p,

Ck1 ,1 ak1
􏼐 􏼑

K2
εk1(p− 1)/p

+ o εk1(p− 1)/p
􏼐 􏼑, if N<p

2
, p< k1 <

N − p

p − 1
,

Ck1 ,2 ak1
􏼐 􏼑

K2
εN− p/p

|log(ε)| + o εN− p/p
|log(ε)|􏼐 􏼑, if N<p

2
, k1 �

N − p

p − 1
,

(61)

and Q
q2
μ1(uε)≤ q2(x0)S

1
0 +

− μ1
K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑, if N>p

2
, k2 >p,

− μ1 −
Cp,1 􏽥ap􏼐 􏼑

K3,1

⎛⎝ ⎞⎠
K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑 if N>p

2
, k2 � p,

− μ1 −
Ck2 ,2 􏽥ak2

􏼐 􏼑

K3,2

⎛⎝ ⎞⎠
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑 if N � p

2
, k2 �

N − p

p − 1
,

− μ1 −
Ck2 ,3 􏽥ak2

􏼐 􏼑

K3,3

⎛⎝ ⎞⎠
K3,3

K2
εN− p/p

+ o εN− p/p
􏼐 􏼑 if N<p

2
, k2 >

N − p

p − 1
,

− μ1
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑 if N � p

2
, k2 >

N − p

p − 1
,

Ck2 ,1 􏽥ak2
􏼐 􏼑

K2
εk2(p− 1)/p

+ o εk2(p− 1)/p
􏼐 􏼑 if N>p

2
, 0< k2 <p,

Ck2 ,1 􏽥ak2
􏼐 􏼑

K2
εk2(p− 1)/p

+ o εk2(p− 1)/p
􏼐 􏼑 if N<p

2
, p< k2 <

N − p

p − 1
,

Ck2 ,2 􏽥ak2
􏼐 􏼑

K2
εN− p/p

|log(ε)| + o εN− p/p
|log(ε)|􏼐 􏼑, if N<p

2
, k2 �

N − p

p − 1
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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with

Ck1 ,1 ak1
􏼐 􏼑 � ak1

N − p

p − 1
􏼠 􏼡

p

􏽚
RN

|x|
p/p− 1+k1

1 +|x|
p/p− 1

􏼐 􏼑
N
dx,

Ck1 ,2 ak1
􏼐 􏼑 �

N − p

p − 1
􏼠 􏼡

p

ak1
ωN,

Ck1 ,3 ak1
􏼐 􏼑 � ak1

N − p

p − 1
􏼠 􏼡

p

(diam(Ω))
k1+1− ((N− p)/p)− 1

,

(63)

where ωN is the area of SN− 1 and by the same way we defne
Ck2 ,i(􏽥ak2

).
Using equations (61) and (62), we distinct the following

cases:

(1) If N � p2, k1 >N − p/p − 1, and k2 >N − p/p − 1,
then

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
pβ+1/p∗

q1 x0( 􏼁S
1
0 + s

− pα+1/p∗
q2 x0( 􏼁S

1
0 +

− μ1η
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑.

(64)

(2) If N � p2, k1 � N − p/p − 1, and k2 >N − p/p − 1,
we have the following equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
pβ+1/p∗

q1 x0( 􏼁S
1
0 + s

− pα+1/p∗
q2 x0( 􏼁S

1
0 +

− μ1 −
s

pβ+1/p∗

η
Ck1 ,2 ak1

􏼐 􏼑

K3,2

⎛⎝ ⎞⎠η
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑.

(65)

(3) If N � p2, k1 >N − p/p − 1, and k2 � N − p/p − 1,
we have the following equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
pβ+1/p∗

q1 x0( 􏼁S
1
0 + s

− p α+1/p∗( )q2 x0( 􏼁S
1
0 +

− μ1 −
s

− pα+1/p∗

η
Ck2 ,2 􏽥ak2

􏼐 􏼑

K3,2

⎛⎝ ⎞⎠η
K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑.

