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Let R be a ring,X a class of left R-modules,S the class of submodules ofX, and Q the class of quotient-modules ofX. It is shown
that S (Q) is precovering (preenveloping) if and only if every injective (projective) left R-module has an X-precover
(X-preenvelope). Both epic and monicS-(pre) covers (Q-(pre) envelopes) are studied. Moreover, some applications are given. In
particular, it is proven that the injective envelope of any projective left R-module is projective if and only if the class of quotient-
modules of projective and injective left R-modules is monic preenveloping.

1. Introduction

Troughout this paper, R is an associative ring with
identity, and modules are unitary. For a left R-module M,
E(M) stands for the injective envelope. Te character
module M+ is defned by HomZ(M,Q/Z). Te class
of projective (injective) left R-modules is denoted
by (Inj).

Let X be a class of left R-modules and M a left
R-module. Following [1], we say that a homomorphism
φ: M⟶ C is a X-preenvelope of M if C ∈ X and the
abelian group homomorphism Hom (φ, C′): Hom
(C, C′)⟶ Hom (M, C′) is surjective for each C′ ∈ X. A
X-preenvelope φ: M⟶ C is called a X-envelope if
every endomorphism f: C⟶ C such that fφ � φ is an
isomorphism. Dually, we have the defnitions of
X-precovers and X-covers. X-envelopes (X-covers)
may not exist in general, but if they exist, they are unique
up to isomorphisms. Hence, we will always assume that
the classes of left R-modules are closed under iso-
morphisms in this paper.

Note that the class of submodules of injective left
R-modules or the class of quotient-modules of projective left
R-modules is the class of left R-modules. It is clear that this
class is precovering (preenveloping). Hence, this paper is
motivated by the following questions:

Let X be a class of left R-modules.

Question 1. When is the class S of submodules of X (pre)
covering?

Question 2. When is the class Q of quotient-modules of X
(pre) enveloping?

In Section 2, it is shown thatS is precovering if and only
if every injective left R-module has anX-precover. It is also
proven that S is epic precovering if and only if every in-
jective left R-module has an epic X-precover. Tere are
many applications. It is shown that:

(1) Te class of submodules of projective left R-modules
is epic precovering.

(2) Te class of submodules of fat left R-modules is epic
precovering.

(3) Let R be a right coherent ring. Te class of sub-
modules of pure-injective fat left R-modules is epic
precovering.

(4) Let R be a commutative noetherian ring. Te class of
submodules of fat-cotorsion R-modules is epic
precovering.

It is also proven that if any injective left R-module has
a projective cover (e.g., the ring R is a perfect ring), then the
following are equivalent:

(1) Te class of submodules of projective and injective
left R-modules is epic precovering.
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(2) Te projective cover of any injective left R-module is
injective.

Moreover, suppose that the classX is closed under pure
submodules, direct products, and direct limits, the class of
submodules ofX is covering if and only if every injective left
R-module has anX-cover (see Teorem 2). Tere are many
examples. It is proven that:

(1) Te class of submodules of fp-fat left R-modules is
epic covering.

(2) If R is right (m, n)-coherent, then the class of sub-
modules of (m, n)-fat left R-modules is epic
covering.

In Section 3, it is shown that Q is preenveloping if and
only if every projective left R-module has anX-preenvelope.
It is also shown that Q is monic preenveloping if and only if
every projective left R-module has a monic X-preenvelope.
Tere are many corollaries. It is proven that:

(1) Te class of quotient-modules of injective left
R-modules is monic preenveloping.

(2) Te class of quotient-modules of pure-injective left
R-modules is monic preenveloping.

(3) Te class of quotient-modules of FP-injective left
R-modules is monic preenveloping.

(4) Te class of quotient-modules of fp-injective left
R-modules is monic preenveloping.

(5) Te class of quotient-modules of (m, n)-injective left
R-modules is monic preenveloping.

(6) Let R be a right coherent ring. Ten the class of
quotient-modules of pure-injective fat left R-mod-
ules is monic preenveloping.

It is well known that each module has injective envelope.
It is also proven that the injective envelope of any projective
left R-module is projective if and only if the class of quotient-
modules of projective and injective left R-modules is monic
preenveloping.

