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Let Rbe aring, & a class of left R-modules, & the class of submodules of &', and @ the class of quotient-modules of . It is shown
that & (@) is precovering (preenveloping) if and only if every injective (projective) left R-module has an &-precover
(X -preenvelope). Both epic and monic §-(pre) covers (@-(pre) envelopes) are studied. Moreover, some applications are given. In
particular, it is proven that the injective envelope of any projective left R-module is projective if and only if the class of quotient-
modules of projective and injective left R-modules is monic preenveloping.

1. Introduction

Throughout this paper, R is an associative ring with
identity, and modules are unitary. For a left R-module M,
E (M) stands for the injective envelope. The character
module M* is defined by Homj, (M, Q/Z). The class
of projective (injective) left R-modules is denoted
by (Fnj).

Let 2 be a class of left R-modules and M a left
R-module. Following [1], we say that a homomorphism
¢: M — C is a &-preenvelope of M if C € & and the
abelian group homomorphism Hom (¢,C’): Hom
(C,C') — Hom (M,C)is surjective for each CeZ A
I -preenvelope ¢: M — C is called a Z-envelope if
every endomorphism f: C — C such that fg = ¢ is an
isomorphism. Dually, we have the definitions of
I -precovers and Z'-covers. Z-envelopes (I-covers)
may not exist in general, but if they exist, they are unique
up to isomorphisms. Hence, we will always assume that
the classes of left R-modules are closed under iso-
morphisms in this paper.

Note that the class of submodules of injective left
R-modules or the class of quotient-modules of projective left
R-modules is the class of left R-modules. It is clear that this
class is precovering (preenveloping). Hence, this paper is
motivated by the following questions:

Let  be a class of left R-modules.

Question 1. When is the class & of submodules of 2" (pre)
covering?

Question 2. When is the class @ of quotient-modules of 2’
(pre) enveloping?

In Section 2, it is shown that & is precovering if and only
if every injective left R-module has an 2'-precover. It is also
proven that & is epic precovering if and only if every in-
jective left R-module has an epic I '-precover. There are
many applications. It is shown that:

(1) The class of submodules of projective left R-modules
is epic precovering.

(2) The class of submodules of flat left R-modules is epic
precovering.

(3) Let R be a right coherent ring. The class of sub-
modules of pure-injective flat left R-modules is epic
precovering.

(4) Let R be a commutative noetherian ring. The class of
submodules of flat-cotorsion R-modules is epic
precovering.

It is also proven that if any injective left R-module has
a projective cover (e.g., the ring R is a perfect ring), then the
following are equivalent:

(1) The class of submodules of projective and injective
left R-modules is epic precovering.
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(2) The projective cover of any injective left R-module is

injective.

Moreover, suppose that the class X is closed under pure
submodules, direct products, and direct limits, the class of
submodules of " is covering if and only if every injective left
R-module has an &-cover (see Theorem 2). There are many
examples. It is proven that:

(1) The class of submodules of f p-flat left R-modules is
epic covering.

(2) If R is right (m, n)-coherent, then the class of sub-
modules of (m,n)-flat left R-modules is epic
covering.

In Section 3, it is shown that @ is preenveloping if and
only if every projective left R-module has an & -preenvelope.
It is also shown that @ is monic preenveloping if and only if
every projective left R-module has a monic &' -preenvelope.
There are many corollaries. It is proven that:

(1) The class of quotient-modules of injective left
R-modules is monic preenveloping.

(2) The class of quotient-modules of pure-injective left
R-modules is monic preenveloping.

(3) The class of quotient-modules of FP-injective left
R-modules is monic preenveloping.

(4) The class of quotient-modules of f p-injective left
R-modules is monic preenveloping.

(5) The class of quotient-modules of (1, n)-injective left
R-modules is monic preenveloping.

(6) Let R be a right coherent ring. Then the class of
quotient-modules of pure-injective flat left R-mod-
ules is monic preenveloping.