(66)

(4) If N � p2, k1 � N − p/p − 1, and k2 � N − p/p − 1,
we have the following equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
pβ+1/p∗

q1 x0( 􏼁S
1
0 + s

− pα+1/p∗
q2 x0( 􏼁S

1
0 +

− μ1 −
1
η

s
pβ+1/p∗Ck1 ,2 ak1

􏼐 􏼑

K3,2
+ s

− pβ+1/p∗Ck2 ,2 􏽥ak2
􏼐 􏼑

K3,2

⎛⎝ ⎞⎠η
K3,2

K2
εp− 1

|log(ε)|⎛⎝ ⎞⎠+

+ o εp− 1
|log(ε)|􏼐 􏼑.

(67)
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(5) If N>p2, k1 >p, and k2 >p, we have the following
equation:

Q
q1 ,q2
μ1,μ2

Auε, Buε( 􏼁≤ s
pβ+1/p∗

q1 x0( 􏼁S
1
0 + s

− pα+1/p∗
q2 x0( 􏼁S

1
0 − η

K3,1

K2
μ1ε

p− 1
+ o εp− 1

􏼐 􏼑. (68)

(6) If N>p2, k1 >p, and k2 � p, we obtain the following
equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
pβ+1/p∗

q1 x0( 􏼁S
1
0 + s

− pα+1/p∗
q2 x0( 􏼁S

1
0 +

− μ1 −
s

− pα+1/p∗

η
Cp,1 􏽥ap􏼐 􏼑

K3,1

⎛⎝ ⎞⎠η
K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑.

(69)

(7) If N>p2, k1 � p, and k2 >p, we have the following
equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
p β+1/p∗( )q1 x0( 􏼁S

1
0 + s

− p α+1/p∗( )q2 x0( 􏼁S
1
0 +

− μ1 −
s

p β+1/p∗( )

η
Cp,1 ap􏼐 􏼑

K3,1

⎛⎝ ⎞⎠η
K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑.

(70)

(8) If N>p2, k1 � p, and k2 � p, it result in the fol-
lowing equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
p β+1/p∗( )q1 x0( 􏼁S

1
0 + s

− p α+1/p∗( )q2 x0( 􏼁S
1
0 +

− μ1 −
1
η

s
p β+1/p∗( )Ck1 ,1 ak1

􏼐 􏼑

K3,1
+ s

− p α+1/p∗( )Ck2 ,1 􏽥ak2
􏼐 􏼑

K3,1

⎛⎝ ⎞⎠⎛⎝ ⎞⎠η
K3,1

K2
εp− 1

+

+ o εp− 1
􏼐 􏼑.

(71)

(9) IfN<p2, k1 > (N − p/p − 1), and k2 > (N − p/p− 1),
we have the following equation:

Q
q1 ,q2
μ1 ,μ2

Auε, Buε( 􏼁≤ s
p β+1/p∗( )q1 x0( 􏼁S

1
0 + s

− p α+1/p∗( )q2 x0( 􏼁S
1
0 +

− μ1 −
1
η

s
p β+1/p∗( )Ck1 ,3 ak1

􏼐 􏼑

K3,3
+ s

− p α+1/p∗( )Ck2 ,3 􏽥ak2
􏼐 􏼑

K3,3

⎛⎝ ⎞⎠⎛⎝ ⎞⎠η
K3,3

K2
εN− p/p

+

+ o εN− p/p
􏼐 􏼑.

(72)
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Using the fact that,

q1 x0( 􏼁S
1
0 ≤ S

q1
0 ,

q2 x0( 􏼁S
1
0 ≤ S

q2
0 ,

(73)

and from Lemma 3, we obtain the following equation:

s
p β+1/p∗( ) q1 x0( 􏼁( 􏼁S

1
0 + s

− p α+1/p∗( )q2 x0( 􏼁S
1
0 ≤K(α, β) S

q1
0( 􏼁

β+1/p∗( )
S

q2
0( 􏼁

α+1/p∗( ) ≤ S
q1 ,q2
0,0 . (74)