2. Precovers by Submodules

In this section, we study Question 1.

Lemma 1. Let X be a class of left R-modules, S the class of
submodules of X, and M a left R-module. If E (M) has an
X-precover φ: F⟶ E(M), then M has an S-precover
S⟶M with S⊆F.

Proof. Let i: M⟶ E(M) be the injective envelope (we
may regard i as the inclusion). Set S � φ− 1(i(M)). Ten,
there is a morphism σ: S⟶M such that the following

diagram commutes:

0 S
η

σ

F

ϕ

0 M
i

E (M)
where η: S⟶ F is the inclusion.Tus, S with η and σ is

the pullback for φ and i by [[2], Chap IV, §5]. For any left

R-module S′⊆F′ with F′ ∈ X and any homomorphism
h: S′ ⟶M, there is a morphism ψ: F′ ⟶ E(M) such that

the following diagram commutes:

0 S' t

h

F'

ψM

i

E (M)

where t is the inclusion map. Moreover, there exists
a morphism g: F′ ⟶ F such that ψ � φg since φ is an
X-precover.Tus, ih � ψt � φ(gt). By the factorization over
S (see [[2], Chap IV, §5]), there is a left R-homomorphism
θ: S′ ⟶ S (θ(s′) � gt(s′), ∀s′ ∈ S) such that ηθ � gt and
h � σθ. Hence, there exists the following commutative di-
agram with exact rows:

0 S
η

σ

F

ϕS'
θ

t

h

F'

ψ

g

0 M i E (M).

Terefore, σ is an S-precover of M. □

Theorem 1. LetX be a class of leftR-modules andS the class
of submodules of X. Te following are equivalent:

(1) Te class S is precovering
(2) Every injective left R-module has an S-precover
(3) Every injective left R-module E has an S-precover

S⟶ E with S ∈ X
(4) Every injective left R-module has an X-precover

Proof. (1)⟹ (2) and (3)⟹ (2) are trivial
(2)⟹ (3) Let E be any injective left R-module and
f: S⟶ E an S-precover of E. Note that S ∈ S. Tere
is a left R-module F ∈ X such that S is a submodule of
F. Since E is injective, there is a morphism g: F⟶ E

such that the following diagram commutes:
0 S i

f

F

g

E

where i: S⟶ F is the canonical inclusion. Obviously,
F ∈ S. Ten, g is an S-precover of E.

(3) ⟹ (4) Since X⊆S and S ∈ X, S⟶ E is an
X-precover of E

(4)⟹ (1) follows by Lemma 1 □
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Corollary 1. Suppose that the class X is closed under sub-
modules. Ten, X is precovering if and only if every injective
left R-module has an X-precover.

Recall that a torsion theory (see [2], I 2) τ � (T,F) for
left R-modules consists of two classes T and F, the torsion
class and the torsion-free class, respectively, such that Hom
(T, F) � 0, whenever T ∈ T and F ∈ F. Ten, the classT is
closed under quotient-modules, extensions, and direct sums
(see [2], Proposition 2.1), and the class F is closed under
submodules, extensions, and direct products (see [2],
Proposition 2.2).

Example 1. Let τ � (T,F) be a torsion theory. Ten, F is
precovering if and only if every injective left R-module has
an F-precover.

A torsion theory τ � (T,F) is called hereditary (see [2],
I 3) if T is closed under submodules.

Example 2. Let τ � (T,F) be a hereditary torsion theory.
Ten, T is precovering if and only if every injective left
R-module has a T-precover.

Now, we consider epic precover in Teorem 1. If every
left R-module has an epic X-(pre) cover, we write that X is
epic (pre) covering.

Lemma 2. Let X be a class of left R-modules, S the class of
submodules of X, and M a left R-module. If E (M) has an
epic X-precover φ: F⟶ E(M), then M has an epic
S-precover S⟶M such that S⊆F.

