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In interval analysis, integral inequalities are determined based on different types of order relations, including pseudo,
fuzzy, inclusion, and various other partial order relations. By developing a link between center-radius (CR) order re-
lations, it seeks to develop a theory of inequalities with novel estimates. A (CR)-order relation relationship differs from
traditional interval-order relationships in that it is calculated as follows: g = {q.,q,> = (§+q/2,9— q/2). There are several
advantages to using this ordered relationship, including the fact that the inequality terms deduced from it yield much
more precise results than any other partial-order relation defined in the literature. This study introduces the concept of
harmonical (hy, h,)-convex functions associated with the center-radius order relations, which is very novel in literature.
Applied to uncertainty, the center-radius order relation is an effective tool for studying inequalities. Our first step was to
establish the Hermite-Hadamard (%.%’) inequality and then to establish Jensen inequality using these notions. We
discuss a few exceptional cases that could have practical applications. Moreover, examples are provided to verify the
applicability of the theory developed in the present study.

1. Introduction

Uncertainty problems can be distorted by using specific
numbers. It is therefore crucial to avoid such errors and
obtain effective results. Furthermore, Moore [1] proposed
and investigated interval analysis for the first time in 1966.
It is a discipline in which an uncertain variable is repre-
sented by an interval of real numbers. Through this
analysis, the accuracy level of problems is improved. A
variety of fields have been affected by it over the past

50 years, including differential equations with intervals [2],
neural networks [3], aeroelasticity [4], and error analysis
[5]. As a result, interval analysis has yielded many excellent
results, and readers interested in reading more can consult
reference [6].

The concept of convexity is becoming increasingly
important to both the pure and applied sciences. Re-
search on the concept of convexity with integral prob-
lems is an exciting area. Integral inequalities are useful
for evaluating convexity and nonconvexity qualitatively
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and quantitatively. This area of research has grown in
popularity due to its diverse applications in different
fields. Convexity is an integral part of optimization
concepts and is widely used in operation research,
economics, control theory, decision-making, and man-
agement. There is a great deal of experience among
mathematicians who deal with inequalities, such as those
related to Ostrowski, Opial, Simpson, Jensen, and Her-
mite-Hadamard. In an attempt to promote convexity
subjectively, we apply several fundamental integral in-
equalities. This has resulted in many inequalities as an
application of convex functions and generalized convex
functions, see reference [7]. Later, various partial order
relations, as well as different integral operators, were
used to establish a strong interrelationship between
inequalities and interval-valued functions (JFZ7'FS).
Khan et al. [8] established Hermite—Hadamard type
inequalities for left right interval-valued functions.
Nwaeze et al. [9] developed a fractional version of these
inequalities for polynomial convex interval-valued
functions. Several practical applications have been de-
veloped based on these concepts see reference [10]. For
SV FS, initially, Breckner introduces the concept of
continuity, see reference [11]. Chalco-Cano et al. [12]
established the Ostrowski-type inequality, Costa et al.
[13], Flores-Franulic and Roman-Flores [14], and Costa
et al. [13] established the Opial-type inequality for
SFVFS. A famous double inequality is defined as
follows:

‘}’(q)+\P(r)> qr J”
2 r—qly
An approximation of the mean value of a continuous
function is provided by the function. Despite its sim-
plicity, it is well known because of its definition of convex
mappings, the first geometrical interpretation in ele-
mentary mathematics. In 2007, Varosanec [15]
troduced the idea of h-convexity. Inspired by this idea,
Zhao et al. [16], introduced the notion of h-
convex S 7' S, and utilizing these notions, Jensen and
X.Z inequality were established. There are a variety of
interval-valued generalizations of these inequalities.
Zhang et al. [17] developed Hermite-Hadamard and
Jensen-type inequalities for the generalized class of
Godunova-Levin functions. Afzal et al. [18] introduced
the notion of Harmonical Godunova-Levin interval-
valued functions and developed these inequalities see
reference [19]. Initially, Awan et al. introduced the
notion of (h,h,)-convex functions and developed the
following results [20]. Later, different authors used the
notion of (hy, h,)-convexity and developed the following
inequalities using related classes of convexity see ref-
erences [21-23]. The results developed using partial
order relations, including inclusion relations, pseudo-
order relations, and fuzzy order relations are not as
accurate as the results developed using the center-radius

q+r

‘{’(w)dwz‘{’( 247 ) (1)
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method. Therefore, center-radius order is an ideal tool
for studying inequalities, and it was developed by the
following author [24]. Based on harmonical CR-h-
convex functions, this result can be proved by Liu
et al. [25].