Let (]i)1≤i≤5 such that

]1 ≔
Ck1 ,2 ak1

􏼐 􏼑

K3,2

(β + 1)S
q1
0

(α + 1)S
q2
0

+ 1􏼠 􏼡

− 1

, ]2 ≔
Ck2 ,2 􏽥ak2

􏼐 􏼑

K3,2

(α + 1)S
q2
0

(β + 1)S
q1
0

+ 1􏼠 􏼡

− 1

,

]3 ≔
Cp,1 􏽥ap􏼐 􏼑

K3,1

(α + 1)S
q2
0

(β + 1)S
q1
0

+ 1􏼠 􏼡

− 1

, ]4 ≔
Cp,1 ap􏼐 􏼑

K3,1

(β + 1)S
q1
0

(α + 1)S
q2
0

+ 1􏼠 􏼡

− 1

,

]5 ≔
(β + 1)S

q1
0

(α + 1)S
q2
0

+ 1􏼠 􏼡

− 1Ck1 ,3 ak1
􏼐 􏼑

K3,3
+

(α + 1)S
q2
0

(β + 1)S
q1
0

+ 1􏼠 􏼡

− 1Ck2 ,3 􏽥ak2
􏼐 􏼑

K3,3
,

(75)

then, we have Q
q1 ,q2
μ1 ,μ2(Auε, Buε)≤

S
q1 ,q2
0,0 − μ1η

K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑, if

N � p
2
,

k1 >
N − p

p − 1
, k2 >

N − p

p − 1
,

⎧⎪⎪⎨

⎪⎪⎩

S
q1 ,q2
0,0 − μ1 − ]1( 􏼁η

K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑, if

N � p
2
,

k1 �
N − p

p − 1
, k2 >

N − p

p − 1
,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

S
q1 ,q2
0,0 − μ1 − ]2( 􏼁η

K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑, if

N � p
2
,

k1 >
N − p

p − 1
, k2 �

N − p

p − 1
,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

S
q1 ,q2
0,0 − μ1 − ]1 + ]2( 􏼁( 􏼁η

K3,2

K2
εp− 1

|log(ε)| + o εp− 1
|log(ε)|􏼐 􏼑, if

N � p
2
,

k1 � k2 �
N − p

p − 1
,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

S
q1 ,q2
0,0 − η

K3,1

K2
μ1ε

p− 1
+ o εp− 1

􏼐 􏼑, if N>p
2
,

k1 >p, k2 >p,
􏼨

S
q1 ,q2
0,0 − μ1 − ]3( 􏼁η

K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑, if N>p

2
,

k1 >p, k2 � p,
􏼨

S
q1 ,q2
0,0 − μ1 − ]4( 􏼁η

K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑, if

N>p
2
,

k1 � p, k2 >p,
􏼨

S
q1 ,q2
0,0 − μ1 − ]3 + ]4( 􏼁( 􏼁η

K3,1

K2
εp− 1

+ o εp− 1
􏼐 􏼑, if N>p

2
,

k1 � k2 � p,
􏼨

S
q1 ,q2
0,0 − μ1 − ]5( 􏼁η

K3,3

K2
εN− p/p

+ o εN− p/p
􏼐 􏼑, if

N<p
2
,

k1 >
N − p

p − 1
, k2 >

N − p

p − 1
.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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Te conclusion follows from the previous
inequalities. □

3. Nonexistence Result

Te main goal of this section is the nonexistence result. So
we use Pohozaev identity to prove Teorem 1.

Proof ofTeorem 1. Let (u, v) ∈ E be the solution of (Sq1 ,q2
μ1 ,μ2

).
Multiplying the frst equation in the system (Sq1 ,q2

μ1 ,μ2
) by

∇u.(x − x0) on both sides and integrating by parts, we
obtain the following equation:

p − N

p
􏽚
Ω

q1(x)|∇u(x)|
pdx −

1
p

􏽚
Ω

􏽥q1(x)|∇u(x)|
pdx − 1 −

1
p

􏼠 􏼡􏽚
zΩ

q1(x) x − x0( 􏼁.]
zu

z]

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

dσ

� −
N

p
μ1􏽚
Ω

|u|
pdx + 􏽚

Ω
∇ |u|

α+1
􏼐 􏼑. x − x0( 􏼁|v|

β+1dx.