Proof. In view of the proof of Lemma 1 and [[2], Chap IV,
Proposition 5.1], there is a commutative diagram with
exact rows 0 0

0 C0 S
η

σ

M

i

0

0 C0 F
ϕ

E (M) 0,
where i: M⟶ E(M) is the injective envelope of Mand

the right square is a pullback diagram. Tus, σ is an epic
S-precover of M by Lemma 1. □

Proposition 1. Let X be a class of left R-modules and S the
class of submodules of X. Te following are equivalent:

(1) Every left R-module has an epic S-precover
(2) Every injective left R-module has an epic S-precover
(3) Every injective left R-module E has an epicS-precover

S⟶ E with S ∈ X
(4) Every injective left R-module has an epic X-precover.

Proof. (1)⟹ (2), (3)⟹ (2), and (3)⟹ (4) are trivial

(2)⟹ (3). Let E be any injective left R-module and
f: S⟶ E be an epicS-precover ofE. Note that S ∈ S.
Tere is a left R-module F ∈ X such that S is a sub-
module of F. Since E is injective, there is a morphism
g: F⟶ E such that the following diagram commutes:

0 S i

f

F

g

E

where i: S⟶ F is the canonical

inclusion. Since f is epic, g is epic too. It follows that g is an

epic S-precover of E since F ∈ X⊆S.

(4)⟹ (1) follows by Lemma 2. □

Example 3

(1) Te class of submodules of projective left R-modules
is epic precovering

(2) Te class of submodules of fat left R-modules is epic
precovering.

Proof

(1) Obviously, any module has an epic projective pre-
cover. So, (1) follows from Lemma 2

(2) By [[3], Teorem 3], any module has an epic fat
cover. So (2) follows from Lemma 2.

Set X� {fat R-modules} ∩ {cotorsion R-modules}. Te
fat-cotorsion class has been studied by many authors
([4–7] etc.). □

Example 4. Let R be a commutative noetherian ring. Ten,
the class of submodules of fat-cotorsion R-modules is epic
covering.

Proof. Let E be an injective R-module. Ten E has an epic
fat coverf: F⟶ E by [3]. It follows that F is fat-cotorsion
by [[4],Teorem 5.3.28]. For any fat-cotorsion R-module F′

and any homomorphism g: F′ ⟶ E, there is a morphism
h: F′ ⟶ F such that g � fh. Tus, f is an epic fat-
cotorsion cover of E. Te result follows from Lemma 2.

Note that any pure-injective left R-module is cotorsion. Set
X� {fat left R-modules} ∩ {pure-injective left R-modules}.

Recall that a ring R is said to be right coherent (see [8]) in
case each fnitely generated right ideal of R is fnitely pre-
sented. We have the following. □

Example 5. Let R be a right coherent ring. Ten, the class of
submodules of pure-injective fat left R-modules is epic
precovering.

Proof. Let E be an injective R-module. By [[4], Teorem
5.3.11], we have that every injective left R-module has a fat
cover f: F⟶ E with F fat and pure-injective. Clearly, f is
an epimorphism. Tus, f is an epic pure-injective fat cover
of E. Te result follows from Lemma 2. □

Journal of Mathematics 3



Corollary 2. Let X be a class of left R-modules such that
X⊆Proj, and S be the class of submodules of X. If any
injective left R-module has a projective cover (e.g., the ring R is
a left perfect ring) and X is closed under direct summands,
then the following are equivalent:

(1) Every left R-module has an epic S-precover
(2) Every injective left R-module has an epic S-precover
(3) Every injective left R-module has an epic S-precover

S⟶ E with S ∈ X
(4) Every injective left R-module has an epic S-cover

S⟶ E with S ∈ X
(5) Every injective left R-module has an epic X-precover
(6) Every injective left R-module has an epic X-cover
(7) Te projective cover of any injective left R-module is

in X.

Proof. (1) ⟺ (2) ⟺ (3) ⟺ (5) follow from
Proposition 1

(4)⟹ (3) and (6)⟹ (5) are trivial
(7)⟹ (6) Let E be an injective left R-module and
g: P⟶ E be the projective cover of E. Clearly, g is
epic. By (7), P ∈ X.Because X⊆Proj, g: P⟶ E is
an epic X-cover of E.
(5)⟹ (6), (7) Let E be an injective left R-module,
f: X⟶ E an epic X-precover of E and g: P⟶ E

the projective cover of E. Note that X and P are both
projective. Tere exist morphism h: P⟶ X and
ϕ: X⟶ P such that g � fh and f � gϕ. Hence,
g � gϕh. Since g is a cover, ϕh is an isomorphism.
Tus, P is a direct summand of X. It follows that P is in
X. Tus, g is an epic X-cover.
(6)⟹ (4) Let E be an injective left R-module and
f: X⟶ E an epic X-cover of E. Note that (6)⟹
(3). Ten, there is an epic S-precover g: S⟶ E with
S ∈ X. And so there is a morphism h: S⟶ X such
that g � fh. Tus, f is an epic S-cover of E.

