
Research Article
Geometric Characterization of the Numerical Range of Parallel
Sum of Two Orthogonal Projections

Weiyan Yu , Ran Wang, and Chen Zhang

College of Mathematics and Statistics, Hainan Normal University, Haikou 571158, China

Correspondence should be addressed to Weiyan Yu; wyyume65@163.com

Received 14 September 2023; Revised 25 December 2023; Accepted 28 December 2023; Published 24 January 2024

Academic Editor: Mohammad W. Alomari

Copyright © 2024 Weiyan Yu et al. Tis is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

LetH be a complex separable Hilbert space andB(H) be the algebra of all bounded linear operators fromH toH. Our goal in
this article is to describe the closure of numerical range of parallel sum operator P : PQ for two orthogonal projections P and Q in
B(H) as a closed convex hull of some explicit ellipses parameterized by points in the spectrum.

1. Introduction

Let H be a complex separable Hilbert space with inner
product 〈·, ·〉 and B(H) be the algebra of bounded linear
operators on H. Te numerical range W(T) of an operator
T ∈B(H) is defned as

W(T) � 〈Tx, x〉 : x ∈H, ‖x‖ � 1{ }. (1)

It is known that W(T) is a nonempty bounded convex
set in the complex planeC and its closure, denoted by W(T),
always contains the spectrum σ(T) of T (see [1, 2]). In
addition, for T1, T2 ∈B(H), we have W(T1 ⊕T2) �

conv(W(T1)∪W(T2)), where conv(S) stands for the
convex hull of the set S. For references on the numerical
range and its generalizations, see, for instance, [3–8].

Tis paper arose from an attempt to gain a geometric
characterization of the numerical range of parallel sum with
a view of operator block. In what follows we always suppose
A, B ∈B(H) and A + B has closed range. Te parallel sum
of A and B is defned as

A : B � A(A + B)
†
B, (2)

where T† is the Moore–Penrose generalized inverse of T (see
[9, 10]). Te study of parallel sum is motivated by the fact
that if A and B are impedance operators of resistive n-port

electrical networks, then A : B is the impedance operator of
the parallel connection [11]. Several authors, in particular
Anderson and Trapp [11], Anderson and Dufn [12], Ando
[13], and Wang et al. [10], extended this result and estab-
lished many diferent equivalent defnitions and properties
on parallel sum (see also [9, 10]). Recently, Klaja [14] applied
Halmos’ two projections theorem to describe the numerical
range of a product of two orthogonal projections P and Q.
He showed that the closure of its numerical range is equal to
a closed convex hull of some ellipses parametrized by points
in the spectrum. In [8], Wang et al. also used Halmos’ two
projections theorem to study the containment region of the
numerical range of the product of a pair of positive con-
tractions. Zhang and Yu [15] described the numerical range
of the operator P + QP. Motivated by these, we consider the
numerical range of the parallel sum P : PQ for orthogonal
projections P and Q. Te investigation uses in an essential
way Halmos’ two projections theorem, which is introduced
as follows.

Let P and Q be two orthogonal projections on H. Tus,
P � P2 � P∗ and Q � Q2 � Q∗. Te ranges of P and Q are
denoted by L and N, respectively. According to Halmos’
two projections theorem (see [16] and consult [17] for the
history and more on the subject), there is a representation of
H as an orthogonal sum:
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H � (L∩N)⊕ L∩N⊥( ⊕ L
⊥ ∩N( ⊕ L

⊥ ∩N⊥( ⊕ 
H,

(3)

where 
H � M0 ⊕M1, M0 � L⊖((L∩N)⊕ (L∩N⊥)),

M1 � L⊥⊖((L⊥ ∩N)⊕ (L⊥ ∩N⊥)). If one of the spaces
M0 and M1 is nontrivial, then these two spaces have the
same dimension and there exist two self-adjoint operators S

and C of M0 into itself such that 0≤ S≤ I, 0≤C≤ I,
S2 + C2 � I, Ker(S) � Ker(C) � 0{ }, and such that P and Q

are simultaneously unitary equivalent to the following op-
erator matrices:

P ∼ I⊕ I⊕ 0⊕ 0⊕
I 0

0 0
 , Q ∼ I⊕ 0⊕ I⊕ 0⊕

C
2

CS

CS S
2

⎛⎝ ⎞⎠.