Theorem 1 (See [25]). Consider V: [q,7] — Rj. Define
h: (0,1) — R* and h(1/2)#0. If ¥ eSHX(CR-h,

[q,7],R}) and ¥ € IR, ), then

1 2qr qr J"I’(w)
2h(1/2)qj(q+r>$CRr—q 4 W

1
2crl¥ (@ +¥(r)] Jo h(s)ds.

(2)

The set of all harmonically CR-h-convex functions over
[g,7] is denoted by SHX(CR - h, [g,7],R]), In addition,
Jensen-type inequality was also established using the no-
tion of harmonical h-convexity via center-radius order
relation.

Theorem 2 (See [25]). Let ¢; € RY, j; € [q,r]. If h is non-
negative super multiplicative function and ¥ € SHX(CR -
h, [g, 7], R}) then this holds:

1
¥ h 3
<1/Ckz —1€Ci ]1) CR; ( ) ( )

There is novelty and significance in this study because
for the first time, harmonical (h;, h,)-convexity is con-
nected with center-radius order relations. Furthermore,
this class is more generalized since different choices of h
result in different classes of harmonic convex functions.
There are a variety of partial order relations, but
CR-order is distinct from them. The center and radius
concepts can be calculated by using the endpoints of
intervals such as: q-=¢g+g/2 and gz =9q-g/2, re-
spectively, where q = [¢,q]. -

We get our research ideas from the extensive literature
and specific articles, see references [21, 25]. Using the
notions of harmonical convexity and center-radius order,
we introduce a novel class of convexity called harmonical
CR- (h;, hy)-convex functions. By utilizing this new idea,
we developed #.% and Jensen-type inequalities. Fur-
thermore, the study provides relevant examples to back up
its findings.

2. Preliminaries

This section summarizes some fundamental concepts, re-
sults, and definitions. Several terms were mentioned but not
explained, see references [16, 25]. As you proceed through
the paper, it will prove very helpful to have a basic un-
derstanding of interval analysis arithmetic



Journal of Mathematics

lq] = [g,q](s €R g <s5g;s¢ R),
[r] =[r,7](se Rr <s<7; s €R),

[q] +[r] =[g.q] +[r.7]
:[ﬂ+x,q+?], (4)

[vg, vq] (v>0),
Vg = v[g, q] =1 {0} (v=0),
[vq,vg] (v<0),

where v € R. Suppose R;and R} be the collection of all
closed and positive intervals of R, respectively. We will
now talk about certain interval arithmetic algebraic
properties.

Let g=1[g,q]l € R;, then g, =g+ ¢q/2 and q, =9 —q/2
are the center and radius of interval g, respectively. The center-
radius form of interval g can be represented as follows:

q=4{4:9)

o 5
G+qd-q (5)
= %5 %),

Definition 1. The CR-order relation for q = [q,4] = {q.,9,»
and r = [r,7] = {(r.,r,) € R; can be represented as follows:
4c<re it g #7,

qZcrt = { _ (6)
ST if dc.=To

NOTE: For any arbitrary two intervals g,r € R;, this
holds either g g7 or r<-zq. Riemann integral operators for
SFYVFS are represented as follows:

Definition 2 (See [25]). Let &: [g,r] be an interval-valued
function (FZ %) such that P = [P, P]. Then, P is Rie-
mann integrable (IR) on [g, r] iff & and 2 are IR on (g 7],
that is as follows:

L P (x)dx = “q P (x)dx J;@(x)dx]. 7)

The bundle of all (IR). 7' #S on [q,r] is represented
by IR[q’r].

Shi et al. [25] demonstrated that the integral retains
order on the basis of CR-order relations.

