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In present work, we describe and investigate torsion theoretic versions of §-supplemented modules via a hereditary torsion
theory 7. With this aim, first, we define §,-small submodules. On this basis, the concepts of §,-lifting modules, §,-supplemented
modules, and amply §,-supplemented modules and their fundamental properties are given, respectively. Furthermore, we present
§,-semiperfect modules and give a characterization for them via (amply) J,-supplemented modules. Even we supply binary

relations between these new module classes.

1. Introduction

Along this work, an associative ring with a unit is denoted by
R, a unitary left R-module is denoted by W, and R-Mod is
the category of unitary left R-modules. The symbols “< and
< will denote a submodule and a direct summand of
a module, respectively.

Let us point a community of modules with {. The reject of
¢ in W is described by Rej, ()= n{Ker(h)|h: W
—> UforsomeU € {}. The module homomorphism
h: W — U satisfies h(Rejy, ()) <Rej, ({). Whenever
h: W — U is onto and Ker (h) CRejy, ({), h(Rejy, (0)) =
Rejy; () is confirmed [1].

A submodule X of W is called small in W (denoted by
X <aW) it W # X + P for every proper submodule P of W. A
submodule X of W is called essential in W (denoted by
X 4 W) if the intersection of X with each submodule of W is
nonzero excluding 0. The community of elements of W
whose annihilators are essential in 3R is described as the
singular submodule of W (denoted by Z (W)). W is said to be
singular (nonsingular) whenever Z(W) =W (Z(W) =0)
[2]. A form of small submodules via singularity was con-
tributed to the literature in [3] by Zhou. For a module W,
X <W is said to be §-small in W (denoted by X <« ;W) in

case X + T = W with W/T singular implies that T = W. Let
Q be the community of whole singular simple modules. As it
is indicated in [3], &§(W) =Rej, (Q)=nN{X<
WIW/X € Q} = Y{X<W|X < sW}. For X<W, a §-sup-
plement submodule S of X provides W=X+S and
XNS<;S. A §-supplemented module W is a module in
which each submodule of W is of a §-supplement. Besides,
X <W is said to have ample §-supplements in W if every
submodule S of W with W = X + S involves a §-supplement
of X in W. An amply §-supplemented module W is a module
in which each submodule of W is of ample §-supplements.
Even W is called d-lifting if for each X <W, there exists
a decomposition of W such that W = A@ B with A< X and
XNB<«sB. W is called distributive if for X,S,Z<W, the
statement (XNS) + (XNZ)=XnN(S+ Z) is verified. If for
each h € End(W), h(X) € X, we say X is a fully invariant
submodule of W. We refer the interested readers to [4-6] for
concepts given here.

Now, we give place to fundamental concepts of torsion
theory. Let 7 = (T, F) be a torsion theory on R-Mod, where T
denotes the community of all modules which are 7-torsion and
F denotes the community of all modules which are free of
T-torsion, that is, T'={W € R—Mod |7(W) =W} and F =
{WeR-Mod|7(W) =0} such that T(W) =
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Y{X|X<W,X eT}. Ordinarily, T is preserved under ho-
momorphic images, extensions, and direct sums. In response to
this, F is preserved by isomorphisms, submodules, extensions,
and direct products. If T' is preserved by submodules (injective
hulls), then T is called a hereditary (stable) torsion theory. In the
present study, we will accept that 7 is a hereditary torsion theory
unless otherwise specified. A submodule X of W is defined as
T-dense (T-pure) if W/X is 7-torsion (7-torsion free), denoted by
X<, 4W (X<, ,W). For further properties associated with
the torsion theory, we refer to [7].

In recent years, it is a lifting trend for algebraists to get
torsion theoretic forms of known concepts or theories from
ring and module theory. In [8], the authors handled lifting
modules according to a (hereditary) torsion theory. In 1985,
Pardo defined t-essential submodules [9]. By using this fact,
in 2017, the authors investigated singular and nonsingular
modules according to a hereditary torsion theory to de-
termine the structure of 7-extending modules [10], first
defined in [11] according to Bland’s 7-essential submodules.