(4)

Moreover, there exists a self-adjoint operator T verifying
0≤T≤ π/2I such that cos(T) � C and sin(T) � S.

In [18], Deng and Du introduced the pair (P, Q) in
generic position, if L∩N � L∩N⊥ � L⊥ ∩N � L⊥

∩N⊥ � 0{ }. If two orthogonal projections P and Q are in
generic position, then H � M0 ⊕M1 and the operator
matrices in (4) can be simplifed to

P ∼
I 0

0 0
 , Q ∼

cos2(T) cos(T) sin(T)

cos(T) sin(T) sin2(T)

⎛⎝ ⎞⎠.

(5)

Tian et al. [9] gave a specifc matrix representation of the
operator P : PQ with respect to the decomposition (1). Let P

and Q have the operator matrices in (4), and we can get

P : PQ ∼
1
2

I⊕ 0⊕ 0⊕ 0⊕

cos2(T) I + cos2(T) 

I + 3 cos2(T)

cos(T) sin(T) I + cos2(T) 

I + 3 cos2(T)

0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (6)

If P and Q are in generic position, the above operator
matrix in turn will be

P : PQ ∼

cos2(T) I + cos2(T) 

I + 3 cos2(T)

cos(T) sin(T) I + cos2(T) 

I + 3 cos2(T)

0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (7)

which will be very useful in the next section.

2. Main Results

Te following theorems are the main results of this article.
Let λ ∈ [0,1/2], E(λ). We denote the domain delimited by
the ellipse with foci 0 and λ, and minor axis length

������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2





. (8)

Theorem 1. Let P, Q be two orthogonal projections; then, for
λ ∈ σ(P : PQ), the closure of the numerical range of operator
P : PQ is the closed convex hull of the elliptical disk E(λ):

W(P : PQ) � conv ∪
λ∈σ(P:PQ)

E(λ) . (9)

If (P, Q) are in generic position, we will frst prove the
following theorem.

Theorem 2. Let P, Q be two orthogonal projections in generic
position; then, for λ ∈ σ(P : PQ), the closure of the numerical
range of operator P : PQ is the closed convex hull of the el-
liptical disk E(λ):

W(P : PQ) � conv ∪
λ∈σ(P:PQ)

E(λ) . (10)

In order to prove Teorem 2, we need the following
defnition and lemmas.

Defnition 3 (see [14]). Let S be a bounded convex set in C.
Let α ∈ R. Te support function of S, of angle α, is defned
by the following formula:

ρS(α) � sup Re(z exp(− iα)), z ∈ S . (11)
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Lemma 4 (see [14, 19]). We denote byS the closure ofS. We
have

S � z ∈ C,∀α,Re(z exp(− iα))≤ ρS(α) . (12)

Lemma 5 (see [14, 19]). Let S1,S2 be two bounded convex
sets of the plane C with support functions ρS1

(α) and ρS2
(α),

respectively. Let S be such that ρS(α) � maxi�1,2 ρSi
(α).

Ten, we have

S � conv S1 ∪S2 . (13)

Lemma 6. Let (P, Q) be in generic position. Ten, the
support function of the numerical range of operator P : PQ is

ρW(P:PQ)(α) � sup
λ∈σ(P:PQ)

1
2

λ cos(α) +

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14)

Proof. We fx α ∈ R. From Defnition 3, we can get

ρW(P:PQ)(α) � sup Re(〈(P :PQ)h, h〉 exp(− iα)), h ∈H, ‖h‖ � 1 

� sup Re(〈exp(− iα)(P : PQ)h, h〉), h ∈H, ‖h‖ � 1 

� sup 〈Re(exp(− iα)(P : PQ))h, h〉, h ∈H, ‖h‖ � 1 .