Theorem 3. Let P,Q: [q,r] be IVFS given by
P=[PP and Q=[Q, Q] If P(x)2zQ(x) and
Vx € [g,r], then

jr P () dx<gy j @ (x)dx. (8)
q q

The following example will help to prove the above-
mentioned theorem.

Example 1. Let P = [x,2x], @ = [x*x*+2], and for
x € [0, 1], we have

3x
Py, = —,
L)
X
g )
772 9)
@g=x2+1,
Q@:L

From Definition 1, we have & (x)<-z@(x) and x € [0, 1]
(see Figures 1-3).
Since

Ll) [x,2x]dx = B, 1],

(10)

! 17

J [xz,x2 + Z]dx = [7,7].
0 33

Now, again using the Definition 1, we have

1 1

J P (x)dx=<cy j @ (x)dx. (11)
0 0

2.1. Some Novel Definitions Pertaining to Total Order Relations

Definition 3 (See [25]). Let V¥: [gq,r] — R* and
h: [0,1] — R* be two non-negative functions. Then, V¥ is
said to be a harmonically h-convex function or that
V¥ e SHX(h, [q,7],R*), if for all ¢q,r; €[gr], and
w € [0,1], we have

)sh(w)‘lf(ql) +h(l-)¥(ry)

(12)

v 91"
wq, + (1 - w)ry

If in (12) < replaced with > it is called harmonical
h-concave function or ¥ € SHV (h, [g,7], R").

Definition 4 (See [25]). Let ¥: [gq,r] — R* and
hy, hy: [0,1] — R* be non-negative functions. Then, ¥ is
said to be a harmonical (h;, h,)-convex function, or that
V¥ € SHX((hy, h,), [, 7], R"), if for all g;,7, € [g,7] and
w € [0,1], we have

aqi"
Yoo, S -ta)

+h (1 - why ()Y (r)).
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FiGURE 1: x% + 2 is shown as a red, 2x is shown as a yellow, x is
shown as blue, and x? as a green line, respectively. A clear in-
dication of the validity of the CR-order relationship can be seen in
the graph.
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FIGURE 2: 2x + x°/3 is shown as a red, x? is shown as a yellow, x?/2
is shown as blue, and x*/3 as a green line, respectively. As can be
seen from the graph, Theorem 3 is valid.

If in (13)” <” replaced with” > it is called harmonical
(hy, hy)-concave function or ¥ € SHV ((h;, h,), [, 7], RY).

Now let us introduce the notion of harmonically CR-
convexity.

Definition 5 (See [25]). Let ¥: [¢q,r] — R{ be non-
negative interval-valued function given by ¥ = [¥, ¥] and
h: [0,1] — R be a non-negative function. Then, ¥ is said
to be a harmonical CR-h-convex function, or that
¥ e SHX(CR-h, [g,r],R]), if for all g,,r, € [g,r] and
w € [0, 1], we have

‘I'(m)ﬁw h(@)¥(q,) +h(1-@)¥(r,).  (14)
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FIGURE 3: @y = x* + 1 is shown as a red, P = 3x/2 is shown as
a yellow, @g = 1 is shown as black, and &, = x/2 as a green line,
respectively.

If in (14)” <g” replaced with” >.,” it is called har-
monical CR-h-concave function or
Y e SHV(CR-h, [¢,7],R})

Our next step will be to define a novel definition for
harmonically CR- (h,, h,)-convex functions.

Definition 6. Let ¥: [g,r] — R{ be non-negative interval-
valued function given by ¥ = [V, 7] and
hy, hy: [0,1] — R* be non-negative functions. Then ¥ is
said to be harmonical CR- (h;, h,)-convex function, or that
¥ € SHX(CR - (h;,h,), [g, 7], R]), if for all q;,7; € [g,7]
and w € [0, 1], we have

9171
‘*’(m)ﬁm hy (0)hy (1 - @)¥(q;) 5)

+hy (1 - why ()Y ().

If in (15)” <oR” replaced with” >4, it is called har-
monical CR- (hy, h,)-concave function or
Y € SHV(CR - (hy, h,), [q, ], R{).

Remark 1

(1) If h; = h, =1, Definition 6 becomes a harmonical
CR-P-function [25].

(2) If h,(w) = 1/h, (w), h, =1, Definition 6 becomes
a harmonical CR-GL-convex function [25].