They defined the set Z, (W) = {x eW|kxct(W), 3« R}.

TR

The submodule Z_(W) is called a 7-singular submodule of
W. W is called a 7-singular module provided W = Z_(W),
and W is called a non-7-singular module provided
0 =Z,(W). Furthermore, in [12], 7-complement sub-
modules of a module are defined as a torsion theoretic
version of complement submodules. Dually, supplemented
modules, some generalizations, and characterizations of
them are handled from this aspect by various authors [13].

In the present study, the structure of §-supplemented
modules is researched by using the concept of 7-singularity
of a submodule according to Pardo’s T-essential submodules.
Motivated by this idea, we handle the special form of lifting
modules given in [8] with respect to 7-singularity. To obtain
this, first, we define §.-small submodules and give funda-
mental properties similar to §-small submodules. In the light
of this fact, we introduce §,-lifting, §,-supplemented, and
amply §,-supplemented modules. We also interested in
binary relations between these modules. Moreover,
&.-semiperfect modules are presented, and characterizations
of a §,-semiperfect module are given in view of being
(amply) 6.-supplemented under special conditions.

2. §,-Small Submodules

Definition 1. Let W be a module and X <W. If X +S#W
whenever W/S is t-singular for any S<W, then X is said to
be §,-small in W. The notation X <« 5 W is prefered to point
that X is a §,-small submodule of W.

Explicitly, each small submodule of a module is §,-small.
Also, note that as 7-singular module classes are different
from singular ones, there is not a certain relation between
§,-small submodules and §-small submodules. But if ;R and
W are free of 7-torsion, then these concepts coincide.

Following lemma is given for a submodule of a module
to be §,-small.

Lemma 2. For a module W, the listed statements taking place
below are equivalent:
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1) X<s W

2)IfX+S=W, then W =Z@&S§ for a non-t-singular
submodule Z with Z < X

Proof

(1)= (2) Let X + S = W. In this case, there subsists a sub-
module Z of X maximal according to the feature
SNZct(W). Thus, we obtain that S+Z < W by [12],
Proposition 2.9. Following we have W/ (S + Z) is r-singular
by [10], Theorem 3.7. Since X « s W and X + (S& Z) =W,
we have W =S® Z. Let D< Z. Tflen, X+D+A=W. Ap-
plying the same way as above by replacing X with X + D, we
get X+ D=XeoD<  W. Thus, D< ,Z that verifies W is
semisample. So, we can write Z = Z_(Z)® Z,, where Z, is
non-7-singular. Then, W/(S@Z,) = (SeZ)/(SeZ,) = Z,
(Z) is T-singular. Since X « s W andW =X+ (S+Z,), we
have S& Z, = W. This shows that Z_(Z) = 0; that is, Z is
non-t-singular.

(2)= (1): let X +S =W for a submodule S of W with
W /S r-singular. By hypothesis, there subsists Z < X with Z =
W/S is non-7-singular. This shows that $ = W.

Now, we list the main features of §,-small submodules in
the lemma mentioned as follows. O

Lemma 3. The following statements given hold for
a module W.

(1) For submodules X, S, and Z of W with S C X, we have

(a) X<s WeS<s Wand X/S< s W/S
b)) X+Z<s WoX<;Wand Z<s W

(2) If X< s W and h: W — N is a homomorphism,
then h(X) < s N. Most particularly, ifX<«s WCN,
then X < 5TN.T '

(3) Let X, CW, W, X, CW,CW, and W =W, @ W,
Then, X,0X,<; W, eW,oX,<; W, and
X, <5, W,

Proof. The proofs can be repeated by a similar approach
given for small submodules in ([1], 19.3). O

Definition 4. Let 9 be the community of whole 7-singular
simple modules. For a module W, let Rejy, (9) =6, (W) =
N{X <W |W/X € I} be the reject of 9 in W. If W does not
have any submodule with this type, then we denote
0, (W) =WwW.