Let X� {injective left R-modules} ∩ {projective left
R-modules}. □

Example 6. If any injective left R-module has a projective
cover, then the following are equivalent.

(1) Te class of submodules of projective and injective
left R-modules is epic precovering.

(2) Te projective cover of any injective left R-module is
injective.

Proof

(1)⟹ (2). Let E be an injective left R-module and
g: P⟶ E be the projective cover of E. By Corollary 2,
we get that P ∈ X� {injective left R-modules} ∩
{projective left R-modules}. Tus, P is injective.

(2)⟹ (1) is trivial by Corollary 2.

A left R-module M is called FP-injective (or absolutely
pure) [9, 10] if Ext1(F, M) � 0 for all fnitely presented left
R-modules F. Let X� {FP-injective left R-modules} ∩
{projective left R-modules}. □

Example 7. If any injective left R-module has a projective
cover, then the following are equivalent:

(1) Te class of submodules of projective and FP-
injective left R-modules is epic precovering.

(2) Te projective cover of any injective left R-module is
FP-injective.

Next, we consider the monic precover.

Lemma 3 Let X be a class of left R-modules, S the class of
submodules of X, and M a left R-module. If E (M) has
a monic X-cover φ: F⟶ E(M), then M has a monic
S-cover S⟶M with S⊆F.

Proof. According to the proof of Lemma 1, we get that S

with η and σ is the pullback:
S σ

η

M

0 F
ϕ

E (M).

It follows that σ is monic by [[2], Chap IV, Proposition
5.1(i)]. Tus, σ is a monic S-precover of M by Lemma 1.

Te following example shows that the necessary and
sufcient conditions for epic S-precover (in Teorem 1) do
not apply to monic S-(pre) cover. □

Example 8. Let R be a semisimple ring. If RR � P0⊕P1,
where P0 and P1 are two nonisomorphic simple left R

modules. Now, let X � ⊕Xi | Xi�RR  and S be the class of
submodules ofX. Since R is semisimple, every left R-module
has a monic S-precover by [[11], Proposition 13.9]. Note
that P0 is injective. But P0 has an X-precover π: R⟶ P0,
where π is the canonical projection. And, monicX-cover of
P0 does not exist.

Finally, we consider when is the class of submodules of
X covering.

Lemma 4. Suppose that the class X is closed under pure
submodules, direct products, and direct limits. Ten, the class
S of submodules of X is closed under direct limits.

Proof. Te proof is similar to the proof of [[4], Lemma
5.3.12].

Let ((Si), (φji)) be a well ordered inductive system with
each Si a submodule of a left R-module Xi ∈ X. We need to
show that lim⟶Si is also a submodule of a left R-module
in X.

By [[4], Lemma 5.3.12], there is a cardinal number ℵα
(dependent on Card Si and Card R) such that if f: Si⟶ G
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is anymorphismwith G ∈ X, then there is a pure submodule
Fi ⊂ G with f(Si) ⊂ Fi and Card Fi ≤ℵα. Note that X is
closed under pure submodules, then Fi ∈ X.

LetM be a set of {F: F ∈ X and Card F≤ℵα}. For each i,
we consider all morphisms f: Si⟶ F with F ∈M. Let
Ff � F, Fi �  Ff over all such f, and Si⟶ Fi be the
morphism x↦(f(x)). Ten, Fi ∈ X sinceX is closed under
direct products. Note that Si is a submodule of a left
R-moduleXi ∈ X.Tere is a monic morphism τi: Si⟶ Xi.
Hence, there is a left R-module F′ ∈M such that Si⟶ F′ is
the inclusion. So, Si⟶ Fi is an injection.