(3) If hy(w) =h,(w), h, =1, Definition 6 becomes
a harmonical CR-h-convex function [25].

(4) If hy(w) = w*, h, = 1, Definition 6 becomes a har-
monical CR-s-convex function [25].
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3. Main Results

Proposition 1. Consider Y: [q,r] — R, given by
(¥, ¥] = (Yo, ¥g) If Yo and ¥y are harmonical
(hy, hy)-convex over [q,r], then ¥ is a harmonical CR-
(hy, hy)-convex function over [g,r].

Proof. Since ¥ and ¥ are harmonical (h,, h,)-convex over
[g, 7], for each w € (0,1) and for all g;,7, € [g,r], we have

Wc(m) <hy (@hy (1~ @)¥c (q,)

+hy (1 - @)hy (@)¥e (),

(16)
xy%ﬁ) <hy (@)hy (1 - @)% (qy)
+hy (1= why (@)¥g (1)),
Now, if
WC(m) th@h-o¥c)
+hy (1 - wh, (0)¥¢ (1)),
for each w € (0,1) and for all q,,7, € [g,7]
WC(m) h@h-o¥el)
+hy (1 - w)hy ()Y (),
accordingly
q,c( —Dn___ )5CRh1 (@)hy (1~ w)¥c (4,)
wq, + (1 - w)r, (19)

+hy (1 = w)hy ()Y ().

Otherwise, for each w € (0,1) and for all q;,7, € [g,7]
Zig!
\I’/R<m> < hl (w)h2 (1 - w)‘I’R (‘h)

+hy (1= wh;y (0)¥g (1)
(20)

- W(m>ﬁmhl (@h, (1 - 0)¥(q,)
+hy (1 - why (0)¥ (r)).

Combining all the above, from Definition 6, it can be
written as

5
ZILD!
VY| ———— | 2 ey (0hy (1 — w)¥
(wa + (l—w)rl) cra (s ) (21)
+hy (1 - wh, (w)¥(ry),
for each w € (0,1) and for all g,,7, € [g,7].
This completes the proof. O

Example 2. Consider [g,r] = [1,2], h; (s) = s, h,(s) = 1 and
Vs € [0,1]. ¥: [g,r] — R{ are defined as follows:

‘I’(w)=[_—i+4,i2+5],we [1,2]. (22)
w w

Then,

Yo (w) = g,‘l’R(w) = iz+%, w e [1,2]. (23)

w

It is obvious that ¥ (w), ¥ (w) are harmonical (hy, h,)
convex functions over [0, 1] (see Figure 4). This implies that
from Proposition 1, ¥ is also a harmonical CR-(h,,h,)
convex function on [0,1].

3.1. Some Variants of Hermite—Hadamard Inequalities for
Harmonical-Convex Mappings Using Total Order Relations

Theorem 4. Let hy, hy: (0,1) — R* and h, (1/2)h, (1/2) +
0. Let ¥: [¢g,r] — R{, if ¥ € SHX(CR - (hy,h,),[g,7],
Ry), and ¥ € IRy, we have

1 2qr qr j”l’(w)
¥ < d
2[H (1/2, 1/2)] (q+r> R gl

1
<cr[¥(q) + ¥ ()] JO H(s 1 s)ds.

(24)

Proof. Since ¥ € SHX(CR - (h;, h,), [g,7], R{), we have

1 2qr qr qr
[H(1/2,1/2)] W(m>$CR\P(sq +(1- s)r) * \F< (1-s)g+ sr>'

(25)

By integrating of the above inequality over (0,1), we have
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1 1.5 2
w

FIGURE 4: ¥ is shown as a blue and ¥ as a red line, respectively.

1 2qr Jl
[H(1/2, 1/2) q+r 0

IHE

1 ar
(sq +(1- s)r)ds " Jo W((l—s)q+sr>ds:|
1 ' qar _ qr
[Io (Sq +(1- s)r) * Jo g<m>ds, JO W(m)ds

J ((1 —9)q+ (sr> S] (26)
5

[qu do, 2qr J”I’(w) ]
9)q q9 w
2qr j"P

-q)q o

By Definition 6, we have

qr
T(m)ﬁCRhl (S)h2 (1 - S)“P (q) (27)

+hy (1 = s)hy (s)¥ (7).