It is an easy fact that §, (W/§,(W)) = 0.

We give a relation between §,-radical of a module and its
0,-small submodules in the following lemma.

Lemma 5. Let W be a module. Then we have, for any module,
W holds 5,(W) = Y{X<W|X «; W}

Proof. LetX <5 W.Wewill show that X is contained in every
maximal submodule T of W with W/T r-singular. Assume that
X ¢ T for a maximal submodule of W with W/T 7-singular.
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Then, since T is maximal, X + T = W. Then, T = W, which is
a contradiction to the fact that T is maximal in W. Hence,

Y x<; wX S8, (W). For any x € §. (W), clearly x is the ele-

ment of all maximal submodules P of W with W/P being
7-singular. Now, we claim that Rx < 5 W. Assume that Rx is
not §,-small in W and n={T<W]|x¢ T, W/T7-
singular and Rx + T' = W1}. It is clear that # # &, since Rx is not
§,-small in W. By the Zorn Lemma, there exists a maximal
element K in #. Accordingly, x ¢ K and so we have the

contradiction x ¢ &, (W). Hence, 8, (W) = Yy, wX.

Now, we give some facts about &, -radical of
a module. O
Lemma 6

If hW-—N is a homomorphism, then

h(6,(W))<,(N). So 8, (W) <W is fully invariant.
(2) UW = GBI»EIWi, then 81. (W) = GBiEI(ST (Wl)'
(3) 6. (W) is the unique largest §t-small submodule of W

if every submodule of W is contained in a maximal
submodule of W.

Proof. The proof can be repeated alike given in [1]. O

Corollary 7. If T is a stable torsion theory or gzR is free of
T-torsion, each §-small submodule is §t-small in W by ([10],
Lemma 3.1).

As it is understood from the definitions, §-small sub-
modules need not be §7-small and the converse is also. They
are only specialized versions of each other.

3. §,-Lifting Modules

In this department of the article, we introduce §,-lifting
modules and present fundamental properties of them. First,
we give matching conditions for a module W to be §,-lifting,
and afterwards, we handle the other structure theorems for
homomorphic images, direct summands, direct sums, etc.

Definition 8. A module W is called §,-lifting if for N<W
there exists a decomposition W = X & S such that X < N and
NnS < W.

If R is T-torsion free or 7 is a stable torsion theory, then
the case of being §-lifting satisfies the case of being 6, -lifting
for a module W since Z(W)<Z_(W). Even these new
concepts coincide for 7-torsion free modules over 7 -torsion
free rings since Z(W) = Z_(W).

In the following theorem, we list the equivalent condi-
tions for a module to be §,-lifting.

Theorem 9

(1) The following statements given are equivalent for
a module W:

(a) W is §,-lifting

(b) For each N <W, there exists submodules X, S< N
providing N = X&S§, X< W, and S< s W

(c) For each N <W, there exists X < oW, providing
X<Nand N/X<;W/X

(2) Every direct summand of a §t-lifting module inherits
the property.

Proof

(1) (1a = 1b) It is obvious. (1b= 1c) Let N<W. By
hypothesis, there exists a decomposition of N pro-
viding N = X®S§ with X< W and Y <5 W. For
the natural epimorphism 7: W — M/X, we have
n(8) =8+ X/X=N/X<;W/X, since S<;W.
(1c=1a) Let W be any submodule of W. By (10),
there exists a decomposition of W, providing W =
XoS with X<N and N/X <« ;W/X. Therefore,
W=N+S and N=X@o (SﬂN) Since W/X =S
and N/X = NNnS,thenweget NNS « 5.S. Hence, W
is a §,-lifting module.