Let Fj �  Gg (over morphisms g: Sj⟶ Gg described
above). If φ: Si⟶ Sj is a morphism, the decomposition
Si⟶ Sj⟶  Gg⟶ Gg′ (the last map being the pro-
jection map) is one of the morphisms f′, that is, Gg′ � Ff′

and Si⟶ Gg′ is the morphism f′. So, let  Ff⟶ Gg′ be
the projection map corresponding to f′. Ten, we see that

Si Fi

Sj Fj

is commutative and the morphisms

Fi⟶ Fj are functorial in the obvious sense. So, we can

defne an direct limit lim⟶Fi. Note that Si⟶ Fi is an

injection. So, lim⟶Si⟶ lim⟶Fi is also an injection.

Tus, we are done since lim⟶Fi ∈ X.
From [[4], Corollary 5.2.7] and Teorem 1, we get the

following theorem immediately. □

Theorem 2. Suppose that the class X is closed under pure
submodules, direct products, and direct limits. Te class S of
submodules of X is covering if and only if every injective left
R-module has an X-cover.

As applications, we have the following examples.
Recall that a left R-module M is said to be fp-fat [12] if

for every monomorphism υ: A⟶ B with A and B fnitely
presented right R-modules, A⊗M⟶ B⊗M is a mono-
morphism. A left R-module M is said to be fp-injective [12]
if for every monomorphism μ: K⟶ L with K and L f-
nitely presented left R-modules, Hom
(L, M)⟶ Hom(K, M) is an epimorphism.

Lemma 5 (see [13]). Teorem 3.8 and Proposition 3.11.

(1) Te class of fp-fat left R-modules is closed under
direct products, direct sums, direct summands, and
direct limits.

(2) Te class offp-injective left R-modules is closed under
direct products, direct sums, direct summands, and
direct limits.

Lemma 6 [(see [13]), Theorem 3.3]. A left R-module M is
fp-injective (fp-fat) if and only if M+ is fp-fat (fp-injective).

Corollary 3

(1) Te class offp-fat left R-modules is closed under pure
submodules and pure quotient-modules.

(2) Te class offp-injective leftR-modules is closed under
pure submodules and pure quotient-modules.

Proof. Let 0⟶ A⟶ B⟶ C⟶ 0 be a pure exact se-
quence. Tis induces a split exact sequence:
0⟶ C+⟶ B+⟶ A+⟶ 0. By Lemma 6, if B is fp-fat
(fp-injective), then B+ is fp-injective (fp-fat). Tis means
that A+ and C+ are fp-injective (fp-fat) by Lemma 5.Tus,
A and C are fp-fat (fp-injective) by Lemma 6. Hence, the
result follows. □

Proposition 2

(1) Te class of fp-fat left R-modules is covering
(2) Te class of fp-injective right R-modules is covering

Proof. Clearly, the class offp-fat leftR-modules or the class
of fp-injective right R-modules is closed under direct sums
and pure quotient modules by Lemma 5 and Corollary 3.
Tus, the result follows from [[14], Teorem 2.5]. □

Example 9. Te class of submodules of fp-fat left
R-modules is epic covering.

Proof. It follows from Lemma 5, Proposition 2, and
Teorem 2. □

Lemma  [(see [12]), Theorem 2.4]. A ring R is right co-
herent if and only if every fp-fat left R-module is fat.

Example 10 [(see [4]), Teorem 5.3.14]. If R is right co-
herent, then the class of submodules of fat left R-modules is
epic covering.

Let m and n be fxed positive integers. A right R-module
P is said to be (m, n)-presented [15] if there exists an exact
sequence 0⟶ K⟶ Rm⟶ P⟶ 0 of right R-modules,
where K is n-generated. A ring R is called right
(m, n)-coherent [15] in case each n-generated submodule of
the right R-module Rm is fnitely presented. A right
R-module M is said to be (m, n)-injective [16] if
Ext1(P, M) � 0 for any (m, n)-presented right R-module P;
a left R-module N is said to be (m, n)-fat [15] if
Tor1(P, N) � 0 for any (m, n)-presented right R-module P.
From the defnitions, it is easy to see that:

FP-injective� (m, n)-injective for all positive integers m

and n,
Flat� (1, n)-fat for all positive integers n � (m, n)-fat for

all positive integers m and n,
Coherent� (1, n)-coherent for all positive integers

n � (m, n)-coherent for all positive integers m and n.