By integrating of the abovementioned inequality over
(0, 1), we have

! qr 1
JO \Ij(m)dSﬁCR\Ij (Q) JO I’ll (S)h2 (1 — S)dS

+W¥(r) J; hy (1= s)h, (s)ds.
(28)

Accordingly

qr (7Y (w) ! B
EL . JOH(S,I 9ds. (29)

Now, combining (26) and (29), we get required result
1 2qr qr J’ r ‘P(w)
2[H(1/2,1/2)] \P<q + r>$CRr ). & dw

1
<crl¥(q) + ¥ (r)] jo H(s1 - s)ds.

(30)
O

Remark 2

(1) If hy (s) = h, (s) = 1, then Theorem 4 becomes result
for harmonical CR- P-function:
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Ty
;‘I’( 247 )SCR il J (;U) dw 2R [Y(g) + ¥ (n)].

q+r r-qlq w
(31)
(2) If h,(s) = 1/h(s), h,(s) =1, then Theorem 4 be-
comes result for harmonical CR-h-God-

unova—Levin-function

h(j;‘l’(w)/wzdw> W( 2qr )ﬁ qr J’ ¥ (w) dw

2 q+r CRr—q
< Jli
—CR Oh(s)'

(3) If hy (s) = h(s), h, (s) = 1, then Theorem 4 becomes
result for harmonical CR-h-convex function

1 2qr qr J”P(w) Jl
2h(1/2)\P<q+r)$CRr_q . o dw=cg Oh(S)ds.

(33)

2
q W

(32)

(4) If h, (s) = 1/hy (s), h,(s) = 1/h,(s), then Theorem 4
becomes result for harmonical CR-(h,,h,)-God-
unova-Levin function

[H(1/2, 1/2)]\{1( 2qr )< qr J“I’(w) do
2cr

2 q+r r-qlq o

(34)

- J‘l ds
TR JoH(s,1-s)

Example 3. Further by Example 2, we have

L (20 gt 2]
2[H(1/2,1/2)] \gq+r)  "\3/ lig’16)

. 2 2 2 2
qr J ‘P(;o)dwzzh <4w : l)dw,KS“’ :1)dw]
r-qlq w I\ w ) w

[
“l2g 24 )
2
[‘I’(q)+‘I’(r)]J H(s,l—s)ds:[Z‘*_5 ,
1 8’8
(35)
As a result
55 89 82 134 27 45
=25 57 [Fer| o =) 36
[16 16] CR[24 24] CR|g g] (36)

Consequently, Theorem 4 is verified.

Theorem 5. Let hy,hy: (0,1) — RY and
hy (1/2)h,(1/2) #0. Let ¥: [q,r] — Ry, if ¥ € SHX(CR -
(hl’ hz), [q, r], R;) and VY e IR[q,T]’ we h&lve

1 2qr qr J“I’(w)
—— Y| — |ZRA Zcri—— dw=RA,,
4[H(1/2,172)F <q+r> Cr gy @ T

5@{ [¥(q) +¥(r)] [; * HG%)”

. jl H(s, 1 - s)ds,
0
(37)

where

1 4 4
A = v ar +V¥ /il ,
4H (1/2,1/2) q+3r 3g+r

A = [\P< 2qr ) +\I’(q);‘{'(r)] JIH(S)I_S)dS'
0

q+r

Proof. Take [q,2qr/q + r], we have

( )
q+31

11
H(- - ¥
=cr (2 2) (xq+(1—x)2qr/q+r

(39)

11 qQ2qriq+r)
+H<E’E> ((l—x)q+x(2qr/q+r)>'

By integrating of the abovementioned inequality over
(0,1), we have

‘I’< 4qr )
q+3r

11 ! q(2qrig +r1)
SCRH(E’ 5) { .[0 W(xq +(1-x)(2qriq + r))ds

jl q(2qrig+r)
0 (1-x)g+x(2qriq+r)