It is well known that each module has injective envelope.
It is also proven that the injective envelope of any projective
left R-module is projective if and only if the class of quotient-
modules of projective and injective left R-modules is monic
preenveloping.

2. Precovers by Submodules

In this section, we study Question 1.

Lemma 1. Let & be a class of left R-modules, § the class of
submodules of &, and M a left R-module. If E (M) has an
X -precover ¢: F — E(M), then M has an §-precover
S — M with SCF.

Proof. Let i: M — E(M) be the injective envelope (we
may regard i as the inclusion). Set S = ¢~ !(i(M)). Then,
there is a morphism o: S — M such that the following

0 s— T _F

diagram commutes: . j(p
Y
00— M —> E(M)
where n1: S — F is the inclusion. Thus, S with y and o is
the pullback for ¢ and i by [[2], Chap IV, §5]. For any left
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R-module S'cF with F' € 2 and any homomorphism
h: 8 — M, there is a morphism y: F' — E (M) such that
0 N F

the following diagram commutes: M

v
li
4
E (M)

where t is the inclusion map. Moreover, there exists
a morphism g: F — F such that y = ¢g since ¢ is an
I -precover. Thus, ih = yt = ¢ (gt). By the factorization over
S (see [[2], Chap IV, §5]), there is a left R-homomorphism
6: S — S (6(s) = gt(s'), Vs €8) such that 70 = gt and
h = 06. Hence, there exists the following commutative di-
agram with exact rows:

0 S F

~ 7

g
0
o N % F' ¢
v
h

0 M i E (M).
Therefore, ¢ is an §-precover of M. O

Theorem 1. Let X be a class of left R-modules and S the class
of submodules of &. The following are equivalent:

(1) The class § is precovering

(2) Every injective left R-module has an S-precover

(3) Every injective left R-module E has an §-precover
S— EwithSeX

(4) Every injective left R-module has an X-precover

Proof. (1) = (2) and (3) = (2) are trivial

(2) = (3) Let E be any injective left R-module and
f: S — E an §-precover of E. Note that § € §. There
is a left R-module F € X such that S is a submodule of
F. Since E is injective, there is a morphism g: F — E
such that the following diagram commutes:

OHS*I>F
y
E

where i: S — F is the canonical inclusion. Obviously,
F € &. Then, g is an §-precover of E.

(3) = (4) Since <S8 and Se€e X, S— E is an
X -precover of E
(4) = (1) follows by Lemma 1 O
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Corollary 1. Suppose that the class X is closed under sub-
modules. Then, & is precovering if and only if every injective
left R-module has an I -precover.

Recall that a torsion theory (see [2], I 2) T = (T, F) for
left R-modules consists of two classes I and &, the torsion
class and the torsion-free class, respectively, such that Hom
(T,F) = 0, whenever T € J and F € &. Then, the class 7 is
closed under quotient-modules, extensions, and direct sums
(see [2], Proposition 2.1), and the class & is closed under
submodules, extensions, and direct products (see [2],
Proposition 2.2).

Example 1. Let 1 = (7, %) be a torsion theory. Then, & is
precovering if and only if every injective left R-module has
an % -precover.

A torsion theory 7 = (7, %) is called hereditary (see [2],
I 3) if 7 is closed under submodules.

Example 2. Let 1 = (7, %) be a hereditary torsion theory.
Then, T is precovering if and only if every injective left
R-module has a I -precover.

Now, we consider epic precover in Theorem 1. If every
left R-module has an epic 2'-(pre) cover, we write that " is
epic (pre) covering.

Lemma 2. Let X be a class of left R-modules, § the class of
submodules of X, and M a left R-module. If E (M) has an
epic & -precover ¢: F — E(M), then M has an epic
§-precover S — M such that SCF.