Journal of Mathematics 5



A ring R is said to be right J-coherent [17] if J(R) is
a coherent right R-module, where J(R) is the Jacobson
radical of R. A left R-module N is said to be J-fat [17] if
Tor1(R/I, N) � 0 for every fnitely generated right ideal I in
J(R). A right R-module M is called J-injective [17] if Ext
1(R/I, M) � 0 for every fnitely generated right ideal I

in J(R).
A ring R is said to be right N-coherent [18] if N(R) is

a coherent left R-module, where N(R) is the intersection of
all prime ideals of R. A left R-module N is said to be N-fat
[18] if Tor1(R/I, N) � 0 for every fnitely generated right
ideal I in N(R). A right R-module M is called J-injective [17]
if Ext1(R/I, M) � 0 for every fnitely generated right ideal I

in N(R).

Remark 1. By defnitions, the class of (m, n)-fat (J-fat,
N-fat) left R-modules is closed under direct limits, direct
summands, direct sums, pure submodules, and pure
quotient-modules. Ten every left R-module has an epic
(m, n)-fat (J-fat, N-fat) cover by [[14], Teorem 2.5].
Hence, the class of submodules of (m, n)-fat (J-fat, N-fat)
left R-module is precovering by Teorem 1.

If R is right (m, n)-coherent (J-coherent, N-coherent),
then the class of (m, n)-fat (J-fat, N-fat) left R-modules is
closed under direct product (see [[15], Teorem 5.6], [[17],
Teorem 2.13], [[18], Teorem 2.13]). Hence, the class of
submodules of (m, n)-fat (J-fat, N-fat) left R-modules is
covering by Teorem 2.

3. Preenvelopes by Quotient-Modules

In this section, we study Question 2.

Lemma 8. Let X be a class of left R-modules, Q the class of
quotient-modules of X, and M a left R-module. If
π: P(M)⟶M⟶ 0 is a projective resolution of M and
P(M) has an X-preenvelope g: P(M)⟶ F, then M has
a Q-preenvelope.

Proof. Let K � ker(π), Q � F/g(K), and p: F⟶ F/g(K)

be the natural epimorphism. Ten there is a homomorphism
g: M⟶ F/g(K) such that the following diagram commutes:

0 K

g|K

P(M) π

g

M 0

0 g  (K) F
p

F/g (K) 0.

g–

Note that P(M) is projective. For any epimorphism
h: F′ ⟶ Q′ with F′ ∈ X and any homomorphism
f: M⟶ Q′, there is a morphism σ: P(M)⟶ F′ such
that the following diagram commutes:

P (M)

π

σ M

f

F' h Q' 0.

Moreover, there exists a morphism φ: F⟶ F′ such
that σ � φg since g is an X-preenvelope. Tus,
fπ � hσ � hφg. Tis implies that g(K) ⊂ ker(hφ). Hence,
there is a induced morphism θ: F/g(K)⟶ Q′ such that
θp � hφ. Tis means that fπ � hφg � θpg � θgπ. Since π is
epic, f � θg. And so we have the following commutative
diagram:

P (M) π

g

σ

M

–g

f

0

F
p

ϕ

F/g (K)

θ

F' h Q' 0

It follows that g is a Q-preenvelope of M. □

Theorem 3. LetX be a class of left R-modules andQ the class
of quotient-modules of X. Te following are equivalent:

(1) Te class Q is preenveloping.
(2) Every projective left R-module has a Q-preenvelope.
(3) Every projective left R-module P has a Q-preenvelope

P⟶ Q with Q ∈ X.
(4) Every projective left R-module has anX-preenvelope.

Proof

(1)⟹ (2) and (3)⟹ (2) are trivial.
(2)⟹ (3) Let P be any projective left R-module and
f: P⟶ Q be a Q-preenvelope of P. Note that Q ∈ Q,
there is an epimorphism π: F⟶ Q with F ∈ X. Since
P is projective, there is a morphism g: P⟶ F such
that f � πg. Clearly, F ∈ X⊆Q. It follows that g is a Q-
preenvelope of P with F ∈ X.
(3)⟹ (4) Since X⊆Q and Q ∈ X, P⟶ Q is an
X-preenvelope of P.
(4)⟹ (1) follows from Lemma 8. □

Corollary 4. Suppose that the class X is closed under
quotient-modules. Ten, X is preenveloping if and only if
every projective left R-module has an X-preenvelope.