(77)

where ] denotes the outward normal to zΩ. Similarly, we obtain for the second equation of (Sq1,q2
μ1 ,μ2

)

as follows:

p − N

p
􏽚
Ω

q2(x)|∇v(x)|
pdx −

1
p

􏽚
Ω

􏽥q2(x)|∇v(x)|
pdx − 1 −

1
p

􏼠 􏼡􏽚
zΩ

q2(x) x − x0( 􏼁.]
zv

z]

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

dσ

� −
N

p
μ2􏽚
Ω

|v|
pdx + 􏽚

Ω
|u|

α+1∇ |v|
β+1

􏼐 􏼑. x − x0( 􏼁dx,

(78)

Combining equations (77) and (78), we write the fol-
lowing equation:

p − N

p
􏽚
Ω

q1(x)|∇u(x)|
p

+ q2(x)|∇v(x)|
p

( 􏼁dx +

−
1
p

􏽚
Ω

􏽥q1(x)|∇u(x)|
p

+ 􏽥q2(x)|∇v(x)|
p

( 􏼁dx +

− 1 −
1
p

􏼠 􏼡􏽚
zΩ

q1(x) x − x0( 􏼁.]
zu

z]

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

+ q2(x) x − x0( 􏼁.]
zv

z]

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

􏼠 􏼡dσ

� −
N

p
􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx − N􏽚
Ω

|u|
α+1

|v|
β+1dx.

(79)

On the other hand, multiplying the two equations in the
system (Sq1 ,q2

μ1 ,μ2
) by (N − p/p)u and (N − p/p)v, respectively,

integrating by parts, and by summing the obtained results,
we obtain the following equation:

N − p

p
􏽚
Ω

q1(x)|∇u(x)|
p

+ q2(x)|∇v(x)|
p

( 􏼁dx

�
N − p

p
􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx + N􏽚
Ω

|u|
α+1

|v|
β+1dx.

(80)
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Combining equations (79) and (80), we obtain the fol-
lowing equation:

􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx −
1
p

􏽚
Ω

􏽥q1(x)|∇u(x)|
p

+ 􏽥q2(x)|∇v(x)|
p

( 􏼁dx+

− 1 −
1
p

􏼠 􏼡􏽚
zΩ

q1(x) x − x0( 􏼁.]
zu

z]

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

+ q2(x) x − x0( 􏼁.]
zv

z]

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

p

􏼠 􏼡dσ � 0.

(81)

If Ω is a star-shaped domain about x0, we have the
following equation:

􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx>
1
p

􏽚
Ω

􏽥q1(x)|∇u(x)|
2

+ 􏽥q2(x)|∇v(x)|
2

􏼐 􏼑dx.

(82)

By (H0), we reach that

μ2 >
1
p

􏽒Ω 􏽥q1(x)|∇u(x)|
p

+ 􏽥q2(x)|∇v(x)|
p

( 􏼁dx

􏽒Ω |u|
p

+|v|
p

( 􏼁dx
≥ c q1, q2( 􏼁,

(83)

which is a contradiction. □

4. Existence Results

We frst verify that J satisfes the geometric conditions of the
mountain pass theorem.

Lemma 5. Assume that (H0) is satisfed, then

(i) Tere exist ρ> 0 and R> 0 such that J(u, v)≥ ρ for all
(u, v) ∈ E with ‖(u, v)‖ � R.

(ii) Tere exists (u0, v0) ∈ E, with ‖(u0, v0)‖>R such that
J(u0, v0)≤ 0.