(15)

It follows that

P : PQ ∼

cos2(T) I + cos2(T) 

I + 3 cos2(T)

cos(T) sin(T) I + cos2(T) 

I + 3 cos2(T)

0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(P : PQ)
∗ ∼

cos2(T) I + cos2(T) 

I + 3 cos2(T)
0

cos(T) sin(T) I + cos2(T) 

I + 3 cos2(T)
0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(16)

and we have

Re(exp(− iα)(P : PQ)) �
1
2

exp(− iα)(P : PQ) + exp(iα)(P : PQ)
∗

 

∼

cos(α)cos2(T) I + cos2(T) 

I + 3 cos2(T)

exp(− iα)cos(T) sin(T) I + cos2(T) 

2 I + 3 cos2(T) 

exp(iα)cos(T) sin(T) I + cos2(T) 

2 I + 3 cos2(T) 
0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(17)
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From

A(t, α) �

cos(α)cos2(t) 1 + cos2(t) 

1 + 3 cos2(t)

exp(− iα)cos(t) sin(t) 1 + cos2(t) 

2 1 + 3 cos2(t) 

exp(iα)cos(t) sin(t) 1 + cos2(t) 

2 1 + 3 cos2(t) 
0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (18)

where t ∈ [0, π/2], it follows that Re(e− iα(P : PQ)) ∼
A(T, α). After some computations, we can get A(t, α) �

U∗(t, α)B(t, α)U(t, α) with

B(t, α) �
v1(t, α) 0

0 v2(t, α)
 , (19)

and

U(t, α) �

2v1(t, α)

u1(t, α)

2v2(t, α)

u2(t, α)

exp(iα)cos(t) sin(t) 1 + cos2(t) 

u1(t, α) 1 + 3 cos2(t) 

exp(iα)cos(t) sin(t) 1 + cos2(t) 

u2(t, α) 1 + 3 cos2(t) 

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (20)

where

v1(t, α) �
1
2

cos(α)cos2(t) 1 + cos2(t) 

1 + 3 cos2(t)
+

�����������������������������������������������

cos(t) 1 + cos2(t)( 

1 + 3 cos2(t)
 

2

−
cos2(t) 1 + cos2(t)( 

1 + 3 cos2(t)
 

2

sin2(α)




⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

v2(t, α) �
1
2

cos(α)cos2(t) 1 + cos2(t) 

1 + 3 cos2(t)
−

�����������������������������������������������

cos(t) 1 + cos2(t)( 

1 + 3 cos2(t)
 

2

−
cos2(t) 1 + cos2(t)( 

1 + 3 cos2(t)
 

2

sin2(α)




⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

ui(t, α) �

���������������������������������

4v
2
i (t, α) +

cos(t) sin(t) 1 + cos2(t)( 

1 + 3 cos2(t)
 

2




, i � 1, 2.

(21)

It is easy to verify passing to the limit when t goes to π/2
that

U
π
2

, α  �

1
�
2

√ −
1
�
2

√

exp(iα)
�
2

√
exp(iα)

�
2

√

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (22)

We also have that U∗(T, α)U(T, α) � U(T, α)

U∗(T, α) � I. As all entries of U(t, α) are Borelians functions
and T is a self-adjoint operator, according to Borelians
functional calculus (see [20]), we can defne

2v1(T, α)

u1(T, α)
,
exp(iα)cos(T) sin(T) I + cos2(T) 

u1(T, α) I + 3 cos2(T) 
,
2v2(T, α)

u2(T, α)
,
exp(iα)cos(T) sin(T) I + cos2(T) 

u2(T, α) I + 3 cos2(T) 
. (23)
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Ten, we also can defne B(T, α) and U(T, α), and we
have that

A(T, α) � U
∗
(T, α)B(T, α)U(T, α) and U

∗
(T, α)U(T, α)

� U(T, α)U
∗
(T, α)

� I.

(24)

So, we obtain

Re(exp(− iα)(P : PQ)) ∼ A(T, α) ∼ B(T, α) � v1(T, α)⊕ v2(T, α). (25)

Note that v2(t, α)≤ 0≤ v1(t, α) for every t ∈ [0, π/2] and
α ∈ [0, 2π]. Since σ(T) ⊂ [0, π/2], we also have that
v2(T, α)≤ 0≤ v1(T, α), and then we obtain

ρW(P:PQ)(α) � sup 〈Re(exp(− iα)(P : PQ))h, h〉, h ∈H, ‖h‖ � 1 

� sup 〈 v1(T, α)⊕ v2(T, α)( h
′
, h
′〉, h
′ ∈H, h

′
�����

����� � 1 

� v1(T, α)⊕ v2(T, α)
����

����

� v1(T, α)
����

���� � sup
t0∈σ(T)

v1 t0, α( .