(2) Let W be §,-lifting and N < , W. In that case, there
exists T<W with W = N&T. For any X<N<W,
since W is §,-lifting, there exists a decomposition of
w prov1d1ngW ZoSwithZ<Xand XNS<;S.
Therefore, it is obtained that N = Z& (N NS) pro-
viding Nn(XnS) XN(NN =XNS<; W
and so XNS<s;N as N< W Hence,
XNS< s NNS because NNS< , N.

The following example includes a &, -lifting module. [
Example 1. Let R be a matrix ring in which elements are

upper triangular matrices with the form 2 x 2 and com-

ponents coming from the field F, ;W = [g 1;] and

F F
X‘[oo

a hereditary torsion theory with the torsion part
T = {N € R-Mod|IN = 0}. Let us list the all proper sub-

8 i] :TX(W)a

], which is an idempotent ideal of R. Here, 7, is

modules of W as follows: N, :[

0F 00
N2=[00]=1X(N2), N3=[OF]=TX(N3), and

00
F F
N, =N,®N;, and then, W is a §,-lifting module by
Theorem 38.

N, = ] Since N, < W, N; is §,-small in W and

Now, we investigate when the factor module of a §,-lifting
module is §,-lifting.

Proposition 10. Let W be a §,-lifting module. For any
X <W, the module W/X is §,-lifting if one of the following
statements is provided:

(1) For any N< W, (N + X)/X< ,W/X.



(2) W is a distributive module.

(3) h(X) € X for any idempotent h = h* € End (W). Most
particularly, X <W is fully invariant.

Proof

(1) Let K/X<W/X. Since K<W and W is §, -lifting,
there exists D < ; W with D<K and K/D <« 3 W/D.
It is clear to Verrfy that (D + X)/X < W/X and
(D+ X)/X<K/X<W/X. Since K/D <« s, W/D then
K/D+ X <5 W/D + X by Lemma 3. Hence, W/X is
d,-lifting.

(2) This condition will be proved by using (1). Let
W =8SoZ Wehave W/X = (S + X)/X+ (Z + X)/X,
and by hypothesis, (S+X)/Xn(Z+X)/X =
(SNZ)+ X/X =0y,x. Hence, (S+X)/ X< ,W/X
and so W/X is §,-lifting.

(3) Let W=Ae®B. By (1), we wil show that
A+ X/X< W/X. Let m: A® B— A be the pro-
jection map where Ker(n) = (1 —m)W = B. Then,
n2 =7 € End(W) and n(W) = A. By assumption,
m(X)<X and (1 -7m)(X)<X. So we have n(X) =
XNA and (1-m)(X)=XnB. Therefore,
X=n(X)e(1-m(X)=(XnA)e (XNB). From
here, it is clear to see that (A+X)/X = (A®

(XNB))/X and B+X/X =B& (XnA)/X. This
implies W/X = (A® (XNB))/X + (B (XN A))/X.
In addition, since [A® (XNB)]N[B& (XNA)]=
[A® (XNB)] NnBa(XNnA)=(XnB)® (ANB)&
(XNnA)= (XnB)e(XNA)=X, we have
(A+X)/ X<, W/X. Hence, M is §,-lifting by (1).

In Lemma 15, we proved that each direct summand of
a §,-lifting module is §,-lifting. But the contrast idea is
not true generally. By Theorem 12, we present a way
verifying this claim by adding suitable conditions. But
first, we give the following useful lemma see ([6], 41.14)
for completeness. O

Lemma 11. Let W = X &S. Then, the following conditions
listed are equivalent:

(1) X is S-projective

(2) For each N<W with W =T +§, there exists T <T
providing W =T &8

Theorem 12. Let W = X @& S be a module such that X is both
W-projective and S-projective. If X and S are §,-lifting
modules, then so is W.