Proof

(i) From Hölder’s inequality, Sobolev embedding and
(H0) it follows that

J(u, v) �
1
p

‖(u, v)‖
p

−
1
p

􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx − 􏽚
Ω

|u|
α+1

|v|
β+1dx

≥
1
p

‖(u, v)‖
p

−
μ2
p

􏽚
Ω

|u|
p

+|v|
p

( 􏼁dx − C‖(u, v)‖
p∗

≥
1
p
min 1 −

μ2
λq1
1

􏼠 􏼡, 1 −
μ2
λq2
1

􏼠 􏼡􏼨 􏼩‖(u, v)‖
p

− C‖(u, v)‖
p∗

,

(84)

where C is a positive constant. Ten, there exists
(u, v) ∈ E such that J(u, v)≥ ρ> 0, for ‖(u, v)‖ � R

small enough.
(ii) We have J(tu, tv)⟶ − ∞ as t⟶∞, for any

(u, v) ∈ E/ (0, 0){ }; thus, there exists (u0, v0) with
‖(u0, v0)‖>R such that J(u0, v0)< 0.

Next, we prove an important lemma which ensures the
local compactness of a Palais–Smale sequence for J. □

Lemma 6. If c< c∗ ≔ p/N − p(1/p∗)N/p(S
q1 ,q2
0,0 )N/p, then J

satisfes (P − S)c condition.

Proof. Suppose that (un, vn)􏼈 􏼉 ⊂ E satisfes

1
p

un, vn( 􏼁
����

����
p

−
1
p

􏽚
Ω

μ1 un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

+ μ2 vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx − 􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx � c+°(1),

un, vn( 􏼁
����

����
p

− 􏽚
Ω

μ1 un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

+ μ2 vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx − p
∗
􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx �〈εn, un, vn( 􏼁〉,

(85)
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with εn⟶ 0 as n⟶∞, then (un, vn)􏼈 􏼉 is bounded in E.
Going if necessary to a subsequence, we can assume that as
n⟶∞

un, vn( 􏼁⇀(u, v)weakly inE,

un, vn( 􏼁⟶ (u, v) strongly in L
p1 × L

p2 for allp≤p1, p2 <p
∗
,

un, vn( 􏼁⟶ (u, v) a.e. inΩ.

(86)

It follows that (u, v) is a weak solution of the system, i.e.,

〈J′(u, v), (φ,ψ)〉 � 0, for all (φ,ψ) ∈ E. (87)

We set

􏽥un � un − u,

􏽥vn � vn − v.
(88)

Applying the following relations as in Brézis-Lieb
Lemma [19]:

∇un

����
����

p

p
� ‖∇u‖

p
p + ∇􏽥un

����
����

p

p
+°(1),

∇vn

����
����

p

p
� ‖∇v‖

p
p + ∇􏽥vn

����
����

p

p
+°(1),

􏽚
Ω

un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx � 􏽚

Ω
|u|

α+1
|v|

β+1dx + 􏽚
Ω

􏽥un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx+°(1),

(89)

we obtain the following equations:

J(u, v) +
1
p

􏽥un, 􏽥vn( 􏼁
����

����
p

− 􏽚
Ω

􏽥un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx � c +°(1),

(90)

and

‖(u, v)‖
p

+ 􏽥un, 􏽥vn( 􏼁
����

����
p

� 􏽚
Ω

μ1|u|
p

+ μ2|v|
p

( 􏼁dx + p
∗
􏽚
Ω

|u|
α+1

|v|
β+1

+ 􏽥un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1

􏼒 􏼓dx +°(1). (91)

Since 〈J′(u, v), (u, v)〉 � 0, then

􏽥un, 􏽥vn( 􏼁
����

����
p

� p
∗
􏽚
Ω

􏽥un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx +°(1). (92)

We may therefore assume that

􏽥un, 􏽥vn( 􏼁
����

����
p⟶ L

p∗􏽚
Ω

􏽥un
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
α+1 􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx⟶ L as n⟶ +∞.

(93)

From the defnition of S
q1 ,q2
0,0 , we obtain the following

equation:

􏽥un, 􏽥vn( 􏼁
����

����
p ≥ S

q1,q2
0,0 􏽚

Ω
􏽥un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx􏼒 􏼓

p/p∗

. (94)

Tus, L≥ S
q1 ,q2
0,0 (L/p∗)p/p∗ . Assume that L> 0, then

L≥ (p∗)1− (N/p)(S
q1 ,q2
0,0 )N/p.