Proof. In view of the proof of Lemma 1 and [[2], Chap IV,
Proposition 5.1], there is a commutative diagram with
exact rows

0 0

S 1 M

LJ Li
0 C F E (M)

0 0’

wherei: M — E(M) is‘b the injective envelope of Mand
the right square is a pullback diagram. Thus, ¢ is an epic
§-precover of M by Lemma 1. O

Proposition 1. Let X be a class of left R-modules and § the
class of submodules of &. The following are equivalent:

(1) Every left R-module has an epic §-precover

(2) Every injective left R-module has an epic §-precover

(3) Every injective left R-module E has an epic §-precover
S— EwithSeX

(4) Every injective left R-module has an epic X -precover.

Proof. (1) = (2), (3) = (2), and (3) = (4) are trivial

(2) = (3). Let E be any injective left R-module and
f: S — Ebean epic §-precover of E. Note that S € §.
There is a left R-module F € & such that S is a sub-
module of F. Since E is injective, there is a morphism
g: F — E such that the following diagram commutes:

0— >s_—'oF

Lf ¢ Where i:§— F is the canonical
E s
inclusion. Since f is epic, g is epic too. It follows that g is an

epic &-precover of E since F € LCS.
(4) = (1) follows by Lemma 2. O

Example 3

(1) The class of submodules of projective left R-modules
is epic precovering

(2) The class of submodules of flat left R-modules is epic
precovering.

Proof

(1) Obviously, any module has an epic projective pre-
cover. So, (1) follows from Lemma 2

(2) By [[3], Theorem 3], any module has an epic flat
cover. So (2) follows from Lemma 2.

Set 2 = {flat R-modules} N {cotorsion R-modules}. The
flat-cotorsion class has been studied by many authors
([4-7] etc.). O

Example 4. Let R be a commutative noetherian ring. Then,
the class of submodules of flat-cotorsion R-modules is epic
covering.

Proof. Let E be an injective R-module. Then E has an epic
flat cover f: F — E by [3]. It follows that F is flat-cotorsion
by [[4], Theorem 5.3.28]. For any flat-cotorsion R-module F
and any homomorphism g: F ' — E, there is a morphism
h: F — F such that g = fh. Thus, f is an epic flat-
cotorsion cover of E. The result follows from Lemma 2.
Note that any pure-injective left R-module is cotorsion. Set
I = {flat left R-modules} N {pure-injective left R-modules}.
Recall that a ring R is said to be right coherent (see [8]) in
case each finitely generated right ideal of R is finitely pre-
sented. We have the following. O

Example 5. Let R be a right coherent ring. Then, the class of
submodules of pure-injective flat left R-modules is epic
precovering.

Proof. Let E be an injective R-module. By [[4], Theorem
5.3.11], we have that every injective left R-module has a flat
cover f: F — E with F flat and pure-injective. Clearly, f is
an epimorphism. Thus, f is an epic pure-injective flat cover
of E. The result follows from Lemma 2. O



Corollary 2. Let X be a class of left R-modules such that
X CProj, and § be the class of submodules of . If any
injective left R-module has a projective cover (e.g., the ring R is
a left perfect ring) and & is closed under direct summands,
then the following are equivalent:

(1) Every left R-module has an epic §-precover
(2) Every injective left R-module has an epic §-precover

(3) Every injective left R-module has an epic §-precover
S— EwithSe X

(4) Every injective left R-module has an epic §-cover
S— EwithSeXZ

(5) Every injective left R-module has an epic & -precover
(6) Every injective left R-module has an epic &-cover

(7) The projective cover of any injective left R-module is
inZ.

Proof. (1) & (2) & (3) < (5) follow from

Proposition 1
(4) = (3) and (6) = (5) are trivial
(7) = (6) Let E be an injective left R-module and
g: P — E be the projective cover of E. Clearly, g is
epic. By (7), P € X .Because X < Proj, g: P — E is
an epic I'-cover of E.
(5) = (6), (7) Let E be an injective left R-module,
f: X — E an epic X -precover of E and g: P — E
the projective cover of E. Note that X and P are both
projective. There exist morphism h: P — X and
¢: X — P such that g = fh and f = g¢. Hence,
g = g¢h. Since g is a cover, ¢h is an isomorphism.
Thus, P is a direct summand of X. It follows that P is in
Z. Thus, g is an epic & -cover.