Proof. Let N<W. In that case, as X is 0,-lifting
XN (N +S)<W, there exist direct summands D, D of X
with D<XN (N +S) and XN (N+S)ﬂD = (N+S)ﬂD
<5 X. So we have W = X@S=D@&D &S=N + (D &8).
Since X is self and S-projective it is clear to say that X is
W -projective. By taking 1nt0 account the exact sequence
D— D& (D ®S) — D' &6, it can be seen that D is
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D' &§- pr0]ectrve [[6], 18.1/18.2]. Therefore, by Lemma 18,
there exists N' < N providing W = N' @ (D' @S). Following
this, we can say NN (W+D)=Wn(N+D') for any
W<S. In addition, since S is d,-lifting, there exists
Y, <Sn(N+D)—Nn(S+D)suchthatS Y,®Y, and
Nn(Y +D)=Y, ﬂ(N+D)<<5 for any Y,<S.
Therefore, the fact that W = N e(DeS)=No
(D' oY, GBYZ) = (N @Y )EB(YZGBD) can be seen easily.
Since N<N and X<Nn (D GBS)<N we have
N’GBY1 <N and so W=N+ (D' aS). In addition,
Nn(Y,eD)=Y,n (NeD)<,Y,<Y,eD.

Recall that the family of relatively projective modules is
defined as a family of modules {P;},.; where P; is P;-pro-
jective for each distinct 4, j € I. O

Corollary 13. Let X be a semisimple module and S be
a 6.-lifting module which are relatively projective with
X, then W = X @8 is 8,-lifting.

In the next proposition, we verify that the direct sum of
two . -lifting modules is §,-lifting for a duo module (whose
submodules are all fully invariant).

Proposition 14. Let W = X @S be a duo module. If X and S
are §,-lifting modules, then so is W.

Proof. Let N <W. Since W is a duo module, it can be written
that N = (NnX)® (NNS). By assumption, for the sub-
modules NN X < X and N NS <, there exist submodules X,
X, <X and §,, S, <S, respectively, such that X = X, @ X,,
X;<NNnX,and NNX, <X, and §=§,885,, §; <NNS,
and  NNS,«;S,.  Therefore, W=Xe&S= (X,
X))o (5,88, = (X;85;)8 (X,8S,). So we have
X85, <(NnX)ea(NnS)=Nn(X®S)= NnNW=N
and NN (X,885,) = (NNX,)@ (NNS,) <;X,8S,.

In the following example, a type of a module can be seen
that is § -lifting but not J,-lifting. O

Example 2. LetR = where F be a field and W=R. Let

F F
0 F
I = e,R + ey, R, where ¢;; is the matrix unit in R. Note that for
the idempotent ideal I, we have a hereditary torsion theory 7;
with the torsion part T; = {X € R-Mod|XI = 0}. Let X = e}, R.
Note that X is simple, and it is not a direct summand of W as
X < ey, R which is a direct summand. Also, X is not 7,-torsion
as XI = e}, R. Thus, X does not involve any direct summand S
of W such that X/S is 7;-torsion. Hence, W is not ¢, -lifting.
However, W is a lifting and so a §-lifting module by [14].

4. § -Supplemented Modules

In this part of the study, we define §,-supplemented modules
and present basic properties of this type of modules.

Lemma 15. Let X, S<W. Then, the statements given below
are equivalent:

DW=X+Sand XNS<;S
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(2) W =X+S, for any proper T <S with S/T being
T-singular, W+ X + T

Proof

(1)= (2) If W = X + T, where T <S and S/T is 7-singular,
then S= (X+T)NS=T+ (XNS). Hence, we have T =S
since XﬂS<<5S

2)= (1) IfS=T+ (XNS), where T<S and S/T is
r-singular, then W =X+S=X+ (XNnS)+T=X+T. By
(2), T=S. So XnS<<5TS. O

Definition 16. S<W is said to be a §,-supplement sub-
module of X in W if X and S provide one of the equivalent
conditions given in Lemma 19. By the way, W is called
§,-supplemented if each submodule of W has a §,-sup-
plement in W.

We cannot claim every &-supplemented module is
§,-supplemented or the converse statement directly because
of being specialized versions of each other.

It can be seen that in the following proposition, being
d,-supplemented is preserved by homomorphic images.