(26)

From (5) and (7), we can get

(P : PQ)P ∼

cos2(T) I + cos2(T) 

I + 3 cos2(T)
0

0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (27)

It follows that

σ((P : PQ)P)

0{ }
�
σ(P(P : PQ))

0{ }

�
σ(P(P : PQ))

0{ }
,

(28)

and we have

σ(P : PQ) �
cos2(σ(T)) 1 + cos2(σ(T)) 

1 + 3 cos2(σ(T))
∪ 0{ }. (29)

Denoting λ � (cos2(t0)(1 + cos2(t0)))/(1 + 3 cos2(t0)),
where t0 ∈ σ(T), then λ ∈ σ(P : PQ). We obtain that

ρW(P:PQ)(α) � sup
t0∈σ(T)

v1 t0, α( 

� sup
λ∈σ(P:PQ)

1
2

λ cos(α) +

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(30)
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Tis completes the proof.
In order to describeW(P : PQ) clearly, we characterize it

as the closed convex hull of ellipses E(λ). Several of these
ellipses are shown in Figure 1. □

Remark 7. Te Cartesian equation of the boundary of E(λ)

is given by

4(x − (λ/2))
2

λ 1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 /1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


  

+
4y

2

λ 1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 /1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


   − λ2
� 1,

(31)

and the parametric equation of the boundary of E(λ) is
given by

xλ(θ) �
1
2

��������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 





cos(θ) +
λ
2
,

yλ(θ) �
1
2

������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2





sin(θ),

(32)

where θ ∈ [0, π/2]. Lemma 8. Let α ∈ R. Te support function of the elliptical
disk E(λ) is

ρE(λ)(α) �
1
2

λ cos(α) +

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (33)

Proof. Let λ ∈ [0, 1/2]. Te support function of E(λ) rel-
ative to the original point 0 is given by

ρEλ
(α) � sup

θ∈R
xλ(θ) cos(α) + yλ(θ) sin(α) , (34)

where xλ(θ), yλ(θ) represent the parametric equation of the
boundary of Eλ. Let f � fλ,α be the function defned by the
following formula:

fλ,α(θ) � xλ(θ) cos(α) + yλ(θ) sin(α)

�
λ
2
cos(α) +

1
2

��������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 





cos(θ) cos(α)

+
1
2

������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2





sin(θ) sin(α).

(35)
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Since E(λ) is symmetric about y � 0, only α ∈ [0, π]

needs to be considered, and the proof will be divided into
two cases.

Case One. Suppose that cos(α)≠ 0. It follows from

fλ,α′(θ) � −
1
2

��������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 





sin(θ) cos(α)

+
1
2

������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2





cos(θ) sin(α),

(36)

that we have fλ,α′(θ) � 0 if and only if tan(θ) �
���������������������������������������������������������������������

1 − λ(1 + (3/2)[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


])/(1 + (1/2)[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


])



tan(α). So,
the critical points are θ1 � arctan

(
���������������������������������������������������������������������

1 − λ(1 + (3/2)[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


])/(1 + (1/2)[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


])



tan(α))

and θ2 � θ1 + π. We denoted ϵ1 � 1, ϵ2 � − 1; then,

cos θi(  � ϵi
1

��������������������������������������������������������������������������

2 − λ 1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 /1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


  tan2(α)

 ,

sin θi(  � ϵi

��������������������������������������������������������������������

1 − λ 1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 /1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


  



tan(α)

��������������������������������������������������������������������������

2 − λ 1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 /1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


  tan2(α)

 ,

(37)

0.2 0.4 0.6

0.1

0.2

-0.1

-0.2

-0.2

Figure 1: Ellipse E(λ) for λ � 0.02, 0.05, 0.1, 0.15 . . . , 0.45, 0.48, 0.5.
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where i � 1, 2. Substituting the above formula into fλ,α(θi),
we can get

fλ,α θi(  � xλ θi(  cos(α) + yλ θi(  sin(α)

�
λ
2
cos(α) +

1
2

��������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 





cos θi(  cos(α)

+
1
2

������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2





sin θi(  sin(α).