(6) = (4) Let E be an injective left R-module and
f: X — E an epic -cover of E. Note that (6) =
(3). Then, there is an epic §-precover g: S — E with
S e X. And so there is a morphism h: S — X such
that g = fh. Thus, f is an epic §-cover of E.

Let & = {injective left R-modules} N {projective left
R-modules}. O

Example 6. If any injective left R-module has a projective
cover, then the following are equivalent.

(1) The class of submodules of projective and injective
left R-modules is epic precovering.

(2) The projective cover of any injective left R-module is
injective.

Proof

(1) = (2). Let E be an injective left R-module and
g: P — E be the projective cover of E. By Corollary 2,
we get that P € X ={injective left R-modules} N
{projective left R-modules}. Thus, P is injective.
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(2) = (1) is trivial by Corollary 2.

A left R-module M is called FP-injective (or absolutely
pure) [9, 10] if Ext' (F, M) = 0 for all finitely presented left
R-modules F. Let & ={FP-injective left R-modules} N
{projective left R-modules}. O

Example 7. 1f any injective left R-module has a projective
cover, then the following are equivalent:

(1) The class of submodules of projective and FP-
injective left R-modules is epic precovering.

(2) The projective cover of any injective left R-module is
FP-injective.

Next, we consider the monic precover.

Lemma 3 Let X be a class of left R-modules, § the class of
submodules of &, and M a left R-module. If E (M) has
a monic X-cover ¢: F — E(M), then M has a monic
&§-cover S — M with SCF.

Proof. According to the proof of Lemma 1, we get that S
with # and o is the pullback:

s —2 oM

A
00— F ——= E(M).

It follows that¢ o0 is monic by [[2], Chap IV, Proposition
5.1(i)]. Thus, ¢ is a monic &-precover of M by Lemma 1.
The following example shows that the necessary and
sufficient conditions for epic &-precover (in Theorem 1) do
not apply to monic §-(pre) cover. O

Example 8. Let R be a semisimple ring. If R = Py@P,,
where P, and P, are two nonisomorphic simple left R
modules. Now, let 2 = {@X;| X;=xR} and & be the class of
submodules of &'. Since R is semisimple, every left R-module
has a monic &-precover by [[11], Proposition 13.9]. Note
that P, is injective. But P, has an &-precover m: R — P,
where 7 is the canonical projection. And, monic ' -cover of
P, does not exist.

Finally, we consider when is the class of submodules of
& covering.

Lemma 4. Suppose that the class & is closed under pure
submodules, direct products, and direct limits. Then, the class
S of submodules of X is closed under direct limits.

Proof. The proof is similar to the proof of [[4], Lemma
5.3.12].

Let ((S)), (q)ﬁ)) be a well ordered inductive system with
each S; a submodule of a left R-module X; € '. We need to
show that lim__S; is also a submodule of a left R-module
inZ.

By [[4], Lemma 5.3.12], there is a cardinal number N,
(dependent on Card S; and Card R) such thatif f: S, — G



Journal of Mathematics

is any morphism with G € &, then there is a pure submodule
F; ¢ G with f(S;) C F; and Card F; <X,. Note that 2 is
closed under pure submodules, then F; € 2.

Let # be asetof {F: F € & and Card F < N_}. For each ,
we consider all morphisms f: S; — F with F € /. Let
F;=F, F;=[]F; over all such f, and §; — F; be the
morphism x— (f (x)). Then, F; € 2 since X is closed under
direct products. Note that S; is a submodule of a left
R-module X; € . There is a monic morphism 7;: §; — X.
Hence, there is a left R-module F' € . such thatS; — F' is
the inclusion. So, S; — F; is an injection.