Proposition 17. Every homomorphic image of a &, -sup-
plemented module is §,-supplemented.

Proof. Let W be a §_-supplemented module, f: W — Gbe
an epimorphism and S be a submodule of G. By assumption,
there exists X<W providing f'(S)+X=W and
fIONX<;X. In that case, f(f'(S)+X)=
FULE) + FXO = SO LN+ £(X) =S + F(X) =

and f(f1()NX)=8nf(X)<, f(X) by Lemma 5.
Thus, f(X) is a §,-supplement of S in G. Hence, G is
d,-supplemented. O

Lemma 18. Let W be a module and X, S, Z<W. If X is
a é,-supplement of Sin W and S is a 8 .-supplement of Z in W,
then S is a &,-supplement of X in W.

Proof. Because X is a §,-supplement of S in W, we get
S+X=W,S5nX <« X,and S is a §,-supplement of Z in W;
we have Z+S=W, ZNS< 5.S. It is enough to show that
XNS<;S. Let T<W with XNS+T =S and S/T be r-sin-
gular. Then W=Z+S=Z+[(XNS)+T]=(XNS)+ Z+
T.SinceSNX<; W,W=Weo (Z + T) for a non-7-singular
submodule W with W < XNScS by Lemma 3. Hence, S =
(We(Z+T)InS=We [(Z+T) nS]l=WeT)+
(ZnS) by the modular law. Since S/'W & T is 1-singular and
ZNS§< S, we have S =W@oT. Thus, W = 0 as S/T is both
T- smgular and non-7-singular. Finally, S = T' is obtained. [

Lemma 19. For a §,-supplemented module W, W/5, (W) is
a semisimple module.

Proof. Let §,(W)<X<W. There exists S<W providing
W=X+S§ and XNS<«;S8. So XNnS«; W. Thus,

W8, (W) =X/6,(W)+ (8+6,(W))/§.,(W) and XN (S+

8, (WIS, (W) = (XN8) +8, (WIS, (W) = {05 )} So
we have W/§, (W) = X/5, (W) & (S+ 8, (W))/5, (W).

Clearly, each §,-lifting module is §,-supplemented. The
converse might be provided under additional conditions as
in the following proposition. O

Proposition 20. A projective §,-supplemented module W is
8,-lifting whenever each 08,-supplement submodule of W is
a direct summand.

Proof. Let X <W. By hypothesis, there exists S<W with X +
§=W and XNS<«;S. Since S< W, W =S D for some
D <W. Following that, we have D< X as W is projective and
=S+ X. Hence, we obtain a decomposition of W such that
W =DeSwith Dc X and XNS < §; thatis, W is §,-lifting.

Let W be an R-module and xR and W be 7-torsion free
modules. If W is §-supplemented, then W is also §, -sup-
plemented and vice versa.

Let 7 be a stable torsion theory (as Goldie torsion theory)
or R is 7-torsion free (as ,Z). Then, every §-supplemented
module is also §,-supplemented.

Let R be 7-torsion and nonsingular ring. Then, a left
R-module W is §-supplemented module if and only if W is
&,-supplemented.

Before giving the finite sum of &,-supplemented
modules which is also &, -supplemented, we need the
following lemma. O

Lemma 21. Let X, U<W, and X be a §,-supplemented
module. If X + U has a §,-supplement in W, then so does U.

Proof. Since X + U has a §,-supplement in W, there exists
S<W providing (X +U) +S W and (X+U)ﬂS<<5S
Also, there exists Z<X providing [(S+U)NX]+Z = X
and [(S+U)NX]NnZ= (S+U)ﬂZ<<5Z Thus, we
have W= (X+U)+S=[(S+U)nX]+ Z+U+S= (U
+8)+Zand (U +S)NZ < 5 Z; that s, Z is a §,-supplement
of U + S in W. Now, we claim that § + Z is a 8, -supplement
of U in W. It is evident that (S+2Z2)+U =W and (S+
Z2)NU<SN(Z+U)+2Zn (S+U)<<5S+ZsmceSﬂ (Z+
U)<Sn(X+U)<<5Sand (S+U)nZ<<5Z O

Proposition 22. Let X and S be §_-supplemented modules. If
W =X+S, then W is a §_-supplemented module.