(2qrig+r) (2qrig+r)
[

2 2
q w r—qJq 4}

(2qrig+r)
()AL [T aa],
22/|r-qlq w

(40)
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Accordingly Adding inequalities (41) and (42), we get
1 4qr qr qur/q+rw(w) 1 4qr 4qr
v 41 A = v ¥
4H (1/2,1/2) (q+3r>5CRr—q q w? da. (41) VTaHWZ2) | \g+ar) T \3qer
43)
Similarly for interval [2qr/q + r,r], we have . qr Jr ¥ () “
1 Agr qr (7 ¥ (w) “Rlr—qly W '
AH(1/2,1/2) \3q+7 ) R _ J 7 do. (42)
> q q J2grigtr @ Now
1 ( 2qr )
4[H(1/2,1/2)) \q+r
e (aew) 3 (@5)
4[H(1/2,172)) \2\q+3r) 2\3q+r
1 11 4qr 11 4qr
o T () (L)
4[H (1/2,1/2)] 22 q+3r 22 3g+r
_ 1 v 4qr Ly 4qr
4H (1/2,1/2) q+3r 3g+r
1 11 2qr 11 2qr
——————1H(--||¥Y Y —— H(==)|¥ v
“CRIH (172, 1/2){ 6 2)[ @+ <q+r)] +H(3 2)[ )+ (q+r)”’
(44)
_1 [\I’(q) +W¥(r) . \I’( 2qr
2 2 q+r
1
SCR[W(q) +¥ () +‘I’< 241 )] j H(s,1-s)ds
2 q+r 0
Y(g) +¥(r) 11 11 1
———+H|-- ¥ H|- - ¥ H(s,1-
5CR[ 2 (2 2) @)+ (2 2) (T)] Jo (5,1 =s)ds
Y(g) +V¥(r) 11 1
5CR[‘1)2(+ H<5,£> (¥ (q) + ‘I’(r)]] J H(s,1-s)ds
0
1 11 1
el W@ v H()|}H He1-9as
2 22 0
O

Example 4. Further by Example 3, we have
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1 ( 2qr ) 4\ 55 89
(%)) L)
4[H(1/2,1/2))° \gq+r 3 16 16

[ evlle (]} e -os-[5:]

Thus, we obtain

[55 89] [219 357]< [82 134]
16161 Rl 64" 64 |7R[24’ 24
(46)

. [109 179]< [27 45]
TCR[327 32 TRl g 8 [

Consequently, Theorem 5 is verified.
Theorem 6. Let V¥, ¢: [q,r] — R{,h;,h,: (0,1) — R*
such that h,h,#0. If ¥ e SHX(CR-h,, [gr],R]),

ﬁ € SHX(CR - hy, [q, 7], Ry), and ¥,¢ € IR,y then, we
ave

"Y(w)¢(w)
qu’ w(zpwdw

r—=qlJgqg w

2crM (g, 1) j; H*(s,1-s)ds+ N (g.7) (47)
Jl H(s,s)H(1 —s,1—s)ds,
0

where

9
5 =3 [¥G) )] -6 |
A, = [w + ‘i’(g)] J; H(s,1-s)ds,
(45)
s=3((5 5] fewe))
[z
45
M(g,7) =¥ (q)¢p(q) + ¥ (r)¢p(r), N(g,7) (48)
=¥ (q)¢(r) + ¥ (r)¢(q).
Proof. Consider ¥ € SHX(CR-h,,[g,7,R{), ¢ € SHX

(CR-hy, [g, 7], R{) then, we have

“’(F (q - 5)r>5CRh1 (), (1= $)¥(q) + by (1= )y () (7),

¢<ﬁ>smhl (8)hy (1 = ) () + by (1= )y (5)¥ ().
(49)
Then

qr
\Ij(m)gb(ts + (1 - S)u)
<crH? (5,1 = s)¥ ()¢ (f) + H* (1 = s,5)

(¥ (q)¢(g) + Y (r)¢ (h)]

(50)

+H(s,s)H(1 -5s,1-5)¥(r)¢(g).