Let F; =[] G, (over morphisms g: §; — G, described
above). If ¢: §; — §; is a morphism, the decomposition
§;—S§; — [IG, — G (the last map being the pro-
jection map) is one of the morphisms £, that is, Gy =Fp
and §; — G is the morphism f'.So, let T] Fy — Gy be
the projection map corresponding to f . Then, we see that

S, —— F,

L lis commutative and the morphisms

S —— F L .
F; — F; are functorial in the obvious sense. So, we can
define an direct limit lim_  F;. Note that §; — F; is an
injection. So, lim__S; — lim__F; is also an injection.

Thus, we are done since lim__F; € X

From [[4], Corollary 5.2.7] and Theorem 1, we get the
following theorem immediately. O

Theorem 2. Suppose that the class X is closed under pure
submodules, direct products, and direct limits. The class § of
submodules of X is covering if and only if every injective left
R-module has an & -cover.

As applications, we have the following examples.

Recall that a left R-module M is said to be fp-flat [12] if
for every monomorphism v: A — B with A and B finitely
presented right R-modules, AQ M — B® M is a mono-
morphism. A left R-module M is said to be fp-injective [12]
if for every monomorphism y: K — L with K and L fi-
nitely presented left R-modules, Hom
(L,M) — Hom (K, M) is an epimorphism.

Lemma 5 (see [13]). Theorem 3.8 and Proposition 3.11.

(1) The class of fp-flat left R-modules is closed under
direct products, direct sums, direct summands, and
direct limits.

(2) The class of f p-injective left R-modules is closed under
direct products, direct sums, direct summands, and
direct limits.

Lemma 6 [(see [13]), Theorem 3.3]. A left R-module M is
[fp-injective (fp-flat) if and only if M* is fp-flat (fp-injective).

Corollary 3

(1) The class of f p-flat left R-modules is closed under pure
submodules and pure quotient-modules.

(2) The class of f p-injective left R-modules is closed under
pure submodules and pure quotient-modules.

Proof. Let 0 — A — B — C — 0 be a pure exact se-
quence. This induces a split exact sequence:
0 — C" — B* — A" — 0. By Lemma 6, if Bis f p-flat
(f p-injective), then B* is f p-injective (f p-flat). This means
that A* and C* are f p-injective ( f p-flat) by Lemma 5. Thus,
A and C are fp-flat (f p-injective) by Lemma 6. Hence, the
result follows. U

Proposition 2

(1) The class of f p-flat left R-modules is covering
(2) The class of f p-injective right R-modules is covering

Proof. Clearly, the class of f p-flatleft R-modules or the class
of fp-injective right R-modules is closed under direct sums
and pure quotient modules by Lemma 5 and Corollary 3.
Thus, the result follows from [[14], Theorem 2.5]. O

Example 9. The class of submodules of fp-flat left
R-modules is epic covering.

Proof. It follows from Lemma 5, Proposition 2, and
Theorem 2. O

Lemma 7 [(see [12]), Theorem 2.4]. A ring R is right co-
herent if and only if every fp-flat left R-module is flat.

Example 10 [(see [4]), Theorem 5.3.14]. If R is right co-
herent, then the class of submodules of flat left R-modules is
epic covering.

Let m and n be fixed positive integers. A right R-module
P is said to be (m,n)-presented [15] if there exists an exact
sequence 0 — K — R™ — P — 0 of right R-modules,
where K is n-generated. A ring R is called right
(m, n)-coherent [15] in case each n-generated submodule of
the right R-module R™ is finitely presented. A right
R-module M is said to be (m,n)-injective [16] if
Ext! (P, M) = 0 for any (m, n)-presented right R-module P;
a left R-module N is said to be (m,n)-flat [15] if
Tor, (P, N) = 0 for any (i, n)-presented right R-module P.
From the definitions, it is easy to see that:

FP-injective = (m, n)-injective for all positive integers m
and n,

Flat = (1, n)-flat for all positive integers n = (m, n)-flat for
all positive integers m and n,

Coherent = (1,n)-coherent for all positive integers
n= (m,n)-coherent for all positive integers m and n.