Passing to the limit in equation (90), we obtain the
following equation:

J(u, v) +
L

N
� c<

p

N − p

S
q1 ,q2
0,0

p∗
􏼠 􏼡

N/p

, (95)

and hence, J(u, v)< 0, for (u, v) ∈ E.
On the other hand, we have the following equation:

J(u, v) �
p
∗

p
− 1􏼠 􏼡􏽚

Ω
􏽥un

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

􏽥vn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx≥ 0, (96)

which yields a contradiction. Tus, (un, vn)⟶ (u, v)

strongly in E. □

Lemma 7. Let A, B satisfy equation (59) and uε as in Lemma
4 with 􏽒Ω|uε|

p∗dx � 1. Ten,

sup
t≥0

J tAuε, tBuε( 􏼁< c
∗
. (97)

Proof. We have the following equation:
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J tAuε, tBuε( 􏼁≤
1
p

t
p

Auε, Buε( 􏼁
����

����
p

− μ1 A
p

+ B
p

( 􏼁 uε
����

����
p

p
􏼒 􏼓 − t

p∗
A
α+1

B
β+1

. (98)

Denoting by r(tuε) the function in the right-hand side of
the last inequality. A forward computation assures that

t0 ≔
Auε, Buε( 􏼁

����
����

p
− μ1 Ap + Bp( ) uε

����
����

p

p

p∗Aα+1Bβ+1
⎡⎢⎢⎣ ⎤⎥⎥⎦

1/p∗− p

, (99)

is the maximum point for r. So,

J tAuε, tBuε( 􏼁≤
p

N − p
􏼠 􏼡

1
p∗

􏼠 􏼡

N/p

s
p (β+1)/p∗( )Q

q1
μ1

uε( 􏼁 + s
− p (α+1)/p∗( )Q

q2
μ1

uε( 􏼁􏼔 􏼕
N/p

. (100)

By Lemmas 3 and 4 and for small ε, we obtain the
following equation:

sup
t≥0

J tAuε, tBuε( 􏼁< c
∗
, (101)

and thus, equation (97) holds.
Now, we can prove Teorems 2 and 3. □

Proofs of Teorem 2 and 3. By Lemma 5, there exists
a Palais–Smale sequence a (P − S)c sequence in E with

c � inf
ϕ∈Γ

maxt∈[0,1]J(ϕ(t)),

Γ � ϕ ∈ C([0, 1], E): ϕ(0) � 0, J(ϕ(1))< 0􏼈 􏼉.

(102)

Lemmas 6 and 7 imply that J verifes the condition
(P − S)c. Using the mountain pass theorem in [20] whenever
c> 0 and the Ghoussoub–Preiss version in [21] whenever
c � 0, respectively, we obtain a nontrivial critical point (u, v)

of J.
Consider

J
+
(u, v) �

1
p

‖(u, v)‖
p

−
1
p

􏽚
Ω

μ1 u
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

+ μ2 v
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑dx − 􏽚
Ω

u
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
α+1

v
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
β+1dx. (103)

Repeating the above process for J+, we obtain a non-
negative solution (u, v) to the problem (Sq1 ,q2

μ1 ,μ2
). From (H0)

and by using the maximum principle, we conclude that u> 0
and v> 0.
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[5] H. Brézis and L. Nirenberg, “Positive solutions of nonlinear
elliptic equations involving critical sobolev exponents,”
Communications on Pure and Applied Mathematics, vol. 36,
no. 4, pp. 437–477, 1983.

[6] J. G. Azorero and I. P. Alonso, “Multiplicity of solutions for
elliptic problems with critical exponent or with nonsymmetric

Journal of Mathematics 17



term,” Transactions of the American Mathematical Society,
vol. 323, pp. 877–895, 1991.

[7] G. Barles, “Remarks on uniqueness results of the frst ei-
genvalue of the p-Laplacian,” Annales de la Faculté des Sci-
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