By integrating of the above inequality over (0,1), we have
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qr
W(qs +(1- s)r) (qs +(1- s)r)ds
1 qr
[Jo <q5+(1—s)r) ¢<qs+(1—s)r>ds’
1 _ qr
Jo (qs+(1—s)r)¢(qs+(1—s)r)ds]

‘I’(w)(/>(w) o " Jr?(wﬂ(wdw] (51)
q

>

2
r—q w

_qr ("Y(w)¢(w)
_r—qjq 2 dw

1
<cr | F@P () + ¥ I (@IHE (5,1 - 9ds

1
+ JO (Y (q¢(g)+¥Y (o (HIH(s,s)H (1 —s,1 - s)ds.

It follows that Example 5. Let [g-r] = [1,2], hy(s) = h,(s) =s,
qr J \If(w) Vs € (0,1),and ¥, ¢: [q,r] — R{ be defined as follows:
- -1 1

T \I"(a)):[—2+3,—2+4:|,
1 1 w w
<crM (g, 1) J H* (s;,1-s)ds+N(q,7) J H(s,s)H(1 —s,1-s)ds. (53)
0 0 1
(52) ¢ (w) = [—+1 ;+2]
O
Then

qr Jg‘l’(w)gb(w) o= [122 2426]

r-qlf & 192’ 192
1 1 11 205

M(q, H*(s,1- d:Ml,ZJ 24 _[ ] 54
@0 | Hs1-9as =M. | fas=[ 700 (54)

! 1101

N(q,r)J H(s,s)H(l—s,l—s)dS:N(l,Z)J s(1-9ds =[5 51 ]

0 6 24
[122 2426] [11 205] [1 101] _[5 51] (55)

It follows that 192 192 I7R|24’ 24 | |6 24 ] 8 24]
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Consequently, Theorem 6 is verified. Theorem 7. Let ¢,¥: [g,r] — Ry, hy,hy: (0,1) — RY
such that h,h,#0. If ¥ eSHX(CR-hy,I[gr],R{),
¢ € SHX(CR - hy, [q,r],R]), and ¥,$ € IRy, then, we
have

1 Z\P( 2qr >¢< 2qr>
2[H12, 12 \g+r) \q+r

(56)
Ty 1 1
_Cqu_rq L (“Zf(“’) do +M(q.r) IO H(s,)H(1-s,1-s)ds+N(qr) JO H(s,1 - s)ds.
Proof. Since Y € SHX(CR - hy, (g, 1], R]) and
¢ € SHX(CR - hy, [g, ], R]), we have
2qr 11 qr 11 qr
W(q + r)ﬁCRH<E’E>\P(qs +(1- s)r) " H(E E)W<q(1 —8)+ sr)’
(57)
2qr 11 qr 11 qr
¢(q + r)ﬁCRH(E’E>¢(qs +(1- s)r) " H(E’E>¢<q(1 —8)+ sr)'
Then
2qr 2qr
(7))
<y 1 1\7? v qr qr v qr qr
_CR[ (5’5)] gs+(1-s)r ¢ gs+(1-s)r * q(l—s)+sr ¢ q(l—s)+sr
1 1\7? qr qr qr qr
" [H<5’§>] [\P<qs +(1- s)r)(p(q(l -8+ sr) " W(q(l -s)+ sr>¢<qs +(1-9)r
1 1\1? qr qr qr qr
" 5CR[H(E’E>] [\P(qs +(1- s)r>¢(qs +(1- 5)1’) i qj(q(l —s)+ ST’>¢<61(1 —-s)+ 5”)] (58)

H(s,1-s)¥Y(q@+HA-s5,5)Y()(HA -s,5¢(q) + H(s,1 =5)p(r))]

[H(s,1=-8)¢(q)+ H(s,1 =5)p(r)(H(s,1-35)¢p(q) + H(1 —s,5)¢(r))]

1 1\7? qr qr qr qr
ﬁCR[H<E’5>] [‘{’(qs +(1- s)r)¢<qs +(1- s)r) * \P(q(l -5+ sr)(p(q(l -s)+ sr)]

HG,%)]Z[(ZH(S, GH(1=5,1- )M (g, +(H>(5,1- )+ H(1-5,5)N (g, 1)].