A ring R is said to be right J-coherent [17] if J(R) is
a coherent right R-module, where J(R) is the Jacobson
radical of R. A left R-module N is said to be J-flat [17] if
Tor, (R/I, N) = 0 for every finitely generated right ideal I in
J(R). A right R-module M is called J-injective [17] if Ext
Y(R/II, M) =0 for every finitely generated right ideal I
in J(R).

A ring R is said to be right N-coherent [18] if N (R) is
a coherent left R-module, where N (R) is the intersection of
all prime ideals of R. A left R-module N is said to be N-flat
(18] if Tor, (R/I,N) =0 for every finitely generated right
ideal I in N (R). A right R-module M is called J-injective [17]
if Ext! (R/I, M) = 0 for every finitely generated right ideal T
in N (R).

Remark 1. By definitions, the class of (m,n)-flat (J-flat,
N-flat) left R-modules is closed under direct limits, direct
summands, direct sums, pure submodules, and pure
quotient-modules. Then every left R-module has an epic
(m,n)-flat (J-flat, N-flat) cover by [[14], Theorem 2.5].
Hence, the class of submodules of (1, n)-flat (J-flat, N-flat)
left R-module is precovering by Theorem 1.

If R is right (m, n)-coherent (J-coherent, N-coherent),
then the class of (m, n)-flat (J-flat, N-flat) left R-modules is
closed under direct product (see [[15], Theorem 5.6], [[17],
Theorem 2.13], [[18], Theorem 2.13]). Hence, the class of
submodules of (m,n)-flat (J-flat, N-flat) left R-modules is
covering by Theorem 2.

3. Preenvelopes by Quotient-Modules

In this section, we study Question 2.

Lemma 8. Let X be a class of left R-modules, @ the class of
quotient-modules of X, and M a left R-module. If
m: P(M) — M — 0 is a projective resolution of M and
P(M) has an & -preenvelope g: P(M) — F, then M has
a @-preenvelope.

Proof. Let K = ker(n), Q = F/g(K), and p: F — F/g(K)
be the natural epimorphism. Then there is a homomorphism
g: M — F/g(K) such that the following diagram commutes:

0 K P(M) i M 0

-

P F/g(K) ——0.

0—— g (K) F

Note that P(M) is projective. For any epimorphism
h:FF— Q with F €2 and any homomorphism
fM— Q/, there is a morphism o: P(M) — F such
that the following diagram commutes:

P (M)
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Moreover, there exists a morphism ¢: F — F' such
that o=¢g since g is an X -preenvelope. Thus,
fr=ho = heg. This implies that g(K) c ker (h¢). Hence,
there is a induced morphism 0: F/g(K) — Q' such that
0p = he. This means that fm = hgpg = 0pg = 0gn. Since 7 is
epic, f = 0g. And so we have the following commutative
diagram:

P (M) M 0
ok
¢ F—— FgK

/ 0
¢
N

F' h Q' 0

It follows that g is a @-preenvelope of M. O

Theorem 3. Let X be a class of left R-modules and @ the class
of quotient-modules of X. The following are equivalent:

(1) The class @ is preenveloping.

(2) Every projective left R-module has a @Q-preenvelope.

(3) Every projective left R-module P has a @-preenvelope
P—QwithQelX.

(4) Every projective left R-module has an X -preenvelope.

Proof

(1) = (2) and (3) = (2) are trivial.

(2) = (3) Let P be any projective left R-module and
f: P — Q be a @-preenvelope of P. Note that Q € @,
there is an epimorphism m: F — Q with F € &". Since
P is projective, there is a morphism g: P — F such
that f = ng. Clearly, F € £C@. It follows that g is a @-
preenvelope of P with F € 2.