Example 11. Let τ � (T,F) be a torsion theory. Ten,T is
preenveloping if and only if every projective left R-module
has a T-preenvelope.

If every left R-module has a monicX-(pre) envelope, we
write that X is monic (pre) enveloping.

Note that
P (M) π

g

M 0

F
p

F/g (K) 0.

g–
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In Lemma 8 is the pushout for π and g. Dual to Lemma 2,
we get the following.

Lemma 9. Let X be a class of left R-modules, Q the class of
quotient-modules of X, and M a left R-module. If
π: P(M)⟶M⟶ 0 is a projective resolution of M and
P(M) has a monic X-preenvelope g: P(M)⟶ F, then M

has a monic Q-preenvelope.

Proposition 3. Let X be a class of left R-modules and Q the
class of quotient-modules of X. Te following are equivalent:

(1) Every left R-module has a monic Q-preenvelope
(2) Every projective left R-module has a monic

Q-preenvelope
(3) Every projective left R-module P has a monic

Q-preenvelope P⟶ Q with Q ∈ X
(4) Every projective left R-module has a monic

X-preenvelope.

Proof

(1)⟹ (2), (3)⟹ (2), and (3)⟹ (4) are trivial
(2)⟹ (3) follows from Teorem 3
(4)⟹ (1) follows from Lemma 9 □

Example 12

(1) Te class of quotient-modules of injective left
R-modules is monic preenveloping

(2) Te class of quotient-modules of pure-injective left
R-modules is monic preenveloping

(3) Te class of quotient-modules of FP-injective left
R-modules is monic preenveloping

(4) Te class of quotient-modules of fp-injective left
R-modules is monic preenveloping

(5) Te class of quotient-modules of (m, n)-injective left
R-modules is monic preenveloping

(6) Te class of quotient-modules of N-injective left
R-modules is monic preenveloping

(7) Te class of quotient-modules of J-injective left
R-modules is monic preenveloping

Proof

(1) Obviously, any module has a monic injective en-
velope. So, (1) follows from Lemma 9.

(2) By [[4], Example 6.6.5], we get that any left
R-module module has a monic pure-injective en-
velope. So, (2) follows from Lemma 9.

(3) By [[4], Teorem 6.2.4], we get that any left
R-module module has a monic FP-injective preen-
velope. So, (3) follows from Lemma 9.

(4) By Lemma 5, Corollary 3 and [[4], Lemma 5.3.12,
and Teorem 6.1.2], we get that any left R-module
has a monic fp-injective preenvelope. So, (4) follows
from Lemma 9.

(5) By [[19], Teorem 3.1], we get that any module has
a monic (m, n)-injective preenvelope. So, (5) follows
from Lemma 9.

(6) By [[17], Lemma 2.4] and [[4], Lemma 5.3.12, and
Teorem 6.1.2], we get that any module has a monic
J-injective preenvelope. So, (6) follows from
Lemma 9.

(7) By [[18], Remark 3.11], we get that every left
R-module has a monic N-injective preenvelope. So,
(7) follows from Lemma 9.

Set X� {pure-injective left R-modules} ∩ {fat left
R-modules}. □

Example 13. Let R be a right coherent ring.Ten, the class of
quotient-modules of pure-injective fat left R-modules is
monic preenveloping.