Proof. Let Z<W. Since X+S+Z =W has a trivial
§,-supplement 0 in W and X is §,-supplemented, S + Z has
a §,-supplement in W by Lemma 21. Thus, Z has a 6,
-supplement in W as S is §,-supplemented by Lemma 21. So,
W is §,-supplemented.

Recall that for a module W a module G is called finitely
W -generated if there exists an epimorphism from the sum of
finitely many copies of W to G.

As an immediate consequence of the finite sum and
homomorphic image property, we give the following
proposition. O



Proposition 23. If W is a §,-supplemented module, then
every finitely W-generated module is 8,-supplemented.

Proof. Let W be a §,-supplemented module and G be a fi-
nitely W-generated module. Then, there exists an epi-
morphism h from W® (A is a finite index set) to G. Since W
is 8_-supplemented, then h (W W) = G is a §,-supplemented
module by Propositions 17 and 22. O

5. Amply §_-Supplemented Module

In this part of the study, we define amply §,-supplemented
modules and give basic properties of them. Also, we present
relations between these modules and the modules in-
troduced in previous sections.

Definition 24. A module W is called amply & ,-supplemented if
for any submodules X, S of W with W = X + S, there exists
a §,-supplement T of X in W contained in S.

Clearly, every §,-lifting module is amply &, -supplemented,
and every amply J,-supplemented module is §,-supplemented.

Proposition 25. Every homomorphic image of an amply
8,-supplemented module is amply 8, -supplemented.

Proof. Let W be an amply §,-supplemented module and f
be a homomorphism from W to G. We claim that h (W) is
amply  J,-supplemented. Let h(W)=X+S. Then,
W = h™1(X) + k71 (S). Thus, there exists a submodule T of

W contained in A'(S) with AN (X)+T =W,
B1(X)NT < 5.T. Following that, we have X + h(T) = h(W)
and X0 f(T) = £ (f1(X)NT) <, f (T) <S. O

Proposition 26. Let W be a module. If every submodule of
W is §,-supplemented, then W is an amply §,-supplemented
module.

Proof. Let W = X + S for X, S<W. By hypothesis, there
exists T<S providing (XNS)+T =S and (XNS)N
T=XNT<«sT. Thus, we have W=X+S=X+
(XNS)+T=X+T. Hence, W is an amply §,-supple-
mented module. O

Corollary 27. The following listed statements given are
equivalent for a ring R:

(1) Every R-module is amply §,-supplemented

(2) Every R-module is §,-supplemented

Recall that we say a module is m-projective if there exists
a homomorphism h € End(W) such that h(W)c X and

(Iyy —h) (W) CS for every submodule X, S<W which sat-
isfies W = X + S.

In general, every projective module is 7-projective [1].

Theorem 28. Let W be a m-projective §,-supplemented
module, then W is an amply § -supplemented module.
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Proof. For any submodule X of W,let W = X + Sfor S<W.
As W is m -projective, there exists an endomorphism h of W
providing h(W)<X and (1-h)(W)<S. Let T be a §,-
supplement of X in W. Then, W = h(W) + (1 - h)(W) =
hW)+ (1-h)(X+T)<X+ (1-h)(T)<W, so we have
W=X+ (1-h)(T) with (1-h)(T)<B. Also, Xn (1-
(T =>0-hXnT)< 5, (1 —h)(T). Hence, (1-h)(T)
is a §,-supplement of X in W contained in S. O

Corollary 29. If W is a projective and §,-supplemented
module, then W is an amply §_-supplemented.

Theorem 30. Let W be an amply &, -supplemented module
whose 8_-supplements are direct summands of W. Then, W is
a §,-lifting module.