(38)

By simple calculation, we have

fλ,α θi(  �
1
2

λ cos(α) ± εi

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (39)

Ten, we fnally get that

ρE(λ)(α) � sup
i�1,2

fλ,α θi(  �
1
2

λ cos(α) +

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (40)

Case Two. If cos(α) � 0, then fλ,α(θ) � 1/2
�������������������������������������������������������������������

λ(1 + 1/2[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


])/(1 + 3/2[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


]) − λ2


sin(θ). Te
function fλ,α(θ) reaches its maximum value 1/2

�������������������������������������������������������������������

λ(1 + 1/2[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


])/(1 + 3/2[(3λ − 1) +

������������

(1 − 3λ)2 + 4λ


]) − λ2


while sin(θ) � 1 and also satisfes

ρE(λ)(α) �
1
2

λ cos(α) +

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (41)
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Te proof is completed. □

Ten, we can prove Teorems 1 and 2.

Proof of Teorem 1. From Lemmas 6 and 8, we have

ρW(P:PQ)(α) � sup
λ∈σ(P:PQ)

1
2

λ cos(α) +

������������������������������������������

λ
1 +(1/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

1 +(3/2) (3λ − 1) +

������������

(1 − 3λ)
2

+ 4λ


 

− λ2 sin2(α)





⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� sup
λ∈σ(P:PQ)

ρE(λ)(α).

(42)

It follows from Lemma 6 that

W(P : PQ) � conv ∪
λ∈σ(P:PQ)

E(λ) . (43)

Te proof is completed. □

Proof of Teorem 2. From the matrix form in (2), we have

P : PQ ∼
1
2

I⊕ 0⊕ 0⊕ 0⊕

cos2(T) I + cos2(T) 

I + 3 cos2(T)

cos(T) sin(T) I + cos2(T) 

I + 3 cos2(T)

0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (44)

Suppose 
H � 0{ }. Te following proof will be divided

into two cases.

(1) If L∩N≠ 0{ }, then W(P : PQ) � W(1/2I⊕ 0
⊕ 0⊕ 0) � conv 0{ }∪{ 1/2{ }} � [0, 1/2]. In this case,
λ ∈ σ(P : PQ) � 0,1/2{ } and E(0) � 0{ },E(1/2)

� [0, 1/2]. Tus, W(P : PQ) � [0, 1/2] � conv E(0){

∪E(1/2)} � conv ∪ λ∈σ(P:PQ)E(λ) .

(2) If L∩N � 0{ }, we have W(P : PQ) � 0{ } � E(0).

Suppose 
H≠ 0{ }. Te following proof will be divided

into two cases.

(3) If L∩N � 0{ }, we have P : PQ � 0 on the space
(L∩N)⊕ 

H. Tus, the closure of the numerical
range of P : PQ on the space (L∩N)⊕ 

H is

conv 0{ }∪ conv ∪ λ∈σ(P:PQ)E(λ) } . As 0{ } ⊂ E(λ)

for all λ ∈ [0, 1/2], we can have

0.2 0.4 0.6

0.1

0.2

-0.1

-0.2

-0.2 0.2 0.4

0.1

-0.1

0

-0.

0

-0.

Figure 2: conv ∪ λ∈[0,1/2]E(λ) .
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W(P : PQ) � conv ∪ λ∈σ(P:PQ)E(λ)  on the space

(L∩N)⊕ 
H.

(4) If L∩N≠ 0{ }, we have P : PQ � 1/2I on the space
(L∩N)⊕ 

H. Tus, the closure of the numerical
range of P : PQ on the space (L∩N)⊕ 

H is

conv 1/2{ }∪ conv ∪ λ∈σ(P:PQ)E(λ) } . As 0{ } ⊂ E

(λ) for all λ ∈ [0, 1/2] and 
H≠ 0{ }, the convex

combination of 0 and 1/2 is contained in the closure
of the numerical range of P : PQ. Tus, the closure of
the numerical range of P : PQ on the space
(L∩N)⊕ 

H is conv [0, 1/2]{

∪ conv ∪ λ∈σ(P:PQ)E(λ) }. But E(1/2) � [0, 1/2].

So, we have W(P: PQ) � conv ∪ λ∈σ(P:PQ)E(λ)  on

the space (L∩N)⊕ 
H. Te proof is completed. □

Corollary  . Let P and Q be orthogonal projections.Ten, for
λ ∈ σ(P: PQ), we can get

W(P : PQ) � conv ∪
λ∈σ(P:PQ)

E(λ)  ⊂ conv ∪
λ∈[0,1/2]

E(λ) . (45)

In particular, we have W(P : PQ) �

conv ∪ λ∈[0,1/2]E(λ)  when σ(P : PQ) � [0, 1/2], as shown
in Figure 2 [21–24].
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