Proof. Let P be a projective left R-module. Tere is a monic
pure-injective envelope f: P⟶ E with E pure-injective by
[[4], Example 6.5.5(2)]. It follows that E is fat by [[4],
Proposition 6.7.1]. For any pure-injective fat left R-module
E′ and any homomorphism g: P⟶ E′, there is a mor-
phism h: E⟶ E′ such that g � hf. Tus, f is a monic
pure-injective fat envelope of P. Te result follows from
Lemma 9. □

Corollary 5. LetX be a class of left R-modules and Q be the
class of quotient-modules of X. If X is closed under direct
summands and X⊆Inj, then the following are equivalent:

(1) Every left R-module has a monic Q-preenvelope
(2) Every projective left R-module has a monic

Q-preenvelope
(3) Every projective left R-module P has a monic

Q-preenvelope P⟶ Q with Q ∈ X
(4) Every projective left R-module P has a monic Q-en-

velope P⟶ Q with Q ∈ X
(5) Every projective left R-module has a monic

X-preenvelope
(6) Every projective left R-module has a monic

X-envelope
(7) Te injective envelope of any projective left R-module

is in X.

Proof

(1)⟺ (2)⟺ (3)⟺ (5) follow from Proposition 3.
(4)⟹ (3) and (6)⟹ (5) are trivial.
(7)⟹ (6) Let P be a projective left R-module and
g: P⟶ E be the injective envelope of P. Clearly, g is
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monic. By (7), E ∈ X. Because X⊆Inj by hypothesis,
g: P⟶ E is a monic X-envelope of P.
(5)⟹ (6), (7) Let P be a projective left R-module,
f: P⟶ X a monic X-preenvelope of P and
g: P⟶ E the injective envelope of P. Note that X and
E are both injective. Ten there exist morphism
h: E⟶ X and ϕ: X⟶ E such that g � ϕf and
f � hg. Hence, g � ϕhg. Since g is an envelope, ϕh is
an isomorphism. Tus, E is a direct summand of X. It
follows that E is in X. Tus, g is a monic X-envelope.
(6)⟹ (4) Let P be a projective left R-module and
f: P⟶ X be a monicX-envelope of P. Since (6)⟹
(3), there is a monic Q-preenvelope g: P⟶ Q with
Q ∈ X. Tis implies that there is a morphism
h: X⟶ Q such that g � hf. Tus, f is a monic
Q-enveloper of P.

Let X� {injective left R-modules} ∩ {projective left
R-modules}. □

Corollary 6. Te following are equivalent:

(1) Te class of quotient-modules of projective and in-
jective left R-modules is monic preenveloping.

(2) Te injective envelope of any projective left R-module
is projective.

Proof

(1)⟹ (2) Let P be a projective left R-module and
g: P⟶ E(P) be the injective envelope of P. By
Corollary 5, we get that E(P) ∈ X (�{injective left
R-modules} ∩ {projective left R-modules}).Tus, E(P)

is projective.
(2)⟹ (1) is trivial by Corollary 5.

Let X� {injective left R-modules} ∩ {fat left
R-modules}. □

Corollary  . Te following are equivalent:

(1) Te class of quotient-modules of fat and injective left
R-modules is monic preenveloping.

(2) Te injective envelope of any projective left R-module
is fat.

Dual to Lemma 3, we get the following.

Lemma 10. Let X be a class of left R-modules, Q the class of
quotient-modules of X, and M a left R-module. If
π: P(M)⟶M is a projective resolution of M and P(M)

has an epic X-envelope g: P(M)⟶ F, then M has an epic
Q-envelope.

Te following example shows that the necessary and
sufcient conditions for monic Q-precover (Proposition 3)
do not apply to epic Q-preenvelope.

Example 14. Let R be a semisimple ring. If R R� P0 ⊕P1,
where P0 and P1 are two nonisomorphic simple left R

modules. Now, letX �  Xi | Xi�RR  and Q be the class of
quotient-modules of X. Since R is semisimple, every left
R-module has an epic Q-preenvelope by [[11], Proposition
13.9]. Note that P0 is projective. But P0 has an X-preen-
velope η: P0⟶ R, where η is the canonical injection. And,
epic X-preenvelope of P0 does not exist.

Remark 2. It would be interesting to study pure-
submodules. Let PE (M) be the pure-injective envelope
of M. According to the proof of Lemma 1, we may get the
following Proposition.

Let X be a class of left R-modules, S the class of pure-
submodules ofX, and M a left R-module. If PE (M) has an
X-precover φ: F⟶ PE (M), then M has an S-precover
S⟶M with S pure in F.

Terefore, we can get the corresponding results on
precovers by pure-submodules. Preenvelopes by pure-
quotient-modules may also be studied dually.
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