(3) = (4) Since €@ and Qe X, P— Q is an
& -preenvelope of P.

(4) = (1) follows from Lemma 8. O

Corollary 4. Suppose that the class & is closed under
quotient-modules. Then, X is preenveloping if and only if
every projective left R-module has an X -preenvelope.

Example 11. Lett = (7, %) be a torsion theory. Then, I is
preenveloping if and only if every projective left R-module
has a J -preenvelope.

If every left R-module has a monic 2'-(pre) envelope, we
write that & is monic (pre) enveloping.

Note that
P (M) d M 0
v

p

F ——> F/g(K) ——0.
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In Lemma 8 is the pushout for 7 and g. Dual to Lemma 2,
we get the following.

Lemma 9. Let X be a class of left R-modules, @ the class of
quotient-modules of X, and M a left R-module. If
m: P(M) — M — 0 is a projective resolution of M and
P (M) has a monic & -preenvelope g: P(M) — F, then M
has a monic Q-preenvelope.

Proposition 3. Let X be a class of left R-modules and @ the
class of quotient-modules of X. The following are equivalent:
(1) Every left R-module has a monic @-preenvelope

(2) Every projective left R-module has
@-preenvelope

a monic

(3) Every projective left R-module P has a monic
@-preenvelope P — Q with Q € &

(4) Every projective left R-module has
X -preenvelope.

a monic

Proof

1) = (2), (3) = (2), and (3) = (4) are trivial
(2) = (3) follows from Theorem 3
(4) = (1) follows from Lemma 9 O

Example 12

(1) The class of quotient-modules of injective left
R-modules is monic preenveloping

(2) The class of quotient-modules of pure-injective left
R-modules is monic preenveloping

(3) The class of quotient-modules of FP-injective left
R-modules is monic preenveloping

(4) The class of quotient-modules of fp-injective left
R-modules is monic preenveloping

(5) The class of quotient-modules of (m, n)-injective left
R-modules is monic preenveloping

(6) The class of quotient-modules of N-injective left
R-modules is monic preenveloping

(7) The class of quotient-modules of J-injective left
R-modules is monic preenveloping

Proof

(1) Obviously, any module has a monic injective en-
velope. So, (1) follows from Lemma 9.

(2) By [[4], Example 6.6.5], we get that any left
R-module module has a monic pure-injective en-
velope. So, (2) follows from Lemma 9.

(3) By [[4], Theorem 6.2.4], we get that any left
R-module module has a monic FP-injective preen-
velope. So, (3) follows from Lemma 9.

(4) By Lemma 5, Corollary 3 and [[4], Lemma 5.3.12,
and Theorem 6.1.2], we get that any left R-module
has a monic f p-injective preenvelope. So, (4) follows
from Lemma 9.

(5) By [[19], Theorem 3.1], we get that any module has
a monic (m, n)-injective preenvelope. So, (5) follows
from Lemma 9.

(6) By [[17], Lemma 2.4] and [[4], Lemma 5.3.12, and
Theorem 6.1.2], we get that any module has a monic
J-injective preenvelope. So, (6) follows from
Lemma 9.

(7) By [[18], Remark 3.11], we get that every left
R-module has a monic N-injective preenvelope. So,
(7) follows from Lemma 9.

Set & ={pure-injective left R-modules} N {flat left
R-modules}. O

Example 13. Let R be a right coherent ring. Then, the class of
quotient-modules of pure-injective flat left R-modules is
monic preenveloping.