Proof. Since W is amply §,-supplemented, there exists a J,-

supplement § for every X <W and there exists a 8, -sup-
plement S forS<w with S'<X,W =S @D. Then, we have
W=8+Sand X =S + (SﬂX) S'® (X N D) is obtained.
For the projection map 7: S @ D — D, it is true that
n(SNX)=n(X)=XNnD. Moreover, as SNX <8,
n(SNX)= XND<y 7(S) <D and so XND<;D. Hence,
for every X<W, there exists a decomposition of W pro-
viding W = S @ D with §' <Xand XND <, D. O

Corollary 31. Let W be a projective §,-supplemented module
whose §,-supplements are direct summands of W. Then, W is
a 6, -lifting module.

Proof. It is clear from Theorem 30 and Corollary 31. O

6. §_-Semiperfect Modules

In this section, first, we define the projective §,-cover of
a module by means of §,-small submodules to get the
concept of & -semiperfect modules. At the end, we give
a characterization theorem between §_-semiperfect modules
and (amply) J,-supplemented modules.

Definition 32. Let E be a (projective) module and
f+ E—> W be an epimorphism with Ker (f) < E. In this
case, (f,E) is called a (projective) §,-cover of W.

Definition 33. A module W is called a §, -semiperfect
module if any homomorphic image of W has a projective
§,-cover.

Proposition 34. If h: W — G is an epimorphism with
Ker (h) <68, (W), then h(5,(W)) =6,(G).

Proof. Tt is clear from [[15], Corollary, 8.17]. O

Lemma 35. Let f: W — G and g: G — K be §,-covers,
then go f: W — K is a §,-cover.

Proof. Since f and g are §,-covers, then Ker(f) <5 W and
Ker(g) < 5 G. Now, we clalm that Ker(ge f) < ‘W. Let
Ker(ge f) + X =W with W/X r-singular. Followmg that,
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we have Ker(g) + f (X) = G. Hence, f(X) = G is obtained
as Ker (g) < 5 G, and G/ f (X) is 7-singular. This implies that
X + Ker(f) =W. Therefore, we have X =W since
W/Xis7-singular and Ker(f) <5 W. O

Lemma 36. Let f;: E; — M; be 0,-covers for every
i=1,..,n Then, &L, f;: &L ,E; = M, is a § -cover.

Proof. It can be proved by the standard way. O

Theorem 37. Let W be a module and X <W. Then, the
following listed statements are equivalent:

(1) W/X has a projective 8 -cover.

(2) If W = X + S for S<W, then X has a 6, -supplement
T <8 such that T has a projective &, -cover.

(3) X has a 6.-supplement T which has a projective
d,-cover.

Proof

(1) = (2) Let f: E — W/X be a projective §,-cover. Since
W=X+S§, gS—S(XnS)=(X+S5)/X is an epi-
morphism. Since E is projective, there exists a homomor-
phism & from E to S satisfying goh = f. Following that, we
have W/X = (h(E) + X)/X and so W = X + h(E), h(E) <S.
Also, XNh(E) = h(Ker(f)) < 5 h(E), since Ker(f) <4 E.
Hence, h(E) is a 0,-supplement of X in W. Thus,
h: P — h(E) is a projective §,-cover as Ker(h)C
Ker(f) <4 P.

2)= (13) It is clear.

(3)= (1) Let f: E— T be a projective §,-cover. By
hypothesis, X + T =W and XNT « 4 T. It follows that the
natural  epimorphism g: T — T/ (XNT)= (X+T)/
X =W/X is a §,-cover. So go f: E — W/X is a projective
§,-cover. O

Theorem 38. The following listed statements are equivalent
for a module W:

(1) W is §,-semiperfect

(2) W is amply §,-supplemented whose §,-supplements
have projective §,-covers

(3) W is §,-supplemented whose 0,-supplements have
projective §,-covers

Proof. It is evident by Theorem 37. O
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