—+

By integrating of the above inequality over (0,1), we have
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1 1 1
Jo (e e[ o e LR )
o \g+r q+r 0" \gq+r/\gq+r o \gq+r q+r
_ \I’< 2qr )¢( 2qr )ds
q+r q+r

5CR2[H<1>1>]2[ qr Jr \Ij(w)(f(w) dw]

r—qJgq w

(59)

+2[H<%,%>]2[M(q,r) J':)H(s,s)H(l -s,1-s)ds+N(q,r) J; H (s, 1 —s)ds]

Divide both sides by 1/2[H (1/2, 1/2)]? above equation,
we get the required result

1 2‘1'( 2qr )(/)( 2qr)
2H1/2, 127 \g+r) \q+r

=<cr ar J-r ¥(w) ¢(w)dw + M (q,1) J:) H(s,s)H(1-s,1-s)ds+ N(q,r) j; H*(s,1 - s)ds.

2
r-qJq w

(60)

The abovementioned theorem is proved. O  Example 6. Further by Example 5, we have

2 [H(1/12, 1/2)) \P(qzzrr>¢(qzzrr> - %qj(g)(p(g) - [%’%]’

]

(61)

1 11 205]

1
Mg.r) JOH(S,S)H(I — s 1—s)ds = M(1,2) Jos(l ~9ds =[5 50

1 101]

1 1
N(q,r)J Hz(s,l—s)dszN(l,z)J szdsz[_,_
0 0 312

It follows that Next, we will establish Jensen inequality for harmonical

39 803 122 24267 [11 205 CR- (hy, hy)-convex mapping.
|35 128 el 1o 192 ) * Lo 35

128'128 1921921 7148 48 (62) 4. Jensen-Type Inequality for Harmonical
+[1 ﬂ] ~ [E @] CR- (hy, h,)-Convex Mappings
3121 196" 96 I

Theorem 8 (See [25]). Let ¢; € R, j; € [g,r]. If hy,h, is
Consequently, Theorem 7 is verified. super multiplicative non-negative functions and if
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¥ ¢ SHX(CR -
as follows:

(hy, hy), (9,71, RY). Inequality then becomes

C Ckl
qI(l/ckz, lc,Jl> CRZH( )W( )

1 1
¥ | =Y k-1 ;
VCy Yimi6idi i/ Crvie + Xisy 6ilCy i

< (zp(2

13

where C, = Zleci

Proof. When k = 2, then (63) holds. Suppose that (63) is also
valid for k — 1, then

)

NP

<cun( 2 o S2 Jrtio + 3,1 .82 o

It follows from mathematical induction that the con-
clusion is correct. O

Remark 3

(1) If hy(s) = hy(s) = 1, Theorem 8 becomes result for
harmonical CR- P-function

\P<1k.>5CRZk:\F(ji)' (65)

VG Yioi€idi i=1

(2) If h, (s) = s, h, (s) = 1 Theorem 8 becomes result for
harmonical CR-convex function

1 . C; .
FRR W VR

VG Yisi€idi i=1

(3) If by (s) = h(s), h,(s) = 1 Theorem 8 becomes result
for harmonical CR-h-convex function

qJ<1/ckz 1c1,> R; ( ) (©7)

(4) If hy(s) =1/h(s), h,(s) =1 Theorem 8 becomes
result for harmonical CR-h-GL-function

o[ ¥ (i
\P<1/ckzl 1c1> CRZ [h(c/ck ] (68)

(5) If h, (s) = 1/(s)’, hy(s) =1 Theorem 8 becomes re-
sult for harmonical CR-s-convex function

. (69)
w<1/ckz, 1c11> CR;< )

5. Conclusions

In this article, we developed the notion of harmonically
center-radius order (h;,h,)-convex mappings. By using
these notions, we developed #.% and Jensen-type in-
equalities. In comparison with other order relations, this
order produces much better results. Moreover, we generalize
some recently developed results, see reference [25]. Fur-
thermore, the study provides relevant examples to back up
its findings. These ideas can be used to take convex opti-
mization in a new direction. Interval integral operators and
integral inequalities studied in our study will expand the
potential applications of integral inequalities in practice due
to the widespread use of integral operators in engineering
and other applied sciences, including different kinds of
mathematical modeling. Various integral operators are
appropriate for different practical problems. It is anticipated
that this concept will be beneficial to other researchers
working in a range of scientific disciplines.
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