Proof. Let P be a projective left R-module. There is a monic
pure-injective envelope f: P — E with E pure-injective by
[[4], Example 6.5.5(2)]. It follows that E is flat by [[4],
Proposition 6.7.1]. For any pure-injective flat left R-module
E' and any homomorphism g: P — E/, there is a mor-
phism h: E — E such that g = hf. Thus, f is a monic
pure-injective flat envelope of P. The result follows from
Lemma 9. O

Corollary 5. Let & be a class of left R-modules and @ be the
class of quotient-modules of L. If X is closed under direct
summands and & € I nj, then the following are equivalent:

(1) Every left R-module has a monic @-preenvelope
left R-module has

(2) Every projective a monic

Q-preenvelope
(3) Every projective left R-module P has a monic
Q-preenvelope P — Q with Q € X

(4) Every projective left R-module P has a monic Q-en-
velope P — Q with Q e &

(5) Every projective left R-module has a monic
I -preenvelope
(6) Every projective left R-module has a monic

I -envelope

(7) The injective envelope of any projective left R-module
isin X.

Proof

1) & (2) &= (3) < (5) follow from Proposition 3.
(4) = (3) and (6) = (5) are trivial.

(7) = (6) Let P be a projective left R-module and
g: P — E be the injective envelope of P. Clearly, g is



monic. By (7), E € &. Because &'C.#nj by hypothesis,
g: P — E is a monic & -envelope of P.

(5) = (6), (7) Let P be a projective left R-module,
f:P— X a monic X-preenvelope of P and
g: P — E the injective envelope of P. Note that X and
E are both injective. Then there exist morphism
h: E— X and ¢: X — E such that g =¢f and
f = hg. Hence, g = ¢hg. Since g is an envelope, ¢h is
an isomorphism. Thus, E is a direct summand of X. It
follows that E is in . Thus, g is a monic & -envelope.
(6) = (4) Let P be a projective left R-module and
f: P — X be a monic X'-envelope of P. Since (6) =
(3), there is a monic @-preenvelope g: P — Q with
Qe X. 'This implies that there is a morphism
h: X — Q such that g=hf. Thus, f is a monic
@-enveloper of P.

Let X ={injective left R-modules} N {projective left
R-modules}. O

Corollary 6. The following are equivalent:

(1) The class of quotient-modules of projective and in-
jective left R-modules is monic preenveloping.

(2) The injective envelope of any projective left R-module
is projective.

Proof

(1) = (2) Let P be a projective left R-module and
g: P — E(P) be the injective envelope of P. By
Corollary 5, we get that E(P) € & (={injective left
R-modules} N {projective left R-modules}). Thus, E (P)
is projective.

(2) = (1) is trivial by Corollary 5.

Let X ={injective left R-modules} n {flat left
R-modules}. O

Corollary 7. The following are equivalent:

(1) The class of quotient-modules of flat and injective left
R-modules is monic preenveloping.

(2) The injective envelope of any projective left R-module

is flat.

Dual to Lemma 3, we get the following.

Lemma 10. Let X be a class of left R-modules, @ the class of
quotient-modules of &, and M a left R-module. If
m: P(M) — M is a projective resolution of M and P (M)
has an epic X -envelope g: P(M) — F, then M has an epic
@-envelope.

The following example shows that the necessary and
sufficient conditions for monic @-precover (Proposition 3)
do not apply to epic @-preenvelope.
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Example 14. Let R be a semisimple ring. If , R=P, &P,
where P, and P, are two nonisomorphic simple left R
modules. Now, let & = {[] X; | X;=zR} and @ be the class of
quotient-modules of &. Since R is semisimple, every left
R-module has an epic @-preenvelope by [[11], Proposition
13.9]. Note that P, is projective. But P, has an & -preen-
velope #: Py — R, where 7 is the canonical injection. And,
epic & -preenvelope of P, does not exist.

Remark 2. It would be interesting to study pure-
submodules. Let PE (M) be the pure-injective envelope
of M. According to the proof of Lemma 1, we may get the
following Proposition.

Let 2 be a class of left R-modules, § the class of pure-
submodules of 2, and M a left R-module. If PE (M) has an
I -precover ¢: F — PE (M), then M has an §-precover
S — M with S pure in F.

Therefore, we can get the corresponding results on
precovers by pure-submodules. Preenvelopes by pure-
quotient-modules may also be studied dually.
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